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Section P.I Graphs and Models 


Sketch the graph of an equation. 

e Find the intercepts of a graph. 

e Test a graph for symmetry with respect to an axis and the origin. 
Find the points of intersection of two graphs. 

e Interpret mathematical models for real-life data. 


René Descartes (1596-1650) 


Descartes made many contributions to 
philosophy, science, and mathematics. The idea 
of representing points in the plane by pairs of 
real numbers and representing curves in the 


plane by equations was described by Descartes The G raph of an Eq uation 
in his book La Géométrie, published in 1637. 


In 1637 the French mathematician René Descartes revolutionized the study of mathe- 
~ G‘, matics by joining its two major fields—algebra and geometry. With Descartes’s 
coordinate plane, geometric concepts could be formulated analytically and algebraic 

concepts could be viewed graphically. The power of this approach is such that within 

a century, much of calculus had been developed. 

The same approach can be followed in your study of calculus. That is, by viewing 
calculus from multiple perspectives—graphically, analytically, and numerically— 
you will increase your understanding of core concepts. 

Consider the equation 3x + y = 7. The point (2, 1) is a solution point of the 
equation because the equation is satisfied (is true) when 2 is substituted for x and 1 is 
substituted for y. This equation has many other solutions, such as (1, 4) and (0, 7). To 
find other solutions systematically, solve the original equation for y. 


y=7 —- 3x Analytic approach 


Then construct a table of values by substituting several values of x. 


x/O;1/2] 3| 4 
y7/4/1| -2| -5 


Numerical approach 


From the table, you can see that (0, 7), (1, 4), (2, 1), (3, — 2), and (4, — 5) are solutions 
of the original equation 3x + y = 7. Like many equations, this equation has an infinite 
number of solutions. The set of all solution points is the graph of the equation, as 
shown in Figure P.1. 


Graphical approach: 3x + y = 7 NOTE Even though we refer to the sketch shown in Figure P.1 as the graph of 3x + y = 7, 
Figure P.1 it really represents only a portion of the graph. The entire graph would extend beyond the page. 


In this course, you will study many sketching techniques. The simplest is point 
plotting—that is, you plot points until the basic shape of the graph seems apparent. 


EXAMPLE | Sketching a Graph by Point Plotting 


Sketch the graph of y = x? — 2. 


=; 2 — . . . . 
vate Solution First construct a table of values. Then plot the points shown in the table. 


me, -2| —-1; O | 1 |] 2)]3 


234 me 2 | -1/ -2| -11217 
The parabola y = x? — 2 Finally, connect the points with a smooth curve, as shown in Figure P.2. This graph is 
Figure P.2 a parabola. It is one of the conics you will study in Chapter 10. == 


Comparing Graphical and Analytic 
Approaches Use a graphing utility 
to graph each equation. In each case, 
find a viewing window that shows the 
important characteristics of the graph. 


pS ge = Bre + De sb S 
bpp = Bee +b De se DS) 
ye are = Be + De +E S 
y = 3x° — 40x? + 50x — 45 
y = —( + 12) 

y= — 2) — 4G — 6) 


A purely graphical approach to this 
problem would involve a simple 
“guess, check, and revise” strategy. 
What types of things do you think an 
analytic approach might involve? For 
instance, does the graph have symme- 
try? Does the graph have turns? If so, 
where are they? 

As you proceed through Chapters 
1, 2, and 3 of this text, you will study 
many new analytic tools that will 
help you analyze graphs of equations 
such as these. 
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One disadvantage of point plotting is that to get a good idea about the shape of a 
graph, you may need to plot many points. With only a few points, you could badly 
misrepresent the graph. For instance, suppose that to sketch the graph of 


y= 35x(39 — 10x? + x4) 


you plotted only five points: (—3, — 3), (— 1, — 1), (0, 0), (1, 1), and (3, 3), as shown 
in Figure P.3(a). From these five points, you might conclude that the graph is a line. 
This, however, is not correct. By plotting several more points, you can see that the 
graph is more complicated, as shown in Figure P.3(b). 


A y | y=gqxG9— 10x7 +x") 
3+ G, 3) 
7 
2+ 7 
7 
ye oC 1) 
(0, 0)| 7 
t t t t t rx 
i a 7 I “2 3 =x 
Ch) et: Plotting only a 
, d few points can 
a9 n i h 
1 misrepresent a 
A raph. 
#(-3,-3) 3+ S 
7 
(a) (b) 


Figure P.3 


TECHNOLOGY Technology has made sketching of graphs easier. Even with 
technology, however, it is possible to misrepresent a graph badly. For instance, each 
of the graphing utility screens in Figure P.4 shows a portion of the graph of 


y= -x — 25. 
From the screen on the left, you might assume that the graph is a line. From the 
screen on the right, however, you can see that the graph is not a line. So, whether 
you are sketching a graph by hand or using a graphing utility, you must realize that 
different “viewing windows” can produce very different views of a graph. In 


choosing a viewing window, your goal is to show a view of the graph that fits well 
in the context of the problem. 


10 5 


-10 -35 


Graphing utility screens of y = xX — x? — 25 
Figure P.4 


NOTE In this text, the term graphing utility means either a graphing calculator or computer 
graphing software such as Maple, Mathematica, Derive, Mathcad, or the TI-89. 
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Intercepts of a Graph 


Two types of solution points that are especially useful in graphing an equation are those 
having zero as their x- or y-coordinate. Such points are called intercepts because they 
are the points at which the graph intersects the x- or y-axis. The point (a, 0) is an 
x-intercept of the graph of an equation if it is a solution point of the equation. To find 
the x-intercepts of a graph, let y be zero and solve the equation for x. The point (0, b) 
is a y-intercept of the graph of an equation if it is a solution point of the equation. To 
find the y-intercepts of a graph, let x be zero and solve the equation for y. 


NOTE Some texts denote the x-intercept as the x-coordinate of the point (a, 0) rather than the 
point itself. Unless it is necessary to make a distinction, we will use the term intercept to mean 
either the point or the coordinate. 


It is possible for a graph to have no intercepts, or it might have several. For 
instance, consider the four graphs shown in Figure P.5. 


x y 
A 
> X > xX > xX 
Three x-intercepts One x-intercept No intercepts 
One y-intercept Two y-intercepts 


Intercepts of a graph 
Figure P.6 


|_Esitabie Graph | 


EXAMPLE 2 Finding x- and y-intercepts 


Find the x- and y-intercepts of the graph of y = x°? — 4x. 


Solution To find the x-intercepts, let y be zero and solve for x. 


we — 4x =0 Let y be zero. 
x(x — 2)(x + 2) =0 Factor. 
x = 0,2, or —2 Solve for x. 


Because this equation has three solutions, you can conclude that the graph has three 
x-intercepts: 


(0, 0), (2, 0), and(—2, 0). x-intercepts 

To find the y-intercepts, let x be zero. Doing this produces y = 0. So, the y-intercept is 
(0, 0). y-intercept 

(See Figure P.6.) n 


[mvi] [Evon] [v] a] 
TECHNOLOGY Example 2 uses an analytic approach to finding intercepts. 
When an analytic approach is not possible, you can use a graphical approach by 


finding the points at which the graph intersects the axes. Use a graphing utility to 
approximate the intercepts. 


x, y) 


(x, y) 


y-axis 
symmetry 


(x, y) 


x-axis 
symmetry 


Figure P.7 


symmetry 


Origin symmetry 
Figure P.8 
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Symmetry of a Graph 


Knowing the symmetry of a graph before attempting to sketch it is useful because you 
need only half as many points to sketch the graph. The following three types of 
symmetry can be used to help sketch the graphs of equations (see Figure P.7). 


1. A graph is symmetric with respect to the y-axis if, whenever (x, y) is a point on 
the graph, (—x, y) is also a point on the graph. This means that the portion of 
the graph to the left of the y-axis is a mirror image of the portion to the right of the 
y-axis. 

2. A graph is symmetric with respect to the x-axis if, whenever (x, y) is a point on 
the graph, (x, — y) is also a point on the graph. This means that the portion of the 
graph above the x-axis is a mirror image of the portion below the x-axis. 

3. A graph is symmetric with respect to the origin if, whenever (x, y) is a point on 
the graph, (—x, —y) is also a point on the graph. This means that the graph is 
unchanged by a rotation of 180° about the origin. 


Tests for Symmetry 

1. The graph of an equation in x and y is symmetric with respect to the y-axis if 
replacing x by —x yields an equivalent equation. 

2. The graph of an equation in x and y is symmetric with respect to the x-axis if 
replacing y by —y yields an equivalent equation. 

3. The graph of an equation in x and y is symmetric with respect to the origin if 
replacing x by —x and y by —y yields an equivalent equation. 


The graph of a polynomial has symmetry with respect to the y-axis if each term 


has an even exponent (or is a constant). For instance, the graph of 
y = 2x4 — x +2 


y-axis symmetry 


has symmetry with respect to the y-axis. Similarly, the graph of a polynomial has 
symmetry with respect to the origin if each term has an odd exponent, as illustrated in 
Example 3. 


EXAMPLE 3 Testing for Origin Symmetry 


Show that the graph of 
y=2x -x 


is symmetric with respect to the origin. 


Solution 
y=2x-x Write original equation. 
—y = 2(-x)3 = (=x) Replace x by —x and y by —y. 
-y=-2384+x Simplify. 
y= 2x3 — x Equivalent equation 


Because the replacements yield an equivalent equation, you can conclude that the 
graph of y = 2x? — x is symmetric with respect to the origin, as shown in Figure P.8. 
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EXAMPLE 4 Using Intercepts and Symmetry to Sketch a Graph 


Sketch the graph of x — y? = 1. 


H Solution The graph is symmetric with respect to the x-axis because replacing y by 
x-y?=1 (5, 2) —y yields an equivalent equation. 
4. 
x y? =1 Write original equation. 
eb 
(1, 0) = (—y)? = 1 Replace y by —y. 
oe x-y?=1 Equivalent equation 


This means that the portion of the graph below the x-axis is a mirror image of the 
portion above the x-axis. To sketch the graph, first plot the x-intercept and the points 
above the x-axis. Then reflect in the x-axis to obtain the entire graph, as shown in 
Figure P.9 Figure P.9. 


ce a Ee] (ee 
TECHNOLOGY Graphing utilities are designed so that they most easily graph 
equations in which y is a function of x (see Section P.3 for a definition of 
function). To graph other types of equations, you need to split the graph into 


two or more parts or you need to use a different graphing mode. For instance, 
to graph the equation in Example 4, you can split it into two parts. 


x-intercept 


i 


y,=vVx-1 Top portion of graph 
yy=—-Vx-1 Bottom portion of graph 


Points of Intersection 


A point of intersection of the graphs of two equations is a point that satisfies both 
equations. You can find the points of intersection of two graphs by solving their 
equations simultaneously. 


EXAMPLE 5 Finding Points of Intersection 


Find all points of intersection of the graphs of x? — y = 3 andx — y = 1. 


Solution Begin by sketching the graphs of both equations on the same rectangular 
coordinate system, as shown in Figure P.10. Having done this, it appears that the 
graphs have two points of intersection. You can find these two points, as follows. 


y= x? — 3 Solve first equation for y. 
y=x-1 Solve second equation for y. 
P= Ze eS 1 Equate y-values. 
Two points of intersection x27-x-2=0 Write in general form. 
Figure P.10 (x — 2)(x + 1) =0 Factor. 
x=2or-1 Solve for x. 
The corresponding values of y are obtained by substituting x = 2 and x = —1 into 


either of the original equations. Doing this produces two points of intersection: 


You can check the 


points of intersection from Example 5 (2,1) and (-—1, —2). Points of intersection = 
by substituting into both of the original 


feature of a graphing utility. 
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Mathematical Models 


Real-life applications of mathematics often use equations as mathematical models. 
In developing a mathematical model to represent actual data, you should strive for two 
(often conflicting) goals: accuracy and simplicity. That is, you want the model to be 
simple enough to be workable, yet accurate enough to produce meaningful results. 
Section P.4 explores these goals more completely. 


EXAMPLE 6 Comparing Two Mathematical Models 


The Mauna Loa Observatory in Hawaii The Mauna Loa Observatory in Hawaii records the carbon dioxide concentration y (in 
has been measuring the increasing parts per million) in Earth’s atmosphere. The January readings for various years are 
concentration of carbon dioxide in Earth’s shown in Figure P.11. In the July 1990 issue of Scientific American, these data were 
atmosphere since 1958. used to predict the carbon dioxide level in Earth’s atmosphere in the year 2035, using 
—————— the quadratic model 

[ Video _| y = 316.2 + 0.70t + 0.01877 Quadratic model for 1960-1990 data 


where t = 0 represents 1960, as shown in Figure P.11(a). 
The data shown in Figure P.11(b) represent the years 1980 through 2002 and can 
be modeled by 


y = 306.3 + 1.56t Linear model for 1980-2002 data 


where t = 0 represents 1960. What was the prediction given in the Scientific American 
article in 1990? Given the new data for 1990 through 2002, does this prediction for the 
year 2035 seem accurate? 


CO, (in parts per million) 
CO, (in parts per million) 


5 10 15 20 25 30 35 40 45 5 10 15 20 25 30 35 40 45 
Year (0 < 1960) Year (0 < 1960) 
(a) (b) 
Figure P.11 


Solution To answer the first question, substitute £ = 75 (for 2035) into the quadratic 
model. 


y = 316.2 + 0.70(75) + 0.018(75)? = 469.95 Quadratic model 


So, the prediction in the Scientific American article was that the carbon dioxide 
concentration in Earth’s atmosphere would reach about 470 parts per million in the 


ee ee ee year 2035. Using the linear model for the 1980—2002 data, the prediction for the year 


developed using a procedure called least 


squares regression (see Section 13.9). 2035 is 

The quadratic and linear models have a y= 306.3 + 1. 56(75) = 423.3. ‘Lineseanedal 

correlation given by r? = 0.997 and 

r? = 0.996, respectively. The closer r° So, based on the linear model for 1980—2002, it appears that the 1990 prediction was 
is to 1, the “better” the model. too high. —a 


[try te] [Eroro] 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-4, match the equation with its graph. [Graphs 
are labeled (a), (b), (c), and (d).] 


(a) y (b) 


(c) y (d) y 
A A 
4+ 
2 
T x 

she 2 + 2 
es, ye 2+ 

1. y=-3x+2 2y=J9-# 


3. y=4-— x? 4 y=x -x 


In Exercises 5-14, sketch the graph of the equation by point 
plotting. 


In Exercises 19-26, find any intercepts. 
19. y=x?+x-2 20. y? = x3 — 4x 
21. y =x? /25 — 22. y = (x — DV + 1 
3(2 — J/x) x? + 3x 
st P Oe ar eT 

x (3x + 1)? 


26. y= 2x — Sx? +1 


23. y= 


25. x?y — x? + 4y =0 


In Exercises 27-38, test for symmetry with respect to each axis 
and to the origin. 


27. y=x?-—2 28. y=x?-x 

29. y? = xX — 4x 30. y =x +x 

31. xy =4 32. xy? = —10 

33. y=4- J/x +3 34. xy — /4- 2 = 0 
x x 

35. ae 36. =a 

37. y = |x + | 38. |y| -x= 


In Exercises 39-56, sketch the graph of the equation. Identify 
any intercepts and test for symmetry. 


3 


5. y=5x+1 6. y=6- 2x 
7T. y=4- x 8. y = (x — 3)? 
9. y= |x4+2| 10. y= |x| — 1 
1l. y= vx- 4 12. y= /x +2 
2 1 
13. y == 14. y= — 


In Exercises 15 and 16, describe the viewing window that yields 
the figure. 


15. y =x — 3x? +4 16. y = |x| + |x — 10| 


In Exercises 17 and 18, use a graphing utility to graph the 
equation. Move the cursor along the curve to approximate the 
unknown coordinate of each solution point accurate to two 
decimal places. 


17. y= J/5-x (a) (2, y) (b) (x, 3) 
18. y = x — 5x (a) (—0.5, y) (b) (x, —4) 


39. y= —3% + 2 40. y= —tx+2 
41. y=5x-4 42. y=3x+1 
43. y=1- x? 44. y=x? +3 
45. y = (x + 3) 46. y = 2x? +x 
47. y=x +2 48. y = x — 4x 
49. y= xV x +2 50. y= A-2 
51L. x= y 52. x= y? — 4 
53. y= 54. y = 
55. y = 6 — |x| 56. y = |6 — x| 


In Exercises 57-60, use a graphing utility to graph the equation. 
Identify any intercepts and test for symmetry. 


57. y- x=9 
59. x + 3y? =6 


58. x? + 4y? =4 
60. 3x — 4y? =8 


In Exercises 61-68, find the points of intersection of the graphs 
of the equations. 


6l. x+y=2 62. 2x — 3y = 13 


2x—y=1 5x + 3y= 1 
63. x? +y =6 64. x=3- y? 
x+y=4 y=x-1 
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65. x2 + y? =5 66. x? + y? = 25 where x is the diameter of the wire in mils (0.001 in.). Use a 
eee | 2x + y = 10 graphing utility to graph the model. If the diameter of the wire 
3 is doubled, the resistance is changed by about what factor? 

67. y= 68. y = xX — 4x 

y=x y= —(x + 2) one 

Writing About Concepts 

In Exercises 69-72, use a graphing utility to find the points In Exercises 77 and 78, write an equation whose graph has 
of intersection of the graphs. Check your results analytically. the indicated property. (There may be more than one 
69. y= x — 2x? +x-1 70. y = xt — 2x7 + 1 correct answer) 

y=-x +3x-—1l y=1-+ 77. The graph has intercepts at x = —2, x = 4, and x = 6. 
71. y= VJ/x +6 72. y = —|2x — 3| + 6 78. The graph has intercepts at x = 3, x = 2, and x = 3 

y= J—x — 4x y=6-x 79. Each table shows solution points for one of the following 


equations. 
73. Modeling Data The table shows the Consumer Price Index : _ BE a aa 
(CPD for selected years. (Source: Bureau of Labor Statistics) ers Gp k 


Gii) y = k£” (iv) xy =k 


Year | 1970 | 1975 | 1980 | 1985 | 1990 | 1995 | 2000 


Match each equation with the correct table and find k. 


CPI | 38.8 | 53.8 | 82.4 | 107.6 | 130.7 | 152.4 | 172.2 Explain your reasoning. 


@ PEF (b) 


(a) Use the regression capabilities of a graphing utility to find 
a mathematical model of the form y = at? + bt + c for the Ma 3 24 
data. In the model, y represents the CPI and t represents the 
year, with t = 0 corresponding to 1970. 


1 
(b) Use a graphing utility to plot the data and graph the model. il 


Compare the data with the model. y | 36 y 
(c) Use the model to predict the CPI for the year 2010. 


74. Modeling Data The table shows the average numbers of acres 
per farm in the United States for selected years. (Source: 
U.S. Department of Agriculture) 


. (a) Prove that if a graph is symmetric with respect to the 
x-axis and to the y-axis, then it is symmetric with 
respect to the origin. Give an example to show that the 
converse is not true. 


Year 1950 | 1960 | 1970 | 1980 | 1990 | 2000 (b) Prove that if a graph is symmetric with respect to one 
axis and to the origin, then it is symmetric with respect 


Acreage | 213 | 297 | 374 | 426 | 460 | 434 to the other axis. 


(a) Use the regression capabilities of a graphing utility to find 


a mathematical model of the form y = at? + bt + c for the True or False? In Exercises 81-84, determine whether the 
data. In the model, y represents the average acreage and t statement is true or false. If it is false, explain why or give an 
represents the year, with £ = 0 corresponding to 1950. example that shows it is false. 

(b) Use a graphing utility to plot the data and graph the model. 81. If (1, —2) is a point on a graph that is symmetric with respect 


Compare the data with the model. to the x-axis, then (— 1, —2) is also a point on the graph. 


(c) Use the model to predict the average number of acres per 82 


. . . . If (1, — 2) is a point on a graph that is symmetric with respect 
farm in the United States in the year 2010. 


to the y-axis, then (— 1, — 2) is also a point on the graph. 
. Ifb? — 4ac > Oanda # 0, then the graph of y = ax? + bx + c 
has two x-intercepts. 
C = 5.5./x + 10,000 Cost equation 84. If b? — 4ac = Oanda # 0, then the graph of y = ax? + bx + c 
has only one x-intercept. 


75. Break-Even Point Find the sales necessary to break even 83 
(R = C) if the cost C of producing x units is 


and the revenue R for selling x units is 


R = 3.29x. Revenue equation In Exercises 85 and 86, find an equation of the graph that 
consists of all points (x, y) having the given distance from the 


76. Copper Wire The resistance y in ohms of 1000 feet of solid origin. (For a review of the Distance Formula, see Appendix D.) 


copper wire at 77°F can be approximated by the model 


10.770 85. The distance from the origin is twice the distance from (0, 3). 
y= PE — 0.37, 5 <x 100 86. The distance from the origin is K(K # 1) times the distance 


from (2, 0). 
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Section P.2 Linear Models and Rates of Change 


e Find the slope of a line passing through two points. 

Write the equation of a line with a given point and slope. 

e Interpret slope as a ratio or as a rate in a real-life application. 

Sketch the graph of a linear equation in slope-intercept form. 

e Write equations of lines that are parallel or perpendicular to a given line. 


The Slope of a Line 


The slope of a nonvertical line is a measure of the number of units the line rises (or 
falls) vertically for each unit of horizontal change from left to right. Consider the two 
points (x, y,) and (x,, y2) on the line in Figure P.12. As you move from left to right 
along this line, a vertical change of 


Ay =). y Change in y 
. units corresponds to a horizontal change of 
Ay = y, — yı = change in y 
Ax = x, — x, = change in x Ax = x, — X Change in x 


Fi P.12 F . 
ene units. (A is the Greek uppercase letter delta, and the symbols Ay and Ax are read 
“delta y” and “delta x.”) 
Definition of the Slope of a Line 
The slope m of the nonvertical line passing through (x,, y,) and (x2, y2) is 
_ By _ T 
m= = =, Xi FX. 
AX -=k 
Slope is not defined for vertical lines. 
[ video | | Video | [| video | 
NOTE When using the formula for slope, note that 

Y= _ = =y SSE 

yy Gy ) aTh 
So, it does not matter in which order you subtract as long as you are consistent and both 
“subtracted coordinates” come from the same point. 

Figure P.13 shows four lines: one has a positive slope, one has a slope of zero, 
one has a negative slope, and one has an “undefined” slope. In general, the greater the 
absolute value of the slope of a line, the steeper the line is. For instance, in Figure 
P.13, the line with a slope of — 5 is steeper than the line with a slope of F 

y y y 
A A A 
4+ med 4+ mpe 4+ (3, 4) 
aa ar 37 my is 
= 4 
al (-1, 2) (2, 2) 2-L undefined. 
(3, 1) 
1+ i+ i+ (3, 1) 
eo q 
f =e =] Hp t [— =x 
-2 -1 2 3 2 -1 1 2 -1 1 2 
-1+ -1+ -1+ 


If m is positive, then the line 
rises from left to right. 


Figure P.13 


If m is zero, then the line is 


horizontal. 


If m is negative, then the line 
falls from left to right. 


If m is undefined, then the line 
is vertical. 


Investigating Equations of Lines 
Use a graphing utility to graph each 
of the linear equations. Which point 
is common to all seven lines? Which 
value in the equation determines the 
slope of each line? 

y= 4 = =D +b il) 

y= 4 = =i + il) 

y— 4 = -7(x + 1) 
»y=4=Oe@+ i) 

y—4=3 +1) 

y—4=1(« + 1) 

a p= 4 = De + i) 


mre ae x B 


Use your results to write an equation 
of a line passing through (— 1, 4) 
with a slope of m. 


The line with a slope of 3 passing through 
the point (1, — 2) 
Figure P.15 


[ Estab Graph 
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Equations of Lines 


Any two points on a nonvertical line can be used to calculate its slope. This can be 
verified from the similar triangles shown in Figure P.14. (Recall that the ratios of 
corresponding sides of similar triangles are equal.) 


(x,*, y“) 


Any two points on a nonvertical line can be 
used to determine its slope. 
Figure P.14 


You can write an equation of a nonvertical line if you know the slope of the line 
and the coordinates of one point on the line. Suppose the slope is m and the point is 
(x,, yı). If (x, y) is any other point on the line, then 

ae? Se 


xX X 


This equation, involving the two variables x and y, can be rewritten in the form 
y — yı = m(x — x,), which is called the point-slope equation of a line. 


Point-Slope Equation of a Line 


An equation of the line with slope m passing through the point (x,, y,) is given 
by 


bier Za m(x = x). 


EXAMPLE | Finding an Equation of a Line 


Find an equation of the line that has a slope of 3 and passes through the point (1, — 2). 


Solution 


Y= yi = m(x — x) Point-slope form 
y= (2) =] = 1) 
y+t2=3x-=3 

y=3x-5 


(See Figure P.15.) 
[yie | [Evitiona] [Elections] [Bioran c] 
NOTE Remember that only nonvertical lines have a slope. Consequently, vertical lines cannot 


be written in point-slope form. For instance, the equation of the vertical line passing through 
the point (1, —2) is x = 1. 


Substitute — 2 for y,, 1 for x,, and 3 for m. 
Simplify. 
Solve for y. 
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Ratios and Rates of Change 


The slope of a line can be interpreted as either a ratio or a rate. If the x- and y-axes 
have the same unit of measure, the slope has no units and is a ratio. If the x- and 
y-axes have different units of measure, the slope is a rate or rate of change. In your 
study of calculus, you will encounter applications involving both interpretations 
of slope. 


EXAMPLE 2. Population Growth and Engineering Design 


nn 


a. The population of Kentucky was 3,687,000 in 1990 and 4,042,000 in 2000. Over 
this 10-year period, the average rate of change of the population was 


> 


change in population 


w 


Rate of change = : 
change in years 


4,042,000 — 3,687,000 
2000 — 1990 
= 35,500 people per year. 


N 


Population (in millions) 


= 


1990 2000 2010 


gear If Kentucky’s population continues to increase at this same rate for the next 
Population of Kentucky in census years 10 years, it will have a 2010 population of 4,397,000 (see Figure P.16). (Source: 
Figure P.16 U.S. Census Bureau) 


b. In tournament water-ski jumping, the ramp rises to a height of 6 feet on a raft that 
is 21 feet long, as shown in Figure P.17. The slope of the ski ramp is the ratio of 
its height (the rise) to the length of its base (the run). 


rise 
Slope of ramp = —— Rise is vertical change, run is horizontal change. 


_ 6 feet 
21 feet 


In this case, note that the slope is a ratio and has no units. 


Dimensions of a water-ski ramp 
F igure P.17 —— 


Eee) ee) Gee 
The rate of change found in Example 2(a) is an average rate of change. An 
average rate of change is always calculated over an interval. In this case, the interval 


is [1990, 2000]. In Chapter 2 you will study another type of rate of change called an 
instantaneous rate of change. 
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Graphing Linear Models 


Many problems in analytic geometry can be classified in two basic categories: (1) 
Given a graph, what is its equation? and (2) Given an equation, what is its graph? 
The point-slope equation of a line can be used to solve problems in the first category. 
However, this form is not especially useful for solving problems in the second 
category. The form that is better suited to sketching the graph of a line is the slope- 
intercept form of the equation of a line. 


The Slope-Intercept Equation of a Line 
The graph of the linear equation 
y=m+b 


is a line having a slope of m and a y-intercept at (0, b). 


[ Video | | video | 


EXAMPLE 3 Sketching Lines in the Plane 


Sketch the graph of each equation. 
a. y=2x+1 b. y=2 c 3y+x-6=0 


Solution 


a. Because b = 1, the y-intercept is (0, 1). Because the slope is m = 2, you know that 
the line rises two units for each unit it moves to the right, as shown in Figure 
P.18(a). 

b. Because b = 2, the y-intercept is (0, 2). Because the slope is m = 0, you know that 
the line is horizontal, as shown in Figure P.18(b). 


c. Begin by writing the equation in slope-intercept form. 


3y +x- 6=0 Write original equation. 
3y = =x +6 Isolate y-term on the left. 
1 
y= “38 +2 Slope-intercept form 
In this form, you can see that the y-intercept is (0, 2) and the slope is m = —}. This 
means that the line falls one unit for every three units it moves to the right, as 
shown in Figure P.18(c). 
y y 
A A 
3 mm 
y=2 
——__ 
(0, 2) 
1 ya e 
> XxX | | |x 
1 2 3 
(a) m = 2; line rises (b) m = 0; line is horizontal (c) m= -1; line falls 


Figure P.18 
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implications in one statement. For 
instance, the first statement at the right 
could be rewritten as the following two 
implications. 


a. If two distinct nonvertical lines are 
parallel, then their slopes are equal. 


b. If two distinct nonvertical lines have 
equal slopes, then they are parallel. 
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Because the slope of a vertical line is not defined, its equation cannot be written 
in the slope-intercept form. However, the equation of any line can be written in the 
general form 


Ax + By +C=0 General form of the equation of a line 


where A and B are not both zero. For instance, the vertical line given by x = a can be 
represented by the general form x — a = 0. 


Summary of Equations of Lines 


1. General form: Ay tt yt C=O, A O) 
2. Vertical line: x=a 

3. Horizontal line: y=b 

4. Point-slope form: y— y = m(x- x) 

5. Slope-intercept form: y = mx + b 


Parallel and Perpendicular Lines 


The slope of a line is a convenient tool for determining whether two lines are parallel 
or perpendicular, as shown in Figure P.19. Specifically, nonvertical lines with the same 
slope are parallel and nonvertical lines whose slopes are negative reciprocals are 
perpendicular. 


Parallel lines Perpendicular lines 
Figure P.19 


Parallel and Perpendicular Lines 
1. Two distinct nonvertical lines are parallel if and only if their slopes are 
equal—that is, if and only if m, = my. 


2. Two nonvertical lines are perpendicular if and only if their slopes are nega- 
tive reciprocals of each other—that is, if and only if 


2 2x —3y=5 


2x —3y=7 


Lines parallel and perpendicular to 
2x — 3y = 5 
Figure P.20 


| Estab Gran | 
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EXAMPLE 4 Finding Parallel and Perpendicular Lines 


Find the general forms of the equations of the lines that pass through the point (2, — 1) 
and are 


a. parallel to the line 2x — 3y = 5 b. perpendicular to the line 2x — 3y = 5. 

(See Figure P.20.) 

Solution By writing the linear equation 2x — 3y = 5 in slope-intercept form, 
a2 5 . i 9 

y = 3x — 3, you can see that the given line has a slope of m = 3. 


a. The line through (2, — 1) that is parallel to the given line also has a slope of 2 


y- y = m(x — x) Point-slope form 
2.9 
y= (= 1) = ax = 2) Substitute. 
3(y + 1) = 2% — 2) Simplify. 
2x — 3y-7=0 General form 


Note the similarity to the original equation. 


b. Using the negative reciprocal of the slope of the given line, you can determine that 


the slope of a line perpendicular to the given line is —3. So, the line through the 


point (2, — 1) that is perpendicular to the given line has the following equation. 


V SYS m(x = Xi) Point-slope form 
y= (=1)= F(x = 2) Substitute. 
2(y + 1) = —3(x — 2) Simplify. 
3x + 2y-4=0 General form — 


TECHNOLOGY PITFALL The slope of a line will appear distorted if you use 
different tick-mark spacing on the x- and y-axes. For instance, the graphing calcu- 
lator screens in Figures P.21(a) and P.21(b) both show the lines given by y = 2x and 
y= -iy + 3. Because these lines have slopes that are negative reciprocals, they 
must be perpendicular. In Figure P.21(a), however, the lines don’t appear to be 
perpendicular because the tick-mark spacing on the x-axis is not the same as that on 
the y-axis. In Figure P.21(b), the lines appear perpendicular because the 
tick-mark spacing on the x-axis is the same as on the y-axis. This type of viewing 
window is said to have a square setting. 


10 6 
-10 10 -9 9 
-10 -6 
(a) Tick-mark spacing on the x-axis is not the (b) Tick-mark spacing on the x-axis is the 
same as tick-mark spacing on the y-axis. same as tick-mark spacing on the y-axis. 


Figure P.21 
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The symbol A indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on | FI 


to print an enlarged copy of the graph. 


In Exercises 1-6, estimate the slope of the line from its graph. 
To print an enlarged copy of the graph, select the MathGraph 
button. 


ly 2 =» 
A 
To ed 


6+ 
J ee deste 

4+- 
3-4 


In Exercises 7 and 8, sketch the lines through the point with 
the indicated slopes. Make the sketches on the same set of 
coordinate axes. 

Point Slopes 
7. (2,3) (a) 1 (b) -2 (©) —ł (d) Undefined 
8. (—4, 1) a3 -3 (©) § (d) 0 


In Exercises 9-14, plot the pair of points and find the slope of 
the line passing through them. 
9. 3, —4), (5, 2) 10. (1, 2), (—2, 4) 
11. (2, 1), (2, 5) 12. (3, —2), (4, — 2) 
2 31 73) (5 _1 
13. (3,3), aa) 14. (5, 3), & -3) 


In Exercises 15-18, use the point on the line and the slope of the 
line to find three additional points that the line passes through. 
(There is more than one correct answer.) 

Point Slope Point Slope 
15. (2, 1) m=0 16. (—3, 4) m undefined 
17. (1,7) m= -3 18. (—2, —2) m=2 


19. Conveyor Design A moving conveyor is built to rise 1 meter 
for each 3 meters of horizontal change. 


(a) Find the slope of the conveyor. 


(b) Suppose the conveyor runs between two floors in a factory. 
Find the length of the conveyor if the vertical distance 
between floors is 10 feet. 


20. Rate of Change Each of the following is the slope of a line 
representing daily revenue y in terms of time x in days. Use the 
slope to interpret any change in daily revenue for a one-day 
increase in time. 


(a) m = 400 (b)m=100 (c)m=0 


21. Modeling Data The table shows the populations y (in millions) 
of the United States for 1996-2001. The variable ¢ represents the 
time in years, with t = 6 corresponding to 1996. (Source: U.S. 
Bureau of the Census) 


t 6 7 8 9 10 11 


y | 269.7 | 272.9 | 276.1 | 279.3 | 282.3 | 285.0 


(a) Plot the data by hand and connect adjacent points with a 
line segment. 


(b) Use the slope of each line segment to determine the year 
when the population increased least rapidly. 


22. Modeling Data The table shows the rate r (in miles per hour) 
that a vehicle is traveling after t seconds. 


t | 5 | 10} 15 } 20 | 25 | 30 


r | 57 | 74 | 85 | 84) 61 | 43 


(a) Plot the data by hand and connect adjacent points with a 
line segment. 


(b) Use the slope of each line segment to determine the interval 
when the vehicle’s rate changed most rapidly. How did the 
rate change? 


In Exercises 23-26, find the slope and the y-intercept (if possible) 
of the line. 


23. x + Sy = 20 24. 6x — Sy = 15 
25. x =4 26. y= -1 


In Exercises 27-32, find an equation of the line that passes 
through the point and has the indicated slope. Sketch the line. 


Point Slope Point Slope 
27. (0,3) m= 3 28. (—1, 2) m undefined 
29. (0, 0) m=% 30. (0, 4) m=0 
31. (3, —2) m=3 32. (—2, 4) m= -š 


In Exercises 33-42, find an equation of the line that passes 
through the points, and sketch the line. 


33. (0, 0), (2, 6) 34. (0, 0), (—1, 3) 
35. (2, 1), (0,—3) 36. (—3, —4), (1, 4) 
37. (2, 8), (5, 0) 38. (—3, 6), (1, 2) 
39. (5, 1), (5, 8) 40. (1, —2), (3, —2) 
41. (3, 3), (0, 4) 42. (5, 4), G —2) 


43. Find an equation of the vertical line with x-intercept at 3. 


44. Show that the line with intercepts (a,0) and (0, b) has the 
following equation. 


Q |e 


Prl a#0,b#0 


In Exercises 45-48, use the result of Exercise 44 to write an 
equation of the line. 


45. x-intercept: (2, 0) 46. x-intercept: (-4, 0) 
y-intercept: (0, —2) 
48. Point on line: (—3, 4) 


x-intercept: (a, 0) 


y-intercept: (0, 3) 

47. Point on line: (1, 2) 
x-intercept: (a, 0) 
y-intercept: (0, a) y-intercept: (0, a) 
(a # 0) (a # 0) 


In Exercises 49-56, sketch a graph of the equation. 


49. y= -3 50. x = 4 

51. y= —2x +1 52. y=4x-1 

53. y — 2 = ł(x — 1) 54. y — 1 = 3(x + 4) 
55. 2x —-y —-3 =0 56. x + 2yv+6=0 


Square Setting In Exercises 57 and 58, use a graphing utility to 
graph both lines in each viewing window. Compare the graphs. 
Do the lines appear perpendicular? Are the lines perpendicular? 
Explain. 


57. y=x+6, y= -x+2 


@) Xmin = -10 b) Xmin = -15 
Xmax = 10 Xmax = 15 
Xscl = 1 Xscl = 1 
Ymin = -10 Ymin = -10 
Ymax = 10 Ymax = 10 
Yscl = 1 Yscl = 1 


58. y = 2x — 3, y sx t 


W Xin = -5 WT dm= 
Xmax =5 Xmax = 6 
Xscl = 1 Xscl = 1 
Ymin = -5 Ymin = -4 
Ymax = 5 Ymax = 4 
Yscl = 1 Yscl = 1 


w Experienced writers 


© On-time delivery 


® 100% plagiarism free 


In Exercises 59-64, write an equation of the line through the 
point (a) parallel to the given line and (b) perpendicular to the 
given line. 

Point Line Point Line 
59. (2, 1) 4x — 2y = 3 60. (—3, 2) xty=7 
61. (3,2) 5x—3y=0 62.(-6,4) 3x+4y=7 
63. (2, 5) x=4 64. (—1, 0) y=-3 


Rate of Change In Exercises 65-68, you are given the dollar 
value of a product in 2004 and the rate at which the value of the 
product is expected to change during the next 5 years. Write a 
linear equation that gives the dollar value V of the product in 
terms of the year t. (Let t = 0 represent 2000.) 


2004 Value Rate 
65. $2540 $125 increase per year 
66. $156 $4.50 increase per year 
67. $20,400 $2000 decrease per year 
68. $245,000 $5600 decrease per year 


In Exercises 69 and 70, use a graphing utility to graph the 
parabolas and find their points of intersection. Find an equation 
of the line through the points of intersection and graph the line 
in the same viewing window. 


69. y= x? 70. y= x -—4x4+3 
y = 4x — x? y= rx? + 2x +3 


In Exercises 71 and 72, determine whether the points are 
collinear. (Three points are collinear if they lie on the same line.) 


71. (—2, 1), (—1, 0), (2, —2) 72. (0, 4), (7, =6) (—5, 11) 


Writing About Concepts 


In Exercises 73-75, find the coordinates of the point of 
intersection of the given segments. Explain your reasoning. 


73. (b, c) 74. (b, c) 


(—a, 0) (a, 0) (—a, 0) 


Perpendicular bisectors Medians 


(b, c) 


(—a, 0) (a, 0) 
Altitudes 


. Show that the points of intersection in Exercises 73, 74, and 
75 are collinear. 
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77. Temperature Conversion Find a linear equation that expresses 
the relationship between the temperature in degrees Celsius C 
and degrees Fahrenheit F. Use the fact that water freezes at 0°C 
(32°F) and boils at 100°C (212°F). Use the equation to convert 
72°F to degrees Celsius. 


78. Reimbursed Expenses A company reimburses its sales repre- 
sentatives $150 per day for lodging and meals plus 34¢ per mile 
driven. Write a linear equation giving the daily cost C to the 
company in terms of x, the number of miles driven. How 
much does it cost the company if a sales representative drives 
137 miles on a given day? 


79. Career Choice An employee has two options for positions in 
a large corporation. One position pays $12.50 per hour plus an 
additional unit rate of $0.75 per unit produced. The other pays 
$9.20 per hour plus a unit rate of $1.30. 


(a) Find linear equations for the hourly wages W in terms of x, 
the number of units produced per hour, for each option. 


(b) Use a graphing utility to graph the linear equations and find 
the point of intersection. 


(c) Interpret the meaning of the point of intersection of the 
graphs in part (b). How would you use this information 
to select the correct option if the goal were to obtain the 
highest hourly wage? 


80. Straight-Line Depreciation A small business purchases a 
piece of equipment for $875. After 5 years the equipment will 
be outdated, having no value. 


(a) Write a linear equation giving the value y of the equipment 
in terms of the time x,0 < x < 5. 


(b) Find the value of the equipment when x = 2. 


(c) Estimate (to two-decimal-place accuracy) the time when 
the value of the equipment is $200. 


81. Apartment Rental A real estate office handles an apartment 
complex with 50 units. When the rent is $580 per month, all 50 
units are occupied. However, when the rent is $625, the average 
number of occupied units drops to 47. Assume that the 
relationship between the monthly rent p and the demand x is 
linear. (Note: The term demand refers to the number of 
occupied units.) 


(a) Write a linear equation giving the demand x in terms of the 
rent p. 


(b) Linear extrapolation Use a graphing utility to graph the 
demand equation and use the trace feature to predict the 
number of units occupied if the rent is raised to $655. 


(c) Linear interpolation Predict the number of units occupied 
if the rent is lowered to $595. Verify graphically. 


82. Modeling Data An instructor gives regular 20-point quizzes 
and 100-point exams in a mathematics course. Average scores 
for six students, given as ordered pairs (x, y) where x is the aver- 
age quiz score and y is the average test score, are (18, 87), 
(10, 55), (19, 96), (16, 79), (13, 76), and (15, 82). 


(a) Use the regression capabilities of a graphing utility to find 
the least squares regression line for the data. 

(b) Use a graphing utility to plot the points and graph the 
regression line in the same viewing window. 
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fora student with an average quiz score of 17. 
(d) Interpret the meaning of the slope of the regression line. 


(e) The instructor adds 4 points to the average test score of every- 
one in the class. Describe the changes in the positions of the 
plotted points and the change in the equation of the line. 


83. Tangent Line Find an equation of the line tangent to the circle 
x? + y? = 169 at the point (5, 12). 


84. Tangent Line Find an equation of the line tangent to the circle 
(x — 1)? + (y — 1)? = 25 at the point (4, — 3). 


Distance In Exercises 85-90, find the distance between the 
point and line, or between the lines, using the formula for the 
distance between the point (x,,y,) and the line Ax + By + 
C=0. 
Dii |Ax, + By, + C| 
istance = —— == 
VA? + B? 
85. Point: (0, 0) 
Line: 4x + 3y = 10 
87. Point: (—2, 1) 
Line:x —-y -—-2=0 
89. Line: x +y = 1 
Line:x + y=5 


86. Point: (2, 3) 
Line: 4x + 3y = 10 
88. Point: (6, 2) 
Line: x = —1 
90. Line: 3x — 4y = 1 
Line: 3x — 4y = 10 


91. Show that the distance between the point (x,, y,) and the line 
Ax + By + C= Qis 


|Ax, + By, + C| 
JEE 

92. Write the distance d between the point (3, 1) and the line 
y = mx + 4 in terms of m. Use a graphing utility to graph 


the equation. When is the distance 0? Explain the result 
geometrically. 


Distance = 


93. Prove that the diagonals of a rhombus intersect at right angles. 
(A rhombus is a quadrilateral with sides of equal lengths.) 


94. Prove that the figure formed by connecting consecutive 
midpoints of the sides of any quadrilateral is a parallelogram. 


95. Prove that if the points (x,, y,) and (x5, y2) lie on the same line 
as (xï, yj) and (x3, y3), then 


yTy TY 


EE aa . 
ys XN 
Assume x, # xX, and x} # X5. 


96. Prove that if the slopes of two nonvertical lines are negative 
reciprocals of each other, then the lines are perpendicular. 


True or False? In Exercises 97 and 98, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


97. The lines represented by ax + by = c, and bx — ay = c, are 
perpendicular. Assume a # 0 and b # 0. 


98. It is possible for two lines with positive slopes to be perpendi- 
cular to each other. 
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Functions and Their Graphs 


Use function notation to represent and evaluate a function. 
Find the domain and range of a function. 

Sketch the graph of a function. 

Identify different types of transformations of functions. 
Classify functions and recognize combinations of functions. 


Functions and Function Notation 


A relation between two sets X and Y is a set of ordered pairs, each of the form (x, y), 
where x is a member of X and y is a member of Y. A function from X to Y is a relation 
between X and Y that has the property that any two ordered pairs with the same 
x-value also have the same y-value. The variable x is the independent variable, and 
the variable y is the dependent variable. 

Many real-life situations can be modeled by functions. For instance, the area A of 
a circle is a function of the circle’s radius r. 


A = tr? Ais a function of r. 


In this case r is the independent variable and A is the dependent variable. 


Definition of a Real-Valued Function of a Real Variable 


Let X and Y be sets of real numbers. A real-valued function f of a real variable 
x from X to Y is a correspondence that assigns to each number x in X exactly one 
number y in Y. 

The domain of f is the set X. The number y is the image of x under fand is 
A real-valued function f of a real variable denoted by f(x), which is called the value of f at x. The range of f is a subset 
Figure P.22 of Y and consists of all images of numbers in X (see Figure P.22). 


Functions can be specified in a variety of ways. In this text, however, we will con- 
centrate primarily on functions that are given by equations involving the dependent 
and independent variables. For instance, the equation 


xX +2y=1 Equation in implicit form 


defines y, the dependent variable, as a function of x, the independent variable. To 


FUNCTION NOTATION evaluate this function (that is, to find the y-value that corresponds to a given x-value), 
The word function was first used by Gottfried it is convenient to isolate y on the left side of the equation. 
Wilhelm Leibniz in 1694 as a term to denote 
any quantity connected with a curve, such as y= la — x?) Equation in explicit form 
the coordinates of a point on a curve or the 2 


slope of a curve. Forty years later, Leonhard 
Euler used the word “function” to describe any 
expression made up of a variable and some 1 

constants. He introduced the notation f(x) = 5 — x’). Function notation 


y = fi). 


Using f as the name of the function, you can write this equation as 


The original equation, x? + 2y = 1, implicitly defines y as a function of x. When you 
solve the equation for y, you are writing the equation in explicit form. 

Function notation has the advantage of clearly identifying the dependent variable 
as f(x) while at the same time telling you that x is the independent variable and that 
the function itself is “f.” The symbol f(x) is read “f of x.” Function notation allows 
you to be less wordy. Instead of asking “What is the value of y that corresponds to 
x = 3?” you can ask “What is f(3)?” 
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k P In calculus, it is important 
to communicate clearly the domain of a 
function or expression. For instance, in 
Example 1(c) the two expressions 


f+ Ax) - fC) 
Ax 
Ax #0 


and 2x + Ax, 


are equivalent because Ax = 0 is exclud- 
ed from the domain of each expression. 
Without a stated domain restriction, the 
two expressions would not be equivalent. 
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In an equation that defines a function, the role of the variable x is simply that of 
a placeholder. For instance, the function given by 


f(x) = 2x? — 4x + 1 
can be described by the form 
AM) = 2mm) - 4( 


where parentheses are used instead of x. To evaluate f(— 2), simply place —2 in each 
set of parentheses. 


f(—2) = 2(-2)? — 4(—2) + 1 
2(4)+8+1 
= 17 Simplify. 


)+1 


Substitute —2 for x. 


Simplify. 


NOTE Although f is often used as a convenient function name and x as the independent 
variable, you can use other symbols. For instance, the following equations all define the same 
function. 


f(x) = 3x? — 4x +7 
ft) =t?-—4t+7 
gls) =s? — 4s +7 


Function name is f, independent variable is x. 
Function name is f, independent variable is t. 
Function name is g, independent variable is s. 


EXAMPLE | Evaluating a Function 


For the function f defined by f(x) = x? + 7, evaluate each expression. 


FQ + Ax) — fo) 


a. fBa) b. f(b-1) c re , Ax #0 
Solution 
a. fa) = Ba)? +7 Substitute 3a for x. 
= 9a? +7 Simplify. 
b. f(b — 1) = (6-1)? +7 Substitute b — 1 for x. 
=b*-2b+1+7 Expand binomial. 
= b> —-2b+8 Simplify. 
: f(x + Ax) — f(x) 7 [(x + Ax)? + 7] — (x2 + 7) 
° Ax Ax 
| x? + 2xAx + (Ax)? eT Sa 
Ax 
_ 2xAx + (Ax)? 
=n 
_ A&(2x + Ax) 
—— 
= 2x + Ax, Ax #0 — 


[Try te ] [Explorations 
NOTE The expression in Example l(c) is called a difference quotient and has a special 
significance in calculus. You will learn more about this in Chapter 2. 
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Range: y 20 
i 
T 


i i i 
T T T mx 


1 2 3 4 


Domain: x 2 1 


(a) The domain of f is [i co) and the range is 
[0, 00). 


[_Esitabe Graph | 


y DOS tan 


Range 


Domain 
(b) The domain of f is all x-values such that 


x# 3 + nar and the range is (— 00, 00). 


[_Esitabe Graph | 


Figure P.23 


Range: y20 


Domain: all real x 


The domain of f is (— oo, co) and the range 
is [0, 00). 
Figure P.24 


| Estab Grap | 
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The Domain and Range of a Function 


The domain of a function can be described explicitly, or it may be described implicitly 
by an equation used to define the function. The implied domain is the set of all real 
numbers for which the equation is defined, whereas an explicitly defined domain is 
one that is given along with the function. For example, the function given by 


joa 


a eee", 4<x<5 


has an explicitly defined domain given by {x: 4 < x < 5}. On the other hand, the 
function given by 


8X) = 3-4 


has an implied domain that is the set {x: x # +2}. 


EXAMPLE 2_ Finding the Domain and Range of a Function 


a. The domain of the function 
ff) =Jx-1 


is the set of all x-values for which x — 1 > 0, which is the interval [1, 00). To find 
the range observe that f(x) = vx — 1 is never negative. So, the range is the 
interval [0, 00), as indicated in Figure P.23(a). 


b. The domain of the tangent function, as shown in Figure P.23(b), 
f(x) = tan x 


is the set of all x-values such that 


T . : 
x +$ > + nT, nis an integer. Domain of tangent function 


The range of this function is the set of all real numbers. For a review of the 
characteristics of this and other trigonometric functions, see Appendix D. 


[try te | [Extortion] 
EXAMPLE 3 A Function Defined by More than One Equation 


Determine the domain and range of the function. 


ifx < 1 
ifx > 1 


1—x, 


1) = | 


Solution Because f is defined for x < 1 and x = 1, the domain is the entire set of 
real numbers. On the portion of the domain for which x = 1, the function behaves as 
in Example 2(a). For x < 1, the values of 1 — x are positive. So, the range of the 
function is the interval [0, co). (See Figure P.24.) 


[Try te] [Explorations] 
A function from X to Y is one-to-one if to each y-value in the range there 
corresponds exactly one x-value in the domain. For instance, the function given in 


Example 2(a) is one-to-one, whereas the functions given in Examples 2(b) and 3 are 
not one-to-one. A function from X to Y is onto if its range consists of all of Y. 
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The Graph of a Function 


y y=f(x) The graph of the function y = f(x) consists of all points (x, f(x)), where x is in the 
(x, f) domain of f. In Figure P.25, note that 


x = the directed distance from the y-axis 
F(x) 


A vertical line can intersect the graph of a function of x at most once. This 
The graph of a function observation provides a convenient visual test, called the Vertical Line Test, for 
Figure P.25 functions of x. That is, a graph in the coordinate plane is the graph of a function of f 
if and only if no vertical line intersects the graph at more than one point. For exam- 
ple, in Figure P.26(a), you can see that the graph does not define y as a function of x 
because a vertical line intersects the graph twice, whereas in Figures P.26(b) and (c), 
the graphs do define y as a function of x. 


the directed distance from the x-axis. 


z , 


y F 
A A, 
4 a ia 
ap 
Ng ; 7 
+++ + +> « 
-3 -2 ı 1 -1 u2 3 
(a) Not a function of x (b) A function of x (c) A function of x 
Figure P.26 


Figure P.27 shows the graphs of eight basic functions. You should be able to 
recognize these graphs. (Graphs of the other four basic trigonometric functions are 
shown in Appendix D.) 


, f@=x ¥ =x 


37T OR 


y y y 
1 
f 11 f@=- 
Aa ail 2 JOS sing 
SO) =|x| 
34 1+ 
+— +—}—> x 
=] 1 2 
al 
T T t T—> + a -2 F 
=o. =Í 1 2 
Absolute value function Rational function Sine function Cosine function 


The graphs of eight basic functions 
Figure P.27 


Writing Equations for Functions 
Each of the graphing utility screens 
below shows the graph of one of the 
eight basic functions shown on page 
22. Each screen also shows a trans- 
formation of the graph. Describe the 
transformation. Then use your 
description to write an equation for 
the transformation. 


9 
-3 
a. 
4 
P~ 
= 
b. 
8 
BVA 
6 


{r Experienced writers 


© On-time delivery 


2) 100% plagiarism free 


Transformations of Functions 


Some families of graphs have the same basic shape. For example, compare the graph 
of y = x? with the graphs of the four other quadratic functions shown in Figure P.28. 


yax24+2 


SES 
y=(x+2)? is 


i n 1 
> X T T T > xX 


ł 
=2 á =l] 1 2 3 #2 =l 1 


(a) Vertical shift upward (b) Horizontal shift to the left 


(c) Reflection (d) Shift left, reflect, and shift upward 
| Animation | | Animation | 
Figure P.28 


Each of the graphs in Figure P.28 is a transformation of the graph of y = x?. The 
three basic types of transformations illustrated by these graphs are vertical shifts, 
horizontal shifts, and reflections. Function notation lends itself well to describing 
transformations of graphs in the plane. For instance, if f(x) = x? is considered to be 
the original function in Figure P.28, the transformations shown can be represented by 
the following equations. 


y = f(x) +2 Vertical shift up 2 units 

y = f(x + 2) Horizontal shift to the left 2 units 

y= — f(x) Reflection about the x-axis 

y= —f(x + 3) +1 Shift left 3 units, reflect about x-axis, and shift up 1 unit 
Basic Types of Transformations (c > 0) 
Original graph: y = f(x) 
Horizontal shift c units to the right: y = f(x — c) 
Horizontal shift c units to the left: y =f(x + c) 
Vertical shift c units downward: y=f(x) -—¢ 
Vertical shift c units upward: y=f(x) +c 
Reflection (about the x-axis): y= —f(x) 
Reflection (about the y-axis): y = f(-x) 
Reflection (about the origin): y = =f(=x) 
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LEONHARD EULER (1707—1783) 


In addition to making major contributions to 
almost every branch of mathematics, Euler 
was one of the first to apply calculus to 
real-life problems in physics. His extensive 
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Classifications and Combinations of Functions 


The modern notion of a function is derived from the efforts of many seventeenth- and 
eighteenth-century mathematicians. Of particular note was Leonhard Euler, to whom 
we are indebted for the function notation y = f(x). By the end of the eighteenth 
century, mathematicians and scientists had concluded that many real-world phenomena 


© On-time delivery 


published writings include such topics as 
shipbuilding, acoustics, optics, astronomy, 
mechanics, and magnetism. 


could be represented by mathematical models taken from a collection of functions 
called elementary functions. Elementary functions fall into three categories. 


1. Algebraic functions (polynomial, radical, rational) 


2. Trigonometric functions (sine, cosine, tangent, and so on) 


MathBio 


3. Exponential and logarithmic functions 


You can review the trigonometric functions in Appendix D. The other nonalgebraic 
functions, such as the inverse trigonometric functions and the exponential and 
logarithmic functions, are introduced in Chapter 5. 

The most common type of algebraic function is a polynomial function 


POQ Sa T a Po rei tree TF O a, 70 


where the positive integer n is the degree of the polynomial function. The constants 
a; are coefficients, with a, the leading coefficient and a, the constant term of the 
polynomial function. It is common practice to use subscript notation for coefficients 
of general polynomial functions, but for polynomial functions of low degree, the 
following simpler forms are often used. 

Zeroth degree: f(x) =a 
f(x) = ax +b 
Second degree: f(x) = ax? + bx +c 
Third degree: f(x) = ax? + bx? + cx + d 


Constant function 


First degree: 


Linear function 
Quadratic function 
Cubic function 


FOR FURTHER INFORMATION For 
more on the history of the concept of a 
function, see the article “Evolution of 
the Function Concept: A Brief Survey” 
by Israel Kleiner in The College Mathe- 
matics Journal. 


MathArticle 


Although the graph of a nonconstant polynomial function can have several turns, 
eventually the graph will rise or fall without bound as x moves to the right or left. 
Whether the graph of 


f(x) = a,x" + a,x") +- + o + ax? + ax t ag 


eventually rises or falls can be determined by the function’s degree (odd or even) and 
by the leading coefficient a, as indicated in Figure P.29. Note that the dashed portions 
of the graphs indicate that the Leading Coefficient Test determines only the right and 
left behavior of the graph. 


a,>0 a,<0 a,>0 a,<9 
y y A y 
A N A A 
\ i Í \ Up to 
rf oot a Upto; left 
g LN i re. right i ` 
1 i 1 : k y 4 ‘ 
|! i i 4 1 ars d “ew agt® 
1 | ' i X 7 , , A ` ° S 
I 
Up to k s Up to Down `‘ Down f Down `- Down i 
left right 'toleft ‘to right | to lefi 5 che 
o tf eft ta to right \ 
| aad E > xX 


Graphs of polynomial functions of even degree Graphs of polynomial functions of odd degree 


The Leading Coefficient Test for polynomial functions 
Figure P.29 
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Just as a rational number can be written as the quotient of two integers, a rational 
function can be written as the quotient of two polynomials. Specifically, a function f 
is rational if it has the form 


where p(x) and q(x) are polynomials. 

Polynomial functions and rational functions are examples of algebraic 
functions. An algebraic function of x is one that can be expressed as a finite number 
of sums, differences, multiples, quotients, and radicals involving x”. For example, 
f(x) = Vx + 1is algebraic. Functions that are not algebraic are transcendental. For 
instance, the trigonometric functions are transcendental. 

Two functions can be combined in various ways to create new functions. For 
example, given f(x) = 2x — 3 and g(x) = x? + 1, you can form the functions shown. 


(F+ g)(x) = f(x) + g(x) = 2x — 3) + x? + 1) Sum 
(f= g)(x) = f(x) = g(x) E (2x = 3) = (x? + 1) Difference 
(faa) = fag) = (2x — 3)? + 1) Product 
Jfa) 24 =3 f 
673169) z FA z ok | Quotient 
fog You can combine two functions in yet another way, called composition. The 


Domain of g resulting function is called a composite function. 


8 Definition of Composite Function 
L Te) 


Domain of f 


Let f and g be functions. The function given by (f ° g)(x) = f(e(x)) is called 
the composite of f with g. The domain of f ° g is the set of all x in the domain 


The domain of the composite function f ° g of g such that g(x) is in the domain of f (see Figure P.30). 
Figure P.30 


The composite of f with g may not be equal to the composite of g with f. 


EXAMPLE 4 Finding Composite Functions 


Given f(x) = 2x — 3 and g(x) = cos x, find each composite function. 


a. feg b gof 


Solution 
a. (f° g)(x) = f(g(x)) Definition of f° g 
= f(cos x) Substitute cos x for g(x). 
= 2(cos x) = 3 Definition of f(x) 
= 2cosx — 3 Simplify. 
b. (g °f)(x) = g(f(x)) Definition of g «f 
= g(2x — 3) Substitute 2x = 3 for f(x). 
= cos(2x — 3) Definition of g(x) 
Note that (f° g)(x) # (g °f)(2). — 
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Use a graphing utility to graph each 
function. Determine whether the 
function is even, odd, or neither. 


TOCE se 
aly) = Ds +e il 

ME) = 3 = Dye sb zp 
JQ) =2 = 38 = x8 

k(x) = x5 — 2x4 +x- 2 
POJ = 3© 4b Bae = gp? Es 


Describe a way to identify a function as 
odd or even by inspecting the equation. 


(a) Odd function 


g(x) =1+ cos x 


(b) Even function 
| Editable Graph | 


Figure P.31 
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In Section P.1, an x-intercept of a graph was defined to be a point (a, 0) at which 
the graph crosses the x-axis. If the graph represents a function f, the number a is a zero 
of f. In other words, the zeros of a function f are the solutions of the equation f(x) = 0. 
For example, the function f(x) = x — 4 has a zero at x = 4 because f(4) = 0. 

In Section P.1 you also studied different types of symmetry. In the terminology of 
functions, a function is even if its graph is symmetric with respect to the y-axis, and 
is odd if its graph is symmetric with respect to the origin. The symmetry tests in 
Section P.1 yield the following test for even and odd functions. 


Test for Even and Odd Functions 
The function y = f(x) is even if f(—x) = f(x). 
The function y = f(x) is odd if f(—x) = — f(x). 


NOTE Except for the constant function f(x) = 0, the graph of a function of x cannot have 
symmetry with respect to the x-axis because it then would fail the Vertical Line Test for the 
graph of the function. 


EXAMPLE 5 Even and Odd Functions and Zeros of Functions 


Determine whether each function is even, odd, or neither. Then find the zeros of the 
function. 


a. f(x) = —-—x b. g(x) = 1 + cosx 


Solution 
a. This function is odd because 
fe = (a? - (ae == 


The zeros of f are found as shown. 


Bf go ea? = x) = = F(a). 


xe—-x=0 Let f(x) = 0. 
x(x? — 1) = x(x — I + 1) = 0 Factor. 
x=0,1,-1 Zeros of f 


See Figure P.31(a). 
b. This function is even because 
1 + cos(—x) = 1 + cos x = g(x). 


cos(—x) = cos(x) 


gna) = 


The zeros of g are found as shown. 


1 + cosx= 0 Let g(x) = 0. 
cosx = -1 Subtract 1 from each side. 
x= (2n + 1)z, nis an integer. Zeros of g 
See Figure P.31(b). 


NOTE Each of the functions in Example 5 is either even or odd. However, some functions, 
such as f(x) = x? + x + 1, are neither even nor odd. 


Exercises for Section P.3 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on El to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1 and 2, use the graphs of f and g to answer the 
following. 

(a) Identify the domains and ranges of f and g. 

(b) Identify f(—2) and g(3). 

(c) For what value(s) of x is f(x) = g(x)? 

(d) Estimate the solution(s) of f(x) = 2. 

(e) Estimate the solutions of g(x) = 0. 


y 
A 


In Exercises 3-12, evaluate (if possible) the function at the given 
value(s) of the independent variable. Simplify the results. 


3. f(x) = 2x -3 4. fa) = Vx +3 
(a) (0) (a) f(—2) 
(b) f(—3) (b) f(6) 
(c) f(b) (c) f(-5) 
(d) fœ- 1) (d) f(x + Ax) 
5. g(x) = 3 — x? 6. g(x) = x(x — 4) 
(a) g(0) (a) g(4) 
(b) e( V3) (b) g6) 
(c) e(—2) © glc) 
(d) a(t — 1) (d) g(t + 4) 
7. f(x) = cos 2x 8. f(x) = sinx 
(a) (0) (a) f(r) 
(b) f(— 7/4) (b) (57/4) 
(c) f(a/3) (c) f(27/3) 
9. f(x) =x 10. f(x) = 3x - 1 
f(x + Ax) — fo) fx) — fU) 
Ax x= I 
11. f(x) = a 12. f(x) =x -x 
f@) —f2) fx) - fU) 
HS 2, xl 


In Exercises 13-18, find the domain and range of the function. 
13. h(x) = -vx +3 


Tt 
15. f(t) = sec Pi 


14. g(x) = x? — 5 


16. h(t) = cott 


17. f(s) = 2 18. g(x) = — 


In Exercises 19-24, find the domain of the function. 


19. f(x) = /x + JI - x 20. fx) = Vx? — 3x +2 


2 1 

21. g(x) = Teroy 22. h(x) = wl 
1 1 

23. f(x) = |x + 3] 24. g(x) = je —4| 


In Exercises 25-28, evaluate the function as indicated. 
Determine its domain and range. 


2x+1, x<0 
25. fs) = {> +2, x20 


(a) f(-1) (b) f(0) (c) f(2) (d) f(? + 1) 
k +2, x<1 
2x? +2, x>1 


(a) f(-2) fO © fa) (d) f(s? +2) 


26. f(x) = 


_ |x| +1x<l 

a fe = {It 1x21 
(a) f(-3) (b) f0) (c) f(3) (d) f(b? + 1) 

_j]vx+ 4,x<5 

25. 10) = {7 —5),x>5 


(a) f(-3) œ FO) © f6) ® F(10) 


In Exercises 29-36, sketch a graph of the function and find its 
domain and range. Use a graphing utility to verify your graph. 


fi) =4-x 30. g(x) = 


31. A(x) = “x —1 32. f(x) =F +2 
33. f(x) = V9 — x? 34. f(xy) =x 4+ V4 —-2? 


5. g(t) = 2 sin at 36. h(6) = —5 cos $ 


Writing About Concepts 


. The graph of the distance that a student drives in a 
10-minute trip to school is shown in the figure. Give a verbal 
description of characteristics of the student’s drive to school. 


~ 
n 
[S 
= 
& 
g 
a 
Z 
V 
Q 
g 
z 
sS 
n 
2 
A 


(0,0) 2 4 6 8 10 


Time (in minutes) 
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Writing About Concepts (continued) 


38. A student who commutes 27 miles to attend college 
remembers, after driving a few minutes, that a term paper 
that is due has been forgotten. Driving faster than usual, the 
student returns home, picks up the paper, and once again 
starts toward school. Sketch a possible graph of the 
student’s distance from home as a function of time. 


In Exercises 39—42, use the Vertical Line Test to determine 
whether y is a function of x. To print an enlarged copy of the 
graph, select the MathGraph button. 


39. x- y? = 40. VX -4-y=0 
y y 
A A 
4+ 
3544 
2- 
1+ 
t+ ++$+>x 
-3 -2 -1 1 2 3 
-2 + 
41 ae eee 42. x2 +y2=4 
= iey 
Pe eo 8. gs0 y 
y y 
A A 
2 
| > xX > xX 
1 2 


In Exercises 43-46, determine whether y is a function of x. 


43. x27 +y? = 44. x? +y=4 
45. y2 =x? -1 46. xy — x? + 4y =0 


In Exercises 47—52, use the graph of y = f(x) to match the 
function with its graph. 


48. y = f(x) — 5 
50. y = -f(x — 4) 
52. y=f(x- 1) +3 


wv Experienced writers 


© On-time delivery 


(2) 100% plagiarism free 


53. Use the graph of f shown in the figure to sketch the graph of 
each function. To print an enlarged copy of the graph, select the 
MathGraph button. 


(a) f@+3) b) fæ- 1) 3 
OFW OAA : 
© 3f() O af) ip 

-7 


54. Use the graph of f shown in the figure to sketch the graph of 
each function. To print an enlarged copy of the graph, select the 
MathGraph button. 


(a) fa-4) (b) fe + 2) 3 
(©) fa)+4 O fa) -i ZD 
©) FA O zra _ i 
(-4, -3) 
-5 


55. Use the graph of f(x) = vx to sketch the graph of each 
function. In each case, describe the transformation. 


@y=Vxt2 W)y=-Ve ©y=Vx-2 
56. Specify a sequence of transformations that will yield each 
graph of h from the graph of the function f(x) = sin x. 


(a) h(x) = sin(x + 4 +1 (b) A(x) = -sin(x — 1) 


57. Given f(x) = /xand g(x) = x? — 1, evaluate each expression. 


(a) f(g(1)) (b) g(f(1)) (c) g(f(0)) 
(d) f(g(-4)) ©) f(g) (f) g( f(x) 


58. Given f(x) = sin x and g(x) = 7x, evaluate each expression. 


OL s(e(4)) © eV) 


(a) (2) © se) O o) 


In Exercises 59-62, find the composite functions (f -° g) and 
(g °- f). What is the domain of each composite function? Are the 
two composite functions equal? 


59. f(x) = x? 60. f(x) =x? - 1 
g(x) = Vx g(x) = cos x 
61. fo) == 62. fà) =+ 
g(x) =x? -— 1 g(x) = /x +2 


63. Use the graphs of f and g to 
evaluate each expression. If the 
result is undefined, explain why. 


(a) (f° g)(3) (b) g(f(2)) 
(c) g(f(5)) (d) (fe g)(-3) 4 
(e) (g°f\(-1) ®© f(g(— 1) 


64. Ripples A pebble is dropped into a calm pond, causing 
ripples in the form of concentric circles. The radius (in feet) of 
the outer ripple is given by r(t) = 0.6t, where ż is the time in 
seconds after the pebble strikes the water. The area of the circle 
is given by the function A(r) = mr?. Find and interpret 


(A ° r)(t). 


Think About It In Exercises 65 and 66, F(x) =feg eh. 
Identify functions for f, g, and h. (There are many correct 
answers.) 


65. F(x) = /2x — 2 66. F(x) = —4sin(1 — x) 


In Exercises 67-70, determine whether the function is even, 
odd, or neither. Use a graphing utility to verify your result. 


68. f(x) = x 
70. f(x) = sin? x 


67. f(x) = x7(4 — x?) 
69. f(x) = xcosx 
Think About It In Exercises 71 and 72, find the coordinates of 


a second point on the graph of a function f if the given point is 
on the graph and the function is (a) even and (b) odd. 


71. (-3,4) 72. (4,9) 


73. The graphs of f, g, and h are shown in the figure. Decide 
whether each function is even, odd, or neither. 


Figure for 73 Figure for 74 


74. The domain of the function f shown in the figure is 
=6 SyS 6; 
(a) Complete the graph of f given that f is even. 
(b) Complete the graph of f given that f is odd. 


Writing Functions In Exercises 75-78, write an equation for a 
function that has the given graph. 

75. Line segment connecting (— 4, 3) and (0, — 5) 

76. Line segment connecting (1, 2) and (5, 5) 

77. The bottom half of the parabola x + y? = 0 

78. The bottom half of the circle x? + y? = 4 


Modeling Data In Exercises 79-82, match the data with a 
function from the following list. 
(i) f(x) = ex 

(iii) A(x) = ev |x| 


(ii) g(x) = cx? 


(iv) r(x) = efx 
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Determine the value of the constant c for each function such 
that the function fits the data shown in the table. 


79. 


x|-4 |-1 | 0 1 4 
y | -32 | -2 |o |-2 +32 
80. [T -4 | -1 Jo 1 4 
y| -1 |—3 |0 | 1 
81. eE 0 1 4 
y | -8 |-32 |Undef. |32 |8 
82. [x] -4 | -1 Jo 1 4 
yÍ 6 3 0 3 6 


83. Graphical Reasoning An electronically controlled thermo- 
stat is programmed to lower the temperature during the night 
automatically (see figure). The temperature T in degrees 
Celsius is given in terms of f¢, the time in hours on a 24-hour 
clock. 


(a) Approximate 7(4) and 7(15). 
(b) The thermostat is reprogrammed to produce a temperature 


H(t) = T(t — 1). How does this change the temperature? 
Explain. 


(c) The thermostat is reprogrammed to produce a temperature 
H(t) = T(t) — 1. How does this change the temperature? 
Explain. 


T 


fp tt 


i 
T T T T 
| 3 6 9 12 15 18 21 24 


84. Water runs into a vase of height 30 centimeters at a constant 
rate. The vase is full after 5 seconds. Use this information and 
the shape of the vase shown to answer the questions if d is the 
depth of the water in centimeters and ż is the time in seconds 
(see figure). 


(a) Explain why d is a function of t. 
(b) Determine the domain and range of the function. 
(c) Sketch a possible graph of the function. 

30 cm 


| 


al 


30 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


92. 


93. 
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Modeling Data The table shows the average numbers of acres 
per farm in the United States for selected years. (Source: 
U.S. Department of Agriculture) 


Year 1950 | 1960 | 1970 | 1980 | 1990 | 2000 


Acreage | 213 | 297 | 374 | 426 | 460 | 434 


(a) Plot the data where A is the acreage and ¢ is the time in 
years, with t = 0 corresponding to 1950. Sketch a freehand 
curve that approximates the data. 


(b) Use the curve in part (a) to approximate A(15). 
Automobile Aerodynamics The horsepower H required to 


overcome wind drag on a certain automobile is approximated by 


H(x) = 0.002x? + 0.005x — 0.029, 10 < x < 100 


where x is the speed of the car in miles per hour. 
(a) Use a graphing utility to graph H. 


(b) Rewrite the power function so that x represents the speed in 
kilometers per hour. [Find H(x/1.6).] 


Think About It Write the function 

fla) = |x| + bx = 2 

without using absolute value signs. (For a review of absolute 
value, see Appendix D.) 

Writing Use a graphing utility to graph the polynomial 
functions p,(x) = x? — x + 1 and p,(x) = x? — x. How many 
zeros does each function have? Is there a cubic polynomial that 
has no zeros? Explain. 

Prove that the function is odd. 


FQ) = Bigger? a ae 


Prove that the function is even. 


f(x) F opt” T gy 9X7"? al Als a,x? F ao 


Prove that the product of two even (or two odd) functions is 
even. 


Prove that the product of an odd function and an even function 
is odd. 


Volume An open box of maximum volume is to be made 
from a square piece of material 24 centimeters on a side by 
cutting equal squares from the corners and turning up the sides 
(see figure). 


+X 4—x— 24 — 2y —> X1 


(a) Write the volume V as a function of x, the length of the 
corner squares. What is the domain of the function? 
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(b) Use a graphing utility to graph the volume function and 
approximate the dimensions of the box that yield a maxi- 
mum volume. 


(c) Use the table feature of a graphing utility to verify your 
answer in part (b). (The first two rows of the table are 
shown.) 


Length 


Height, x | and Width Volume, V 


1 24 — 2(1) | 1[24 — 2(1)]? = 484 


2 24 — 2(2) | 2[24 — 2(2)]? = 800 


94. Length A right triangle is formed in the first quadrant by the 
x- and y-axes and a line through the point (3, 2) (see figure). 
Write the length L of the hypotenuse as a function of x. 


y 


N WwW e 


jas 


True or False? In Exercises 95-98, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


95. If f(a) = f(b), then a = b. 


96. A vertical line can intersect the graph of a function at most 
once. 


97. If f(x) = f(—x) for all x in the domain of f, then the graph of 
f is symmetric with respect to the y-axis. 


98. If f is a function, then f(ax) = af (x). 


Putnam Exam Challenge 


99. Let R be the region consisting of the points (x,y) of the 
Cartesian plane satisfying both |x| — |y| < 1 and |y| < 1. 
Sketch the region R and find its area. 


100. Consider a polynomial f(x) with real coefficients having the 
property f(2(x)) = g(f(x)) for every polynomial g(x) with real 
coefficients. Determine and prove the nature of f(x). 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Fitting Models to Data 


e Fit a linear model to a real-life data set. 
e Fit a quadratic model to a real-life data set. 
e Fit a trigonometric model to a real-life data set. 


Fitting a Linear Model to Data 


A basic premise of science is that much of the physical world can be described 
mathematically and that many physical phenomena are predictable. This scientific 
outlook was part of the scientific revolution that took place in Europe during the late 
1500s. Two early publications connected with this revolution were On the Revolutions 
of the Heavenly Spheres by the Polish astronomer Nicolaus Copernicus and On the 
Structure of the Human Body by the Belgian anatomist Andreas Vesalius. Each of 
these books was published in 1543 and each broke with prior tradition by suggesting 
the use of a scientific method rather than unquestioned reliance on authority. 


A computer graphics drawing based on the One basic technique of modern science is gathering data and then describing the 
pen and ink drawing of Leonardo da Vinci’s data with a mathematical model. For instance, the data given in Example | are 
famous study of human proportions, called inspired by Leonardo da Vinci’s famous drawing that indicates that a person’s height 
Vitruvian Man and arm span are equal. 


EXAMPLE | Fitting a Linear Model to Data 


A class of 28 people collected the following data, which represent their heights x and 
arm spans y (rounded to the nearest inch). 


(60, 61), (65, 65), (68, 67), (72, 73), (61, 62), (63, 63), (70, 71), 
(75, 74), (71, 72), (62, 60), (65, 65), (66, 68), (62, 62), (72, 73), 
(70, 70), (69, 68), (69, 70), (60, 61), (63, 63), (64, 64), (71, 71), 
(68, 67), (69, 70), (70, 72), (65, 65), (64, 63), (71, 70), (67, 67) 


Find a linear model to represent these data. 


Solution There are different ways to model these data with an equation. The 
simplest would be to observe that x and y are about the same and list the model as 
simply y = x. A more careful analysis would be to use a procedure from statistics 
called linear regression. (You will study this procedure in Section 13.9.) The least 
squares regression line for these data is 


y = 1.006x — 0.23. Least squares regression line 


The graph of the model and the data are shown in Figure P.32. From this model, you 
can see that a person’s arm span tends to be about the same as his or her height. 


E [Geman] (Seas 
TECHNOLOGY Many scientific and graphing calculators have built-in least 
squares regression programs. Typically, you enter the data into the calculator and 

60 62 64 66 68 70 72 74 Fe then run the linear regression program. The program usually displays the slope and 
Height (in inches) y-intercept of the best-fitting line and the correlation coefficient r. The correlation 

coefficient gives a measure of how well the model fits the data. The closer |r| 

is to 1, the better the model fits the data. For instance, the correlation coefficient for 
the model in Example 1 is r ~ 0.97, which indicates that the model is a good fit for 


|Video _| the data. If the r-value is positive, the variables have a positive correlation, as in 
Example 1. If the r-value is negative, the variables have a negative correlation. 


Arm span (in inches) 


Linear model and data 
Figure P.32 
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Fitting a Quadratic Model to Data 


A function that gives the height s of a falling object in terms of the time f is called a 
position function. If air resistance is not considered, the position of a falling object can 
be modeled by 


s(t) = Set? + Vot + 59 


where g is the acceleration due to gravity, v, is the initial velocity, and sọ is the initial 
height. The value of g depends on where the object is dropped. On earth, g is approx- 
imately — 32 feet per second per second, or — 9.8 meters per second per second. 

To discover the value of g experimentally, you could record the heights of a 
falling object at several increments, as shown in Example 2. 


EXAMPLE 2 Fitting a Quadratic Model to Data 


A basketball is dropped from a height of about 54 feet. The height of the basketball is 
recorded 23 times at intervals of about 0.02 second.* The results are shown in the table. 


Time 0.0 0.02 0.04 0.06 0.08 0.099996 
Height | 5.23594 | 5.20353 | 5.16031 5.0991 5.02707 4.95146 
Time 0.119996 | 0.139992 | 0.159988 | 0.179988 | 0.199984 | 0.219984 
Height | 4.85062 | 4.74979 | 4.63096 | 4.50132 | 4.35728 4.19523 
Time 0.23998 | 0.25993 | 0.27998 | 0.299976 | 0.319972 | 0.339961 
Height | 4.02958 | 3.84593 | 3.65507 | 3.44981 | 3.23375 3.01048 
Time 0.359961 | 0.379951 | 0.399941 | 0.419941 | 0.439941 

Height | 2.76921 2.52074 | 2.25786 | 1.98058 | 1.63488 


Height (in feet) 
w 
t 
e 


t t t t Ht 

01 02 03 04 05 
Time (in seconds) 

Scatter plot of data 

Figure P.33 


Find a model to fit these data. Then use the model to predict the time when the 
basketball will hit the ground. 


Solution Begin by drawing a scatter plot of the data, as shown in Figure P.33. From 
the scatter plot, you can see that the data do not appear to be linear. It does appear, 
however, that they might be quadratic. To check this, enter the data into a calculator 
or computer that has a quadratic regression program. You should obtain the model 


s = —15.45t? — 1.30¢ + 5.234. 


Least squares regression quadratic 


Using this model, you can predict the time when the basketball hits the ground by 
substituting 0 for s and solving the resulting equation for t. 
0 = — 15.451? — 1.30f + 5.234 
i 1.30 + /(—1.30)? — 4(—15.45)(5.234) 
2(— 15.45) 


Let s = 0. 


Quadratic Formula 


t = 0.54 


Choose positive solution. 


The solution is about 0.54 second. In other words, the basketball will continue to fall 
for about 0.1 second more before hitting the ground. 


[ Try re | [Exploration a | 


* Data were collected with a Texas Instruments CBL (Calculator-Based Laboratory) System. 
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-- -- 


=-=- - -- 


The plane of Earth’s orbit about the sun and 
its axis of rotation are not perpendicular. 
Instead, Earth’s axis is tilted with respect 

to its orbit. The result is that the amount of 
daylight received by locations on Earth 
varies with the time of year. That is, it varies 
with the position of Earth in its orbit. 


d 
A 
T 
2 
=} 
E 
E 
g 
Z 
E 
a 
S 
A 
Ht} 4+ tt} > 
40 120 200 280 360 440 


Day (0 © December 22) 


Graph of model 
Figure P.34 


NOTE For more review of trigonometric 
functions, see Appendix D. 


Fitting a Trigonometric Model to Data 


What is mathematical modeling? This is one of the questions that is asked in the book 
Guide to Mathematical Modelling. Here is part of the answer.* 


1. Mathematical modeling consists of applying your mathematical skills to obtain 
useful answers to real problems. 


2. Learning to apply mathematical skills is very different from learning mathematics 
itself. 


3. Models are used in a very wide range of applications, some of which do not appear 
initially to be mathematical in nature. 


4. Models often allow quick and cheap evaluation of alternatives, leading to optimal 
solutions that are not otherwise obvious. 


5. There are no precise rules in mathematical modeling and no “correct” answers. 


6. Modeling can be learned only by doing. 
EXAMPLE 3 Fitting a Trigonometric Model to Data 


The number of hours of daylight on Earth depends on the latitude and the time of year. 
Here are the numbers of minutes of daylight at a location of 20° N latitude on the 
longest and shortest days of the year: June 21, 801 minutes; December 22, 655 
minutes. Use these data to write a model for the amount of daylight d (in minutes) on 
each day of the year at a location of 20° N latitude. How could you check the accuracy 
of your model? 


Solution Here is one way to create a model. You can hypothesize that the model is 
a sine function whose period is 365 days. Using the given data, you can conclude that 
the amplitude of the graph is (801 — 655)/2, or 73. So, one possible model is 
27t 7 
d = 728 — 73 sinl zz + =]. 
sn 5 z) 

In this model, t represents the number of each day of the year, with December 22 
represented by t = 0. A graph of this model is shown in Figure P.34. To check the 
accuracy of this model, we used a weather almanac to find the numbers of minutes of 
daylight on different days of the year at the location of 20° N latitude. 


Date Value of t Actual Daylight Daylight Given by Model 
Dec 22 0 655 min 655 min 
Jan 1 10 657 min 656 min 
Feb 1 41 676 min 672 min 
Mar 1 69 705 min 701 min 
Apr 1 100 740 min 739 min 
May 1 130 712 min 773 min 
Jun 1 161 796 min 796 min 
Jun 21 181 801 min 801 min 
Jul 1 191 799 min 800 min 
Aug 1 222 782 min 785 min 
Sep 1 253 752 min 754 min 
Oct 1 283 718 min 716 min 
Nov 1 314 685 min 681 min 
Dec 1 344 661 min 660 min 
You can see that the model is fairly accurate. a] 


m [Exnoration’ 
* Text from Dilwyn Edwards and Mike Hamson, Guide to Mathematical Modelling (Boca Raton: 
CRC Press, 1990). Used by permission of the authors. 
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Exercises for Section P.4 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-4, a scatter plot of data is given. Determine 
whether the data can be modeled by a linear function, a quadratic 
function, or a trigonometric function, or that there appears to be 
no relationship between x and y. To print an enlarged copy of the 
graph, select the MathGraph button. 


F | 20 | 40 | 60 | 80 | 100 


(a) Use the regression capabilities of a graphing utility to find a 


1. y 2. y linear model for the data. 


(b) Use a graphing utility to plot the data and graph the model. 
oo How well does the model fit the data? Explain your 
° reasoning. 


s. (c) Use the model to estimate the elongation of the spring when 
° a force of 55 newtons is applied. 


e 

Ae 8. Falling Object In an experiment, students measured the speed 
i s (in meters per second) of a falling object t seconds after it was 
released. The results are shown in the table. 


3o o” a o tlolļlıiılz2 3 4 


s6 enis e s 0 11.0 | 19.4 | 29.2 | 39.4 


(a) Use the regression capabilities of a graphing utility to find a 
è linear model for the data. 


(b) Use a graphing utility to plot the data and graph the model. 
How well does the model fit the data? Explain your 
reasoning. 


(c) Use the model to estimate the speed of the object after 
2.5 seconds. 


5. Carcinogens Each ordered pair gives the exposure index x of 
a carcinogenic substance and the cancer mortality y per 100,000 
people in the population. + 


(3.50, 150.1), (3.58, 133.1), (4.42, 132.9), 
(2.26, 116.7), (2.63, 140.7), (4.85, 165.5), 
(12.65, 210.7), (7.42, 181.0), (9.35, 213.4) 


9. Energy Consumption and Gross National Product The data 
show the per capita electricity consumptions (in millions of Btu) 
and the per capita gross national products (in thousands of U.S. 
dollars) for several countries in 2000. (Source: U.S. Census 


(b) If the data appear to be approximately linear, find a linear 
model for the data. If not, give some possible explanations. 


Bureau) 
(a) Plot the data. From the graph, do the data appear to be F 
h ; Argentina (73, 12.05) Bangladesh (4, 1.59) 

approximately linear? 
(b) Visually find a linear model for the data. Graph the model. Chile (68, 9.1) Egypt (32, 3.67) 
(c) Use:the model toapproximate yif x:= 3. Greece (126, 16.86) | | Hong Kong | (118, 25.59) 

. Quiz Scores The ordered pairs represent the scores on two 7 

consecutive 15-point quizzes for a class of 18 students. Hungary (105, 11.99) India (13, 2.34) 
(7, 13), (9, 7), (14, 14), (15, 15), (10, 15), (9, 7), Mexico (63, 8.79) Poland (95, 9) 
(ERT T 48, 10) C3, 2), CLO 11) 42, 10), Portugal (108, 16.99) | | South Korea | (167, 17.3) 
(11, 14), (7, 14), (11, 10), (14, 11), (10, 15), (9, 6) 7 
(a) Plot the data. From the graph, does the relationship between Spain (137 12:26) Turkey S A 

consecutive scores appear to be approximately linear? United Kingdom | (166, 23.55) Venezuela (113, 5.74) 


(a) Use the regression capabilities of a graphing utility to find a 


I 4: . 
7. Hooke’s Law Hooke’s Law states that the force F required to linear model for the data. What is the correlation coefficient? 


compress or stretch a spring (within its elastic limits) is propor- 
tional to the distance d that the spring is compressed or stretched 
from its original length. That is, F = kd, where k is a measure of 
the stiffness of the spring and is called the spring constant. The 
table shows the elongation d in centimeters of a spring when a 
force of F newtons is applied. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Interpret the graph in part (b). Use the graph to identify the 
three countries that differ most from the linear model. 


(d) Delete the data for the three countries identified in part 
(c). Fit a linear model to the remaining data and give the 
correlation coefficient. 


10. Brinell Hardness The data in the table show the Brinell 


hardness H of 0.35 carbon steel when hardened and tempered 
at temperature t (degrees Fahrenheit). (Source: Standard 
Handbook for Mechanical Engineers) 


t 200 | 400 | 600 | 800 | 1000 | 1200 


H | 534 | 495 | 415 | 352 | 269 | 217 


(a) Use the regression capabilities of a graphing utility to find 
a linear model for the data. 

(b) Use a graphing utility to plot the data and graph the model. 
How well does the model fit the data? Explain your 
reasoning. 


(c) Use the model to estimate the hardness when ft is 500°F. 


11. Automobile Costs The data in the table show the variable 


costs for operating an automobile in the United States for 
several recent years. The functions y,, y, and y, represent the 
costs in cents per mile for gas and oil, maintenance, 
and tires, respectively. (Source: American Automobile 
Manufacturers Association) 


Year Vil Ya J3 
(0) 5.40 | 2.10 | 0.90 


1 6.70 | 2.20 | 0.90 


2 6.00 | 2.20 | 0.90 


W 


6.00 | 2.40 | 0.90 


4 5.60 | 2.50 | 1.10 


5 6.00 | 2.60 | 1.40 


6 5.90 | 2.80 | 1.40 


7 6.60 | 2.80 | 1.40 


(a) Use the regression capabilities of a graphing utility to find 
a cubic model for y, and linear models for y, and y3. 

(b) Use a graphing utility to graph y,, Y2, Y3, and y, + y, + y3 
in the same viewing window. Use the model to estimate the 
total variable cost per mile in year 12. 


12. Beam Strength Students in a lab measured the breaking 


strength $ (in pounds) of wood 2 inches thick, x inches high, 
and 12 inches long. The results are shown in the table. 


x 4 6 8 10 12 


S 2370 5460 | 10,310 | 16,250 | 23,860 


(a) Use the regression capabilities of a graphing utility to fit a 
quadratic model to the data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Use the model to approximate the breaking strength when 
x= 2. 


14. 
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ealth Maintenance Organizations e bar graph shows 
the numbers of people N (in millions) receiving care in HMOs 
for the years 1990 through 2002. (Source: Centers for 
Disease Control) 


HMO Enrollment 


6813 80.9 79.5 e 


Enrollment (in millions) 


Year ae > w 


(a) Let ż be the time in years, with ż = 0 corresponding to 
1990. Use the regression capabilities of a graphing utility to 
find linear and cubic models for the data. 


(b) Use a graphing utility to graph the data and the linear and 
cubic models. 


(c) Use the graphs in part (b) to determine which is the better 
model. 


(d) Use a graphing utility to find and graph a quadratic model 
for the data. 


(e) Use the linear and cubic models to estimate the number of 
people receiving care in HMOs in the year 2004. 


(f) Use a graphing utility to find other models for the data. 
Which models do you think best represent the data? 
Explain. 


Car Performance The time t (in seconds) required to attain a 
speed of s miles per hour from a standing start for a Dodge 
Avenger is shown in the table. (Source: Road & Track) 


sS 30 40 50 60 70 80 90 


t 3.4 5.0 7.0 9.3 | 12.0 | 15.8 | 20.0 


(a) Use the regression capabilities of a graphing utility to find 
a quadratic model for the data. 


(b) Use a graphing utility to plot the data and graph the model. 
(c) Use the graph in part (b) to state why the model is not 


appropriate for determining the times required to attain 
speeds less than 20 miles per hour. 


(d) Because the test began from a standing start, add the point 
(0, 0) to the data. Fit a quadratic model to the revised data 
and graph the new model. 


(e) Does the quadratic model more accurately model the 
behavior of the car for low speeds? Explain. 
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15. Car Performance A V8 car engine is coupled to a dynamome- 
ter and the horsepower y is measured at different engine speeds 
x (in thousands of revolutions per minute). The results are 
shown in the table. 


x} 1 2 3 4 5 6 


y | 40 | 85 | 140 | 200 | 225 | 245 


(a) Use the regression capabilities of a graphing utility to find 
a cubic model for the data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Use the model to approximate the horsepower when the 
engine is running at 4500 revolutions per minute. 


16. Boiling Temperature The table shows the temperatures T (°F) 
at which water boils at selected pressures p (pounds per 
square inch). (Source: Standard Handbook for Mechanical 


Engineers) 
Dp 5 10 14.696 (1 atmosphere) 20 
162.24° | 193.21° 212.00° 227.96° 
Pp 30 40 60 80 100 
T | 250.33° | 267.25° | 292.71° | 312.03° | 327.81° 


(a) Use the regression capabilities of a graphing utility to find 
a cubic model for the data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Use the graph to estimate the pressure required for the boil- 
ing point of water to exceed 300°F. 


(d) Explain why the model would not be correct for pressures 
exceeding 100 pounds per square inch. 


17. Harmonic Motion The motion of an oscillating weight 
suspended by a spring was measured by a motion detector. The 
data collected and the approximate maximum (positive and 
negative) displacements from equilibrium are shown in the 
figure. The displacement y is measured in centimeters and the 
time f is measured in seconds. 


(a) Is y a function of t? Explain. 

(b) Approximate the amplitude and period of the oscillations. 

(c) Find a model for the data. 

(d) Use a graphing utility to graph the model in part (c). 
Compare the result with the data in the figure. 


y 
A 

3 | (0.125, 2.35) 
i | 


efe e%e 
2-9 e e e 
e e e 
e.e o 
jal i 
(0.375, 1.65) 
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emperature e table shows the normal daily high tempera- 
tures for Honolulu H and Chicago C (in degrees Fahrenheit) for 
month ¢, with tf = 1 corresponding to January. (Source: NOAA) 


H | 87.5 | 88.7 | 88.5 | 86.9 | 84.1 | 81.2 
C | 83.7 | 81.8 | 74.8 | 63.3 | 48.4 | 34.0 


(a) A model for Honolulu is 


H(t) = 84.40 + 4.28 sin Z + 3.86] 


Find a model for Chicago. 
(b) Use a graphing utility to graph the data and the model for 
the temperatures in Honolulu. How well does the model fit? 
(c) Use a graphing utility to graph the data and the model for 
the temperatures in Chicago. How well does the model fit? 
(d) Use the models to estimate the average annual temperature 
in each city. What term of the model did you use? Explain. 
(e) What is the period of each model? Is it what you expected? 
Explain. 
(f) Which city has a greater variability of temperatures 


throughout the year? Which factor of the models deter- 
mines this variability? Explain. 


Writing About Concepts 


. Search for real-life data in a newspaper or magazine. Fit the data 
to a model. What does your model imply about the data? 

. Describe a possible real-life situation for each data set. Then 
describe how a model could be used in the real-life setting. 


b) y 
A 


Review Exercises for Chapter P 


w Experienced writers 


© On-time delivery 
® 100% plagiarism free 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1—4, find the intercepts (if any). 


1l. y = 2x - 3 2. y = (x — 1)@ — 3) 
xl 
3. omen) 4. xy=4 


In Exercises 5 and 6, check for symmetry with respect to both 


axes and to the origin. 
5. ry -xX + 4y =0 6 y=xt- x43 


In Exercises 7-14, sketch the graph of the equation. 


7. y = 43(—x + 3) 8. 4x — 2y = 6 
9. —ix + $y = 1 10. 0.02x + 0.15y = 0.25 
ll. y=7- 6x- x? 12. y = 6x — x? 


13. y= J/5—x 14. y=|x— 4] -4 


In Exercises 15 and 16, describe the viewing window of a graph- 
ing utility that yields the figure. 


15. y = 4x? — 25 16. y= 8¥x — 6 


In Exercises 17 and 18, use a graphing utility to find the point(s) 
of intersection of the graphs of the equations. 
17. 3x — 4y = 8 18. x-y+1=0 
x+ y=5 y-x=7 
19. Think About It Write an equation whose graph has 


intercepts at x = —2 and x = 2 and is symmetric with respect 
to the origin. 


20. Think About It For what value of k does the graph of y = kx? 
pass through the point? 


@ (1,4) (6) (=2,1) ©(@0) @ (-1,-1) 


In Exercises 21 and 22, plot the points and find the slope of the 
line passing through the points. 


21. (3, 1), (5.5) 


In Exercises 23 and 24, use the concept of slope to find ¢ such 
that the three points are collinear. 


92.7, = 1), 712) 


23. (—2, 5), (0, 4), (1, 1) 24. (—3, 3), (t, — 1), (8, 6) 


In Exercises 25-28, find an equation of the line that passes 
through the point with the indicated slope. Sketch the line. 


25. (0, —5), m=3 26. (-2,6), m=0 


27. (—3,0), m= -5 28. (5,4), mis undefined. 


29. Find equations of the lines passing through (—2, 4) and having 
the following characteristics. 


(a) Slope of & 
(b) Parallel to the line 5x — 3y = 3 
(c) Passing through the origin 
(d) Parallel to the y-axis 
30. Find equations of the lines passing through (1, 3) and having 
the following characteristics. 
(a) Slope of -3 
(b) Perpendicular to the line x + y = 0 
(c) Passing through the point (2, 4) 
(d) Parallel to the x-axis 
31. Rate of Change The purchase price of a new machine is 
$12,500, and its value will decrease by $850 per year. Use this 
information to write a linear equation that gives the value V of 


the machine ¢ years after it is purchased. Find its value at the 
end of 3 years. 


32. Break-Even Analysis A contractor purchases a piece of 
equipment for $36,500 that costs an average of $9.25 per hour 
for fuel and maintenance. The equipment operator is paid 
$13.50 per hour, and customers are charged $30 per hour. 

(a) Write an equation for the cost C of operating this equip- 
ment for t hours. 

(b) Write an equation for the revenue R derived from t hours 
of use. 

(c) Find the break-even point for this equipment by finding the 
time at which R = C. 


In Exercises 33-36, sketch the graph of the equation and use the 
Vertical Line Test to determine whether the equation expresses 
y as a function of x. 


33. x- y? = 34. x7 -y=0 
35. y = x? — 2x 36. x = 9 — y? 


37. Evaluate (if possible) the function f(x) = 1/x at the specified 
values of the independent variable, and simplify the results. 


p Ata =f) 


38. Evaluate (if possible) the function at each value of the inde- 
pendent variable. 


fl) x74+2,x<0 
Pa 
` |x — 2|, x 20 


(a) fO) ¢ 


(a) f(—4) o f@ © fa) 


39. Find the domain and range of each function. 


7 
I= V6-F OO) P= 545 osf 


x2, x<0 


2—-—x, x20 
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Given f(x) =1—x? and g(x) =2x+ 1, evaluate each 
expression. 


(a) fl) — ee o fag) O g(a) 

Sketch (on the same set of coordinate axes) graphs of f for 
c = —2,0, and 2. 

(a) f(xy) =e +c (b) f(x) = x- c} 

(c) fa) = x-2} +e (d) f(x) = cæ 

Use a graphing utility to graph f(x) = x° — 3x?. Use the graph 
to write a formula for the function g shown in the figure. 


To print an enlarged copy of the graph, select the MathGraph 
button. 


(a) 6 b) 2 
(2,5) (2, 1) 


4,=3) 
=j -4 


Conjecture 

(a) Use a graphing utility to graph the functions f, g, and h in 
the same viewing window. Write a description of any 
similarities and differences you observe among the graphs. 
Odd powers: f(x) = x, g(x) = x3, h(x) = © 
Even powers: f(x) = x’, g(x) = x4, A(x) = x® 

(b) Use the result in part (a) to make a conjecture about the 
graphs of the functions y = x” and y = xê. Use a graphing 
utility to verify your conjecture. 

Think About It Use the result of Exercise 43 to guess the 

shapes of the graphs of the functions f, g, and h. Then use a 


graphing utility to graph each function and compare the result 
with your guess. 


(a) f(x) = x7 — 6) 
© h(x) = «°(x — 6) 


(b) g(x) = x3(x — 6)? 


45. Area A wire 24 inches long is to be cut into four pieces to 


46. 


form a rectangle whose shortest side has a length of x. 
(a) Write the area A of the rectangle as a function of x. 


(b) Determine the domain of the function and use a graphing 
utility to graph the function over that domain. 


(c) Use the graph of the function to approximate the maximum 
area of the rectangle. Make a conjecture about the dimen- 
sions that yield a maximum area. 


Writing The following graphs give the profits P for two small 
companies over a period p of 2 years. Create a story to describe 
the behavior of each profit function for some hypothetical 
product the company produces. 


(a) P (b) P 
A 
200,000 + 100,000 
100,000 po 50,000 
—+—_+—_++}+-> P p 
1 2 1 2 
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Abou What 1s the minimum degree of the polyno- 
mial function whose graph approximates the given graph? 
What sign must the leading coefficient have? 


(b) 


y 
A 


-4 


-6 


(d) 


48. Stress Test A machine part was tested by bending it x 


centimeters 10 times per minute until the time y (in hours) of 
failure. The results are recorded in the table. 


x 3 6 9 | 12 | 15 | 18 | 21 | 24 | 27 | 30 


y | 61 | 56 | 53 | 55 | 48 | 35 | 36 | 33 | 44 | 23 


(a) Use the regression capabilities of a graphing utility to find 
a linear model for the data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Use the graph to determine whether there may have been an 
error made in conducting one of the tests or in recording the 
results. If so, eliminate the erroneous point and find the 
model for the remaining data. 


49. Harmonic Motion The motion of an oscillating weight 


suspended by a spring was measured by a motion detector. The 
data collected and the approximate maximum (positive and 
negative) displacements from equilibrium are shown in the 
figure. The displacement y is measured in feet and the time f is 
measured in seconds. 

(a) Is y a function of t? Explain. 

(b) Approximate the amplitude and period of the oscillations. 
(c) Find a model for the data. 


(d) Use a graphing utility to graph the model in part (c). 
Compare the result with the data in the figure. 


0.50 + 
ane) 
0.25 -%0 °°, 
e s ry e 
meee r 
7 ra : "50 
e 
-0.25 -+ “ee “ee 
(0.5, —0.25) 
-0.50 + 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


1. Consider the circle x? + y? — 6x — 8y = 0, as shown in the 
figure. 


(a) Find the center and radius of the circle. 


(b) Find an equation of the tangent line to the circle at the point 
(0, 0). 
(c) Find an equation of the tangent line to the circle at the point 
(6, 0). 
(d) Where do the two tangent lines intersect? 
y y 


Figure for 1 Figure for 2 
2. There are two tangent lines from the point (0, 1) to the circle 
x? + (y + 1} = 1 (see figure). Find equations of these two lines 
by using the fact that each tangent line intersects the circle in 
exactly one point. 
3. The Heaviside function H(x) is widely used in engineering 
applications. 


k x= 0 
A(x) = | 
0, x <0 
Sketch the graph of the Heaviside function and the graphs of the 
following functions by hand. 
(a) A(x) -2 (b) H(x- 2) (©) — A) 
(d) H(—x) (©) JHQ) (f) -Hx - 2) +2 


OLIveR HEAvIsIDE (1850—1925) 


Heaviside was a British mathematician and physicist who contributed to the 
field of applied mathematics, especially applications of mathematics to 
electrical engineering. The Heaviside function is a classic type of “on-off” 
function that has applications to electricity and computer science. 


4. Consider the graph of the function f shown below. Use 
this graph to sketch the graphs of the following functions. 
To print an enlarged copy of the graph, select the MathGraph 
button. 


(a) f(x+1) b f@) +1 (c) 2f(x) A fx 
(e) —f(x) ®© [f@)| (g) fx) 


5. A rancher plans to fence a rectangular pasture adjacent to a river. 
The rancher has 100 meters of fence, and no fencing is needed 
along the river (see figure). 


(a) Write the area A of the pasture as a function of x, the length 
of the side parallel to the river. What is the domain of A? 


(b) Graph the area function A(x) and estimate the dimensions 
that yield the maximum amount of area for the pasture. 


(c) Find the dimensions that yield the maximum amount of area 
for the pasture by completing the square. 


Figure for 5 Figure for 6 


6. A rancher has 300 feet of fence to enclose two adjacent pastures. 


(a) Write the total area A of the two pastures as a function of x 
(see figure). What is the domain of A? 


(b) Graph the area function and estimate the dimensions that 
yield the maximum amount of area for the pastures. 


(c) Find the dimensions that yield the maximum amount of area 
for the pastures by completing the square. 


7. You are in a boat 2 miles from the nearest point on the coast. You 


are to go to a point Q located 3 miles down the coast and 
1 mile inland (see figure). You can row at 2 miles per hour and 
walk at 4 miles per hour. Write the total time T of the trip as a 
function of x. 


8. You drive to the beach at a rate of 120 kilometers per hour. On the 


return trip, you drive at a rate of 60 kilometers per hour. What is 
your average speed for the entire trip? Explain your reasoning. 


9. One of the fundamental themes of calculus is to find the slope of 


the tangent line to a curve at a point. To see how this can be done, 
consider the point (2, 4) on the graph of f(x) = x?. 


H= a E. 
-6 -4 -2 2 4 6 


(a) Find the slope of the line joining (2, 4) and (3, 9). Is the slope 
of the tangent line at (2,4) greater than or less than this 
number? 


40 
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(b) Find the slope of the line joining (2, 4) and (1, 1). Is the 
slope of the tangent line at (2, 4) greater than or less than 
this number? 

(c) Find the slope of the line joining (2, 4) and (2.1, 4.41). Is 
the slope of the tangent line at (2, 4) greater than or less 
than this number? 

(d) Find the slope of the line joining (2,4) and (2+ h, 
f(2 + h)) in terms of the nonzero number h. Verify that 
h = 1, — 1, and 0.1 yield the solutions to parts (a)-(c) above. 


(e) What is the slope of the tangent line at (2, 4)? Explain how 
you arrived at your answer. 


Sketch the graph of the function f(x) = \/x and label the point 

(4, 2) on the graph. 

(a) Find the slope of the line joining (4, 2) and (9, 3). Is the 
slope of the tangent line at (4, 2) greater than or less than 
this number? 

(b) Find the slope of the line joining (4, 2) and (1, 1). Is the 
slope of the tangent line at (4, 2) greater than or less than 
this number? 


(c) Find the slope of the line joining (4, 2) and (4.41, 2.1). Is 
the slope of the tangent line at (4, 2) greater than or less 
than this number? 


(d) Find the slope of the line joining (4,2) and (4 + h, 
f(4 + h)) in terms of the nonzero number h. 

(e) What is the slope of the tangent line at the point (4, 2)? 
Explain how you arrived at your answer. 


A large room contains two speakers that are 3 meters apart. The 
sound intensity 7 of one speaker is twice that of the other, as 
shown in the figure. (To print an enlarged copy of the graph, 
select the MathGraph button.) Suppose the listener is free to 
move about the room to find those positions that receive equal 
amounts of sound from both speakers. Such a location satisfies 
two conditions: (1) the sound intensity at the listener’s position 
is directly proportional to the sound level of a source, and (2) 
the sound intensity is inversely proportional to the square of the 
distance from the source. 
(a) Find the points on the x-axis that receive equal amounts of 
sound from both speakers. 
(b) Find and graph the equation of all locations (x, y) where 
one could stand and receive equal amounts of sound from 
both speakers. 


y y 
A A 
3+ 4 
3+ 
2+ f f 
Sy, N 
N a fe 
y+ di N 7 re 
a ek ad ` 
i + / ~S kI 
I a 4o y >x 
1 2 3 1 2 3 4 


Figure for 11 Figure for 12 
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Suppose the speakers in Exercise 11 are 4 meters apart and the 
sound intensity of one speaker is k times that of the other, as 
shown in the figure. To print an enlarged copy of the graph, 
select the MathGraph button. 


(a) Find the equation of all locations (x, y) where one could stand 
and receive equal amounts of sound from both speakers. 


(b) Graph the equation for the case k = 3. 


(c) Describe the set of locations of equal sound as k becomes 
very large. 

Let d, and d, be the distances from the point (x, y) to the points 
(—1, 0) and (1, 0), respectively, as shown in the figure. Show 
that the equation of the graph of all points (x, y) satisfying 
did, = 1 is (x? + y?)? = 2(x? — y?). This curve is called a 
lemniscate. Graph the lemniscate and identify three points on 
the graph. 


Let f(x) = ae 


(a) What are the domain and range of f? 


(b) Find the composition f( f(x)). What is the domain of this 
function? 


(c) Find f(f( f(x))). What is the domain of this function? 
(d) Graph f(f( f(x))). Is the graph a line? Why or why not? 
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Section I|.1 A Preview of Calculus 


e Understand what calculus is and how it compares with precalculus. 
e Understand that the tangent line problem is basic to calculus. 
e Understand that the area problem is also basic to calculus. 


iP As you progress through 
this course, remember that learning 
calculus is just one of your goals. Your 
most important goal is to learn how to 


use calculus to model and solve real-life What Is Calculus? 
problems. Here are a few problem- 


solving strategies that may help you. Calculus is the mathematics of change—velocities and accelerations. Calculus is also 

e Be sure you understand the question. the mathematics of tangent lines, slopes, areas, volumes, arc lengths, centroids, 

What is given? What are you asked curvatures, and a variety of other concepts that have enabled scientists, engineers, and 
to find? economists to model real-life situations. 


e Outline a plan. There are many 
approaches you could use: look for 
a pattern, solve a simpler problem, 
work backwards, draw a diagram, 
use technology, or any of many 


Although precalculus mathematics also deals with velocities, accelerations, 
tangent lines, slopes, and so on, there is a fundamental difference between precalculus 
mathematics and calculus. Precalculus mathematics is more static, whereas calculus 
is more dynamic. Here are some examples. 


other approaches. e An object traveling at a constant velocity can be analyzed with precalculus 


* Complete your plan. Be sure to mathematics. To analyze the velocity of an accelerating object, you need calculus. 
answer the question. Verbalize your 


answer. For example, rather than e The slope of a line can be analyzed with precalculus mathematics. To analyze the 


writing the answer as x = 4.6, it slope of a curve, you need calculus. 
would be better to write the answer e A tangent line to a circle can be analyzed with precalculus mathematics. To 
as “The area of the region is analyze a tangent line to a general graph, you need calculus. 


4.6 square meters.” 

e Look back at your work. Does your 
answer make sense? Is there a way 
you can check the reasonableness of 
your answer? 


° The area of a rectangle can be analyzed with precalculus mathematics. To analyze 
the area under a general curve, you need calculus. 


Each of these situations involves the same general strategy—the reformulation of 
precalculus mathematics through the use of a limit process. So, one way to answer the 
question “What is calculus?” is to say that calculus is a “limit machine” that involves 
three stages. The first stage is precalculus mathematics, such as the slope of a line or 
the area of a rectangle. The second stage is the limit process, and the third stage is a 
new calculus formulation, such as a derivative or integral. 


Precalculus Limit 


=> > Calculus 


mathematics process 


Some students try to learn calculus as if it were simply a collection of new 
formulas. This is unfortunate. If you reduce calculus to the memorization of differen- 
tiation and integration formulas, you will miss a great deal of understanding, 
self-confidence, and satisfaction. 

On the following two pages some familiar precalculus concepts coupled with 
their calculus counterparts are listed. Throughout the text, your goal should be to learn 
how precalculus formulas and techniques are used as building blocks to produce the 
more general calculus formulas and techniques. Don’t worry if you are unfamiliar 


GRACE CHISHOLM YOUNG (1868-1944) with some of the “old formulas” listed on the following two pages—you will be 
Grace Chisholm Young received her degree reviewing all of them. 
in mathematics from Girton College in As you proceed through this text, come back to this discussion repeatedly. Try to 
Cambridge, England. Her early work was keep track of where you are relative to the three stages involved in the study of 


published under the name of William Young, 


calculus. For example, the first three chapters break down as shown. 
her husband. Between 1914 and 1916, Grace 


Young published work on the foundations of Chapter P: Preparation for Calculus Precalculus 
cellonitis ite won lrer (ite Carle Prize om Chapter 1: Limits and Their Properties Limit process 
Girton College. 


Chapter 2: Differentiation Calculus 
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Without Calculus 


With Differential Calculus 


Value of f(x) 
when x = c 


Limit of f(x) as 
x approaches c 


Slope of a line 


Slope of a curve 


Secant line to 


Tangent line to 


a curve a curve 

Average rate of Instantaneous 
change between san Oe a oo rate of change 
t=aandt= b att=c 
Curvature Curvature 

of a circle of a curve 
Height of a Maximum height 
curve when of a curve on 
x=c an interval 


Tangent plane 
to a sphere 


Tangent plane 
to a surface 


Direction of 
motion along 


a line 


Direction of 
motion along 
a curve 
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Without Calculus With Integral Calculus 
y 
Area of a Area under 
rectangle a curve P 
Work done by a y N «—— ~ | Work done by a y y ANOS NES 


constant force 


variable force 


Center of a ee ee í Centroid of 
rectangle PA O a region e 
Fea con Tg a >X 
Length of a Length of 
line segment an arc 


Surface area 
of a cylinder 


Surface area of a 
solid of revolution 


Mass of a solid 
of constant 


Mass of a solid 
of variable 


density density 

Volume of a Volume of a 

rectangular region under 

solid a surface 

Sum of a Sum of an 

finite number a, +a, + +a,=S8 infinite number atata t =S 
of terms of terms 


y=f@ 


Tangent line 


> xX 


The tangent line to the graph of f at P 
Figure 1.1 


| Video _| 
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The Tangent Line Problem 


The notion of a limit is fundamental to the study of calculus. The following brief 
descriptions of two classic problems in calculus—the tangent line problem and the 
area problem—should give you some idea of the way limits are used in calculus. 

In the tangent line problem, you are given a function f and a point P on its graph 
and are asked to find an equation of the tangent line to the graph at point P, as shown 
in Figure 1.1. 

Except for cases involving a vertical tangent line, the problem of finding the 
tangent line at a point P is equivalent to finding the slope of the tangent line at P. You 
can approximate this slope by using a line through the point of tangency and a second 
point on the curve, as shown in Figure 1.2(a). Such a line is called a secant line. If 
P(c, f(c)) is the point of tangency and 


O(c + Ax, flc + Ax) 


is a second point on the graph of f, the slope of the secant line through these two 
points is given by 


_ fle + Ax) = fle) _ fle + Ax) — flo) 


ie Ear Ae = G Ax í 
y y 
A A a 
ae 
Secant 
lines 
f+ Ax) — f(c) 
Tangent line 
> xX > xX 


(a) The secant line through (c, f(c)) and 
(c + Ax, fle + Ax)) 


Figure 1.2 


As point Q approaches point P, the slope of the secant line approaches the slope 
of the tangent line, as shown in Figure 1.2(b). When such a “limiting position” exists, 
the slope of the tangent line is said to be the limit of the slope of the secant line. 
(Much more will be said about this important problem in Chapter 2.) 


(b) As Q approaches P, the secant lines 
approach the tangent line. 


The following points lie on the graph of f(x) = x. 


OWS, fl), ON 1 AA) OD AD), 
Q,(1.001, f(1.001)), Q5(1.0001, f(1.0001)) 


Each successive point gets closer to the point P(1, 1). Find the slope of the secant 
line through Q; and P, Q, and P, and so on. Graph these secant lines on a graph- 
ing utility. Then use your results to estimate the slope of the tangent line to the 
graph of f at the point P. 
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The Area Problem 


In the tangent line problem, you saw how the limit process can be applied to the slope 
of a line to find the slope of a general curve. A second classic problem in calculus is 
finding the area of a plane region that is bounded by the graphs of functions. This 
problem can also be solved with a limit process. In this case, the limit process is 
applied to the area of a rectangle to find the area of a general region. 

As a simple example, consider the region bounded by the graph of the function 
y = f(x), the x-axis, and the vertical lines x = a and x = b, as shown in Figure 1.3. 
You can approximate the area of the region with several rectangular regions, as shown 
in Figure 1.4. As you increase the number of rectangles, the approximation tends 


x to become better and better because the amount of area missed by the rectangles 
decreases. Your goal is to determine the limit of the sum of the areas of the rectangles 
Area under a curve as the number of rectangles increases without bound. 
Figure 1.3 
y 
AS ae | 


HISTORICAL NOTE 


In one of the most astounding events ever to 
occur in mathematics, it was discovered that 
the tangent line problem and the area problem 
are closely related. This discovery led to the 
birth of calculus. You will learn about the 
relationship between these two problems when 


you study the Fundamental Theorem of a ral x 
Calculus in Chapter 4. 
Approximation using four rectangles Approximation using eight rectangles 
Figure 1.4 


Consider the region bounded by the graphs of f(x) = x?, y = 0, and x = 1, as 
shown in part (a) of the figure. The area of the region can be approximated by two 
sets of rectangles—one set inscribed within the region and the other set circum- 
scribed over the region, as shown in parts (b) and (c). Find the sum of the areas of 
each set of rectangles. Then use your results to approximate the area of the region. 


> X 


(a) Bounded region (b) Inscribed rectangles (c) Circumscribed rectangles 


Exercises for Section I|.| 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-6, decide whether the problem can be solved using 
precalculus, or whether calculus is required. If the problem can 
be solved using precalculus, solve it. If the problem seems to 
require calculus, explain your reasoning and use a graphical or 
numerical approach to estimate the solution. 


1. Find the distance traveled in 15 seconds by an object traveling at 
a constant velocity of 20 feet per second. 


2. Find the distance traveled in 15 seconds by an object moving 
with a velocity of v(t) = 20 + 7 cost feet per second. 


3. A bicyclist is riding on a path modeled by the function 
f(x) = 0.04(8x — x°), where x and f(x) are measured in miles. 
Find the rate of change of elevation when x = 2. 


y y 


fx) =0.08x 


Figure for 3 Figure for 4 


4. A bicyclist is riding on a path modeled by the function 
f(x) = 0.08x, where x and f(x) are measured in miles. Find the 
rate of change of elevation when x = 2. 


5. Find the area of the shaded region. 


4T (2,3) 


400 3456 


Figure for 5 Figure for 6 
6. Find the area of the shaded region. 
7. Secant Lines Consider the function f(x) = 4x — x? and the 
point P(1, 3) on the graph of f. 
(a) Graph f and the secant lines passing through P(1, 3) and 
Q(x, f (x)) for x-values of 2, 1.5, and 0.5. 
(b) Find the slope of each secant line. 


(c) Use the results of part (b) to estimate the slope of the tangent 
line of f at P(1, 3). Describe how to improve your approxi- 
mation of the slope. 

8. Secant Lines Consider the function f(x) = \/x and the point 

P(4, 2) on the graph of f. 

(a) Graph f and the secant lines passing through P(4, 2) and 
Q(x, f (x)) for x-values of 1, 3, and 5. 


(b) Find the slope of each secant line. 


(c) Use the results of part (b) to estimate the slope of the 
tangent line of f at P(4, 2). Describe how to improve your 
approximation of the slope. 


9. (a) Use the rectangles in each graph to approximate the area of 
the region bounded by y = 5/x, y = 0, x = 1, and x = 5. 


y y 

A A 

5 5 

4+ 4+ 

iste 3+ 

2a 255 

1+ 1+ 
T [rA T e 
12 3 4 5 12 3 4 


(b) Describe how you could continue this process to obtain a 
more accurate approximation of the area. 


10. (a) Use the rectangles in each graph to approximate the area of 
the region bounded by y = sin x, y = 0, x = 0, and x = 7. 


(b) Describe how you could continue this process to obtain a 
more accurate approximation of the area. 


11. Consider the length of the graph of f(x) = 5/x from (1, 5) 
to (5, 1). 


(1, 5) 


| 
T 
234 


(a) Approximate the length of the curve by finding the 
distance between its two endpoints, as shown in the 
first figure. 


(b) Approximate the length of the curve by finding the sum 
of the lengths of four line segments, as shown in the 
second figure. 


(c) Describe how you could continue this process to obtain a 
more accurate approximation of the length of the curve. 
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Finding Limits Graphically and Numerically 


e Estimate a limit using a numerical or graphical approach. 
e Learn different ways that a limit can fail to exist. 
e Study and use a formal definition of limit. 


An Introduction to Limits 


Suppose you are asked to sketch the graph of the function f given by 


y=] 
f= —, x #1. 
x— 1 
For all values other than x = 1, you can use standard curve-sketching techniques. 
J However, at x = 1, it is not clear what to expect. To get an idea of the behavior of the 
him f(x) = 3 f P graph of f near x = 1, you can use two sets of x-values—one set that approaches 1 
x ( d ) 


from the left and one set that approaches | from the right, as shown in the table. 


x approaches 1 from the left. » < x approaches 1 from the right. 


x 0.75 0.9 0.99 | 0.999 | 1 | 1.001 | 1.01 1.1 1.25 
f(x) | 2.313 | 2.710 | 2.970 | 2.997 | ? | 3.003 | 3.030 | 3.310 | 3.813 


| Animation | 
The graph of f is a parabola that has a gap at the point (1, 3), as shown in Figure 


The limit of f(x) as x approaches 1 is 3. 1.5. Although x cannot equal 1, you can move arbitrarily close to 1, and as a result 
Figure 1.5 f(x) moves arbitrarily close to 3. Using limit notation, you can write 


| Animation | lim f(x) = 3. This is read as “the limit of f(x) as x approaches 1 is 3.” 
x1 


This discussion leads to an informal description of a limit. If f(x) becomes arbitrarily 
close to a single number L as x approaches c from either side, the limit of f(x), as x 
approaches c, is L. This limit is written as 


lim f(x) = L. 


x>¢e 


The discussion above gives an example of how you can estimate a limit numeri- 
cally by constructing a table and graphically by drawing a graph. Estimate the 
following limit numerically by completing the table. 


_ x-—3x4+2 
lim ————— 
x32 x—2 


x 1.75 | 1.9 | 1.99 | 1.999 | 2 | 2.001 | 2.01 | 2.1 | 2.25 


fom 22/2)? 2] 212]?21? 


Then use a graphing utility to estimate the limit graphically. 


fis undefined 
atx =0. 


>< 


> xX 


The limit of f(x) as x approaches 0 is 2. 


Figure 1.6 


[_Esitabe Gran | 


The limit of f(x) as x approaches 2 is 1. 


Figure 1.7 


||_Etitanie Gran 
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EXAMPLE |I Estimating a Limit Numerically 


Evaluate the function f(x) = x/ (Vx +1- 1) at several points near x = 0 and use 
the results to estimate the limit 


im ——.. 
x0 Sx + 1-1 


Solution The table lists the values of f(x) for several x-values near 0. 


x approaches 0 from the left. > x x approaches 0 from the right. 


x —0.01 —0.001 | —0.0001 | O 
f(x) | 1.99499 | 1.99950 | 1.99995 | ? 


f(x) approaches 2. 


From the results shown in the table, you can estimate the limit to be 2. This limit is 
reinforced by the graph of f (see Figure 1.6). 


m A [Exploration] 
In Example 1, note that the function is undefined at x = 0 and yet f(x) appears to 
be approaching a limit as x approaches 0. This often happens, and it is important to 


realize that the existence or nonexistence of f(x) at x= c has no bearing on the 
existence of the limit of f(x) as x approaches c. 


0.0001 
2.00005 


0.001 
2.00050 


0.01 
2.00499 


f(x) approaches 2. 


EXAMPLE 2 Finding a Limit 


Find the limit of f(x) as x approaches 2 where f is defined as 


l, x#2 
F(x) -{ x= 2. 


Solution Because f(x) = 1 for all x other than x = 2, you can conclude that the 
limit is 1, as shown in Figure 1.7. So, you can write 

lim f(x) = 1. 

x2 


The fact that f(2) = 0 has no bearing on the existence or value of the limit as x 
approaches 2. For instance, if the function were defined as 


foo = D x#2 


2, x=2 
the limit would be the same. 
[Try te] [fpleratona] 
So far in this section, you have been estimating limits numerically and graphically. 
Each of these approaches produces an estimate of the limit. In Section 1.3, you will 


study analytic techniques for evaluating limits. Throughout the course, try to develop a 
habit of using this three-pronged approach to problem solving. 


1. Numerical approach Construct a table of values. 


2. Gr aphical approach Draw a graph by hand or using technology. 


Use algebra or calculus. 


3. Analytic approach 
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Limits That Fail to Exist 


In the next three examples you will examine some limits that fail to exist. 


EXAMPLE 3 Behavior That Differs from the Right and Left 


4 |x| Show that the limit does not exist. 
A f@)= 3 
lim kl 
1 x30 xX 
fœ=1 
Solution Consider the graph of the function f(x) = |x|/x. From Figure 1.8, you can 
i i ee see that for positive x-values 
T \ T 
= -5 | 5 f |x| 
— =], x>0 
x 
ar a i and for negative x-values 
JOSS) [xl 
. , — = =], x < 0. 
lim f(x) does not exist. x 
Figure 1.8 This means that no matter how close x gets to 0, there will be both positive and 
negative x-values that yield f(x) = 1 and f(x) = —1. Specifically, if ô (the lowercase 
| Euitabie Graph | Greek letter delta) is a positive number, then for x-values satisfying the inequality 
0 < |x| < ô, you can classify the values of |x|/x as shown. 
(—6, 0) (0, 8) 
Negative x-values Positive x-values 
yield |x|/x = —1. yield |x|/x = 1. 
This implies that the limit does not exist. 
[yit] [Evioriona] [Epione] 
EXAMPLE 4 Unbounded Behavior 
Discuss the existence of the limit 
li : 
im —. 
x30 x? 
Solution Let f(x) = 1/x?. In Figure 1.9, you can see that as x approaches 0 from 
either the right or the left, f(x) increases without bound. This means that by choosing 
x close enough to 0, you can force f(x) to be as large as you want. For instance, f(x) 
will be larger than 100 if you choose x that is within a of 0. That is, 
1 - ull 
0 < |x| ET => fa) = 3 > 100. 
Similarly, you can force f(x) to be larger than 1,000,000, as follows. 
1 1 
a me 0 < |x| < T000 = f(x) = > 1,000,000 


im f (x) does not exist. Because f(x) is not approaching a real number L as x approaches 0, you can conclude 


Figure 1.9 that the limit does not exist. = 


lim f(x) does not exist. 
x0 


Figure 1.10 


[_Etitabe Gran 


PETER Gustav DIRICHLET (1805—1859) 


In the early development of calculus, the 
definition of a function was much more 
restricted than it is today, and“functions” 
such as the Dirichlet function would not 
have been considered. The modern definition 
of function was given by the German 
mathematician Peter Gustav Dirichlet. 
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EXAMPLE 5 Oscillating Behavior 


1 
Discuss the existence of the limit lim sin —. 
x0 x 


Solution Let f(x) = sin(1/x). In Figure 1.10, you can see that as x approaches 0, 
f(x) oscillates between — 1 and 1. So, the limit does not exist because no matter how 
small you choose ô, it is possible to choose x, and x, within ô units of 0 such that 


sin(1/x,) = 1 and sin(1/x,) = — 1, as shown in the table. 
xX 2/m| 2/3m| 2/5m | 2/1m | 2/9m | 2/117 x—>0 
sin (1/x) | 1 =Í 1 =1 1 —1 | Limit does not exist. 


Common Types of Behavior Associated with Nonexistence of a Limit 


1. f(x) approaches a different number from the right side of c than it approaches 
from the left side. 
2. f(x) increases or decreases without bound as x approaches c. 


3. f(x) oscillates between two fixed values as x approaches c. 


There are many other interesting functions that have unusual limit behavior. An 
often cited one is the Dirichlet function 
fœ) = | 


0, if xis rational. 
1, if x is irrational. 


Because this function has no limit at any real number ©, it is not continuous at any real 
number c. You will study continuity more closely in Section 1.4. 


TECHNOLOGY PITFALL When you use a graphing utility to investigate the 
behavior of a function near the x-value at which you are trying to evaluate a limit, 
remember that you can’t always trust the pictures that graphing utilities draw. If you 
use a graphing utility to graph the function in Example 5 over an interval containing 
0, you will most likely obtain an incorrect graph such as that shown in Figure 1.11. 
The reason that a graphing utility can’t show the correct graph is that the graph has 
infinitely many oscillations over any interval that contains 0. 


1.2 
-0.25 0.25 


=1.2 


Incorrect graph of f(x) = sin(1/x). 
Figure 1.11 
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A Formal Definition of Limit 


Let’s take another look at the informal description of a limit. If f(x) becomes 
arbitrarily close to a single number L as x approaches c from either side, then the limit 
of f(x) as x approaches c is L, written as 


lim f(x) = L. 

xC 
At first glance, this description looks fairly technical. Even so, it is informal because 
exact meanings have not yet been given to the two phrases 

f(x) becomes arbitrarily close to L” 
and 

“x approaches c.” 


The first person to assign mathematically rigorous meanings to these two phrases was 
Augustin-Louis Cauchy. His e-6 definition of limit is the standard used today. 

In Figure 1.12, let e (the lowercase Greek letter epsilon) represent a (small) 
positive number. Then the phrase “f(x) becomes arbitrarily close to L” means that f(x) 
SEPIE lies in the interval (L — £, L + £). Using absolute value, you can write this as 


Ife) — L| < e. 


Similarly, the phrase “x approaches c” means that there exists a positive number ô 
such that x lies in either the interval (c — 6, c) or the interval (c, c + 6). This fact can 
be concisely expressed by the double inequality 


0< |x- c| < ô. 
L c+ô 
|- c The first inequality 


c-ô 
. K 0< |x = c| The distance between x and c is more than 0. 
The -ô definition of the limit of f(x) as x 
approaches c expresses the fact that x # c. The second inequality 
Fi 1.12 
ai |x = c| < ô xis within 6 units of c. 


says that x is within a distance ô of c. 


Definition of Limit 


Let f be a function defined on an open interval containing c (except possibly at 
c) and let L be a real number. The statement 


lim f(x) = L 
xc 
means that for each € > 0 there exists a 6 > O such that if 


0<|x-—cl| <6 then |f(x) -L| <e. 


FOR FURTHER INFORMATION For 
more on the introduction of rigor to 
calculus, see “Who Gave You the 
Epsilon? Cauchy and the Origins of 
Rigorous Calculus” by Judith V. 
Grabiner in The American Mathematical 
Monthly. 


NOTE Throughout this text, the expression 
lim f(x) = L 


xc 


implies two statements—the limit exists and the limit is L. 


Some functions do not have limits as xc, but those that do cannot have two 


‘MathArticle: different limits as x— c. That is, if the limit of a function exists, it is unique (see 
Exercise 69). 


Y 
= 


Ff@)=2x-5 


The limit of f(x) as x approaches 3 is 1. 
Figure 1.13 


i f(x) =3x-2 


Y 


x 


The limit of f(x) as x approaches 2 is 4. 
Figure 1.14 
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The next three examples should help you develop a better understanding of the 
e-6 definition of limit. 


EXAMPLE 6 Finding a ô for a Given € 


Given the limit 
lim (2x — 5) = 1 
x33 
find ô such that |(2x — 5) — 1| < 0.01 whenever 0 < |x — 3| < ô. 
Solution In this problem, you are working with a given value of e—namely, 
e = 0.01. To find an appropriate 6, notice that 
|(2x = 5) = 1| = |2x — 6| = 2|x = 3|. 
Because the inequality |(2x — 5) — 1| < 0.01 is equivalent to 2|x — 3| < 0.01, 
you can choose & = 3(0.01) = 0.005. This choice works because 
0 < |x — 3| < 0.005 
implies that 
\(2x — 5) — 1| = 2|x — 3| < 2(0.005) = 0.01 
as shown in Figure 1.13. <== 
[try re] [Eoo] [Epron] 
NOTE In Example 6, note that 0.005 is the largest value of 6 that will guarantee 


|(2x — 5) — 1| < 0.01 whenever 0 < |x — 3| < 6. Any smaller positive value of ô would 
also work. 


In Example 6, you found a 6-value for a given e. This does not prove the existence 
of the limit. To do that, you must prove that you can find a 6 for any £, as shown in 
the next example. 


EXAMPLE 7 Using the -ô Definition of Limit 


Use the e-6 definition of limit to prove that 
lim (3x — 2) = 4. 
x2 


Solution You must show that for each € > 0, there exists a 6 > O such that 
|(3x — 2) — 4| < e whenever 0 < |x — 2| < 6. Because your choice of ô depends 
on e, you need to establish a connection between the absolute values |(3x — 2) — 4| 
and |x — 2]. 


[Gx — 2) — 4| = |3x — 6| = 3|x — 2| 


So, for a given € > 0 you can choose 6 = ¢/3. This choice works because 
E 
0<j|x-2/<ô8=7 
x-2 <8= 
implies that 
E 
\(3x — 2) — 4| = 3|x — 2| <$) = 


as shown in Figure 1.14. a 


[Try Tt] [Exploration a | 
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EXAMPLE 8 Using the -ô Definition of Limit 


Use the e-6 definition of limit to prove that 


lim x? = 4. 
x32 


Solution You must show that for each € > 0, there exists a ô > O such that 
|x? — 4| < e whenever 0 < |x — 2| < ô. 


To find an appropriate ô, begin by writing |x? — 4| = |x — 2||x + 2|. For all x in the 
interval (1, 3), you know that |x + 2| < 5. So, letting ô be the minimum of ¢/5 and 
1, it follows that, whenever 0 < |x — 2| < ô, you have 


W -al = le- alle +21 < (F) =e 


The limit of f(x) as x approaches 2 is 4. 


Figure 1.15 


as shown in Figure 1.15. —n 
[try te | [Epbrations] 

Throughout this chapter you will use the -ô definition of limit primarily to prove 
theorems about limits and to establish the existence or nonexistence of particular types 


of limits. For finding limits, you will learn techniques that are easier to use than the e-6 
definition of limit. 


54 CHAPTER 1 Limits and Their Properties 


Exercises for Section |.2 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 
In Exercises 1-8, complete the table and use the result to 


estimate the limit. Use a graphing utility to graph the function 
to confirm your result. 


iim A 
d T 


x 1.9 | 1.99 | 1.999 | 2.001 | 2.01 | 2.1 
fæ) 
J= 2 
2. li 
Hm x?—4 
x 1.9 | 1.99 | 1.999 | 2.001 | 2.01 | 2.1 
fæ) 
< BESS J3 
3. lim p 


x —0.1 | —0.01 | —0.001 | 0.001 | 0.01 | 0.1 
f(x) 
4 VJ1l=x-—2 
` x=>-3 x+3 
x 3.1 3.01 3.001 2.999 2.99 2.9 


lim [1Ax + 1)] — (1⁄4) 
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x33 x=3 

x 2.9 | 2.99 | 2.999 | 3.001 | 3:01 | 3.1 
fe) 

_ f(x + 1] - (4/5) 

him a= a 

x4 x— 4. 

X 3.9 | 3.99 | 3.999 | 4.001 | 4.01 | 4.1 


x 0.1 0.01 


0.001 


0.001 


0.01 


0.1 


x 0.1 0.01 


0.001 


0.001 


0.01 


0.1 


In Exercises 9-18, use the graph to find the limit (if it exists). If 
the limit does not exist, explain why. 


9. lim (4 — x) 


10. lim (x? + 2) 


pity 
—2 -1 1 2 
12. lim f(x) 
x71 
4=%, x2 _jer+2, xl 
me 22 miite zti 


1+ e 
++ 1++++>« 
-2 -1 1 2 

1 

14. li 
im 3 


15. lim sin 7x 16. lim sec x 
x—>l x0 
y y 
A A 
2 =) 


+ 
T T 
7 2 
. 1 ; 
17. lim cos — 18. lim tanx 
x0 x X> 77/2 
y y 
A 
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whether the value of the given quantity exists. If it does, find it. 
If not, explain why. 


19. (a) f(1) 
(b) limf (x) 
© f (4) 
(d) lim f (x) 


20. (a) f(—2) 

©) lim f(x) 
(c) f(0) 

(d) lim f (x) 
(e) f (2) 

(f) im GQ) 
(g) f(4) 

(h) lim f (x) 


In Exercises 21 and 22, use the graph of f to identify the values 
of c for which lim f (x) exists. 


xc 


21. y 
A 
Gals 
at 
pee 
} H H x 
2 + 2 4 
=9 = 
22. 


In Exercises 23 and 24, sketch the graph of f. Then identify the 
values of c for which lim f(x) exists. 


x2, x<2 
23. f(x) =)8—2x, 2<x<4 

4, x24 

sin x, X< 0 


24. f(x) =31— cosx, O<x<s<rm 
cos x, x> 7 
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In Exercises 25 and 26, sketch a graph of a function f that 


satisfies the given values. (There are many correct answers.) 


25. f(0) is undefined. 26. f(—2) =0 
lim f(x) =4 f(2) =0 
f(2) =6 Jim, fa) =0 
lim f(x) = 3 lim f(x) does not exist. 


27. Modeling Data The cost of a telephone call between two 
cities is $0.75 for the first minute and $0.50 for each additional 
minute or fraction thereof. A formula for the cost is given by 


C(t) = 0.75 — 0.50[—-(t — 1)] 


where f is the time in minutes. 

(Note: [x] = greatest integer n such that n < x. For example, 

[3.2] = 3 and [- 1.6] = —2.) 

(a) Use a graphing utility to graph the cost function for 
O<ts5. 

(b) Use the graph to complete the table and observe the 


behavior of the function as t approaches 3.5. Use the graph 
and the table to find 


lim C (ð. 


133.5 


t 3 | 3.3} 3.4) 3.5 | 3.6] 3.7) 4 
C ? 


(c) Use the graph to complete the table and observe the 
behavior of the function as t approaches 3. 


t 2 25| 29) 3 | 3.1) 35] 4 


Cc ? 


Does the limit of C(t) as t approaches 3 exist? Explain. 
28. Repeat Exercise 27 for 


C(t) = 0.35 — 0.12[—(t — 1)]. 


29. The graph of f(x) = x + 1 is shown in the figure. Find ê such 
that if 0 < |x — 2| < ô then | f(x) — 3] < 0.4. 
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is shown in the figure. Find ô such that if0 < |x — 2| < ôthen 


Lf (x) - 1| < 0.01. 
1.00 
0.99 N 
Pii 


15+ 

1.0 + 201 2 199 
101 99 

05+ 


31. The graph of 


fo) = 2 =~ 


is shown in the figure. Find ô such that if0 < |x — 1| < ôthen 
lf) = 1| < 0.1. 


32. The graph of 
fl) =x 1 


is shown in the figure. Find ô such that if0 < |x — 2| < ô then 
|f(x) — 3] < 0.2. 


In Exercises 33-36, find the limit L. Then find 6 > 0 such that 
|, f(x) — L| < 0.01 whenever 0 < |x —c| < ô. 


33. lim (3x + 2) 


x 
4. lim|4 -> 
34. lim ( x) 


x4 
35. lim (x? — 3) 


36. lim (x? + 4) 
x5 


In Exercises 37—48, find the limit L. Then use the € -ô definition 


to prove that the limit is L. 
37. lim (x + 3) 
38. lim, (2x + 5) 


39. lim, (3x = 1) 
40. lim (x + 9) 
41. lim 3 


x36 
42. lim (— 1) 
43. lim 3/x 


x30 


44. lim vx 


x4 


45. lim |x — 2| 


x>-2 


46. lim |x — 3| 


x33 
47. lim (x? + 1) 
x1 


48. lim (x? + 3x) 


x3 


Writing In Exercises 49-52, use a graphing utility to graph the 
function and estimate the limit (if it exists). What is the domain 
of the function? Can you detect a possible error in determining 
the domain of a function solely by analyzing the graph generated 
by a graphing utility? Write a short paragraph about the 
importance of examining a function analytically as well as 
graphically. 


49. f(x) = vets 
lim f (x) 

50. f(x) = =.= 
lin 9 

51. f(x) = — : 
lim f (x) 

52. f(x) = $ 
lim f (x) 


Writing About Concepts 


53. Write a brief description of the meaning of the notation 
lim f(x) = 25. 
x7 


54. If f(2) = 4, can you conclude anything about the limit of 
f(x) as x approaches 2? Explain your reasoning. 

55. If the limit of f(x) as x approaches 2 is 4, can you conclude 
anything about f(2)? Explain your reasoning. 
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Writing About Concepts (continued) 


56. Identify three types of behavior associated with the nonex- 
istence of a limit. Illustrate each type with a graph of a 
function. 


57. Jewelry A jeweler resizes a ring so that its inner circumference 
is 6 centimeters. 


(a) What is the radius of the ring? 


(b) If the ring’s inner circumference can vary between 
5.5 centimeters and 6.5 centimeters, how can the radius 
vary? 

(c) Use the e-6 definition of limit to describe this situation. 
Identify £ and ô. 


58. Sports A sporting goods manufacturer designs a golf ball 
having a volume of 2.48 cubic inches. 


(a) What is the radius of the golf ball? 


(b) If the ball’s volume can vary between 2.45 cubic inches and 
2.51 cubic inches, how can the radius vary? 


(c) Use the e-6 definition of limit to describe this situation. 
Identify £ and ô. 


59. Consider the function f(x) = (1 + x)!”. Estimate the limit 
lim (1 + x)!“ 
x30 
by evaluating f at x-values near 0. Sketch the graph of f. 
60. Consider the function 


|x + 1] — |x - 1 


fo) - 
Estimate 

|x a a a 
lim —— 
x30 x 


by evaluating f at x-values near 0. Sketch the graph of f. 
61. Graphical Analysis The statement 


means that for each € > 0 there corresponds a 6 > 0 such that 
if 0 < |x — 2| < 6, then 


If e = 0.001, then 


x2—4 


-4 
2 


< 0.001. 
x= 


Use a graphing utility to graph each side of this inequality. Use 
the zoom feature to find an interval (2 — 6,2 + ô) such that 
the graph of the left side is below the graph of the right side of 
the inequality. 
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62. Graphical Analysis The statement 


means that for each e > 0 there corresponds a 5 > O such that 
if 0 < |x — 3| < ô, then 


x? — 3x M 
x-3 
If s = 0.001, then 


3| <e. 


x2- 3x 
K=3 


3} < 0.001. 


Use a graphing utility to graph each side of this inequality. Use 
the zoom feature to find an interval (3 — 5, 3 + 6) such that the 
graph of the left side is below the graph of the right side of the 
inequality. 


True or False? In Exercises 63-66, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


63. If f is undefined at x = c, then the limit of f(x) as x 
approaches c does not exist. 


64. If the limit of f(x) as x approaches c is 0, then there must exist 
a number k such that f(k) < 0.001. 


65. If f(c) = L, then lim f(x) = L. 
66. If lim f(x) = L, then f(c) = L. 


67. Consider the function f(x) = \/x. 


(a) Is lim Vx = 0.5 a true statement? Explain. 
30.25 

(b) Is lim Jx = 0 a true statement? Explain. 
x70 


68. Writing The definition of limit on page 52 requires that f is a 
function defined on an open interval containing c, except 
possibly at c. Why is this requirement necessary? 


69. Prove that if the limit of f(x) as x— c exists, then the limit must 
be unique. [Hint: Let 


lim f(x) =L, and lim f(x) = L, 


xc 


and prove that L, = L,.] 


70. Consider the line f(x) = mx + b, where m + 0. Use the s-ô 
definition of limit to prove that lim f(x) = mc + b. 
zc 


71. Prove that lim f(x) = L is equivalent to lim [ f(x) — L] = 0. 
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lim (3x + 1)(3x — 1)x? + 0.01 = 0.01 


prove that there exists an open interval (a, b) containing 0 
such that (3x + 1)(3x — 1)x? + 0.01 > 0 for all x # 0 in 
(a, b). 

(b) Given that lim g(x) = L. where L > 0, prove that there 
exists an open interval (a,b) containing c such that 
g(x) > 0 for all x # c in (a, b). 


73. Programming Use the programming capabilities of a graph- 
ing utility to write a program for approximating lim f(x). 
xc 


Assume the program will be applied only to functions whose 
limits exist as x approaches c. Let y, = f(x) and generate two 
lists whose entries form the ordered pairs 


(e + [0.1]", f(e + [0.1]")) 
forn = 0, 1, 2, 3, and 4. 


74. Programming Use the program you created in Exercise 73 to 
approximate the limit 


Putnam Exam Challenge 


75. Inscribe a rectangle of base b and height h and an isosceles 
triangle of base b in a circle of radius one as shown. For what 
value of h do the rectangle and triangle have the same area? 


dle 


76. A right circular cone has base of radius 1 and height 3. A cube 
is inscribed in the cone so that one face of the cube is contained 
in the base of the cone. What is the side-length of the cube? 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


Evaluating Limits Analytically 


[Video _| 


y KOS 


Figure 1.16 


NOTE When you encounter new nota- 
tions or symbols in mathematics, be sure 
you know how the notations are read. 
For instance, the limit in Example 1(c) is 
read as “the limit of x? as x approaches 
2 is 4.” 
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e Evaluate a limit using properties of limits. 

e Develop and use a strategy for finding limits. 

e Evaluate a limit using dividing out and rationalizing techniques. 
e Evaluate a limit using the Squeeze Theorem. 


Properties of Limits 


In Section 1.2, you learned that the limit of f(x) as x approaches c does not depend on 
the value of f at x = c. It may happen, however, that the limit is precisely f(c). In such 
cases, the limit can be evaluated by direct substitution. That is, 


lim f(x) = fo). Substitute c for x. 
xc 


Such well-behaved functions are continuous at c. You will examine this concept more 
closely in Section 1.4. 


THEOREM I.I Some Basic Limits 


Let b and c be real numbers and let n be a positive integer. 


1. limb =b 2. limx =c 3. lim x” = c” 
xe sc zc 


Proof To prove Property 2 of Theorem 1.1, you need to show that for each e > 0 
there exists a ô > 0 such that |x — c| < e whenever 0 < |x — c| < ô. To do this, 
choose ô = £. The second inequality then implies the first, as shown in Figure 1.16. 
This completes the proof. (Proofs of the other properties of limits in this section are 
listed in Appendix A or are discussed in the exercises.) 


EXAMPLE | Evaluating Basic Limits 
a. lim 3 = b. lim x= —4 c. lim x? = 27 =4 n 


x2 
[Pry te] [Exoration’ 
The editable graph feature allows you to edit the graph of a function to visually 
evaluate the limit as x approaches c. 


—S—— e —— 
= | Estate eran | b, | Estate Gran | c | Estate crap | 


THEOREM |.2 Properties of Limits 


Let b and c be real numbers, let n be a positive integer, and let f and g be func- 
tions with the following limits. 


lim f(x) =L ands limg(x) = K 
x—>c x—>c 
1. Scalar multiple: lim [b f(x)] = bL 
x 
2. Sum or difference: lim[ f(x) + g(x)]) = L +K 
xe 


3. Product: lim [ f(x)g(x)] = LK 
x 
er _ f(x) _ Lb f 
4. Quotient: lim Fe) A K provided K # 0 


5. Power: lim [fQ = L" 
x3 


60 CHAPTER 1 Limits and Their Properties 


THE SQUARE ROOT SYMBOL 


The first use of a symbol to denote the square 
root can be traced to the sixteenth century. 
Mathematicians first used the symbol \/, 
which had only two strokes. This symbol was 
chosen because it resembled a lowercase r, to 
stand for the Latin word radix, meaning root. 


| Video| | Video _| 
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EXAMPLE 2. The Limit of a Polynomial 


lim (4x? + 3) = lim 4x? + lim 3 Property 2 
x2 x2 x2 
= a( iim 2) + lim 3 Property 1 
x32 x2 
= 4(27) + 3 Example 1 
= 19 Simplify. <== 


The editiable graph feature allows you to edit the graph of a function to visually 
evaluate the limit as x approaches c. 


co 

In Example 2, note that the limit (as x — 2) of the polynomial function 
p(x) = 4x? + 3 is simply the value of p at x = 2. 

lim p(x) = p2) = 427) +3 = 19 


This direct substitution property is valid for all polynomial and rational functions with 
nonzero denominators. 


THEOREM 1.3 Limits of Polynomial and Rational Functions 
If p is a polynomial function and c is a real number, then 

lim p(x) = p(c). 

xc 


If r is a rational function given by r(x) = p(x)/q(x) and c is a real number such 
that g(c) # 0, then 


= (0) PO 
lim r(x) = r(c) = Hoy 


EXAMPLE 3 The Limit of a Rational Function 


2 
Find the limit: lim 27 * * 2 
sl x + I 

Solution Because the denominator is not 0 when x = 1, you can apply Theorem 1.3 
to obtain 

ji w+xt2 P+l+2 4 

mo xFl 1+1 2 
[try te] [feleratona) 

The editiable graph feature allows you to edit the graph of a function to visually 
evaluate the limit as x approaches c. 
To 

Polynomial functions and rational functions are two of the three basic types of 


algebraic functions. The following theorem deals with the limit of the third type of alge- 
braic function—one that involves a radical. See Appendix A for a proof of this theorem. 


= 2. ees; 


THEOREM 1.4 The Limit of a Function Involving a Radical 


Let n be a positive integer. The following limit is valid for all c if n is odd, and 
is valid for c > 0 if n is even. 


lim ¥/x = Vc 


xc 
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The following theorem greatly expands your ability to evaluate limits because it 
shows how to analyze the limit of a composite function. See Appendix A for a proof 
of this theorem. 


THEOREM I.5 The Limit of a Composite Function 


If f and g are functions such that lim g(x) = L and lim f(x) = f(D), then 
P a a A x 


tim f0) = (tim 20) = FO). 


EXAMPLE 4 The Limit of a Composite Function 


a. Because 


lim (x? + 4)=0?7+4=4 and lim /x=2 
x0 


x34 
it follows that 


lim VZ +4 = /4 = 2. 
x0 


b. Because 


lim (2x2 — 10) = 2(32) - 10 =8 and lim Vx =3 
P P Se 3 


it follows that 


lim 32x? — 10 = 3/8 = 2. a 
x, 


[Esa] e [Geeeee) 
The editable graph feature allows you to edit the graph of a function to visually 
evaluate the limit as x approaches c. 


ST | | == SSS | 
a. [_Eaitable Graph || b. [Estate Graph | 


You have seen that the limits of many algebraic functions can be evaluated by 
direct substitution. The six basic trigonometric functions also exhibit this desirable 
quality, as shown in the next theorem (presented without proof). 


THEOREM |.6_ Limits of Trigonometric Functions 


Let c be a real number in the domain of the given trigonometric function. 


1. lim sinx = sinc 2. lim cos x = cos c 
xc xc 

3. lim tan x = tan c 4. lim cot x = cotc 
xz X= 

5. lim sec x = sec c 6. lim csc x = csc c 
xc xe 


EXAMPLE 5 Limits of Trigonometric Functions 
a. lim tanx = tan(0) = 0 

x0 
b. lim (x cos x) = (iim x)( im cos x) = mcosln) = -T 


P a P xT 


c. lim sin? x = lim (sin x)? = 0? =0 Say 
x0 x0 


[ Tryre | [Exploration a | 
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A Strategy for Finding Limits 


On the previous three pages, you studied several types of functions whose limits can 
be evaluated by direct substitution. This knowledge, together with the following 
theorem, can be used to develop a strategy for finding limits. A proof of this theorem 
is given in Appendix A. 


THEOREM I.7 Functions That Agree at All But One Point 


Let c be a real number and let f(x) = g(x) for all x + c in an open interval 
containing c. If the limit of g(x) as x approaches c exists, then the limit of f(x) 
also exists and 


lim f(x) = lim g(x). 
x-c že 


7 EXAMPLE 6 Finding the Limit of a Function 
J =] 
Find the limit: lim ~——. 
xol x — 1 
Solution Let f(x) = (x° — 1)/(x — 1). By factoring and dividing out like factors, 
you can rewrite f as 
24 y+] 
fy) = ET x#l. 
So, for all x-values other than x = 1, the functions f and g agree, as shown in Figure 
1.17. Because lim g(x) exists, you can apply Theorem 1.7 to conclude that f and g 
x1 
have the same limit at x = 1. 
@ax 4x41 Zoe =e tal 
a lim x = lim (x ii x ) Factor. 
2 rol x= 1 xl x= 1 
-2 -1 l 24x+1 
= lim ee as ) Divide out like factors. 
f and g agree at all but one point. a1 x—-T 
— = lim(x? + x + 1) Apply Theorem 1.7. 
x1 
[table Grant =17+1+1 Use direct substitution. 
Figure 1.17 =3 Simplify. ses 
ee) Eee] eee 
eae ey 
P When applying this A Strategy for Finding Limits 


strategy for finding a limit, remember LL R hich limi l i oy ye 
that some fünctions do nöt have limit . Learn to recognize which limits can be evaluated by direct substitution. 


(as x approaches c). For instance, the (These limits are listed in Theorems 1.1 through 1.6.) 
following limit does not exist. 2. If the limit of f(x) as x approaches c cannot be evaluated by direct substitu- 


44 tion, try to find a function g that agrees with f for all x other than x = c. 
[Choose g such that the limit of g(x) can be evaluated by direct substitution. ] 


3. Apply Theorem 1.7 to conclude analytically that 
lim f(x) = lim g(x) = g(c). 
XC e-3¢ 


4. Use a graph or table to reinforce your conclusion. 


f is undefined when x = —3. 
Figure 1.18 


[_Esitabe Gramn | 


NOTE In the solution of Example 7, 
be sure you see the usefulness of the 
Factor Theorem of Algebra. This 
theorem states that if c is a zero of a 
polynomial function, (x — c) is a factor 
of the polynomial. So, if you apply 
direct substitution to a rational function 
and obtain 


you can conclude that (x — c) must be a 
common factor to both p(x) and q(x). 


-5+e 
m -3 +ô 
t Glitch near ; 
=- (=3,=5) . 
-5-e 
Incorrect graph of f 
Figure 1.19 
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Dividing Out and Rationalizing Techniques 


Two techniques for finding limits analytically are shown in Examples 7 and 8. The 
first technique involves dividing out common factors, and the second technique 
involves rationalizing the numerator of a fractional expression. 


EXAMPLE 7 Dividing Out Technique 


2 + = 
radii in 
x>-3 x +3 


Solution Although you are taking the limit of a rational function, you cannot apply 
Theorem 1.3 because the limit of the denominator is 0. 


lim (x? +x-6)=0 


we Mie 
RPE KH 6 
lim ———— Direct substitution fails. 
x3 xt+ 3 Ti 
lim (x + 3) =0 
x>-3 


Because the limit of the numerator is also 0, the numerator and denominator have 
a common factor of (x + 3). So, for all x # —3, you can divide out this factor 
to obtain 


eee 6. terse = 2). 


-2= -3. 
Fla) x+3 x43 i gid: RSS 
Using Theorem 1.7, it follows that 
2 + = 
im a = lim (x = 2) Apply Theorem 1.7. 
x>-3 x+3 x—>-—3 
= —5, Use direct substitution. 


This result is shown graphically in Figure 1.18. Note that the graph of the function f 
coincides with the graph of the function g(x) = x — 2, except that the graph of f has 
a gap at the point (—3, — 5). a 


C U [Sete 

In Example 7, direct substitution produced the meaningless fractional form 0/0. 
An expression such as 0/0 is called an indeterminate form because you cannot (from 
the form alone) determine the limit. When you try to evaluate a limit and encounter 
this form, remember that you must rewrite the fraction so that the new denominator 


does not have 0 as its limit. One way to do this is to divide out like factors, as shown 
in Example 7. A second way is to rationalize the numerator, as shown in Example 8. 


TECHNOLOGY PITFALL Because the graphs of 


2 = 
f(x) = was and g(x) =x - 2 

differ only at the point (— 3, —5), a standard graphing utility setting may not dis- 
tinguish clearly between these graphs. However, because of the pixel configuration 
and rounding error of a graphing utility, it may be possible to find screen settings 
that distinguish between the graphs. Specifically, by repeatedly zooming in near 
the point (—3, —5) on the graph of f, your graphing utility may show glitches or 
irregularities that do not exist on the actual graph. (See Figure 1.19.) By changing 
the screen settings on your graphing utility you may obtain the correct graph of f. 
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EXAMPLE 8 Rationalizing Technique 


Jx+1-1 


Find the limit: lim 
x30 X 


Solution By direct substitution, you obtain the indeterminate form 0/0. 


lim(/x + 1 - 1) =0 
x30 


. vx+1-1 
lim. — Direct substitution fails. 
x30 X on 
lim x = 0 


x0 
In this case, you can rewrite the fraction by rationalizing the numerator. 


gee Lat pf 
x ~ x Jx+1t+1 


(x+1)-1 


~ Vx +1 +1) 


y x 
N = 
Ve A E 
— Vetl=1 ( . ) 
i TO ee 1 a 
= — y 
Vx+1+1 
Now, using Theorem 1.7, you can evaluate the limit as shown. 
a T mo ie 
x30 x x90 /x +141 
a 1 
a 1+1 
z4 
nE <i 2 
The limit of f(x) as x approaches 0 is 5. 
Figure 1.20 A table or a graph can reinforce your conclusion that the limit is L, (See Figure 1.20.) 
| | | 
| _Enitanie ramh | x approaches 0 from the left. >g x approaches 0 from the right. 
ae —0.25 | —0.1 | —0.01 | —0.001| 0 | 0.001 0.01 0.1 0.25 


f(x) | 0.5359 | 0.5132 | 0.5013 | 0.5001 | ? | 0.4999 | 0.4988 | 0.4881 | 0.4721 


f(x) approaches 0.5. > < f(x) approaches 0.5. 
— a 
[try Te | [Eelorationa]) [Exploration | [Exploration c | 


NOTE The rationalizing technique for evaluating limits is based on multiplication by a 
convenient form of 1. In Example 8, the convenient form is 


JX 1 1 
Jx F141 


h(x) SfE) S$ g@ 


The Squeeze Theorem 
Figure 1.21 


y 
A 
(cos 0, sin 0) 


(1, tan 0) 


A circular sector is used to prove Theorem 1.9. 


Figure 1.22 


FOR FURTHER INFORMATION 
For more information on the function 
f(x) = (sin x)/x, see the article “The 
Function (sin x)/x” by William B. 
Gearhart and Harris S. Shultz in The 
College Mathematics Journal. 


MathArticle 
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The Squeeze Theorem 


The next theorem concerns the limit of a function that is squeezed between two other 
functions, each of which has the same limit at a given x-value, as shown in Figure 
1.21. (The proof of this theorem is given in Appendix A.) 


THEOREM |.8 The Squeeze Theorem 


If A(x) < f(x) < g(x) for all x in an open interval containing c, except possibly 
at c itself, and if 


lim A(x) = L = lim g(x) 
xc 


xc 


then lim f(x) exists and is equal to L. 
xc 


[Video _| 


You can see the usefulness of the Squeeze Theorem in the proof of Theorem 1.9. 


THEOREM 1.9 Two Special Trigonometric Limits 


. sinx ; 
1. lim — = 1 2. lim 
x>0 x x0 x 


1 - 
SOE aig 


Proof To avoid the confusion of two different uses of x, the proof is presented using 
the variable 0, where 6 is an acute positive angle measured in radians. Figure 1.22 
shows a circular sector that is squeezed between two triangles. 


y y 


1 1 


Area of triangle > Area of sector > Area of triangle 
tan 0 0 sin 0 
2 A > — 
2 2 2 


Multiplying each expression by 2/sin 0 produces 


l > 0 >i 


cos@ sind — 


and taking reciprocals and reversing the inequalities yields 


sin 0 
0 


cos 0 < <1. 

Because cos 0 = cos(—6) and (sin 0)/0 = [sin(— 0)]/(— 0), you can conclude that 

this inequality is valid for all nonzero 0 in the open interval (— 7/2, 7/2). Finally, 

because lim cos 0 = 1 and lim 1 = 1, you can apply the Squeeze Theorem to 
> > 


conclude that lim (sin 6)/0 = 1. The proof of the second limit is left as an exercise (see 
> 


Exercise 120). 
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EXAMPLE 9 A Limit Involving a Trigonometric Function 
SSE aay 
; z oao tanx 
Find the limit: lim ; 
x>0 X 
Solution Direct substitution yields the indeterminate form 0/0. To solve this 
problem, you can write tan x as (sin x)/(cos x) and obtain 
. tanx . sin x 1 
lim = lim ; 
x70 X x0 X cos x 
. Now, because 
an x 
x) = = 
eee: F . sinx . 
lim —— = and lim =1 
x20 xX x0 COS X 
you can obtain 
. tanx . sinx\/.. 1 
=o a lim = (im \(im ) 
x—>0 x x>0 x x—>0 COS X 
= (y(t) 
-2 


The limit of f(x) as x approaches 0 is 1. 


Figure 1.23 


| Editate erann | 


g= sin 4x 
6 


Nja 
Nja 


-2 


The limit of g(x) as x approaches 0 is 4. 


Figure 1.24 


| Esitable eram | 


=1. 
(See Figure 1.23.) 
EXAMPLE I0 A Limit Involving a Trigonometric Function 


. . . 4. sin 4x 
Find the limit: lim ; 
x30 x 


Solution Direct substitution yields the indeterminate form 0/0. To solve this 
problem, you can rewrite the limit as 


lim St 4X _ a( iim sin s) 


x>0 xX x>0 4x 


Multiply and divide by 4. 


Now, by letting y = 4x and observing that x — 0 if and only if y — 0, you can write 


lim E _ aiim sin 4x) 


x0 Xe x30 4x 
~ in, 5?) 
yoo y 
= 4(1) 
(See Figure 1.24.) — 


[Bry te] [Explorations] 
TECHNOLOGY Usea graphing utility to confirm the limits in the examples 
and exercise set. For instance, Figures 1.23 and 1.24 show the graphs of 


tan x _ sin 4x 
f(x) = a and = g(x) = _ 


Note that the first graph appears to contain the point (0, 1) and the second graph 
appears to contain the point (0, 4), which lends support to the conclusions obtained 
in Examples 9 and 10. 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Exercises for Section 1.3 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-4, use a graphing utility to graph the function 


and visually estimate the limits. 


1. h(x) = x? — 5x 
(a) lim h(x) 
(b) lim h(x) 

3. fix) = x cos x 
(a) lim f (x) 
(b) mf (x) 


In Exercises 5-22, find the limit. 


5. lim xt 
x32 


7. lim (2x — 1) 
x30 


9. lim (x? + 3x) 


x3 


11. lim (2x? + 4x + 1) 
3 


13. lim 1 

x72 X 

ra 2 = 
i: na we+4 

5X 

17. lim 

xT Sx +2 
19. lim Jxt+1 


21. lim (x + 3)? 


2. 


22. 


In Exercises 23-26, find the limits. 


x) = dea a) 


(a) lim g(x) 
(b) lim g(x) 


. f(t) = tt — 4| 


(a) lim) 
©) lim fO) 


lim x? 
x7-2 


; lim, (3x + 2) 


. lim (—x? + 1) 


x1 


. lim (3x? — 2x? + 4) 
x1 


x3 


. TX 
35. lim tan( x) 


36. 
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li ( =) 
seci — 
mt \ 6 


In Exercises 37—40, use the information to evaluate the limits. 


37. lim f(x) = 2 


xc 


lim g(x) = 3 


(a) lim [5¢(0] 
(b) lim LE) + g()] 
(c) lim [f@)g(x)] 


(d) lim fo 


x>c g(x) 
39. lim fi) =4 
(a) lim [FOF 
(b) lim VF) 
(c) lim [3f(x)] 
(d) lim [f(x) P/? 


38. 


40. 


lim f(x) = 3 
tim g(x) = 3 

(a) lim [470] 

(b) tim [f() + 9(0] 
© tim [fos] 


(d) lim £@) 


xe g(x) 
lim f(x) = 27 


(a) lim Y 


© lim [fG]? 
(d) lim [fœ] 


In Exercises 41-44, use the graph to determine the limit visually 
(if it exists). Write a simpler function that agrees with the given 


function at all but one point. 


=A 


41. g(x) = 


42. 


x2 — 3x 


h(x) = 


23. f(x) =5 — x, g(x) =x? 
(a) lim f (x) (b) lim g(x) 
24. f(x) =x +7, g(x) =x? 


(c) lim a( f(x) 9 4 i 


, , , (a) lim g(x) (a) lim h(x) 
(a) lim f(x) (b) lim g(x) (c) lim g(f(x)) ee ee 
Pare s34 pera b) lim g(x) (b) lim h(x) 
25. f(x) =4-— x, g(x) = Vx 4+ 1 xo] x30 
> P š x? — x x 
(a) lim f() (b) lim g(x) (c) lim g( f(x) 43. ex) = 44. f(x) = = 
26. f(x) = 2x? — 3x + 1, g(x) =3 x + 6 7 
(a) lim f(x) (b) lim g(x) (c) lim g( f(x) i Aa 
In Exercises 27-36, find the limit of the trigonometric function. I+ Ke 
—t—_+_ +++ « 
27. nis sin x 28. lim tan x 2 3 
29. lim cos = 30. lim sin = 2-1 . -2+ a 
x32 3 x1 2 ! 
31. lim sec 2x 32. lim cos 3x (a) lim g(x) (a) lim f (x) 
x0 xT x> x> 
33. Ae sin x 34. im, cos x (b) lim g(x) (b) lim f(x) 
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In Exercises 45-48, find the limit of the function (if it exists). raphical, Numerical, and Analytic Analysis xercises 
Write a simpler function that agrees with the given function at 79-82, use a graphing utility to graph the function and estimate 
all but one point. Use a graphing utility to confirm your result. the limit. Use a table to reinforce your conclusion. Then find the 
limit by analytic methods. 
a ee? Sil gfe Oke SS 3 
45. lim i 46. lim ai date osred 
AA ma 79. lim 80. lim ——— 
ya 34] 0 t x>0 2x 
delim ere 2 as. +1 sin x? sin x 
Aa Ani 81. lim 82. lim = 
x20 xX x>0 “Yx 
In Exercises 49—62, find the limit (if it exists). 
+ Ax) — 
>. x—-5 . 2-x In Exercises 83-86, find lim Dido i 
49. lim = 50. lim =—— Ax—>0 Ax 
x35 x^ — 25 x>2 X — 
gles Pee ee | 83. f(x) = 2x + 3 84. f(x) = Vx 
51. lim —~——— 52. lim =—————— 
x93 42-9 x94 x2 — 2x — 8 _4 ae: 
85. f(x) =- 86. f(x) = x? — 4x 
_ Vets = J5 _ Vata- V2 x 
53. lim ~~ 54. lim a 
x> x>0 
= aT In Exercises 87 and 88, use the Squeeze Theorem to find 
aL nm =f 1 zs 2 Éd 
55. im = 56. lim ~~ lim f(x). 
x4 =y x33 x=3 xc 
+ — 1/(x + 4)| — (1/4 = 
57. tim WG += 9) ag jg LU + 8 = 1/4) 87. = 0 
x30 x> 


4- xX <f(x) s4+x 


2(x + Ax) — 2. + Ax}? = x? 
sa ia OA Cin 88. c= a 

Ax>0 Ax Ax>0 Ax i r 

- |x- a| < <b+|x- 

(x + Ax)? — 2(x + Ax) + 1 — (x? — 2x + 1) |x= al < fG) |x = a| 
6l. iim, Ae 

~ r 7 fp In Exercises 89-94, use a graphing utility to graph the given 
62. lim (x + Ax)? = x8 function and the equations y = |x| and y = —|x| in the same 

Axo Ax viewing window. Using the graphs to observe the Squeeze 


Theorem visually, find lim f (x). 
Graphical, Numerical, and Analytic Analysis In Exercises oot 
63-66, use a graphing utility to graph the function and estimate 89. f(x) = xcosx 90. f(x) = |x sin x| 
the limit. Use a table to reinforce your conclusion. Then find the 


91. = i 92. = 
limit by analytic methods. FO) = |e p i Fle) = |x| x 
os ae) a e 93. f(x) = x sin— 94. h(x) = x cos — 
63: lim—_{|[|_—— 64. lim ——— i % 
x30 x x>16 x — 16 
. [1/2 + =(17/2 O: 32 arin 
ap ce) a Writing About Concepts 
x30 x x32 x—-2 
. In the context of finding limits, discuss what is meant by 
In Exercises 67-78, determine the limit of the trigonometric two functions that agree at all but one point. 
function (if it exists). . Give an example of two functions that agree at all but one 
_ sinx _ 3(1 — cos x) point. 
om, in sy 68. lim x . What is meant by an indeterminate form? 
sin x(1 — cos x) cos @tan 0 . In your own words, explain the Squeeze Theorem. 
69. lim ——-.—— 70. lim —— 
x0 2x 650 0 
.  sinņ?x . tan?x 
71. lim 72. lim f 99. Writing Use a graphing utility to graph 
x>0 X x20 xX £ grap 
= 2 . sin x 
73, lim HO 74. lim ¢ sec ġ FO) =x, gx) =sinx, and A(x) = 2* 
h>0 h >n x 
75. lim SOS 76. lim I — tanx in the same viewing window. Compare the magnitudes of f(x) 
x>7/2 COLX x=>7/4 sin x — COS X and g(x) when x is close to 0. Use the comparison to write a 
sin 3t short paragraph explaining why 
77. lim 
130) 2t 


lim A(x) = 1. 
x—>0 


78. a | Hint: Find tim(? = = an ), 
x30 Sin 3x x30 2% 3 sin 3x 


100. Writing Use a graphing utility to graph 


sin? x 


f(x) = x, g(x) = sin? x, and h(x) = 


in the same viewing window. Compare the magnitudes of f(x) 
and g(x) when x is close to 0. Use the comparison to write a 
short paragraph explaining why 


lim h(x) = 0. 


x30 


Free-Falling Object Yn Exercises 101 and 102, use the position 
function s(t) = — 16t? + 1000, which gives the height (in feet) of 
an object that has fallen for ¢ seconds from a height of 1000 feet. 
The velocity at time ¢ = a seconds is given by 


. sla) — s(t) 
lim ———.. 
toa a-t 


101. If a construction worker drops a wrench from a height of 1000 
feet, how fast will the wrench be falling after 5 seconds? 


102. If a construction worker drops a wrench from a height of 1000 
feet, when will the wrench hit the ground? At what velocity 
will the wrench impact the ground? 


Free-Falling Object Yn Exercises 103 and 104, use the position 
function s(t) = —4.9t? + 150, which gives the height (in meters) 
of an object that has fallen from a height of 150 meters. The 
velocity at time ¢ = a seconds is given by 


s(a) — sð) 
m ————. 
t>a a-t 
103. Find the velocity of the object when ¢ = 3. 
104. At what velocity will the object impact the ground? 
105. Find two functions f and g such that lim f(x) and lim g(x) do 
x30 x30 
not exist, but lim [ f(x) + g(x)] does exist. 
x30 
106. Prove that if lim f(x) exists and lim [f(x) + g(x)] does not 
eC =e 
exist, then lim g(x) does not exist. 
x26 


107. Prove Property 1 of Theorem 1.1. 


108. Prove Property 3 of Theorem 1.1. (You may use Property 3 of 
Theorem 1.2.) 


109. Prove Property 1 of Theorem 1.2. 
110. Prove that if lim f(x) = 0, then lim | f(x)| = 0. 
111. Prove that if lim f(x) = 0 and j6] < M for a fixed number 
M and all x + c, then lim f(x)ge(x) = 0. 
112. (a) Prove that if lim | f(x)| = 0, then lim f(x) = 0. 
(Note: This is the converse of fcc 110.) 
(b) Prove that if lim oe = L, then lim | f(~)| = |L]. 
TIL < Lf) — L 
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rue or False? In Exercises 5, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


113. lim | | =] 
x0 

114. lim “=~ = 
xT X 


115. If f(x) = g(x) for all real numbers other than x = 0, and 
lim f(x) =L, then lim g(x) = 
116. If lim f(x) = L, then f(c) = 


3; #52 
0, x>2 


118. If f(x) < g(x) for all x # a, then 


117. lim f(x) = 3, where f(x) = | 


lim f(x) < lim g(x). 
x-a za 


119. Think About It Find a function f to show that the converse 
of Exercise 112(b) is not true. [Hint: Find a function f such 
that lim | f(x)| = |L] but lim f(x) does not exist.] 

xc xc 


120. Prove the second part of Theorem 1.9 by proving that 


0, if x is rational 
1, if x is irrational 


121. Let f(x) = | 


DE 0, if x is rational 
8 x, if x is irrational. 


Find (if possible) lim f(x) and lim g(x). 
x> x>0 


secx — | 


122. Graphical Reasoning Consider f(x) = 7 


x 
(a) Find the domain of f. 
(b) Use a graphing utility to graph f. Is the domain of f 
obvious from the graph? If not, explain. 
(c) Use the graph of f to approximate lim f(x). 
x0 
(d) Confirm the answer in part (c) analytically. 
123. Approximation 
(a) Find tim ——S°S* 
x0 x 


(b) Use the result in part (a) to derive the approximation 
cos x ~ 1 — $x? for x near 0. 


(c) Use the result in part (b) to approximate cos(0.1). 


(d) Use a calculator to approximate cos(0.1) to four decimal 
places. Compare the result with part (c). 
124. Think About It When using a graphing utility to generate a 
table to approximate lim [(sin x)/x], a student concluded that 
x> 


the limit was 0.01745 rather than 1. Determine the probable 
cause of the error. 


vw Experienced writers 


© On-time delivery 


70 CHAPTER 1 Limits and Their Properties ao 
® 100% plagiarism free 


Section 1.4 Continuity and One-Sided Limits 


e Determine continuity at a point and continuity on an open interval. 
e Determine one-sided limits and continuity on a closed interval. 

e Use properties of continuity. 

e Understand and use the Intermediate Value Theorem. 


Continuity at a Point and on an Open Interval 


In mathematics, the term continuous has much the same meaning as it has in everyday 
usage. Informally, to say that a function f is continuous at x = c means that there is 


Informally, you might say that a no interruption in the graph of f at c. That is, its graph is unbroken at c and there 
function is continuous on an open are no holes, jumps, or gaps. Figure 1.25 identifies three values of x at which the graph 
interval if its graph can be drawn of f is not continuous. At all other points in the interval (a, b), the graph of f is 
with a pencil without lifting the uninterrupted and continuous. 


pencil from the paper. Use a graphing 


utility to graph each function on the | Animation | 
given interval. From the graphs, 


which functions would you say are y y y 
continuous on the interval? Do you A, i A, i A, l 
think you can trust the results you i j i i i i 
. . 9 . I l i : 1 l i 
obtained graphically? Explain your Leyte lim fw ] ! ! 
Le not defined. does not exist. lim fœ) # fo) 
Function Interval : , A AE À 
ay=e4 (-3,3) | | | ae A N 
Twi 2 i i i i è i 
ao mee ! ! ! ! ! ! 
_ sinx a ł >x | t j >x | t j >x 
G y= x (=m, 7) a c b a c b a c b 
ae je = Al 33 Three conditions exist for which the graph of f is not continuous at x = c. 
aoe (—3, 3) Figure 1.25 
_ |2e—4 20 (—3,3) 
dae x+1, x>0 z In Figure 1.25, it appears that continuity at x = c can be destroyed by any one of 
the following conditions. 
1. The function is not defined at x = c. 
2. The limit of f(x) does not exist at x = c. 
3. The limit of f(x) exists at x = c, but it is not equal to f(c). 
If none of the above three conditions is true, the function f is called continuous at c, 
as indicated in the following important definition. 
FOR FURTHER INFORMATION For Definition of Continuity 
more information on the concept of Continuity at a Point: A function f is continuous at c if the following three 


continuity, see the article “Leibniz and 
the Spell of the Continuous” by Hardy 
Grant in The College Mathematics 1. f(c) is defined. 
Journal. 


conditions are met. 


2. lim f(x) exists. 
MathArticle 3. lim f(x) = flo). 


Continuity on an Open Interval: A function is continuous on an open interval 
(a, b) if it is continuous at each point in the interval. A function that is continuous 
on the entire real line (— co, co) is everywhere continuous. 
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7 Consider an open interval Z that contains a real number c. If a function f is 
l defined on J (except possibly at c), and f is not continuous at c, then f is said to have 
i a discontinuity at c. Discontinuities fall into two categories: removable and 
i nonremovable. A discontinuity at c is called removable if f can be made continuous 
by appropriately defining (or redefining) f(c). For instance, the functions shown in 
| Figure 1.26(a) and (c) have removable discontinuities at c and the function shown in 


Figure 1.26(b) has a nonremovable discontinuity at c. 


EXAMPLE I Continuity of a Function 


Discuss the continuity of each function. 


(a) Removable discontinuity 
= 1 x+1, x<0 


1 . 
Y a. fa) => b. gx) = c. wN cat d. y = sinx 


Solution 


Lo A a. The domain of f is all nonzero real numbers. From Theorem 1.3, you can conclude 

i that f is continuous at every x-value in its domain. At x = 0, f has a nonremovable 

nam discontinuity, as shown in Figure 1.27(a). In other words, there is no way to define 
f(0) so as to make the function continuous at x = 0. 


b. The domain of g is all real numbers except x = 1. From Theorem 1.3, you can 


| f | =x conclude that g is continuous at every x-value in its domain. At x = 1, the function 
. e has a removable discontinuity, as shown in Figure 1.27(b). If g(1) is defined as 2, 

(b) Nonremovable discontinuity the “newly defined” function is continuous for all real numbers. 
y c. The domain of h is all real numbers. The function A is continuous on (— oo, 0) and 


A (0, co), and, because lim h(x) = 1, h is continuous on the entire real line, as shown 


š $ x0 
in Figure 1.27(c). 


d. The domain of y is all real numbers. From Theorem 1.6, you can conclude that the 


oe PG function is continuous on its entire domain, (— 00, co), as shown in Figure 1.27(d). 


1 
} y 
1 A 
1 
: 3+ 
1 1 
= j x 2+ 7) a x 
a c b 
(c) Removable discontinuity 
Figure 1.26 | | =i x 
-1 1 2 3 
ba + -1+ 
(a) Nonremovable discontinuity at x = 0 (b) Removable discontinuity at x = 1 


x+1, y0 
ne) = 
@) ee 


f t rx 
1 2 3 
STUDY TIP Some people may refer to 
the function in Example 1(a) as “discon- 
tinuous.” We have found that this termi- (c) Continuous on entire real line (d) Continuous on entire real line 
nology can be confusing. Rather than ——— ——— 
saying the function is discontinuous, we i 1 | 
prefer to say that it has a discontinuity 
atx = 0. Figure 1.27 
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7 One-Sided Limits and Continuity on a Closed Interval 
x approaches To understand continuity on a closed interval, you first need to look at a different type 
c from the right. of limit called a one-sided limit. For example, the limit from the right means that x 
approaches c from values greater than c [see Figure 1.28(a)]. This limit is denoted as 
> xX 
e<x ban E) = JL. Limit from the right 
x>ct 
(a) Limit from right 
y Similarly, the limit from the left means that x approaches c from values less than c 
[see Figure 1.28(b)]. This limit is denoted as 
x approaches 
c from the left. lim f(x) = L. Limit from the left 
Le 
> xX 
c>x One-sided limits are useful in taking limits of functions involving radicals. For 
instance, if n is an even integer, 
(b) Limit from left 
Figure 1.28 
lim %/x = 0. 
x07 
EXAMPLE 2. A One-Sided Limit 
a Find the limit of f(x) = v4 — x? as x approaches —2 from the right. 
f@=V4-x° 


Solution As shown in Figure 1.29, the limit as x approaches — 2 from the right is 


it lim /4-—x#=0. —— 


x3>-2* 
=== | Tera | 
t t =x | ] 
-23 =l 1 2 zts 
-1 F One-sided limits can be used to investigate the behavior of step functions. One 


common type of step function is the greatest integer function [|x], defined by 
The limit of f(x) as x approaches — 2 from 
the right is 0. 
Figure 1.29 


For instance, [2.5] = 2 and [—2.5] = —3. 


EXAMPLE 3 The Greatest Integer Function 


|x] = greatest integer n such that n < x. Greatest integer function 


Find the limit of the greatest integer function f(x) = [x] as x approaches 0 from the 


y 7 
E left and from the right. 
2+ o——o 
Solution As shown in Figure 1.30, the limit as x approaches 0 from the left is given by 
1+ o—o 
lim [x] = -1 
$ x x07 
-2 -1 1 2 3 PEI s prina 
and the limit as x approaches 0 from the right is given by 
oO 
lim fx] = 0. 
e—o 2+ x0 


The greatest integer function has a discontinuity at zero because the left and right lim- 
Greatest integer function its at zero are different. By similar reasoning, you can see that the greatest integer 
Figure 1.30 function has a discontinuity at any integer n. — 
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When the limit from the left is not equal to the limit from the right, the (two- 
sided) limit does not exist. The next theorem makes this more explicit. The proof of 
this theorem follows directly from the definition of a one-sided limit. 


THEOREM 1.10 The Existence of a Limit 


Let f be a function and let c and L be real numbers. The limit of f(x) as x 
approaches c is L if and only if 


lim f(t) =L and lim f(x) = L. 
x>c7 x—ct 


y The concept of a one-sided limit allows you to extend the definition of continuity 
to closed intervals. Basically, a function is continuous on a closed interval if it is 
continuous in the interior of the interval and exhibits one-sided continuity at the 
endpoints. This is stated formally as follows. 


Definition of Continuity on a Closed Interval 


A function f is continuous on the closed interval [a, b] if it is continuous on 
the open interval (a, b) and 


[ ] B : 
[ === lim f(x) = fla) and lim f(x) = f(b). 
a b x—a* xb 
Continuous function on a closed interval The function f is continuous from the right at a and continuous from the 
Figure 1.31 left at b (see Figure 1.31). 


Similar definitions can be made to cover continuity on intervals of the form (a, b] 
and [a, b) that are neither open nor closed, or on infinite intervals. For example, the 


function 
fa) = vx 

is continuous on the infinite interval [0, co), and the function 
a(x) = J2 — x 


is continuous on the infinite interval (— oo, 2]. 


EXAMPLE 4 Continuity on a Closed Interval 


Discuss the continuity of f(x) = V1 — x?. 


Solution The domain of f is the closed interval [—1, 1]. At all points in the open 


A interval (— 1, 1), the continuity of f follows from Theorems 1.4 and 1.5. Moreover, 
| CSA =x? because 
lim J/1l-—x7=0= f- 1) Continuous from the right 
x>-1* 
and 
> xX 
= 1 lim vi- x2 =0= fa) Continuous from the left 
x17 
f is continuous on[— 1, 1]. you can conclude that f is continuous on the closed interval [—1, 1], as shown in 
Figure 1.32 Figure 1.32. <== 
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V = 0.082137 + 22.4334 


(-273.15, 0) 


T T T 
=300 -200 -100 100 


The volume of hydrogen gas depends on 
its temperature. 
Figure 1.33 


In 1995, physicists Carl Wieman and 

Eric Cornell of the University of 
Colorado at Boulder used lasers and 
evaporation to produce a supercold gas 
in which atoms overlap. This gas is called 
a Bose-Einstein condensate. “We get to 
within a billionth of a degree of absolute 
zero, reported Wieman. (Source: Time 
magazine, April 10, 2000) 
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The next example shows how a one-sided limit can be used to determine the value 
of absolute zero on the Kelvin scale. 


EXAMPLE 5 Charles’s Law and Absolute Zero 


On the Kelvin scale, absolute zero is the temperature 0 K. Although temperatures of 
approximately 0.0001 K have been produced in laboratories, absolute zero has never 
been attained. In fact, evidence suggests that absolute zero cannot be attained. How 
did scientists determine that 0 K is the “lower limit” of the temperature of matter? 
What is absolute zero on the Celsius scale? 


Solution The determination of absolute zero stems from the work of the French 
physicist Jacques Charles (1746—1823). Charles discovered that the volume of gas at 
a constant pressure increases linearly with the temperature of the gas. The table 
illustrates this relationship between volume and temperature. In the table, one mole of 
hydrogen is held at a constant pressure of one atmosphere. The volume V is measured 
in liters and the temperature T is measured in degrees Celsius. 


T —40 —20 0 20 40 60 80 
V | 19.1482 | 20.7908 | 22.4334 | 24.0760 | 25.7186 | 27.3612 | 29.0038 


The points represented by the table are shown in Figure 1.33. Moreover, by using the 
points in the table, you can determine that T and V are related by the linear equation 


V — 22.4334 


V = 0.082137 + 22.4334 or T= 0.08213 


By reasoning that the volume of the gas can approach 0 (but never equal or go below 
0) you can determine that the “least possible temperature” is given by 


a ee V — 22.4334 
v=0* voor 0.08213 
0 — 22.4334 
E 0.08213 _ Use direct substitution. 
= —273.15. 


So, absolute zero on the Kelvin scale (0 K) is approximately — 273.15° on the Celsius 


scale. SSS 


The following table shows the temperatures in Example 5, converted to the 
Fahrenheit scale. Try repeating the solution shown in Example 5 using these temperatures 
and volumes. Use the result to find the value of absolute zero on the Fahrenheit scale. 


T —40 —4 32 68 104 140 176 
V | 19.1482 | 20.7908 | 22.4334 | 24.0760 | 25.7186 | 27.3612 | 29.0038 


NOTE Charles’s Law for gases (assuming constant pressure) can be stated as 
V = RT 


Charles’s Law 


where V is volume, R is constant, and T is temperature. In the statement of this law, what 
property must the temperature scale have? 


Aucustin-Louts Caucuy (1789-1857) 


The concept of a continuous function was 
first introduced by Augustin-Louis Cauchy in 
1821. The definition given in his text Cours 
d'Analyse stated that indefinite small changes 
in y were the result of indefinite small changes 
in x.“... f(x) will be called a continuous 
function if ... the numerical values of the 
difference f(x + a) — f(x) decrease 
indefinitely with those of a ....” 


MathBio 
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Properties of Continuity 


In Section 1.3, you studied several properties of limits. Each of those properties yields 
a corresponding property pertaining to the continuity of a function. For instance, 
Theorem 1.11 follows directly from Theorem 1.2. 


THEOREM I.I1 Properties of Continuity 


If b is a real number and f and g are continuous at x = c, then the following 
functions are also continuous at c. 


1. Scalar multiple: bf 
2. Sum and difference: f + g 
3. Product: fg 


4. Quotient: , if g(c) # 0 


The following types of functions are continuous at every point in their domains. 


1. Polynomial functions: pix) = apx” + a x7! +e + ax + a 
2. Rational functions: r(x) = Pts) q(x) #0 

q(x) 
3. Radical functions: f(x) = 2/x 


4. Trigonometric functions: sin x, cos x, tan x, cot x, sec x, csc x 


By combining Theorem 1.11 with this summary, you can conclude that a wide 
variety of elementary functions are continuous at every point in their domains. 


EXAMPLE 6 Applying Properties of Continuity 


By Theorem 1.11, it follows that each of the following functions is continuous at every 
point in its domain. 
x +1 


f(y) =x+sinx, f(x) =3tanx, f(x) = TE — 


[oe 


The next theorem, which is a consequence of Theorem 1.5, allows you to determine 
the continuity of composite functions such as 


f(x) = sin3x, f(y) = Vx? +1, f(x) = tan L 


THEOREM |.12 Continuity of a Composite Function 


If g is continuous at c and f is continuous at g(c), then the composite function 
given by (f° g)(x) = f(g(x)) is continuous at c. 


One consequence of Theorem 1.12 is that if f and g satisfy the given conditions, 
you can determine the limit of f(g(x)) as x approaches c to be 


lim f(g()) = f(g(0)). 
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f(x) = tan x 


(a) f is continuous on each open interval in its 
domain. 


Figure 1.34 
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EXAMPLE 7 Testing for Continuity 


Describe the interval(s) on which each function is continuous. 


sin L, x #0 
x 


0, x=0 


xsin 1, x+0 
x 


a. f(x) = tanx b. g(x) -| c. A(x) = | 
0, x=0 


Solution 


a. The tangent function f(x) = tan x is undefined at 


T . 
x= > + NT, n 1s an integer. 
2 


At all other points it is continuous. So, f(x) = tan x is continuous on the open 
intervals 


(-# -3) (-2 z) z iz) 
.9 J? hiya PIP ap 


as shown in Figure 1.34(a). 


b. Because y = 1/x is continuous except at x = 0 and the sine function is continuous 
for all real values of x, it follows that y = sin (1/x) is continuous at all real values 
except x = 0. At x = 0, the limit of g(x) does not exist (see Example 5, Section 
1.2). So, g is continuous on the intervals (— oo, 0) and (0, o0), as shown in Figure 
1.34(b). 

c. This function is similar to that in part (b) except that the oscillations are damped 
by the factor x. Using the Squeeze Theorem, you obtain 


s x#0 


=|x|-< ee |x 
x 


and you can conclude that 


lim A(x) = 0. 


x0 


So, h is continuous on the entire real line, as shown in Figure 1.34(c). 


x. I 
goy=fine ts? 


? 


nell 
Je mos fesnprto 
o: S0 


(b) g is continuous on (— oo, 0) and (0, o0). (c) his continuous on the entire real line. 
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The Intermediate Value Theorem 


Theorem 1.13 is an important theorem concerning the behavior of functions that are 
continuous on a closed interval. 


THEOREM 1.13 Intermediate Value Theorem 


If f is continuous on the closed interval [a, b] and k is any number between 
f(a) and f(b), then there is at least one number c in [a, b] such that 


floc) =k. 


NOTE The Intermediate Value Theorem tells you that at least one c exists, but it does not give 
a method for finding c. Such theorems are called existence theorems. 


By referring to a text on advanced calculus, you will find that a proof of this 
theorem is based on a property of real numbers called completeness. The Intermediate 
Value Theorem states that for a continuous function f, if x takes on all values between 
aand b, f(x) must take on all values between f(a) and f(b). 

As a simple example of this theorem, consider a person’s height. Suppose that a 
girl is 5 feet tall on her thirteenth birthday and 5 feet 7 inches tall on her fourteenth 
birthday. Then, for any height h between 5 feet and 5 feet 7 inches, there must have 
been a time f when her height was exactly h. This seems reasonable because human 
growth is continuous and a person’s height does not abruptly change from one value 
to another. 

The Intermediate Value Theorem guarantees the existence of at least one number 
c in the closed interval [a, b]. There may, of course, be more than one number c such 
that f(c) = k, as shown in Figure 1.35. A function that is not continuous does not 
necessarily exhibit the intermediate value property. For example, the graph of the 
function shown in Figure 1.36 jumps over the horizontal line given by y = k, and for 
this function there is no value of c in [a, b] such that f(c) = k. 


y y 
A 
FQ) > 
k- N | 
Ol—_ Dw 
E 7 
C J > X 
a b 
f is continuous on [a, b]. f isnot continuous on [a, b]. 
[There exist three c’s such that f(c) = k.] [There are no c’s such that f(c) = k.] 
Figure 1.35 Figure 1.36 


The Intermediate Value Theorem often can be used to locate the zeros of a 
function that is continuous on a closed interval. Specifically, if f is continuous on 
[a, b] and f(a) and f(b) differ in sign, the Intermediate Value Theorem guarantees the 
existence of at least one zero of f in the closed interval [a, b]. 
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Y oee 42-1 EXAMPLE 8 An Application of the Intermediate Value Theorem 


Use the Intermediate Value Theorem to show that the polynomial function 
f(x) = x3 + 2x — 1 has a zero in the interval [0, 1]. 
Solution Note that f is continuous on the closed interval [0, 1]. Because 

f(0) = 03 + 2(0) -1 =—-1 and fC) = 12+ 20)-1=2 


it follows that f(0) < O and f(1) > 0. You can therefore apply the Intermediate Value 
Theorem to conclude that there must be some c in [0, 1] such that 


flo) =0 f has a zero in the closed interval [0, 1]. 


as shown in Figure 1.37. ee 


fis continuous on [0, 1] with (0) < 0 and The bisection method for approximating the real zeros of a continuous function 


70) > 0. is similar to the method used in Example 8. If you know that a zero exists in the closed 

Figure 1.37 interval [a, b], the zero must lie in the interval [a, (a + b)/2] or (a + b)/2, b]. From 
the sign of f([a + b]/2), you can determine which interval contains the zero. By 

repeatedly bisecting the interval, you can “close in” on the zero of the function. 


TECHNOLOGY You can also use the zoom feature of a graphing utility to 
approximate the real zeros of a continuous function. By repeatedly zooming in on 
the point where the graph crosses the x-axis, and adjusting the x-axis scale, you can 
approximate the zero of the function to any desired accuracy. The zero of 
x3 + 2x — 1 is approximately 0.453, as shown in Figure 1.38. 


0.2 0.013 
-0.2 1 0.4 0.5 
=02 -0.012 


Figure 1.38 Zooming in on the zero of f(x) = x3 + 2x — 1 
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Exercises for Section 1.4 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on 5| to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-6, use the graph to determine the limit, and 3. y 4. y 
discuss the continuity of the function. 3 i 
(a) lim f(x) (b) lim f(x) (© lim f(x) 
x>c+t xc x—>c (3, 1) 
e 

1. y 2. y H H t—> x 

2\4 6 

9+ (3, 0) 
¢=3 


In Exercises 7—24, find the limit (if it exists). If it does not exist, 


explain why. 


x= 5 
7. lim ———— 
= x2 = 25 
2 — 
8. lim =— 
x92+ x — 4 
9. lim — 
x33 x2 —9 
10. 1 vn = 2 
ro4- x — 4 
11. lim lal 
x30" xX 
k= 
12 mi X= 2 
1d 
. xtAx x 
13. a Ax 
14, tim (x + Ax)? +x + Ax — (x? + x) 
* Axor Ax 
x+2 Par 
; _ 2° E 
15. Jim fQ), where f(x) = 12 — 2x 
3 > x>3 


x — 4x + 6, x 2 
—-+4%-2, x22 
e+i1,x<1 
ay tee. og eel 


16. lim f(x), where f(x) = | 


17. lim f(x), where f(x) = | 


x<l 


. = x; 
oe ae 


19. lim cot x 


XT 


20. lim secx 
x> T/2 


21. lim Gh- 5) 
22. lim (2x — bx) 


23. lim (2 — [-x]) 


TEE) 


In Exercises 25-28, discuss the continuity of each function. 


1 x-1 


25. f(x) = 2—4 26. f(x) = 4 
4 


3 t 
2+ 
1-4 
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27. f(x) = PIR +x 


In Exercises 29-32, discuss the continuity of the function on the 
closed interval. 


Function Interval 

29. g(x) = V25 — x? [-5, 5] 

30. f) =3 - V9- r [—3, 3] 
J=% x<0 

31. = -1,4 

fO) T + ix, x>0 [ | 


32. g(x) = [-1, 2] 


x27 —4 


In Exercises 33-54, find the x-values (if any) at which f is not 
continuous. Which of the discontinuities are removable? 


33. f(x) =x? — 2x41 


34. f(x) = — 

35. f(x) = 3x — cos x 
36. f(x) = cos Z= 

37. fx) = = 

38. f(x) = = f 

E T 

40. f(x) = 2-5 
de a 10 
42. fx) = = 
43. -Ë = 2| 

44. f(x) = kl 
sofa asi 
46. f(x) = i +3 : . ' 
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$x t l, “2 
47. f(x) = 


48. f(x) = 


= 
N 

| 
aN 

= 

t 
og 
N 


49. 


50. f(x) = 


51. f(x) = csc 2x 
52. f(x) = tan = 


53. f(x) = [x - 1] 
54. f(x) = 3 — k] 


In Exercises 55 and 56, use a graphing utility to graph the 
function. From the graph, estimate 


lim f(x) and lim f(x). 
x07 x07 
Is the function continuous on the entire real line? Explain. 


2-4 
ss, ¢@) = = — 
Be? 
|x? + 4x|(x + 2) 
x+4 


56. f(x) 


In Exercises 57—60, find the constant a, or the constants a and 
b, such that the function is continuous on the entire real line. 


Pe x2 

57. fla) = es x>2 
4 sin x 

58. g(x) = a = 
a— 2x, x20 
PA ya =i 

59. f(x) =jaxt+b, -l<x<3 
=): x23 
x? — a? 

60. g(x) =} x-a’ are 
8, x=a 


In Exercises 61-64, discuss the continuity of the composite 
function h(x) = f(g(x)). 


z -1 

61. f(x) = x? 62. f(x) = Ti 
gx) =x-1 g(x) =x-1 
63. f(x) = ens 64. f(x) = sinx 


x—6 
a) =a? +5 g(x) = x? 
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n Exercises 65—68, use a graphing utility to grap 
Use the graph to determine any x-values at which the function 
is not continuous. 


66. h(x) = a5 


65. f(x) = b] -x a 


67. glx) 2x—-4, x<3 
. g(x) = 
£ x — 2x, x>3 
cosx = I <0 
68. f(x) = x * 
5X x20 


In Exercises 69-72, describe the interval(s) on which the 
function is continuous. 


69. f(x) = oa i 70. f(x) = xvx +3 
y y 
A 
a+ 
1+ 
tt x 
v 2 
-1 == 
-2 + 
71. f(x) = eg 
4 
y 
A 
| |x 


Writing In Exercises 73 and 74, use a graphing utility to graph 
the function on the interval [— 4, 4]. Does the graph of the func- 
tion appear continuous on this interval? Is the function contin- 
uous on [—4, 4]? Write a short paragraph about the importance 
of examining a function analytically as well as graphically. 


sin x xX- 8 


74. f(x) = 


x KS 2 


73. f(x) = 


Writing In Exercises 75-78, explain why the function has a 
zero in the given interval. 


Function Interval 
75. f(x) = krt- 33 +3 [1, 2] 
76. f(x) =x + 3x - 2 [0, 1] 
77. f(x) =x? — 2 = cosx [0, 7] 
4 TX 
78. f(x) = E + tan( 2) [1, 3] 


In Exercises 79-82, use the Intermediate Value Theorem and a 
graphing utility to approximate the zero of the function in the 
interval [0, 1]. Repeatedly “zoom in” on the graph of the function 
to approximate the zero accurate to two decimal places. Use the 
zero or root feature of the graphing utility to approximate the 
zero accurate to four decimal places. 


79. f(x) =x tx-1 

80. f(x) = x3 + 3x — 2 
81. g(t) = 2cost — 3t 

82. h(6) = 1 + 0 — 3 tan 0 


In Exercises 83-86, verify that the Intermediate Value Theorem 
applies to the indicated interval and find the value of c guaran- 
teed by the theorem. 

83. f(x) =x +x- 1, [0, 5], f(c) = 11 

84. f(x) = x? — 6x + 8, [0, 3], f(c) =0 

85. f(x) = 8-2? +x-2, [0,3], f(c) =4 


2 
86. f(x) = A È al, f(c) = 6 


Writing About Concepts 


87. State how continuity is destroyed at x = c for each of the 
following graphs. 
(a) » 
A 


88. Describe the difference between a discontinuity that is 
removable and one that is nonremovable. In your explana- 
tion, give examples of the following descriptions. 


(a) A function with a nonremovable discontinuity at x = 2 
(b) A function with a removable discontinuity at x = —2 


(c) A function that has both of the characteristics described 
in parts (a) and (b) 
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Writing About Concepts (continued) 
89. Sketch the graph of any function f such that 


lim f(s) =1 and lim f(x) = 0. 


Is the function continuous at x = 3? Explain. 


. Ifthe functions f and g are continuous for all real x, is f + g 
always continuous for all real x? Is f/g always continuous 
for all real x? If either is not continuous, give an example to 
verify your conclusion. 


True or False? In Exercises 91—94, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


91. If lim f(x) = L and f(c) = L, then f is continuous at c. 
92. If f(x) = g(x) for x # c and f(c) + g(c), then either f or g is 
not continuous at c. 


93. A rational function can have infinitely many x-values at which 
it is not continuous. 


94. The function f(x) = |x — 1|/(x— 1) is continuous on 
(—00, 00). 


95. Swimming Pool Every day you dissolve 28 ounces of 
chlorine in a swimming pool. The graph shows the amount of 
chlorine f(t) in the pool after t days. 


“KOS =i] p= 


i 
i 2 3 4 5 6 7 
i i lim f(t lim f(t). 
Estimate and interpret 1M fO and 1m, fO 


96. Think About It Describe how the functions 


fœ =3 + bd 
and 

g(x) = 3 - [~x] 
differ. 


97. Telephone Charges A dial-direct long distance call between 
two cities costs $1.04 for the first 2 minutes and $0.36 for each 
additional minute or fraction thereof. Use the greatest integer 
function to write the cost C of a call in terms of time ź (in 
minutes). Sketch the graph of this function and discuss its 
continuity. 
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98. 


99. 


100. 


101. 


102. 


103. 


104. 
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Inventory Management The number of units in inventory in 
a small company is given by 


N(t) = 25(2/4 L 2] — ) 


where ¢ is the time in months. Sketch the graph of this func- 
tion and discuss its continuity. How often must this company 
replenish its inventory? 


Déjà Vu At 8:00 A.M. on Saturday a man begins running up 
the side of a mountain to his weekend campsite (see figure). On 
Sunday morning at 8:00 A.M. he runs back down the mountain. 
It takes him 20 minutes to run up, but only 10 minutes to run 
down. At some point on the way down, he realizes that he 
passed the same place at exactly the same time on Saturday. 
Prove that he is correct. [Hint: Let s(t) and r(t) be the position 
functions for the runs up and down, and apply the Intermediate 
Value Theorem to the function f(t) = s(t) — r(t] 


Not drawn to scale 


Sunday 8:00 A.M. 


Saturday 8:00 A.M. 


Volume Use the Intermediate Value Theorem to show that 
for all spheres with radii in the interval [1, 5], there is one with 
a volume of 275 cubic centimeters. 


Prove that if f is continuous and has no zeros on [a, b], then 
either 
f(x) > 0 for all x in [a, b] or f(x) < 0 for all x in [a, b]. 
Show that the Dirichlet function 
0, if x is rational 
fa) = Fe if x is irrational 
is not continuous at any real number. 
Show that the function 


w] 


0, ifxis rational 
kx, if x is irrational 


is continuous only at x = 0. (Assume that k is any nonzero 
real number.) 


The signum function is defined by 


-1l,x<0 
sen(x) = 40, x=0 
1, x> 0. 


Sketch a graph of sgn(x) and find the following (if possible). 


(a) lim sgn(x) (b) lim sgn(x) (©) lim sgn(x) 


106. 


107. 


108. 


109. 


110. 


111. 
112. 


Putnam Exam Challenge 


113. 


114. 


105. 
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Modeling Data After an object falls for t seconds, the speed 
S (in feet per second) of the object is recorded in the table. 


t 0 5 10 15 20 25 30 


S 0 48.2 | 53.5 | 55.2 | 55.9 | 56.2 | 56.3 


(a) Create a line graph of the data. 


(b) Does there appear to be a limiting speed of the object? If 
there is a limiting speed, identify a possible cause. 


Creating Models A swimmer crosses a pool of width b by 
swimming in a straight line from (0, 0) to (2b, b). (See figure.) 


(a) Let f be a function defined as the y-coordinate of the point 
on the long side of the pool that is nearest the swimmer at 
any given time during the swimmer’s path across the pool. 
Determine the function f and sketch its graph. Is it 
continuous? Explain. 


(b) Let g be the minimum distance between the swimmer and 
the long sides of the pool. Determine the function g and 
sketch its graph. Is it continuous? Explain. 


x 
4 (2b, b) 


— D —— 


> xX 


(0, 0) 


Find all values of c such that f is continuous on (— oo, 00). 


1 = a 
rafie 256 


x, 


Prove that for any real number y there exists x in (— 77/2, 7/2) 
such that tan x = y. 


Let f(x) = (Vx +e - c)/x, c > 0. What is the domain of 

f? How can you define f at x = 0 in order for f to be 

continuous there? 

Prove that if iim, flc + Ax) = f(c), then f is continuous 
x 

at c. 


Discuss the continuity of the function h(x) = xfx]. 


(a) Let f,(x) and f(x) be continuous on the closed interval 
La, b]. If f(a) < f(a) and f(b) > f(b), prove that there 
exists c between a and b such that f;(c) = f,(c). 

(b) Show that there exists c in (0, ql such that cos x = x. Use 
a graphing utility to approximate c to three decimal places. 


Prove or disprove: if x and y are real numbers with y = 0 and 
y(y + 1) < (x + 1}, then y(y — 1) < x. 


Determine all polynomials P(x) such that 
P(x? + 1) = (P(x)? + 1 and P(O) = 0. 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Section 1.5 


e Determine infinite limits from the left and from the right. 
e Find and sketch the vertical asymptotes of the graph of a function. 


Infinite Limits 
Let f be the function given by 
3 
a GQ 


asx 2* x-2 


From Figure 1.39 and the table, you can see that f(x) decreases without bound as x 
approaches 2 from the left, and f(x) increases without bound as x approaches 2 from 
W the right. This behavior is denoted as 


lim = =00 f(x) decreases without bound as x approaches 2 from the left. 


TORS 


. . g 3 
f (x) increases and decreases without bound lim = 00 f (x) increases without bound as x approaches 2 from the right. 


as x approaches 2. x92+ x — 2 


Figure 1.39 
x approaches 2 from the left. x approaches 2 from the right. 


x 1.5 1.9 1.99 1.999 2 | 2.001 | 2.01 | 2.1 | 2.5 
fæ) -6 —30 — 300 — 3000 ? 3000 300 30 6 


[TO des vitou toud > [7 des vitou toud > decreases without bound. < f(x) increases without bound. 


A limit in which f(x) increases or decreases without bound as x approaches c is called 
an infinite limit. 


Definition of Infinite Limits 


Let f be a function that is defined at every real number in some open interval 
containing c (except possibly at c itself). The statement 


lim f(x) = 00 


means that for each M > 0 there exists a ê > 0 such that f(x) > M whenever 
y 0 < |x — c| < 6 (see Figure 1.40). Similarly, the statement 


lim f(x) = — o0 


lim f(x) = ce 
IE means that for each N < 0 there exists a 6 > 0 such that f(x) < N whenever 
0 < |x — c| < ô. To define the infinite limit from the left, replace 

eae Goss) Ged 0 < |x — c| < byc — ê< x < c. To define the infinite limit from the 


right, replace 0 < |x — c| < dbyc < x< c+ ô. 


eeoa i 
n Le | 


Be sure you see that the equal sign in the statement lim f(x) = co does not mean 
Infinite limits that the limit exists! On the contrary, it tells you how the limit fails to exist by denoting 
Figure 1.40 the unbounded behavior of f(x) as x approaches c. 


T 
1 
1 
1 
1 
1 
1 
1 
1 
1 
1 

c 
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Use a graphing utility to graph each function. For each function, analytically find 
the single real number c that is not in the domain. Then graphically find the limit 
of f(x) as x approaches c from the left and from the right. 


3 


ao o a E TT. 
ara ay 


EXAMPLE | Determining Infinite Limits from a Graph 


Use Figure 1.41 to determine the limit of each function as x approaches 1 from the left 
and from the right. 


2 zj 

; ae 

! — {| —}}—» 
2 -1 1 2 
Fr a+ 3 

; 293 i 

l -2 -+ Li 

1 = il i 

! (as D3 at i 


(a) (b) (c) 
[omnes [esate Exe 


Figure 1.41 Each graph has an asymptote at x = 1. 


Solution 
1 
a. lim = —oo and lim = 0 
xsi x — 1 xolt x — 
: 1 o. ae 
b. lim 7 ay 7 0 Limit from each side is oo. 
x>1 (x — 1) 
; -1 : -1 
ec. lim —— = co and lim ———~ = —co 
xo1- x — 1 xolt+x— 1 
. =] ES. e 
d. lim ———., = -co Limit from each side is — oo. <a 


Vertical Asymptotes 


If it were possible to extend the graphs in Figure 1.41 toward positive and negative 
infinity, you would see that each graph becomes arbitrarily close to the vertical line 
x = 1. This line is a vertical asymptote of the graph of f. (You will study other types 
of asymptotes in Sections 3.5 and 3.6.) 


Definition of Vertical Asymptote 
NOTE If the graph of a function f has 


a vertical asymptote at x = c, then f is If f(x) approaches infinity (or negative infinity) as x approaches c from the 
not continuous at c. right or the left, then the line x = c is a vertical asymptote of the graph of f. 
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In Example 1, note that each of the functions is a quotient and that the vertical 
asymptote occurs at a number where the denominator is 0 (and the numerator is not 
0). The next theorem generalizes this observation. (A proof of this theorem is given in 
Appendix A.) 


THEOREM |.14 Vertical Asymptotes 


Let f and g be continuous on an open interval containing c. If f(c) # 0, 
g(c) = 0, and there exists an open interval containing c such that g(x) # 0 for 
all x # c in the interval, then the graph of the function given by 


_ f% 
aaa) 


has a vertical asymptote at x = c. 
[ vieo | 


EXAMPLE 2 Finding Vertical Asymptotes 


Determine all vertical asymptotes of the graph of each function. 


1 x7 +1 


; = ———_ = : = cot 
a. f(x) 0 +1) b. f(x) Zi c. f(x) = cot x 
Solution 
a. When x = — 1, the denominator of 
2 
1 
so =? OPE 
Zi Fla) 2(x + 1) 
is 0 and the numerator is not 0. So, by Theorem 1.14, you can conclude that 
t i $ t =x x = —1 is a vertical asymptote, as shown in Figure 1.42(a). 
b. By factoring the denominator as 
x +1 x+il 
Me a GaGa mn 
b) you can see that the denominator is 0 at x = — 1 and x = 1. Moreover, because the 
|| Enitan Graph | numerator is not 0 at these two points, you can apply Theorem 1.14 to conclude 
that the graph of f has two vertical asymptotes, as shown in Figure 1.42(b). 
y EET c. By writing the cotangent function in the form 


' cos 
f(x) = cot x = z 


sin x 


you can apply Theorem 1.14 to conclude that vertical asymptotes occur at all values 
>x of x such that sinx = 0 and cosx # 0, as shown in Figure 1.42(c). So, the 


Li 
Li 
1 
Li 
Li 
J 
I 
} 
27 
I 
i 
I 
i 
I 
q 


ar graph of this function has infinitely many vertical asymptotes. These paa 
i occur when x = nm, where n is an integer. 
a) , 
||_Enitanie Graph | Theorem 1.14 requires that the value of the numerator at x = c be nonzero. If 
both the numerator and the denominator are 0 at x = c, you obtain the indeterminate 
Functions with vertical asymptotes form 0/0, and you cannot determine the limit behavior at x = c without further 


Figure 1.42 investigation, as illustrated in Example 3. 
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EXAMPLE 3 A Rational Function with Common Factors 


Determine all vertical asymptotes of the graph of 


x? + 2x — 8 
fe) = 3 
fee +2x-8 x 
x-4 
(| Solution Begin by simplifying the expression, as shown. 

| e 

| \ 4f Undefined fix) = ee 

| when x =2 ae = 4 

| _ & + 4)G—-2) 

! (x + 22) 

-4 3 gi xe 4 

Vertical “y+ 2? x#2 

-2+ asymptote 

! atx=-2 At all x-values other than x = 2, the graph of f coincides with the graph of 
f(x) increases and decreases without bound g(x) = (x + 4)/(x + 2). So, you can apply Theorem 1.14 to g to conclude that there 
as x approaches — 2. is a vertical asymptote at x = —2, as shown in Figure 1.43. From the graph, you can 
Figure 1.43 see that 


[tae Gant ei, ae eE 
x2? — 4 xo-2t+ x-4 
Note that x = 2 is not a vertical asymptote. 
ee) ay [eee 
EXAMPLE 4 Determining Infinite Limits 


Find each limit. 


M = Bx x? — 3x 
lim and lim 
ie rol x — 1 ssi y=] 
E 
6 Solution Because the denominator is O when x = 1 (and the numerator is not zero), 
you know that the graph of 
-4 6 x? — 3x 
x) = 
fa) == 
has a vertical asymptote at x = 1. This means that each of the given limits is either co 
-6 or —oo. A graphing utility can help determine the result. From the graph of f shown 
f has a vertical asymptote at x = 1. in Figure 1.44, you can see that the graph approaches oo from the left of x = 1 and 
Figure 1.44 approaches — oo from the right of x = 1. So, you can conclude that 
2 er = 3x 
lim = 00 The limit from the left is infinity. 
x> x— 1 
and 
u he Se 
lim = =o, The limit from the right is negative infinity. — 


software, be careful to interpret correctly the graph of a function with a vertical 


TECHNOLOGY PITFALL When using a graphing calculator or graphing 
asymptote—graphing utilities often have difficulty drawing this type of graph. 
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THEOREM |I.I5 Properties of Infinite Limits 

Let c and L be real numbers and let f and g be functions such that 
lim f(x) = 00 and lim g(x) = L. 
xc xc 


1. Sum or difference: lim [ f(x) + g(x)] = 00 
xc 


2. Product: lim [fe] = co, L> 0 
lim [f(x)g(x)] = œ, L< 0 
3. Quotient: lim E =0 


Similar properties hold for one-sided limits and for functions for which the 
limit of f(x) as x approaches c is — oo. 


Proof To show that the limit of f(x) + g(x) is infinite, choose M > 0. You then need 
to find 6 > O such that 


Lra) + g@)] > M 


whenever 0 < |x — c| < 6. For simplicity’s sake, you can assume L is positive. Let 
M, = M + 1. Because the limit of f(x) is infinite, there exists 6, such that f(x) > M, 
whenever 0 < |x — c| < 6,. Also, because the limit of g(x) is L, there exists 6, such 
that |g(x) — L| < 1 whenever 0 < |x — c| < 6,. By letting 5 be the smaller of 5, and 
ô, you can conclude that 0 < |x—c| <6 implies f(x) >M+1 and 
|g(x) — L| < 1. The second of these two inequalities implies that g(x) > L — 1, and, 
adding this to the first inequality, you can write 


fix) + ex) > (M+ 1) + (L-1)=M+L>M. 


So, you can conclude that 
lim Lf(x) + e&)] = o. 


The proofs of the remaining properties are left as exercises (see Exercise 72). 


Eq 
EXAMPLE 5 Determining Limits 
Ooo] 
. _ d . 
a. Because lim 1 = 1 and lim — = œo, you can write 
x> x0 X 
. 1 
lim|1 + a) =o. Property 1, Theorem 1.15 
x0 X 
b. Because lim (x? + 1) = 2 and lim (cot mx) = — oo, you can write 
x=17 x L- 
so. ke Bel 
lim = 0. Property 3, Theorem 1.15 
x—1~ Cot TX 
c. Because lim 3 = 3 and lim cot x = oo, you can write 
x07 x30* 
lim 3 cot x = 00. Property 2, Theorem 1.15 ae 


x07 


[Try re | [Exploration a | 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on || to print an enlarged copy of the graph. 


In Exercises 1-4, determine whether f(x) approaches oo or 
—oo as x approaches —2 from the left and from the right. 


1 fo) =2 a 


| bme 


2-4 


Numerical and Graphical Analysis Yn Exercises 5-8, determine 
whether f(x) approaches oo or —oo as x approaches —3 from 
the left and from the right by completing the table. Use a 
graphing utility to graph the function and confirm your answer. 


x 3.5 3.1 3.01 3.001 
f(x) 
ae = 2,999. | =299 |) —2.9" || -— 2.5 
f(x) 
x 

5. fx) = 35 6. fQ = 35 

__* = sec TX 
7. f(x) = 29 8. f(x) = sec Pr 


In Exercises 9-28, find the vertical asymptotes (if any) of the 


graph of the function. fe 
‘f= — io. 7=—— 
x (x — 2) 
11. A(x) = —- 12. g(x) = a 
13. fo) = 14. fo) =o 
15. g() = 5— L 16. A(s) = zi 


17. f(x) = tan 2x 18. f(x) = sec mx 


1 
gx? — x2 — 4x 


19. T) =1 -$ 20. g(x) = 


3x? — 6x — 24 
2. fa) =s >, 
22. fx) = zz r = 
23. g(x) = E i E E ae +2 
25. f(x) = = eee z 26. h(t) = r = = 
27. s) = —— 28. 9(6) = f 


In Exercises 29—32, determine whether the graph of the function 
has a vertical asymptote or a removable discontinuity at x = — 1. 
Graph the function using a graphing utility to confirm your 
answer. 


2_ 1 2, z 
29. fl) == 30. f(x) = oes 
31. f(x) = = = “ 32. f(x) = sat) 


In Exercises 33-48, find the limit. 


= 2 + 3 
33. tim — 34. lim ——~ 
x27 X= 2 x>1t =X 
. x? . x? 
s lim 5 36 tin iT 
x? + 2x — 3 6x7 +x —1 
7. lim ~*~ . lm Ss 
a p. FSG 38 oE 4x2 — 4x — 3 
xX =y x= 2 
39. lim ——————- 40. li 5 
PE (x2? + 1)(x — 1) a g 
41. lim (1 + 1) 42. lim (x - 1) 
x07 x, x07 K 
43. lim — 44. lim — 
x>0* sin x x—>(7/2)* COS X 
+ 
45. lim 2 46. im 
x—>r CSCX x>0 cotx 
47. lim xsec 7x 48. lim x? tan mx 
x—>1/2 x—>1/2 


In Exercises 49-52, use a graphing utility to graph the function 
and determine the one-sided limit. 


x2 1 3—1 

49. f(x) = a 50. f(x) = Jo i 
lim f(x) lim f(x) 

51. f(x) = 2 1 75 52. f(x) = sec 7 
lim f(x) lim, f(x) 
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elativi According to the theory of relativity, the mass m o 
a particle depends on its velocity v. That is, 


Writing About Concepts 


. In your own words, describe the meaning of an infinite m 
0 


limit. Is co a real number? Mm R 
1 — (v?/c?) 


. In your own words, describe what is meant by an asymptote 
of a graph. where mọ is the mass when the particle is at rest and c is the 
. Write a rational function with vertical asymptotes at x = 6 speed of light. Find the limit of the mass as v approaches c~. 
and x = —2, and with a zero at x = 3. 62 
. Does the graph of every rational function have a vertical 
asymptote? Explain. 
. Use the graph of the function f (see figure) to sketch the 
graph of g(x) = 1/f(x) on the interval [—2, 3]. To print 
an enlarged copy of the graph, select the MathGraph button. 


. Rate of Change A 25-foot ladder is leaning against a house 
(see figure). If the base of the ladder is pulled away from the 
house at a rate of 2 feet per second, the top will move down the 
wall at a rate of 


2: 
r= a ft/sec 


V625 — x2 
where x is the distance between the base of the ladder and the 
house. 


(a) Find the rate r when x is 7 feet. 


(b) Find the rate r when x is 15 feet. 


(c) Find the limit of ras x 4257. 


25 ft 


58. Boyle’s Law For a quantity of gas at a constant temperature, 
the pressure P is inversely proportional to the volume V. Find 
the limit of Pas V>0*. 


59. Rate of Change A patrol car is parked 50 feet from a long 
warehouse (see figure). The revolving light on top of the car 
turns at a rate of 5 revolution per second. The rate at which the 
light beam moves along the wall is 


63. Average Speed On a trip of d miles to another city, a truck 


r = 50m sec? 0 ft/sec. driver’s average speed was x miles per hour. On the return trip 
the average speed was y miles per hour. The average speed for 

(a) Find the rate r when 0 is 77/6. the round trip was 50 miles per hour. 

(b) Find the rate r when 0 is 77/3. 


: — 25x : i 
(c) Find the limit of r as 0> (a7/2)~. (a) Verify that y = a5 What is the domain? 


IENE (b) Complete the table. 


x | 30 | 40 | 50 | 60 


y 


Are the values of y different than you expected? Explain. 


(c) Find the limit of y as x 25* and interpret its meaning. 


Py 64. Numerical and Graphical Analysis Use a graphing utility to 
complete the table for each function and graph each function to 
estimate the limit. What is the value of the limit when the power 


C= - a 0< x< 100. on x in the denominator is greater than 3? 
=% 


60. Illegal Drugs The cost in millions of dollars for a govern- 
mental agency to seize x% of an illegal drug is 


(a) Find the cost of seizing 25% of the drug. x 1 | 0.5 | 0.2 | 0.1 | 0.01 | 0.001 | 0.0001 


(b) Find the cost of seizing 50% of the drug. fœ) 
(c) Find the cost of seizing 75% of the drug. 


(d) Find the limit of C as x— 100~ and interpret its meaning. (a) lim aS (b) lim = 


x07 * x 307 


x — sinx x — sin x 
c) lim ——— d) lim ——— 
(c) x>0 x (d) x>0* xÍ 
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65. Numerical and Graphical Analysis Consider the shaded 
region outside the sector of a circle of radius 10 meters and 
inside a right triangle (see figure). 


(a) Write the area A = f(0) of the region as a function of 0. 
Determine the domain of the function. 


(b) Use a graphing utility to complete the table and graph the 
function over the appropriate domain. 


@ | 03/06] 09] 12] 15 
£O) 


(c) Find the limit of A as 0—> (2/2)~. 


10m 


66. Numerical and Graphical Reasoning A crossed belt connects 
a 20-centimeter pulley (10-cm radius) on an electric motor with 
a 40-centimeter pulley (20-cm radius) on a saw arbor (see 
figure). The electric motor runs at 1700 revolutions per minute. 


20 cm 


10 cm 


= 
iB . za 
Č 4 TNA? 


Wy 


(a) Determine the number of revolutions per minute of the saw. 


(b) How does crossing the belt affect the saw in relation to the 
motor? 


(c) Let L be the total length of the belt. Write L as a function of 
Q, where ¢ is measured in radians. What is the domain of 
the function? (Hint: Add the lengths of the straight sections 
of the belt and the length of the belt around each pulley.) 
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(d) Use a graphing utility to complete the table. 


(e) Use a graphing utility to graph the function over the appro- 
priate domain. 


(£) Find lim L. Use a geometric argument as the basis of 
p> (a/2)~ 


a second method of finding this limit. 


(g) Find lim L. 
¢>0* 


True or False? In Exercises 67-70, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


67. If p(x) is a polynomial, then the graph of the function given by 


f@ = Pal has a vertical asymptote at x = 1. 


68. The graph of a rational function has at least one vertical 
asymptote. 


69. The graphs of polynomial functions have no vertical 
asymptotes. 


70. If f has a vertical asymptote at x = 0, then f is undefined at 
x= 0. 


71. Find functions f and g such that lim f(x) = oo and 
lim g(x) = co but lim [f(x) — e] + 0. * 


72. Prove the remaining properties of Theorem 1.15. 


1 
73. Prove that if lim f(x) = oo, then lim ~~ = 0. 
xc xc f(x) 
1 
74. Prove that if lim ~~ = 0, then lim f(x) does not exist. 
xc F(x) xc 


Infinite Limits In Exercises 75 and 76, use the e-6 definition of 
infinite limits to prove the statement. 


Review Exercises for Chapter 
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The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on || 


to print an enlarged copy of the graph. 


In Exercises 1 and 2, determine whether the problem can be 
solved using precalculus or if calculus is required. If the problem 
can be solved using precalculus, solve it. If the problem seems to 
require calculus, explain your reasoning. Use a graphical or 
numerical approach to estimate the solution. 


1. Find the distance between the points (1, 1) and (3, 9) along the 
curve y = x?. 

2. Find the distance between the points (1, 1) and (3, 9) along the 
line y = 4x — 3. 


In Exercises 3 and 4, complete the table and use the result to 
estimate the limit. Use a graphing utility to graph the function 
to confirm your result. 


x —0.1 |=0.01 | —0.001 | 0.001 | 0.01 0.1 
fœ) 
3. im Wie + B= 2 
x30 x 
; 4(/x +2- J2) 
4. lim =~ 


In Exercises 5 and 6, use the graph to determine each limit. 


x? — 2x 3x 
6. g(x) = 


5. h(x) = 


ees 


(a) lim A(x) (6) lim A(x) (@) limga) (b) lim g(x) 


In Exercises 7-10, find the limit L. Then use the ¢-6 definition 
to prove that the limit is L. 


7. lim (3 — x) 8. lim Sx 
9. lim (x? — 3) 10. lim 9 


In Exercises 11-24, find the limit (if it exists). 


11. lim Vr + 2 12. lim 3ly — 1| 

> y> 

. t+2 _P-9 

a ae es 
15. tim V2 —2 i6. lim === 

ed xo 4 x30 x 

+ 1)] — +s)-— 

i im e+] isi ee s)-1 


19. lim 2 


20. lim 5 


21. lim 


4x 
im 
x>7/4 tan x 


23. lim sin[ (7/6) + Ax] — (1/2) 
* Aro Ax 
[Hint: sin(@ + p) = sin 0 cos ¢ + cos 0 sin d] 
. cos(w + Ax) + 1 
24. a a 
m, Ax 


22. 


[Hint: cos(@ + ) = cos 0 cos d — sin 0 sin ¢] 


Alw 


In Exercises 25 and 26, evaluate the limit given lim f (x) = — 
and lim g(x) = A ae 
xc 


25. lim [f(x)g(x)] 


26. lim [f(x) + 2¢(2)] 


Numerical, Graphical, and Analytic Analysis In Exercises 27 
and 28, consider 


lim f(x). 


x>1t 


(a) Complete the table to estimate the limit. 


(b) Use a graphing utility to graph the function and use the 
graph to estimate the limit. 


(c) Rationalize the numerator to find the exact value of the 
limit analytically. 


x 1.1 1.01 1.001 1.0001 
f(x) 
z. f =- H 
x=-1 
= 
28. fx) = {1 vs 


[Hint: a — b? = (a — b)(a? + ab + b?)| 


Free-Falling Object In Exercises 29 and 30, use the position 
function s(t) = —4.9t? + 200, which gives the height (in meters) 
of an object that has fallen from a height of 200 meters. The 
velocity at time ¢ = a seconds is given by 


lim fa) =) = a 


tra a-t 


29. Find the velocity of the object when t = 4. 
30. At what velocity will the object impact the ground? 
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In Exercises 31—36, find the limit (if it exists). If the limit does 
not exist, explain why. 


31. lim k= 

x>3 x — 3 
32 lim [x - 1] 

. (x — 2)?, x <2 
33. lim f(x), where f(x) = 

x2 2 Ki x>2 

Jl=x, x31 

34. lim g(x), where g(x) = | 

x1 x+ l; x> 1 

l e+, t<1 
35. lim A(t), where h(t) = 3; 

1 at+ 1), r21 


—s? — 4s — 2, s < -2 


36. li » wh J 
im, f(s) where f(s) P + 4s + 6, s> =2 


In Exercises 37—46, determine the intervals on which the func- 
tion is continuous. 


37. f= kt 3] 


oa = 
38. f(x) = o 
3x2 -x-2 
3. so = x-1 HATA 
A x= 
40. f(x) = B k ji : ; 
41. f(x) = PEE 42. f(x) = . j= 
43. fl) = —— 44, fa) = 275 


45. f(x) = csc a 


5 46. f(x) = tan 2x 


47. Determine the value of c such that the function is continuous on 
the entire real line. 


FQ) -| 


Kot 3; x<2 
cx +6, x>2 


48. Determine the values of b and c such that the function is 
continuous on the entire real line. 


wes l<x<3 
fla wetbxt+c, |x-2| 21 


49. Use the Intermediate Value Theorem to show that 
f(x) = 2x3 — 3 has a zero in the interval [1, 2]. 


50. Delivery Charges The cost of sending an overnight package 
from New York to Atlanta is $9.80 for the first pound and $2.50 
for each additional pound or fraction thereof. Use the greatest 
integer function to create a model for the cost C of overnight 
delivery of a package weighing x pounds. Use a graphing 
utility to graph the function and discuss its continuity. 
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x- — 4 
|x = 2| 


(a) lim f(x) 
©) lim fo) 
(c) lim f(x) 
52. Let f(x) = /x(x = 1). 


(a) Find the domain of f. 
(b) Find lim f(x). 


51. Let f(x) = . Find each limit (if possible). 


(c) Find lim, f(x). 


In Exercises 53—56, find the vertical asymptotes (if any) of the 
graphs of the function. 


2 4x 
. g(x) = 145 . AG) = 
53. g(x) = 1 x 54. h(x) I2 


x2 


55. f(x) = oe 56. f(x) = csc mx 


In Exercises 57—68, find the one-sided limit. 


2x7 +x4+1 
57. lim 2——“~—— 58. lim 
x27 KP x3(1/2)+ 2x — 1 
x+1 x+1 
59. li = F . li =m 
2? a Fi 60 Jm aci 
Gr bS "=ar 
6l. lim 1—2 62. lim 4—2 
x>17 x= 1 x>-1t KE | 
. 1 . 1 
63. lim |x- 3 64, lim — == 
x30* x PIET 3 x2 — A 
4 
65. lim => 66. lim = 
x30t 5x x>0* X 
2 2 
67. lim S2 68. lim Z 
x=>0+t X x07 x 


69. Environment A utility company burns coal to generate elec- 
tricity. The cost C in dollars of removing p% of the air 
pollutants in the stack emissions is 


_ 80,000p 


e= iosep 


0 < p < 100. 


Find the cost of removing (a) 15%, (b) 50%, and (c) 90% of 
the pollutants. (d) Find the limit of C as p — 1007. 


70. The function f is defined as shown. 


tan 2x 
) = 


f(x , x+0 


x 


tan 2x 


(a) Find lim (if it exists). 
x0 


(b) Can the function f be defined at x = 0 such that it is 
continuous at x = 0? 


| PS. | Problem Solving 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


1. Let P(x, y) be a point on the parabola y = x? in the first quad- 
rant. Consider the triangle APAO formed by P, A(0, 1), and the 
origin O(0, 0), and the triangle APBO formed by P, B(1, 0), and 
the origin. 


(a) Write the perimeter of each triangle in terms of x. 
(b) Let r(x) be the ratio of the perimeters of the two triangles, 


(a= Perimeter APAO 
Perimeter APBO’ 


Complete the table. 


x 4 2 1 0.1 | 0.01 


Perimeter APAO 


Perimeter APBO 


r(x) 


(c) Calculate lim, r(x). 
-F 
2. Let P(x, y) be a point on the parabola y = x? in the first quad- 
rant. Consider the triangle APAO formed by P, A(0, 1), and the 
origin O(0, 0), and the triangle APBO formed by P, B(1, 0), and 
the origin. 


(a) Write the area of each triangle in terms of x. 
(b) Let a(x) be the ratio of the areas of the two triangles, 


dos Area APBO 
Area APAO` 


Complete the table. 


x 4 2 1 0.1 0.01 
Area APAO 


Area APBO 
a(x) 


(c) Calculate lim, a(x). 


. (a) Find the area of a regular hexagon inscribed in a circle of 


radius 1. How close is this area to that of the circle? 


(b) Find the area A, of an n-sided regular polygon inscribed in 
a circle of radius 1. Write your answer as a function of n. 


(c) Complete the table. 


n 6 12 | 24 | 48 | 96 
A 


(d) What number does A, approach as n gets larger and larger? 


Figure for 3 Figure for 4 


. Let P(3, 4) be a point on the circle x? + y? = 25. 


(a) What is the slope of the line joining P and O(0, 0)? 
(b) Find an equation of the tangent line to the circle at P. 


(c) Let Q(x, y) be another point on the circle in the first quadrant. 
Find the slope m, of the line joining P and Q in terms of x. 


(d) Calculate lim m, How does this number relate to your 
x> 


answer in part (b)? 


. Let P(5, — 12) be a point on the circle x? + y? = 169. 


P(5, —12) 


(a) What is the slope of the line joining P and O(0, 0)? 
(b) Find an equation of the tangent line to the circle at P. 


(c) Let Q(x, y) be another point on the circle in the fourth quad- 
rant. Find the slope m, of the line joining P and Q in terms 
of x. 


(d) Calculate lim m,. How does this number relate to your 
x. 


answer in part (b)? 


. Find the values of the constants a and b such that 


3. 


lim 
x70 


Va+bx- <43 
x 


94 


10. 


11. 


. Consider the function f(x) = 


CHAPTER 1 Limits and Their Properties 


ere 


=l 


(a) Find the domain of f. 
(b) Use a graphing utility to graph the function. 
(c) Calculate lim f(x). 


(d) Calculate lim f(x). 


. Determine all values of the constant a such that the following 


function is continuous for all real numbers. 


ax 


a—2, x<0 
. Consider the graphs of the four functions g,, g5, g3, and g4. 
y y 
A A 
37 34 e 
&1 8 


x t 
1 2 3 1 2 3 
y y 
A A 
3+ _—_e a S 
&4 
2-- 83 2+ e 
it —— 1+ 
—}—_}—_}_} > x ——_}—_}+—_ ++ 
1 2 3 1 2 3 


For each given condition of the function f, which of the graphs 
could be the graph of f? 


(a) lim f(x) = 3 

(b) f is continuous at 2. 
© lim f@) =3 
Sketch the graph of the function f(x) = [+]. 


(a) Evaluate (4), f(3), and f(1). 

(b) Evaluate the limits lim f(x), lim f(x), lim f(x), and 
Jim, FO). xol- xolt x30 

(c) Discuss the continuity of the function. 

Sketch the graph of the function f(x) = [x] + [-x]. 

(a) Evaluate f(1), f(0), f(4), and f(—2.7). 

(b) Evaluate the limits Jim f(x), Jim, f(x), and lii f(x). 


(c) Discuss the continuity of the function. 


12. 


13. 


14. 
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To escape Earth’s gravitational field, a rocket must be launched 
with an initial velocity called the escape velocity. A rocket 
launched from the surface of Earth has velocity v (in miles per 
second) given by 


2GM  ,  2GM __ ye ` 
R r EN R ~ 7 + vg — 48 


where vg is the initial velocity, r is the distance from the rocket to 

the center of Earth, G is the gravitational constant, M is the mass 

of Earth, and R is the radius of Earth (approximately 4000 miles). 

(a) Find the value of vy for which you obtain an infinite limit 
for r as v tends to zero. This value of vp is the escape 
velocity for Earth. 


(b) A rocket launched from the surface of the moon has 
velocity v (in miles per second) given by 


1920 | 


2 
F vg = 2.17. 


Find the escape velocity for the moon. 


(c 


Ss 


A rocket launched from the surface of a planet has velocity 
v (in miles per second) given by 


1 
v= J oe E v2 — 6.99. 


Find the escape velocity for this planet. Is the mass of this 
planet larger or smaller than that of Earth? (Assume that the 
mean density of this planet is the same as that of Earth.) 


For positive numbers a < b, the pulse function is defined as 
0, x<a 

P px) = H(x — a) — H(x — b)=\1, asx<b 
0, x2b 


1 > 
where H(x) = | n XED is the Heaviside function. 


0, x<0 


(a) Sketch the graph of the pulse function. 
(b) Find the following limits: 

@ lim P,,() (ii) lim P p) 
(iii) lim, Pap) (iv) lim P44) 
(c) Discuss the continuity of the pulse function. 
(d) Why is 


Ua) = z Paal) 


called the unit pulse function? 
Let a be a nonzero constant. Prove that if lim f(x) = L, then 
lim f(ax) = L. Show by means of an example that a must be 
xX 


nonzero. 
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The Derivative and the Tangent Line Problem 


e Find the slope of the tangent line to a curve at a point. 
e Use the limit definition to find the derivative of a function. 
e Understand the relationship between differentiability and continuity. 


Isaac NEWTON (1642-1727) 
In addition to his work in calculus, Newton 
made revolutionary contributions to physics, 


including the Law of Universal Gravitation The Tangent Line Problem 
and his three laws of motion. : _ 
Calculus grew out of four major problems that European mathematicians were work- 


ing on during the seventeenth century. 


MathBio 1. The tangent line problem (Section 1.1 and this section) 


2. The velocity and acceleration problem (Sections 2.2 and 2.3) 
3. The minimum and maximum problem (Section 3.1) 
4. The area problem (Sections 1.1 and 4.2) 


Each problem involves the notion of a limit, and calculus can be introduced with any 
of the four problems. 
A brief introduction to the tangent line problem is given in Section 1.1. Although 
partial solutions to this problem were given by Pierre de Fermat (1601-1665), René 
Descartes (1596-1650), Christian Huygens (1629-1695), and Isaac Barrow 
(1630-1677), credit for the first general solution is usually given to Isaac Newton 
(1642-1727) and Gottfried Leibniz (1646-1716). Newton’s work on this problem 
stemmed from his interest in optics and light refraction. 
y What does it mean to say that a line is tangent to a curve at a point? For a circle, 


the tangent line at a point P is the line that is perpendicular to the radial line at point 
P, as shown in Figure 2.1. 
For a general curve, however, the problem is more difficult. For example, how 
P would you define the tangent lines shown in Figure 2.2? You might say that a line is 
tangent to a curve at a point P if it touches, but does not cross, the curve at point P. 
This definition would work for the first curve shown in Figure 2.2, but not for the 
second. Or you might say that a line is tangent to a curve if the line touches or 
intersects the curve at exactly one point. This definition would work for a circle but 
ee 4 not for more general curves, as the third curve in Figure 2.2 shows. 
y y 
A 
Tangent line to a circle y=f) 
Figure 2.1 P 
y=f%) 
P 
>X >x 
Tangent line to a curve at a point 
FOR FURTHER INFORMATION For Figure 2.2 
more information on the crediting of 
mathematical discoveries to the first 
“discoverer,” see the article 
“Mathematical Firsts—Who Done It?” 
by Richard H. Williams and Roy D. Identifying a Tangent Line Use a graphing utility to graph the function 
Mazzagatti in Mathematics Teacher. FO) = 257 — 4" 3x = 5, Onithe same screen, graphy =x = 5, y = 2x — 3, 


— and y = 3x — 5. Which of these lines, if any, appears to be tangent to the graph 
MathArticle of f at the point (0, — 5)? Explain your reasoning. 


(c+ Ax, f(c + Ax)) 


fle + Ax) = f(c) = Ay 


> xX 


The secant line through (c, f(c)) and 
(c + Ax, fe + Ax)) 
Figure 2.3 


THE TANGENT LINE PROBLEM 


In 1637, mathematician René Descartes stated 
this about the tangent line problem: 


“And I dare say that this is not only the most 
useful and general problem in geometry that 
I know, but even that I ever desire to know.” 
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Essentially, the problem of finding the tangent line at a point P boils down to the 
problem of finding the slope of the tangent line at point P. You can approximate this 
slope using a secant line* through the point of tangency and a second point on the 
curve, as shown in Figure 2.3. If (c,f(c)) is the point of tangency and 
(c + Ax, f(c + Ax)) is a second point on the graph of f, the slope of the secant line 
through the two points is given by substitution into the slope formula 


J2 YI 

X27 Ai 
es fle + Ax) = f(e) Change in y 
Seg (c + Ax) -c Change in x 


_ fle + Ax) =f 


M e ie Slope of secant line 


The right-hand side of this equation is a difference quotient. The denominator Ax is 
the change in x, and the numerator Ay = f(c + Ax) — f(c) is the change in y. 

The beauty of this procedure is that you can obtain more and more accurate 
approximations of the slope of the tangent line by choosing points closer and closer 
to the point of tangency, as shown in Figure 2.4. 


(c, fc) 
iA y 
Ax E fo) 


_—— (c, f(c)) 
Ax>0_ 


(c, FO) 


Tangent line Tangent line 


Tangent line approximations 
Figure 2.4 


To view a sequence of secant lines approaching a tangent line, select the 
Animation button. 


Definition of Tangent Line with Slope m 


If f is defined on an open interval containing c, and if the limit 


lim a lim fle + Ax) ~ fle) =m 


Ax>0 Ax  Ax>0 Ax 


exists, then the line passing through (c, f(c)) with slope m is the tangent line to 
the graph of f at the point (c, f(c)). 


|Video | | video | 
The slope of the tangent line to the graph of f at the point (c, f(c)) is also called 
the slope of the graph of f at x = c. 


* This use of the word secant comes from the Latin secare, meaning to cut, and is not a reference 
to the trigonometric function of the same name. 
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EXAMPLE | The Slope of the Graph of a Linear Function 


Find the slope of the graph of 
f(x) = 2x - 3 
at the point (2, 1). 


Solution To find the slope of the graph of f when c = 2, you can apply the defini- 


tion of the slope of a tangent line, as shown. 
lim f2 + Ax) f2) lim [2(2 + Ax) — 3] — [2(2) — 3] 
Ax>0 Ax Ax>0 Ax 
. 4+ 2Ax-3-44+3 
= li 
Ax-0 Ax 
=r 2A% 
pees Ax 
= lim 2 
Ax—>0 
; =2 
The slope of f at (2, 1) ism = 2. 
Figure 2.5 The slope of f at (c, f(c)) = (2, 1) is m = 2, as shown in Figure 2.5. — 
—————— | 
||_Enitame Graph | NOTE In Example 1, the limit definition of the slope of f agrees with the definition of the 


slope of a line as discussed in Section P.2. 
[Try te] [Exoration] 

The graph of a linear function has the same slope at any point. This is not true of 
nonlinear functions, as shown in the following example. 


A EXAMPLE 2 Tangent Lines to the Graph of a Nonlinear Function 


Find the slopes of the tangent lines to the graph of 
fy =x?4+1 


fœ=x +1 . e 
Tangent at the points (0, 1) and (— 1, 2), as shown in Figure 2.6. 


line at ~~ 
(-1,2) 


Tangent line 


Ze) Solution Let (c, f(c)) represent an arbitrary point on the graph of f. Then the slope 
of the tangent line at (c, f(c)) is given by 


-23 =l 1 2 üm fle + Ax) — f(c) — lim [(c + Ax)? + 1] — (e? + 1) 
The slope of f at any point (c, f(c)) is Ax>0 Ax Ax>0 Ax 
m= x. |. cœ + 2c(Ax) + (Ax)? +1 — c? -— 1 
Figure 2.6 = Jim, Te 


mS Ea 2 
Ax>0 Ax 
= lim (2c + Ax) 
Ax0 


= 2c. 


So, the slope at any point (c, f(c)) on the graph of f is m = 2c. At the point (0, 1), the 
slope is m = 2(0) = 0, and at (— 1, 2), the slope is m = 2(—1) = —2. — 


NOTE In Example 2, note that c is held constant in the limit process (as Ax —> 0). 


[Try tt | [Exploration a | 
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Vertical The definition of a tangent line to a curve does not cover the possibility of a 
PER vertical tangent line. For vertical tangent lines, you can use the following definition. 
ine 


If f is continuous at c and 


im C+ = LO _ im Lt 4) = fO _ L 
eso Ax Se UE! Ae Ña 


(c, FO) 
the vertical line x = c passing through (c, f(c)) is a vertical tangent line to the graph 
of f. For example, the function shown in Figure 2.7 has a vertical tangent line at 
(c, f(c)). If the domain of f is the closed interval [a, b], you can extend the definition 
c = of a vertical tangent line to include the endpoints by considering continuity and 
limits from the right (for x = a) and from the left (for x = b). 


The graph of f has a vertical tangent line at 
O Ea l 
Figure 2.7 The Derivative of a Function 


You have now arrived at a crucial point in the study of calculus. The limit used to 
define the slope of a tangent line is also used to define one of the two fundamental 
operations of calculus—differentiation. 


Definition of the Derivative of a Function 
The derivative of f at x is given by 


ma a Ja +t Ax -fo 
J) = jim, i 


provided the limit exists. For all x for which this limit exists, f’ is a function 
of x. 


| Video _| 

Be sure you see that the derivative of a function of x is also a function of x. This 
“new” function gives the slope of the tangent line to the graph of f at the point 
(x, f(x)), provided that the graph has a tangent line at this point. 

The process of finding the derivative of a function is called differentiation. A 
function is differentiable at x if its derivative exists at x and is differentiable on an 
open interval (a, b) if it is differentiable at every point in the interval. 

In addition to f(x), which is read as “f prime of x,” other notations are used to 
denote the derivative of y = f(x). The most common are 


f(x), FF yi, r [ if (x)], Dy]. Notation for derivatives 


The notation dy/dx is read as “the derivative of y with respect to x’ or simply 
“dy — dx”. Using limit notation, you can write 


Oy g A 
—= lim — 
dx Ax>0 Ax 


on fot Ad) -F00) 


| 
= 
em, 
= 
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EXAMPLE 3 Finding the Derivative by the Limit Process 


Find the derivative of f(x) = x? + 2x. 


Solution 
f _ f(x + Ax) — f) a a 
f (x) E Em, Ax Definition of derivative 
(x + Ax)? + 2(x + Ax) — œ + 2x) 
= lim 
Ax—>0 Ax 
_ X + 3x2Ax + 3x(Ax)? + (Ax) + 2x + 2Ax — x3 — 2x 
S P When using the definition Bad Ax 
to ond a derivative of a function, the key | 3x?Ax + 3x(Ax)? + (Ax)? + 2Ax 
is to rewrite the difference quotient so = Jim, Ax 
that Ax does not occur as a factor of the 5 3 
denominator. = Tii AL [3x + 3xAx + (Ax)? + 2] 
Ax>0 A£ 
= lim [3x2 + 3xAx + (Ax)? + 2] 
Ax0 
= 3x? + 2 ee 
m [Eee] [eee 
Eee ESE) 
The editable graph feature below allows you to edit the graph of a function and 
its derivative. 
EDI 
Remember that the derivative of a function f is itself a function, which can be 
used to find the slope of the tangent line at the point (x, f(x)) on the graph of f. 
EXAMPLE 4 Using the Derivative to Find the Slope at a Point 
Find f'(x) for f(x) = \/x. Then find the slope of the graph of f at the points (1, 1) and 
(4, 2). Discuss the behavior of f at (0, 0). 
Solution Use the procedure for rationalizing numerators, as discussed in Section 1.3. 
’ (x + Ax) — f(x) 
fœ) = lim f ae f Definition of derivative 
lim Jx + Ax — [Jx 
ah Ax 
— lim Vx + Ax — Vx \[-V/x + Ax + vx 
5 Ax>0 Ax Vx + Ax + Sx 
4 = i (x + Ax) — x 
3T Ax>0 Ax( /x + Ax + Vx) 
A£ 


dm, ae ae F Vx) 


m 
Ax>0 Yx + a alg 


x z >0 
(0,0) 1 2 3 4 2/fx x 
The slope of f at (x, f(x)), x > 0, is At the point (1, 1), the slope is f(1) = ż. At the point (4, 2), the slope is f(4) = L, 
m= (2 /x i See Figure 2.8. At the point (0, 0), the slope is undefined. Moreover, the graph of f 
Figure 2.8 has a vertical tangent line at (0, 0). 


(1, 2) 


y=-2t+4 


At the point (1, 2) the line y = — 2t + 4 
is tangent to the graph of y = 2/t. 
Figure 2.9 


(x, Sf) 


(c, fo) 


fa) - fl) 


> xX 


1 
1 
1 
1 
1 
1 
1 
1 
1 
|] 
1 
1 
1 
1 
1 
1 
1 
x 


CS) iets Shenae oper ereres 


As x approaches c, the secant line approaches 
the tangent line. 
Figure 2.10 
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In many applications, it is convenient to use a variable other than x as the 
independent variable, as shown in Example 5. 


EXAMPLE 5 Finding the Derivative of a Function 
Find the derivative with respect to ¢ for the function y = 2/t. 


Solution Considering y = f(t), you obtain 


d t + At) — f(t 
_ lim £ ) f ) Definition of derivative 
dt At>0 At 
72 
> t+At f 
= lim f(t + At) = 2/(t + At) and f(t) = 2/t 
At—0 At 
2t — 2(t + Ar) 
t(t + Ar) 
= lim Combine fractions in numerator. 
At0 At 
li ae Divid fi f A 
= hm t t A 
am, AA G F Ai) ivide out common factor o; 
= lim = Simplif: 
Aro t(t + At) ee 


2 


= =. Evaluate limit as At— 0. 


2 
o A | [SEREEEEE] 

The editable graph feature below allows you to edit the graph of a function and 
its derivative. 


Ea) 
TECHNOLOGY A graphing utility can be used to reinforce the result given in 
Example 5. For instance, using the formula dy/dt = —2/t?, you know that the 


slope of the graph of y = 2/t at the point (1, 2) is m = —2. This implies that an 
equation of the tangent line to the graph at (1, 2) is 


y-2=-2(t-1) or y=-2r+4 


as shown in Figure 2.9. 


Differentiability and Continuity 


The following alternative limit form of the derivative is useful in investigating the 
relationship between differentiability and continuity. The derivative of f at c is 


fo) = lim se) = O Alternative form of derivative 
TSE AEE 


provided this limit exists (see Figure 2.10). (A proof of the equivalence of this form 
is given in Appendix A.) Note that the existence of the limit in this alternative form 
requires that the one-sided limits 

km O-O aa m O-O 

xc x UE x—ct cman 6 
exist and are equal. These one-sided limits are called the derivatives from the left 
and from the right, respectively. It follows that f is differentiable on the closed 
interval [a, b] if it is differentiable on (a, b) and if the derivative from the right at a 
and the derivative from the left at b both exist. 
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A If a function is not continuous at x = c, it is also not differentiable at x = c. For 
instance, the greatest integer function 
2+ o_o 
all fa) = bl 
is not continuous at x = 0, and so it is not differentiable at x = 0 (see Figure 2.11). 
|| od |} 0 f : . 
ap aj 1 2 3 You can verify this by observing that 
eo 
fœ = bl . x 0 lim l= (0) 
lim f )= A ) lim [ ] = Derivative from the left 
e—o 2 + x07 ~ x07 ps 
The greatest integer function is not differen- and 
tiable at x = 0, because it is not continuous x) — £0 x] — 0 
atx = 0. lim L= 10) — 45, lal = 0. Derivative from the right 
x30+ K = 0 x30+ x 
Figure 2.11 
Although it is true that differentiability implies continuity (as shown in Theorem 2.1 
on the next page), the converse is not true. That is, it is possible for a function to be 
continuous at x = c and not differentiable at x = c. Examples 6 and 7 illustrate this 
possibility. 
EXAMPLE 6 A Graph with a Sharp Turn 
y The function 
A 
= |x E 2| 
3+ fœ =|x-2] 


shown in Figure 2.12 is continuous at x = 2. But, the one-sided limits 


m OIO _ imn eE 


Derivative from the left 


x27 i= 2 x27 A = 2 
and 
fœ- fD Ix = 2| = 0 = : 
f is not differentiable at x = 2, because the rn = lim —— 5; =! Derivative irom: the right 
derivatives from the left and from the right 
are not equal. are not equal. So, f is not differentiable at x = 2 and the graph of f does not have a 
Figure 2.12 tangent line at the point (2, 0). 


EXAMPLE 7 A Graph with a Vertical Tangent Line 


The function 


fa) =x 


is continuous at x = 0, as shown in Figure 2.13. But, because the limit 


fe) =f) _ ,, x1 = 0 


x90 x-0 x0 x 
1 
= lim — 
x0 2/3 
= CO 


0, because f 
0. 


f is not differentiable at x 
has a vertical tangent at x is infinite, you can conclude that the tangent line is vertical at x = 0. So, — is not 


Figure 2.13 differentiable at x = 0. 
ERI [iy Te] [eea] [Seow] [Epee] 
From Examples 6 and 7, you can see that a function is not differentiable at a point 
at which its graph has a sharp turn or a vertical tangent. 
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TECHNOLOGY Some graphing 
utilities, such as Derive, Maple, THEOREM 2.1  Differentiability Implies Continuity 
Mathcad, Mathematica, and the TI-89, 


gas a If f is differentiable at x = c, then f is continuous at x = c. 
perform symbolic differentiation. Others 


perform numerical differentiation by 


finding values'of derivatives using the Proof You can prove that f is continuous at x = c by showing that f(x) approaches 


tornali f(c) as xc. To do this, use the differentiability of f at x = c and consider the 
@ ~ f(x + Ax) — f(x — Ax) following limit. 
F) © 2Ax 
; ; x) — fle 
where Ax is a small number such as lim Lf) — f(e)] = lim lo k (22 A0] 
0.001. Can you see any problems with aar ia 
this definition? For instance, using this = | lim (x — o) || lim f (= f (c) 
definition, what is the value of the xc x>c X-C 
Bond _ Li , 
derivative of f(x) = |x| when x = 0? = OL] 
=0 


Because the difference f(x) — f(c) approaches zero as x— c, you can conclude that 
lim f(x) = f(c). So, f is continuous at x = c. n 
x—>c 


The following statements summarize the relationship between continuity and 
differentiability. 


1. If a function is differentiable at x = c, then it is continuous at x = c. So, differen- 
tiability implies continuity. 

2. It is possible for a function to be continuous at x = c and not be differentiable at 
x = c. So, continuity does not imply differentiability. 


Exercises for Section 2.1 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1 and 2, estimate the slope of the graph at the 
points (x,, y,) and (X25 Y2). 


1. (a) y (b) 4 
A 


(x, Y2) 
iors iam 


2. (a) y (b) 
ate acd 


In Exercises 3 and 4, use the graph shown in the figure. 
To print an enlarged copy of the graph, select the MathGraph 
button. 


12345 6 


3. Identify or sketch each of the quantities on the figure. 


(a) fC) and (4) (b) f(4) — f0) 


© y= We- A 


4. Insert the proper inequality symbol (< or >) between the given 
quantities. 
@ f(4) — f0) f4) — fG) 
4-1 4-3 
F4 = fQ) 


© A= fa) 
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In Exercises 5-10, find the slope of the tangent line to the graph 


of the function at the given point. 
5. f(x) =3-— 2x, (-1,5) 6. g(x) =3x+1, (-2, -2) 
7. ex) =x? -4, (1, -3) 8. g(x) =5— x, (2,1) 
9. f(t) = 3t— t?, (0,0) 10. h(t) =£ +3, (—2,7) 
In Exercises 11-24, find the derivative by the limit process. 
11. f(x) = 3 12. g(x) = -5 (a) y (b) 7 
13. f(x) = -5x 14. f(x) =3x+2 5 + 
15. h(s) = 3 + 3s 16. f(x) = 9 — 3x : ji 
17. f(x) =2x2 +x- 1 18. f(x) = 1- x? 5 f 
19. f(x) = x3 — 12x 20. f(x) = x3 + x? its + t t } x 
fi 1 T > x Te, ee ak 
= 1 = iL: Ay L 1 2 3 4 5 adi 
21. f(x) mE 22. f(x) 2 
23. f(x) = Vx Fl 24. f) = © ? (@) y 
vx 34 3 
2+ r 
In Exercises 25-32, (a) find an equation of the tangent line to the 1 o 
graph of f at the given point, (b) use a graphing utility to graph t—+—+ t—+—+} > x Hx 
the function and its tangent line at the point, and (c) use the deriv- aot yg | 2 
ative feature of a graphing utility to confirm your results. -27 
-3 =i, 
25. f(x) =x? +1, (2,5) 
26. f(x) =x? + 2x +1, (—3,4) 41. The tangent line to the graph of y = g(x) at the point (5, 2) 
27. f(x) = x3, (2,8) 28. fo) =x +1, (1,2) passes through the point (9, 0). Find g(5) and g’(5). 
_ _ 42. The tangent line to the graph of y = h(x) at the point (— 1, 4) 
29. = , (1,1 5 =J/x-—1, (5,2 ` : 
9. FQ) = Vs Fi (1,0) ae F i 6,2) passes through the point (3, 6). Find A(—1) and h(— 1). 
31. f(x) =x+ T (4, 5) 32. f(x) = PEE (0, 1) 


Writing About Concepts 


In Exercises 33-36, find an equation of the line that is tangent 


` 4 In Exercises 43-46, sketch the graph of f’. Explain how you 
to the graph of f and parallel to the given line. 


found your answer. 


Function Line : j 44. 
33. f(x) = x3 3x -y+1=0 
34. f(x) = x3 +2 3x -—y-4=0 
38. FG) == x+2y-6=0 
1 
36. = +2y+7=0 
f(x) Jx—1 x y 


In Exercises 37-40, the graph of f is given. Select the graph 
of f’. 


37. 


47. Sketch a graph of a function whose derivative is always 
negative. 


Writing About Concepts (continued) 


48. Sketch a graph of a function whose derivative is always 
positive. 


In Exercises 49-52, the limit represents f’(c) for a function 
f and a number c. Find f and c. 
_ (=2 + Ax) + 8 


[5 = 3(1 + Ax)] = 2 
a Ax a reas Ax 
— x2 + 36 2/x - 6 


c= 6 pa x-9 


In Exercises 53-55, identify a function f that has the following 
characteristics. Then sketch the function. 


53. f(0) = 2; 54. f(0) = 4;f’(0) = 0; 
f'(x) = -3, -0 < x < œ f'(x) < 0 for x < 0; 
Sf’ (x) > 0 for x > 0 

55. f(0) = 0; f' (0) = 0; f’(x) > Oif x #0 


56. Assume that f’(c) = 3. Find f’(—c) if (a) f is an odd function 
and if (b) f is an even function. 


In Exercises 57 and 58, find equations of the two tangent lines 
to the graph of f that pass through the indicated point. 


57. f(x) = 4x — x? 58. f(x) = x? 
y 

A 

54+ 

4+ 

3-4 

2+ 

1 


(2, 5) 


59. Graphical Reasoning The figure shows the graph of g’. 


(a) g0) = (b) 33) = 

(c) What can you conclude about the graph of g knowing that 
g’) = —32 

(d) What can you conclude about the graph of g knowing that 
g(—4) = 3 

(e) Is g(6) — g(4) positive or negative? Explain. 

(f) Is it possible to find g(2) from the graph? Explain. 
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function and its tangent lines at x = —1,x = 0, and x = 1. 
Based on the results, determine whether the slopes of tangent 
lines to the graph of a function at different values of x are 
always distinct. 


(a) f(x) = x? (b) g(x) = 3 


Graphical, Numerical, and Analytic Analysis In Exercises 61 
and 62, use a graphing utility to graph f on the interval [—2, 2]. 
Complete the table by graphically estimating the slopes of the 
graph at the indicated points. Then evaluate the slopes analyti- 
cally and compare your results with those obtained graphically. 


x 2 1:5 1 0.5/0} 0.5 | 1 2 
f(x) 
PE 

61. f(x) = 73 62. f(x) = ix? 


Graphical Reasoning In Exercises 63 and 64, use a graphing 
utility to graph the functions f and g in the same viewing 
window where 


_ fœ + 0.01) — f(x) 
a(x) = 0.01 i 


Label the graphs and describe the relationship between them. 


63. f(x) = 2x — x? 64. f(x) = 3x 


In Exercises 65 and 66, evaluate f(2) and f (2.1) and use the 
results to approximate f’(2). 


65. f(x) = x(4 — x) 66. f(x) = ix? 

Graphical Reasoning In Exercises 67 and 68, use a graphing 
utility to graph the function and its derivative in the same 
viewing window. Label the graphs and describe the relationship 
between them. 


1 x3 

67. f(x) = —= 68. f(x) = — — 3x 
f= fa) = 7 

Writing In Exercises 69 and 70, consider the functions f and 
Sy, Where 


fQ + Ax) — fQ) 


Sax (x ) = Ax 


(x — 2) + f2). 


(a) Use a graphing utility to graph f and S,, in the same 
viewing window for Ax = 1, 0.5, and 0.1. 


(b) Give a written description of the graphs of S for the different 
values of Ax in part (a). 


69. fa) = 4 — (x - 3)? 70. f(x) = x+ 2 
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In Exercises 71-80, use the alternative form of the derivative to 
find the derivative at x = c (if it exists). 

71. f(x) =x?-1, c=2 72. g(x) = x(x — 1), c= 

73.. f(x) =x? 42x? +1, c= -2 

74, f(x) =x3 + 2x, c=1 

75. gx) = vxl, c=0 

76. f(x) =1/x, c=3 

77. f(x) = (x — 6), c=6 

78. g(x) = (x + 3)!3, c = -3 

79. h(x) = |x + 5|, c=-5 80. f(x) = 


, c=4 


In Exercises 81-86, describe the x-values at which f is 
differentiable. 


81. f(x) = — 82. f(x) = |x? — 9| 


y y 


A 
124 


83. f(x) = G- 3) 84. f(x) == 


y 


Graphical Analysis In Exercises 87—90, use a graphing utility 
to find the x-values at which f is differentiable. 


2x 
= 


87. f(x) = |x + 3| 88. f(x) = 
89. f(x) = 22/5 
90. f(x) = ie 


— 3x7 + 3x, x< 1 
— 2x, 
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the right at x = 1 (if they exist). Is the function differentiable at 
x=1? 
91. f(x) = |x- 1| 92. f(x) = JI — x? 


-e= xsl jx xsl 
23: maS x>1 se fo) = [5 x>1 


In Exercises 95 and 96, determine whether the function is 
differentiable at x = 2. 


_ |e «Ss 2 _fixtl, x<2 
ss. fo) = {07% x>2 96. 70) = Re >2 


97. Graphical Reasoning A line with slope m passes through 
the point (0, 4) and has the equation y = mx + 4. 


(a) Write the distance d between the line and the point (3, 1) 
as a function of m. 

(b) Use a graphing utility to graph the function d in part (a). 
Based on the graph, is the function differentiable at every 
value of m? If not, where is it not differentiable? 


98. Conjecture Consider the functions f(x) = x? and g(x) = x. 
(a) Graph f and f’ on the same set of axes. 
(b) Graph g and g’ on the same set of axes. 


(c) Identify a pattern between f and g and their respective 
derivatives. Use the pattern to make a conjecture about 
h(x) if h(x) = x”, where n is an integer and n > 2. 

(d) Find f(x) if f(x) = xt. Compare the result with the 
conjecture in part (c). Is this a proof of your conjecture? 
Explain. 


True or False? In Exercises 99-102, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


99. The slope of the tangent line to the differentiable function f at 


+ i, 
the point (2, f(2)) is f2 + Ax) -fO 
Ax 
100. If a function is continuous at a point, then it is differentiable 
at that point. 


101. If a function has derivatives from both the right and the left at 
a point, then it is differentiable at that point. 


102. If a function is differentiable at a point, then it is continuous 
at that point. 


enb x+0 
x 


P x+0 
x ; 
0, x=0 


and g(x) = | 
0, x=0 


103. Let f(x) = | 


Show that f is continuous, but not differentiable, at x = 0. 
Show that g is differentiable at 0, and find g’(0). 


104. Writing Use a graphing utility to graph the two functions 
f(x) =x? +1 and g(x)= |x| +1 in the same viewing 
window. Use the zoom and trace features to analyze the graphs 
near the point (0, 1). What do you observe? Which function is 
differentiable at this point? Write a short paragraph describing 
the geometric significance of differentiability at a point. 
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Section 2.2 Basic Differentiation Rules and Rates of Change 
Find the derivative of a function using the Constant Rule. 
| Video | |_Video_| 
y 
A 


Find the derivative of a function using the Power Rule. 

Find the derivative of a function using the Constant Multiple Rule. 
Find the derivative of a function using the Sum and Difference Rules. 
Find the derivatives of the sine function and of the cosine function. 

e Use derivatives to find rates of change. 


The Constant Rule 


In Section 2.1 you used the limit definition to find derivatives. In this and the next two 
sections you will be introduced to several “differentiation rules” that allow you to find 


The slope of a derivatives without the direct use of the limit definition. 

horizontal line 

is 0. 

THEOREM 2.2 The Constant Rule 
TOs The derivative of a constant function is 0. That is, if c is a real number, then 

The derivative of a 

constant function d 

is 0. —|c| = 0. 

1S = dx L | 
The Constant Rule Proof Let f(x) = c. Then, by the limit definition of the derivative, 
Figure 2.14 


d H 
Z ie] = f'o) 


= ji 
ao Ax 
NOTE In Figure 2.14, note that the _ 
Constant Rule is equivalent to saying = lim T 
that the slope of a horizontal line is 0. A&>0 Ax 
This demonstrates the relationship = lim 0 
between slope and derivative. Ax>0 
= 0. 
EXAMPLE | Using the Constant Rule 
Function Derivative 
dy 
ay=7 =O 
7 dx 
b. fx) = (a) = 0 
c. s(t) = —3 s(t) =0 
d. y = kar’, k is constant y’=0 = 


E [eplrations 


The editable graph feature below allows you to edit the graph of a function. 


Writing a Conjecture Use the definition of the derivative given in Section 2.1 
to find the derivative of each function. What patterns do you see? Use your 
results to write a conjecture about the derivative of f(x) = x”. 

xi Deco) kee C iG) = x 
ab Fo = a fe) =? R fe) =a! 
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The Power Rule 


Before proving the next rule, it is important to review the procedure for expanding a 
binomial. 


(x + Ax)? = x? + 2xAx + (Ax)? 
(x + Ax)? = x3 + 3x?Ax + 3x(Ax)? + (Ax)? 


The general binomial expansion for a positive integer n is 


= | n-2 
(x + Ax)” = x" + nx"! (Ax) + nin DET (a2)? a ree A (Ax)”. 
g jI 
(Ax)? is a factor of these terms. 


This binomial expansion is used in proving a special case of the Power Rule. 


THEOREM 2.3 The Power Rule 
If n is a rational number, then the function f(x) = x” is differentiable and 
Aig] = nx? 1, 


dx 


For f to be differentiable at x = 0, n must be a number such that x”~! is 
defined on an interval containing 0. 


Proof Ifnis a positive integer greater than 1, then the binomial expansion produces 


KEI Jim, 
xt + nyt W(x) + MADE aye e+ (Qe a 
Eo Ax 
= lim Jen + mi (an) test (a= 
= nx" +0 +- +0 
= nx"! 


This proves the case for which n is a positive integer greater than 1. You will prove the 
case for n = 1. Example 7 in Section 2.3 proves the case for which n is a negative 
integer. In Exercise 75 in Section 2.5 you are asked to prove the case for which n is 
rational. (In Section 5.5, the Power Rule will be extended to cover irrational 
values of n.) — 


When using the Power Rule, the case for which n = 1 is best thought of as a 
separate differentiation rule. That is, 


d 
ae [x] =]. Power Rule when n = 1 
dx 


The slope of the line y = xis 1. This rule is consistent with the fact that the slope of the line y = x is 1, as shown in 
Figure 2.15 Figure 2.15. 


= (0, 0) 1 


Note that the slope of the graph is negative 

at the point (— 1, 1), the slope is zero at the 
point (0, 0), and the slope is positive at the 

point (1, 1). 

Figure 2.16 


-2 
y=-4x-4 
The line y = — 4x — 4 is tangent to the 


graph of f(x) = x? at the point (— 2, 4). 
Figure 2.17 


——_—— = nel 
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EXAMPLE 2. Using the Power Rule 


Function Derivative 
a. f(x) = x3 f(x) = 3x? 
b. g6) = Vx go) = Eia 
dx 3 3x2/3 
-1 V drono 
oye x? dx a ] ( 2)x x? en 


(re ES) 
In Example 2(c), note that before differentiating, 1/x? was rewritten as x. 
Rewriting is the first step in many differentiation problems. 


Given: Rewrite: Differentiate: Simplify: 
i ha E > _ = = eae 
Y- y NEn Pria 2)x dx x 


EXAMPLE 3 Finding the Slope of a Graph 


Find the slope of the graph of f(x) = x+ when 

ax=-l1 b. x =0 «x= 1. 

Solution The slope of a graph at a point is the value of the derivative at that point. 
The derivative of f is f'(x) = 4x°. 

a. When x = —1, the slope is f(— 1) = 4(— 1)? = —4. 
b. When x = 0, the slope is f(0) = 4(0)? = 0. 

c. When x = 1, the slope is f’(1) = 4(1)? = 

See Figure 2.16. 


eal ee) EE 


EXAMPLE 4 Finding an Equation of a Tangent Line 


Slope is negative. 
Slope is zero. 


Slope is positive. 


Find an equation of the tangent line to the graph of f(x) = x? when x = —2. 
Solution To find the point on the graph of f, evaluate the original function at 
x= -2. 

(-2,f(-2)) = (-2,4) 


To find the slope of the graph when x = —2, evaluate the derivative, f(x) = 2x, at 
x= —2. 


m = f(-2) = —4 


Point on graph 


Slope of graph at (—2, 4) 


Now, using the point-slope form of the equation of a line, you can write 


y—y, = m(x- x) Point-slope form 
y- 4 = —4[x — (-2)] Substitute for y,, m, and x,. 
y=—4x-—4. Simplify. 


See Figure 2.17. 
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The Constant Multiple Rule 


THEOREM 2.4 The Constant Multiple Rule 
If f is a differentiable function and c is a real number, then cf is also 


d 
differentiable and gro] = cf(x). 
x 


Proof 
L ifo] = lim aes 29 — fs) Definition of derivative 
= zim, ¢| © i a =f) 
=c¢ | tim, fu au ei 2] Apply Theorem 1.2. 
= of (x) oe 


Informally, the Constant Multiple Rule states that constants can be factored out 
of the differentiation process, even if the constants appear in the denominator. 


EXAMPLE 5 Using the Constant Multiple Rule 


Function Derivative 
2 dy d =i dp 4 _ 2 
y=" = = = 2(-1)x-? = -—4 
a g dx ee ] e ISARN x 
_ 4 a4 | 4d. 4 8 
no- py =4[4te] = 2410) = fey = 81 
= dy _d 1/2 = (3 7) = psi? = 1 
e y=2/x dx al ]=2 7“ x 7 
o 1 dy _ d|1 an= 5(-3) = _ 1 
dy Fie dx F a 3/7 35/3 
eel ES Age 4 


The Constant Multiple Rule and the Power Rule can be combined into one rule. The 
combination rule is 


D,[cx"] = enx"!. 
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EXAMPLE 6 Using Parentheses When Differentiating 


Original Function Rewrite Differentiate Simplify 
=> a2 a eee Ps a9 
a y= 2x3 y= zC ) J = al 3x ) y 2x4 
5 -5-3 oad ,_ D 
b. y (2x)3 y= ze ) y z 3x74) y 8x4 
7 liy ,_7 ,_ 14x 
y= 75 y= Ze) y'= 3 (2x) yan 
7 2 
= = ’ = 63(2 ‘= 126 
d. y (3x)~2 y 63(x?) y 63( x) y xX 


The Sum and Difference Rules 


THEOREM 2.5 The Sum and Difference Rules 


The sum (or difference) of two differentiable functions f and g is itself 
differentiable. Moreover, the derivative of f + g (or f — g) is the sum (or 
difference) of the derivatives of f and g. 


LIO + =F) +e) Sum Rue 


Liy (x) = 8 (x)] =f (x) = 8 (x) Difference Rule 


Proof A proof of the Sum Rule follows from Theorem 1.2. (The Difference Rule 
can be proved in a similar way.) 


< (ft) + e(x)] = Jim, Lf(x + Ax) + glx +o) = Lf(x) + g(x) 
gn fle + A) + gle + Ax) — le) ~ gs) 
Ax>0 Ax 
| fe + Ax) — fa) , ele + Ax) = ga) 
E foun | Ax + Ax | 
On Let AD) =) , pp gt A ~ go) 
Ax—>0 Ax Ax>0 Ax 
= fx) + g(x) = 


The Sum and Difference Rules can be extended to any finite number of functions. 
For instance, if F(x) = f(x) + g(x) — A(x), then F(x) = f(x) + g(x) — hx). 


EXAMPLE 7 Using the Sum and Difference Rules 


Function Derivative 
a. f(x) = x3 — 4x +5 f(x) = 3x2 — 4 
4 
b. g(x) = ey + 3x3 — 2x g(x) = —2x3 + 9x? - 2 


The editable graph feature below allows you to edit the graph of a function and 
its derivative. 


To 
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FOR FURTHER INFORMATION For the Derivatives of Sine and Cosine Functions 
outline of a geometric proof of the deriv- 


atives of the sine and cosine functions, In Section 1.3, you studied the following limits. 

see the article The Spider’s Spacewalk -sin Ax ... it Sees Ar 

Derivation of sin’ and cos’” by Tim lim re =1 and lim aa ae =0 

Hesterberg in The College Mathematics as oe 

Journal. These two limits can be used to prove differentiation rules for the sine and cosine 

7 functions. (The derivatives of the other four trigonometric functions are discussed in 
MathArticle Section 2.3.) 


THEOREM 2.6 Derivatives of Sine and Cosine Functions 


a 
dx 


[sin x] = cos x d [cos x] = —sin x 
dx 


y Proof 
ad [sin x] = lim mesh) = She Definition of derivati 
a = or derivat 
ae Aa Ax eninition Tivative 
. sinxcos Ax + cos x sin Ax — sin x 
= lim 
Ax>0 Ax 
yincreasing y decreasing 7 y increasing = iim cos x sin Ax — (sin x)(1 — cos Ax) 
Ax>0 Ax 
y’ positive y’ negative y’ positive i sin Ax (si 1 — cos Ax 
l = lim | (cos — (sin x)| —— 
an on a oe pe aac ag 
i i i - lim SS sin xt lim 1 — cos Ax 
1 1 1 = CO im a 
! ! ms Ax>0 Ax ms Ax> Ax 
t > xX 
z = (cos x)(1) — (sin x)(0) 
-14 Y COS = cos x 
The derivative of the sine function is the This differentiation rule is shown graphically in Figure 2.18. Note that for each x, the 
cosine function. slope of the sine curve is equal to the value of the cosine. The proof of the second rule 
Figure 2.18 is left as an exercise (see Exercise 116). = 
= eee | 
| Animation | EXAMPLE 8 Derivatives Involving Sines and Cosines 
3 Function Derivative 
=2sin V= Siny ; 
ee > 2 a. y = 2sinx y’ = 2 cosx 
T ‘ 
b a ee hason a 
a ae a aa) 2 
= E c€ y =x + cosx y’=1-sinx 
co TECHNOLOGY A graphing utility can provide insight into the interpretation 
> of a derivative. For instance, Figure 2.19 shows the graphs of 
y=sinx y= sinx y=asinx 


for a = 7 i, 3 and 2. Estimate the slope of each graph at the point (0, 0). Then 
verify your estimates analytically by evaluating the derivative of each function 
Figure 2.19 when x = 0. 


doo 
glei] = a cosx 
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Rates of Change 


You have seen how the derivative is used to determine slope. The derivative can also be 
used to determine the rate of change of one variable with respect to another. Applications 
involving rates of change occur in a wide variety of fields. A few examples are 
population growth rates, production rates, water flow rates, velocity, and acceleration. 

A common use for rate of change is to describe the motion of an object moving 
in a straight line. In such problems, it is customary to use either a horizontal or a 
vertical line with a designated origin to represent the line of motion. On such lines, 
movement to the right (or upward) is considered to be in the positive direction, and 
movement to the left (or downward) is considered to be in the negative direction. 

The function s that gives the position (relative to the origin) of an object as a 
function of time f is called a position function. If, over a period of time Ar, the object 
changes its position by the amount As = s(t + At) — s(t), then, by the familiar 
formula 


_ distance 


Rate - 
time 


the average velocity is 


Change in distance As 
Change in time At 


Average velocity 


EXAMPLE 9 Finding Average Velocity of a Falling Object 
If a billiard ball is dropped from a height of 100 feet, its height s at time ¢ is given by 
the position function 

s = — 16t? + 100 Position function 


where s is measured in feet and ¢ is measured in seconds. Find the average velocity 
over each of the following time intervals. 


a. [1,2] b. [1, 1.5] c. [1, 1.1] 


Solution 


a. For the interval [1, 2], the object falls from a height of s(1) = —16(1)? + 100 = 84 
feet to a height of s(2) = — 16(2)? + 100 = 36 feet. The average velocity is 
As 36-84 —48 


At 2-1 1 — 48 feet per second. 


b. For the interval [1, 1.5], the object falls from a height of 84 feet to a height of 64 
feet. The average velocity is 
As 64—84 —20 
At 15-1 0.5 
c. For the interval [1, 1.1], the object falls from a height of 84 feet to a height of 80.64 
feet. The average velocity is 


As 80.64- 84 -3.36 _ 
A 11-1 0.1 


= —40 feet per second. 


— 33.6 feet per second. 


Note that the average velocities are negative, indicating that the object is moving 
downward. A 


[E a [Enon 
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A Suppose that in Example 9 you wanted to find the instantaneous velocity (or 
simply the velocity) of the object when ¢ = 1. Just as you can approximate the slope 
Tangent line of the tangent line by calculating the slope of the secant line, you can approximate the 


velocity at t = 1 by calculating the average velocity over a small interval [1, 1 + At] 
(see Figure 2.20). By taking the limit as At approaches zero, you obtain the velocity 
when t = 1. Try doing this—you will find that the velocity when t = 1 is — 32 feet 
per second. 

In general, if s = s(¢) is the position function for an object moving along a 
straight line, the velocity of the object at time ¢ is 


TE 
v(t) = iim slr 9 st = s(t). Velocity function 


; i 0 At 
The average velocity between ¢, and t, is T 


the slope of the secant line, and the 


instantaneous velocity at 4 is the slope of In other words, the velocity function is the derivative of the position function. Velocity 


baer can be negative, zero, or positive. The speed of an object is the absolute value of its 
i ` velocity. Speed cannot be negative. 


| Animation | The position of a free-falling object (neglecting air resistance) under the influence 
of gravity can be represented by the equation 


1 
s(t) = 2 (aa Vot + So Position function 


where sọ is the initial height of the object, vg is the initial velocity of the object, and g 
is the acceleration due to gravity. On Earth, the value of g is approximately — 32 feet 
per second per second or —9.8 meters per second per second. 


EXAMPLE I0 Using the Derivative to Find Velocity 


At time ¢ = 0, a diver jumps from a platform diving board that is 32 feet above the 
water (see Figure 2.21). The position of the diver is given by 


s(t) = — 16° + 16t + 32 Position function 
where s is measured in feet and f is measured in seconds. 


a. When does the diver hit the water? 


b. What is the diver’s velocity at impact? 


Solution 
Velocity is positive when an object is rising, a. To find the time ¢ when the diver hits the water, let s = O and solve for t. 
and is negative when an object is falling. — 16t? + 16t + 32 =0 Set position function equal to 0. 
Figure 2.21 
—16(t + 1)(t — 2) =0 Factor. 


ee | 


q wi : f 
NOTE In Figure 2.21, note that the Because t = 0, choose the positive value to conclude that the diver hits the water 


diver moves upward for the first half- at t = 2 seconds. 

second because the velocity is positive b. The velocity at time ft is given by the derivative s(t) = —32t + 16. So, the 
forO <t< L, When the velocity is 0, velocity at time t = 2 is 

the diver has reached the maximum 

height of the dive. s(2) = —32(2) + 16 = —48 feet per second. = 


Exercises for Section 2.2 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1 and 2, use the graph to estimate the slope of the 
tangent line to y = x” at the point (1, 1). Verify your answer 
analytically. To print an enlarged copy of the graph, select the 
MathGraph button. 


1. (a) y = x'? (b) y= x° 


1 1 
7 yO 8. Y= 
9. f(x) = 5x 10. g(x) = Vx 
11. fœ) =x4+1 12. g(x) = 3x — 1 
13. f(t) = —21? + 3t- 6 14. y=2?+ 2-3 
15. g(x) = x? + 4x3 16. y=8-—x3 
17. s(t) =£ — 2t+4 18. f(x) = 2x? — x? + 3x 
19. y= 5 sin 8 — cos 0 20. g(t) = mcos t 
21. y = x? —Fcosx 22. y= 5 + sinx 
Lo. o5 
23. y =~ — 3sinx 2A; Yaya T2 osk 


In Exercises 25-30, complete the table. 


Original Function Rewrite Differentiate Simplify 


5 
25. y= 

2 
26. Y= 32 

3 
IT Gays 
28. y a 


OF 


Original Function Rewrite Differentiate Simplify 


29, y= 


x 

4 
30. y= a 
In Exercises 31-38, find the slope of the graph of the function at 
the given point. Use the derivative feature of a graphing utility 
to confirm your results. 


Function Point 
3 
31. f(x) = 2 (1, 3) 
3 

32. fl) =3- = (3, 2) 
33. fx) = -3 + p (0, =>) 
34. y = 3x3 — 6 (2, 18) 
35. y = (2x + 1)? (0, 1) 
36. f(x) = 3(5 — x)? (5, 0) 
37. f(0) = 4sin 0 — 0 (0, 0) 
38. g(t) = 2 + 3 cost (m, —1) 


In Exercises 39—52, find the derivative of the function. 
39. f(x) =x tS = 3x 40. f(x) = x? — 3x — 3x7? 


al. e) =P 5 42. fl) =x+ 5 


k: 2 + 2 _ J 
43. f(x) = noa 44. h(x) = 2x7 > 3x +1 
45. y = x(x? + 1) 46. y = 3x(6x — 5x?) 
47. f(x) = Vx — 6 ¥x 48. f(x) = Jx + Sx 
49. h(s) = s45 — 52/3 50. f() = 23-1344 
51. f(x) = 6Vx + 5 cos x 52. fla) = se + 30088 
Jx 


In Exercises 53-56, (a) find an equation of the tangent line to 
the graph of f at the given point, (b) use a graphing utility to 
graph the function and its tangent line at the point, and (c) use 
the derivative feature of a graphing utility to confirm your 
results. 


Function Point 
53. y = xt — 3x2 + 2 (1, 0) 
54. y=x3+x (—1;—2) 
2 
55. flo) = 5 (1,2) 
56. y = (x? + 2x\(x + 1) (1,6) 
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In Exercises 57-62, determine the point(s) (if any) at which the 
graph of the function has a horizontal tangent line. 


57. y = x4 — 8x? +2 


58. y= x3 +x 
1 

59. y= 5 

60. y=x? +1 


6l. y=x+ sinx, O<x<27 
62. y = /3x + 2 cosx, O<x<27 


In Exercises 63-66, find k such that the line is tangent to the 
graph of the function. 


Function Line 
63. f(x) = x? — kx y=4x -—9 
64. f(x) =k- x? y= —-4x +7 
k 3 
65. fo => y= 4x3 
66. f(x) = kVx y=xt4 


Writing About Concepts 


67. Use the graph of f to answer each question. To print 
an enlarged copy of the graph, select the MathGraph button. 


y 


(a) Between which two consecutive points is the average 
rate of change of the function greatest? 


(b) Is the average rate of change of the function between A 
and B greater than or less than the instantaneous rate of 
change at B? 


(c) Sketch a tangent line to the graph between C and D such 
that the slope of the tangent line is the same as the 
average rate of change of the function between C and D. 


68. Sketch the graph of a function f such that f” > O for all x 
and the rate of change of the function is decreasing. 


In Exercises 69 and 70, the relationship between f and g is 
given. Explain the relationship between f’ and g’. 


69. g(x) = f(x) + 6 
70. g(x) = —Sf() 
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Writing About Concepts (continued) 


In Exercises 71 and 72, the graphs of a function f and its 
derivative f’ are shown on the same set of coordinate axes. 
Label the graphs as f or f’ and write a short paragraph 
stating the criteria used in making the selection. To print 
an enlarged copy of the graph, select the MathGraph button. 


73. Sketch the graphs of y = x? and y= ~x? + 6x — 5, and 
sketch the two lines that are tangent to both graphs. Find 
equations of these lines. 


74. Show that the graphs of the two equations y = x and y = 1/x 
have tangent lines that are perpendicular to each other at their 
point of intersection. 


75. Show that the graph of the function 
f(x) = 3x + sinx + 2 
does not have a horizontal tangent line. 
76. Show that the graph of the function 
f(x) = x8 + 3x3 + 5x 


does not have a tangent line with a slope of 3. 


In Exercises 77 and 78, find an equation of the tangent line to 
the graph of the function f through the point (xp, Yọ) not on the 
graph. To find the point of tangency (x,y) on the graph of f, 
solve the equation 


fe) = 
77. f(x) = Vx 78. f(x) = Z 


(Xo, Yo) = (—4, 0) (Xo, Yo) z (5, 0) 


79. Linear Approximation Use a graphing utility, with a square 
window setting, to zoom in on the graph of 


f(x) = 4 - 39 


to approximate f’(1). Use the derivative to find f’(1). 


80. Linear Approximation Use a graphing utility, with a square 
window setting, to zoom in on the graph of 


f(x) =4/x +1 


to approximate f’(4). Use the derivative to find {’(4). 


81. Linear Approximation Consider the function f(x) = x°? 
with the solution point (4, 8). 


(a) Use a graphing utility to graph f. Use the zoom feature to 
obtain successive magnifications of the graph in the neigh- 
borhood of the point (4, 8). After zooming in a few times, 
the graph should appear nearly linear. Use the trace feature 
to determine the coordinates of a point near (4, 8). Find an 
equation of the secant line S(x) through the two points. 


(b 


x“ 


Find the equation of the line 
T(x) = FAE — 4) + f(A) 


tangent to the graph of f passing through the given point. 
Why are the linear functions S and T nearly the same? 


(c) Use a graphing utility to graph f and T on the same set of 
coordinate axes. Note that T is a good approximation of f 
when x is close to 4. What happens to the accuracy of the 
approximation as you move farther away from the point of 
tangency? 

(d) Demonstrate the conclusion in part (c) by completing the 
table. 


Ax 3 2 1 0.5 0.1 0 
f(4 + Ax) 


T(4 + Ax) 


Ax 0.1 0.5 1 2 3 
f(4 + Ax) 


T(4 + Ax) 


82. Linear Approximation Repeat Exercise 81 for the function 
f(x) = x? where T(x) is the line tangent to the graph at the point 
(1, 1). Explain why the accuracy of the linear approximation 
decreases more rapidly than in Exercise 81. 


True or False? In Exercises 83-88, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


83. If f(x) = g'(x), then f(x) = g(x). 

84. If f(x) = g(x) + c, then f(x) = g(x). 
85. If y = 7, then dy/dx = 27. 

86. If y = x/r, then dy/dx = 1/7. 

87. If g(x) = 3f(x), then g'(x) = 3f(x). 

88. If f(x) = 1/x", then f'(x) = 1/(nx"~!). 


In Exercises 89-92, find the average rate of change of the func- 
tion over the given interval. Compare this average rate of 
change with the instantaneous rates of change at the endpoints 
of the interval. 


89. f(t) = 2t+ 7, [1,2] 90. f =P - 3, [2,2.1] 
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91. f(x) = =, [1, 2] 92. f(x) = sinx, [o, z] 


Vertical Motion Yn Exercises 93 and 94, use the position 
function s(t) = —16£° + vt + s, for free-falling objects. 


93. A silver dollar is dropped from the top of a building that is 1362 
feet tall. 


(a) Determine the position and velocity functions for the coin. 
(b) Determine the average velocity on the interval [1, 2]. 
(c) Find the instantaneous velocities when t = 1 and t = 2. 
(d) Find the time required for the coin to reach ground level. 
(e) Find the velocity of the coin at impact. 

94. A ball is thrown straight down from the top of a 220-foot 
building with an initial velocity of —22 feet per second. What 


is its velocity after 3 seconds? What is its velocity after falling 
108 feet? 


Vertical Motion In Exercises 95 and 96, use the position func- 
tion s(t) = —4.9t? + vot + sọ for free-falling objects. 


95. A projectile is shot upward from the surface of Earth with an 
initial velocity of 120 meters per second. What is its velocity 
after 5 seconds? After 10 seconds? 


96. To estimate the height of a building, a stone is dropped from the 
top of the building into a pool of water at ground level. How 
high is the building if the splash is seen 6.8 seconds after the 
stone is dropped? 


Think About It In Exercises 97 and 98, the graph of a position 
function is shown. It represents the distance in miles that a 
person drives during a 10-minute trip to work. Make a sketch 
of the corresponding velocity function. 


O75: 2. 98. i 
E 10 + E 10 £ 
E- 10,6 8+ 10,6 
g si (10, 6) & . O (10, 6) 
o 47e og 45 8,5 
E W ) 6,2) E i (8, 5) 
a t A t 


(0,0) 2 4 6 8 10 


Time (in minutes) 


(0,0) 2 4 6 8 10 


Time (in minutes) 


Think About It In Exercises 99 and 100, the graph of a velocity 
function is shown. It represents the velocity in miles per hour 
during a 10-minute drive to work. Make a sketch of the corre- 
sponding position function. 


99, v» 100. — 
a 
E & oot = 
g f=] 1 1 
50 -F 1 1 
S & 40 + 1 1 
om = 1 
D g 30S i 1 
A= A 1 i 
3 8 20 P 1 ; 1 
3 a 10-9 lat f 
> > t 


246810 246810 


Time (in minutes) Time (in minutes) 
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101. 


102. 


103. 


104. 


CHAPTER 2 Differentiation 


Modeling Data The stopping distance of an automobile, on 
dry, level pavement, traveling at a speed v (kilometers per 
hour) is the distance R (meters) the car travels during the 
reaction time of the driver plus the distance B (meters) the car 
travels after the brakes are applied (see figure). The table 
shows the results of an experiment. 


Reaction 
time 


Braking 
distance 


A 


1 
1 
1 
y 
1 
1 
1 
1 


t R t 


Driver sees Driver applies Car 
obstacle brakes stops 
Speed, v 20 40 60 80 100 


Reaction Time 


Distance; R 8.3 | 16.7 | 25.0 | 33.3 | 41.7 


Braking Time 


Distance, B 2.3 | 9.0 | 20.2 | 35.8 | 55.9 


(a) Use the regression capabilities of a graphing utility to find 
a linear model for reaction time distance. 


(b) Use the regression capabilities of a graphing utility to find 
a quadratic model for braking distance. 


(c) Determine the polynomial giving the total stopping 
distance T. 


(d) Use a graphing utility to graph the functions R, B, and T 
in the same viewing window. 


(e) Find the derivative of T and the rates of change of the total 
stopping distance for v = 40, v = 80, and v = 100. 


(f) Use the results of this exercise to draw conclusions about 
the total stopping distance as speed increases. 


Fuel Cost A car is driven 15,000 miles a year and gets x 
miles per gallon. Assume that the average fuel cost is $1.55 
per gallon. Find the annual cost of fuel C as a function of x 
and use this function to complete the table. 


x 10 | 15 | 20 | 25 | 30 | 35 | 40 
c 
dC]dx 


Who would benefit more from a one-mile-per-gallon increase 
in fuel efficiency—the driver of a car that gets 15 miles per 
gallon or the driver of a car that gets 35 miles per gallon? 
Explain. 


Volume The volume of a cube with sides of length s is given 
by V = s°. Find the rate of change of the volume with respect 
to s when s = 4 centimeters. 


Area The area of a square with sides of length s is given by 
A = s. Find the rate of change of the area with respect to s 
when s = 4 meters. 


106. 


107. 


108. 


109. 


110. 


111. 


112. 


. Velocity y that the average velocity over the time 
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interval [t, — At, tọ + At] is the same as the instantaneous 
velocity at t = tə for the position function 


s(t) = — hat? +c. 


Inventory Management The annual inventory cost C for a 
manufacturer is 


_ 1,008,000 
Q 


where Q is the order size when the inventory is replenished. 
Find the change in annual cost when Q is increased from 350 
to 351, and compare this with the instantaneous rate of change 
when Q = 350. 


Writing The number of gallons N of regular unleaded 
gasoline sold by a gasoline station at a price of p dollars per 
gallon is given by N = f(p). 

(a) Describe the meaning of {’(1.479). 

(b) Is f’(1.479) usually positive or negative? Explain. 


C + 6.30 


Newton’s Law of Cooling This law states that the rate of 
change of the temperature of an object is proportional to the 
difference between the object’s temperature T and the 
temperature T, of the surrounding medium. Write an equation 
for this law. 


Find an equation of the parabola y = ax? + bx + c that passes 
through (0, 1) and is tangent to the line y = x — 1 at (1, 0). 
Let (a,b) be an arbitrary point on the graph of y = 1/x, 
x > 0. Prove that the area of the triangle formed by the 
tangent line through (a, b) and the coordinate axes is 2. 

Find the tangent line(s) to the curve y = x? — 9x through the 
point (1, — 9). 

Find the equation(s) of the tangent line(s) to the parabola 
y = x’ through the given point. 

(a) (0,a) (b) (a, 0) 


Are there any restrictions on the constant a? 


In Exercises 113 and 114, find a and b such that f is differen- 
tiable everywhere. 


113. 


114. 


115. 


116. 


wel x<2 
d wtb x>2 
cos x, x0 


fœ) -| 


ax+b, x20 


Where are the functions f,(x) = |sin x| and f(x) = sin |x| 
differentiable? 


d : 
Prove that a [cos x] = —sin x. 


FOR FURTHER INFORMATION For a geometric interpretation of 
the derivatives of trigonometric functions, see the article “Sines 
and Cosines of the Times” by Victor J. Katz in Math Horizons. 
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Product and Quotient Rules and Higher-Order Derivatives 


Find the derivative of a function using the Product Rule. 
Find the derivative of a function using the Quotient Rule. 
Find the derivative of a trigonometric function. 

Find a higher-order derivative of a function. 


The Product Rule 


In Section 2.2 you learned that the derivative of the sum of two functions is simply 
the sum of their derivatives. The rules for the derivatives of the product and quotient 
of two functions are not as simple. 


THEOREM 2.7 The Product Rule 


NOTE A version of the Product Rule The product of two differentiable functions f and g is itself differentiable. 
that some people prefer is Moreover, the derivative of fg is the first function times the derivative of the 
d second, plus the second function times the derivative of the first. 
TO =r) + fads). d 
atts] = fo)s'@) + s@) fe) 


The advantage of this form is that it 
generalizes easily to products involving 


three or more factors. 


Proof Some mathematical proofs, such as the proof of the Sum Rule, are straight- 
forward. Others involve clever steps that may appear unmotivated to a reader. This 
proof involves such a step—subtracting and adding the same quantity—which is 
shown in color. 


d o f(x + Axega + Ax) — fela) 
gos] = lim Ax 
= jim Let Andel + Ax) — fle + Angh) + fle + Ane) — fea) 
Ax>0 Ax 
= lim ic fe age F 8») = a) | sete “tr a2 =f) 
Li g(x + Ax) — g(x) . fæ + Ax) = fa) 
E an |se + Ax) Ax l x rete [2% Ax l 


dim fe + Ax) + lim ax + Ax) = 80) tim o(x) lim Let Ad =e) 


Ax Ax30 Ax30 Ax 


Fog) + gf’) — 


Note that jim f(x + Ax) = f(x) because f is given to be differentiable and therefore 
x0 


THE Propuct RULE : . 
1s continuous. 


The Product Rule can be extended to cover products involving more than two 
factors. For example, if f, g, and h are differentiable functions of x, then 


When Leibniz originally wrote a formula for 
the Product Rule, he was motivated by the 


expression 
d 
(x + dx)(y + dy) — xy fsa] = fa) hr) + f ha) + fash C). 
from which he subtracted dx dy (as being : a is : 
negligible) and obtained the differential form For instance, the derivative of y = x° sin x cos x is 


xdy + y dx. This derivation resulted in the dy 

traditional form of the Product Rule. — = 2x sin x cos x + x? cos x cos x + x? sin x(— sin x) 
(Source: The History of Mathematics by David dx 

M. Burton) = 2x sin x cos x + x?(cos?x — sin2x). 
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The derivative of a product of two functions is not (in general) given by the product 
of the derivatives of the two functions. To see this, try comparing the product of the 
derivatives of f(x) = 3x — 2x? and g(x) = 5 + 4x with the derivative in Example 1. 


EXAMPLE | Using the Product Rule 


Find the derivative of h(x) = (3x — 2x?)(5 + 4x). 


Solution 


Derivative Derivative 
First of second Second of first 


h(x) = (3x — 2x?) ah + 4x] + (5 + 4x) ae — 2x7] Apply Product Rule. 


= (3x — 2x7)(4) + (5 + 4x)(3 — 4x) 
(12x — 8x2) + (15 — 8x — 16x?) 
—24x + 4x + 15 


In Example 1, you have the option of finding the derivative with or without the 
Product Rule. To find the derivative without the Product Rule, you can write 


D,[(3x — 2x?)(5 + 4x)] = D.[-8x3 + 2x? + 15x] 
= —24x? + 4x + 15. 


[try re | A 
In the next example, you must use the Product Rule. 
EXAMPLE 2 Using the Product Rule 


Find the derivative of y = 3x? sin x. 


Solution 


tix sin x] = 3x? < [sin x] + sin x Zi] Apply Product Rule. 
= 3x? cos x + (sin x)(6x) 
= 3x? cos x + 6x sin x 
= 3x(x cos x + 2 sin x) 
The editable graph feature below allows you to edit the graph of a function and 
its derivative. 


e 
EXAMPLE 3 Using the Product Rule 


Find the derivative of y = 2x cos x — 2 sin x. 
Solution 
Product Rule Constant Multiple Rule 


NOTE In Example 3, notice that you dy d d d.. 

ai = Product Rule i bees factors dx (2x) loos x] } + (cos x) ze] =2 zl” x] 
of the product are variable, and you use = . 

the Constant Multiple Rule when one of (2x)(—sin x) + (cos x)(2) — 2(cos x) 

the factors is a constant. = —2x sinx — 
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The Quotient Rule 


THEOREM 2.8 The Quotient Rule 


The quotient f/g of two differentiable functions f and g is itself differentiable 
at all values of x for which g(x) # 0. Moreover, the derivative of f/g is given 

by the denominator times the derivative of the numerator minus the numerator 
times the derivative of the denominator, all divided by the square of the 


denominator. 
d | fœ] _ e) — fade’) 
rel [er > eee 


__Video | 
Proof As with the proof of Theorem 2.7, the key to this proof is subtracting and 
adding the same quantity. 


f(x + Ax) _ fo) 
d| f(x) : (x + Ax) (x) 
Fal l ~ hae i i 


Definition of derivative 


g(x) Ax 
sgn Of + An) - fogl + Ax) 
Ax>0 Axg(x)g(x + Ax) 
= jim EVE + Ax) = fade) + fds) — fos + Ax) 
Ax>0 Axglx)g(x + Ax) 
son OLE Ax) — FON) p, folg + Ax) — g] 
Ax>0 Ax Ax>0 Ax 


dim [sas + Ax)] 
so Jim, | = 20) fin, E] 
p dim [sose + Ax)] 


TECHNOLOGY A graphing 
utility can be used to compare the 
graph of a function with the graph _§ Fx) — fede’) 
of its derivative. For instance, in Lg (x) ] 7 


i .22, th h of the functi ; 3 oij : F 
Migare un ean Note that lim g(x + Ax) = g(x) because g is given to be differentiable and therefore 
in Example 4 appears to have two Ax>0 


points that have horizontal tangent 1s continuous. 


Hines Waat ae MEARS Oat EXAMPLE 4 Using the Quotient Rule 
these two points? 


5x =2 
pa E Find the derivative of y = ay 
(x7 + 1)? : 
Solution 
(2 + 1)“ [5e= 2) = Ge e 
d| x= 2 dx dx 
Wel x2 + l = 2 ra 1p Apply Quotient Rule. 
_ @? + 1)(5) — (5x — 2)(2x) 
(x2 + 1)? 
-5 2 ii (5x? + 5) — (10x? — 4x) 
7 Hil = (x? 4 1)2 
Graphical comparison of a function and 5x2 + 4x + 5 
its derivative (x2 + 1)? 
Figure 2.22 


m Eee] (Eee 
The editable graph feature below allows you to edit the graph of a function and 
its derivative. 


| Estab Graph 
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Note the use of parentheses in Example 4. A liberal use of parentheses is recom- 
mended for all types of differentiation problems. For instance, with the Quotient Rule, 
it is a good idea to enclose all factors and derivatives in parentheses, and to pay special 
attention to the subtraction required in the numerator. 

When differentiation rules were introduced in the preceding section, the need for 
rewriting before differentiating was emphasized. The next example illustrates this 
point with the Quotient Rule. 


EXAMPLE 5 Rewriting Before Differentiating 


— (1 
Find an equation of the tangent line to the graph of f(x) = n at (—1, 1). 
x 


Solution Begin by rewriting the function. 


- dU 
f(x) = à x £ i Write original function. 
e- 3) 
= F (x Ea 5) Multiply numerator and denominator by x. 

3x= 1 , 

l Rewrite. 

l x? + 5x 

2 4 — Bx — 1)(2x + 

| y=1 f t(x) = (x as oS 1 x 5) Quotient Rule 

a peel = BaF + 15x) — (6x? + 13x — 5) 

-7 -6 -5 | i243 (x2 + 5x)? 

24 —3x2 + 2x +5 TT 

| -3 (2 + 5x? P 

7 To find the slope at (— 1, 1), evaluate f’(— 1). 

i (-1) =0 Slope of graph at (— 1, 1) 
The line y = 1 is tangent to the graph of f 
f(x) at the point (— 1, 1). Then, using the point-slope form of the equation of a line, you can determine that the 
Figure 2.23 equation of the tangent line at (— 1, 1) is y = 1. See Figure 2.23. —— 


The editable graph feature below allows you to edit the graph of a function. 
Ey) 
Not every quotient needs to be differentiated by the Quotient Rule. For example, 


each quotient in the next example can be considered as the product of a constant times 
a function of x. In such cases it is more convenient to use the Constant Multiple Rule. 


EXAMPLE 6 Using the Constant Multiple Rule 


Original Function Rewrite Differentiate Simplify 
x? + 3x te 1 2x + 3 
a y= = —(x- + 3. "= —(2x + 3 = 
y 6 y= Gi? t3) y= Ex +3) y 6 
5x4 5 5 5 
b. Sau = y4 ‘= H(4x y= y3 
NOTE To see the benefit of using i 8 á 8 2 gl ae) 7 2 
the Constant Multiple Rule for some —3(3x — 2x?) 3 3 6 
quotients, try using the Quotient Rule a y= Ty a 7 (3 — 2x) a= 7 (=2) y= 7 
to differentiate the functions in Example 
6—you should obtain the same results, = De, = 9, fa Phat t= _ 18 
but with more work. ae 5x? y 03 y (=ar y 5x3 


— EEE 
[Try tt | [Exploration a | 
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In Section 2.2, the Power Rule was proved only for the case where the exponent 
n is a positive integer greater than 1. The next example extends the proof to include 
negative integer exponents. 


EXAMPLE 7 Proof of the Power Rule (Negative Integer Exponents) 


If n is a negative integer, there exists a positive integer k such thatn = —k. So, by the 
Quotient Rule, you can write 


intl aL 


x*(0) — ()(kx*~') 


= Quotient Rule and Power Rule 


(x42 
_ O- kat! 
uk 
= —kx-k-! 
=n L, n= —k 
So, the Power Rule 
D [x"] = pam Power Rule 


is valid for any integer. In Exercise 75 in Section 2.5, you are asked to prove the case 
for which n is any rational number. ———n 


[ry te] [Explorations 
Derivatives of Trigonometric Functions 


Knowing the derivatives of the sine and cosine functions, you can use the Quotient 
Rule to find the derivatives of the four remaining trigonometric functions. 


THEOREM 2.9 Derivatives of Trigonometric Functions 


d 
<[tan x] = sec? x zleo! x] = —csc?x 
< [sec x] = sec x tan x [ese x] = — csc x cot x 


Proof Considering tan x = (sin x)/(cos x) and applying the Quotient Rule, you 
obtain 


< [tan | = (cos x) (cos 2er x)( T x) Apply Quotient Rule. 
cos? x + sin? x 
A cos? x 
1 
~ cos? x 
= ra 


The proofs of the other three parts of the theorem are left as an exercise (see 
Exercise 89). = 
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EXAMPLE 8 Differentiating Trigonometric Functions 
NOTE Because of trigonometric iden- Function Derivative 
tities, the derivative of a trigonometric 
function can take many forms. This a. y =x — tanx dy = ] — sec? x 
presents a challenge when you are trying dx 
to match your answers to those given in b. y = xsecx y’ = x(sec x tan x) + (sec x)(1) 


the back of the text. _ (see x) (1 err x) 


EXAMPLE 9 Different Forms of a Derivative 


; : 1 — cos x 
Differentiate both forms of y = ————— = csc x — cot x. 
sin x 
Solution 
First fi 1 — cos x 
irst form: y = ——— 
4 sin x 


(sin x)(sin x) — (1 — cos x)(cos x) 
sin? x 


t 


sin? x + cos? x — cos x 
sin? x 


_ l= cosx 
sin? x 


Second form: y = csc x — cotx 


£ 


y’ = —csc x cot x + csc? x 


To show that the two derivatives are equal, you can write 


1—cosx 1 _/(_1 \fcosx 
sin? x sin? x sin x/\ sin x 
= csc? x — csc x cot x. ——— 
[try re] [beon] [EEineees 
The summary below shows that much of the work in obtaining a simplified form 


of a derivative occurs after differentiating. Note that two characteristics of a simplified 
form are the absence of negative exponents and the combining of like terms. 


f'(x) After Differentiating f'(x) After Simplifying 
Example 1 | (3x — 2x*)(4) + (5 + 4x)(3 — 4x) —24x? + 4x + 15 
Example 3 | (2x)(—sin x) + (cos x)(2) — 2(cos x) — 2x sin x 

(x? + 1)(5) — (5x — 2)(2x) —5x2 + 4x +5 
Example 4 (ea ip Tr F1% 

(x2 + 5x)(3) — (3x — 1)(2x + 5) —3x2 + 2x +5 
Kanpa (x2 + 5x)? (x2 + 5x)? 
Bide (sin x)(sin x) =U — cos x)(cos x) 1 a A x 
sin? x sin? x 


NOTE: The second derivative of f is the 
derivative of the first derivative of f. 


THE Moon 


The moon’s mass is 7.349 x 10” kilograms, 
and Earth’s mass is 5.976 x 1074 kilograms. 
The moon’s radius is 1737 kilometers, and 
Earth’s radius is 6378 kilometers. Because the 
gravitational force on the surface of a planet is 
directly proportional to its mass and inversely 
proportional to the square of its radius, the 
ratio of the gravitational force on Earth to the 
gravitational force on the moon is 


(5.976 x 10°) /6378? _ 
(7.349 x 10?2)/17372 


6.03. 
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Higher-Order Derivatives 


Just as you can obtain a velocity function by differentiating a position function, you 
can obtain an acceleration function by differentiating a velocity function. Another 
way of looking at this is that you can obtain an acceleration function by differentiating 
a position function twice. 


s(t) Position function 
v(t) = s(t) 
a(t) = v(t) = s(t) 


The function given by a(t) is the second derivative of s(t) and is denoted by s”(t). 

The second derivative is an example of a higher-order derivative. You can define 
derivatives of any positive integer order. For instance, the third derivative is the deriv- 
ative of the second derivative. Higher-order derivatives are denoted as follows. 


Velocity function 


Acceleration function 


. ae A ; d d 
First derivative: y’, f(x), a Fall fœ], Diy] 
. . ” 1 d*y d* 2 
Second derivative: y”, fo), dn Galt (x)], Dely] 
x . . m HN d?y d? 3 
Third derivative: y”, Fx), a Jof wW] Dl] 
Fourth derivative: y®, SO) 22 “yoy, Db] 
ourth derivative: y?,  f®(x), Te la f(x); LY 
sa d'y d" 
x (n) (n) " 
nth derivative: y™®, f(x), c= aa œw], Dzly] 


EXAMPLE I0 Finding the Acceleration Due to Gravity 


Because the moon has no atmosphere, a falling object on the moon encounters no air 
resistance. In 1971, astronaut David Scott demonstrated that a feather and a hammer 
fall at the same rate on the moon. The position function for each of these falling 
objects is given by 

s(t) = —0.811? + 2 
where s(t) is the height in meters and f is the time in seconds. What is the ratio of 
Earth’s gravitational force to the moon’s? 


Solution To find the acceleration, differentiate the position function twice. 
s(t) = —0.811? + 2 
s(t) = —1.62t 
s(t) = — 1.62 


Position function 

Velocity function 

Acceleration function 

So, the acceleration due to gravity on the moon is — 1.62 meters per second per 


second. Because the acceleration due to gravity on Earth is —9.8 meters per second 
per second, the ratio of Earth’s gravitational force to the moon’s is 


Earth’s gravitational force =9:8 
Moon’s gravitational force — 1.62 
= 6.05. 


[ Tryre | [Exploration a | 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 


In Exercises 1-6, use the Product Rule to differentiate the 
function. 


1. g(x) = (x? + I(x? — 2x) 
3. A(t) = 3/1(t2 + 4) 


5. f(x) = x? cos x 


2. f(x) = (6x + 5x? — 2) 
4. gls) = Vs(4 — s?) 
6. g(x) = Vx sin x 


In Exercises 7-12, use the Quotient Rule to differentiate the 
function. 


x P+2 
1 fa) = pay 8.) = 5G 
fx s 
9. h(x) = Sa 10. h(s) = Zi 
sin x cos t 
11. g(x) = 2 12. f() = 3 
In Exercises 13-18, find f(x) and f(c). 
Function Value of c 
13. f(x) = (x3 — 3x)(2x? + 3x + 5) c=0 
14. f(x) = (x? — 2x + 13 — 1) c=1 
x= 4 
15. f(x) = 3 c=1 
sti 
16. f(x) = c=2 
17. f(x) = x cos x c= a 
sin x T 
18. f(x) a nae g= 6 


In Exercises 19-24, complete the table without using the fy 
Quotient Rule. 


Function Rewrite Differentiate Simplify 
19. y= x i 2x 
20. y = w 3 
21. y= a3 
22. y= 5 
3/2 
23. y= a 
ys w 5 


In Exercises 25-38, find the derivative of the algebraic function. 


3— 2x — x x3 + 3x +2 
a = ae oe er 


27. f(x) = (1 = =. 28. f(x) = (1 — = 
29, f(x) = 2 30. f(x) = JAV + 3) 
Vx 
31. h(s) = ($ = 2}? 32. h(x) = (x? — 1)2 
gd 
xX 22 1 
ae 34. et) =E- a) 


35. f(x) = (3x9 + 4x)(x — 5)(x + 1) 
36. f(x) = 2 = xx + DO? +x + 1) 


37. f(x) = =, cisa constant 
LXE 
2 2 
CS % 

38. f(x) = , cis a constant 
Opi 


In Exercises 39-54, find the derivative of the trigonometric 
function. 


39. f(t) = t° sint 40. f(0) = (0 + 1) cos 0 


41. f) = 2 42. f(x) = “4 
t x 
43. f(x) = —x + tanx 44. y=x+cotx 
1 
45. g(t) = 4/1 + 8 sect 46. h(s) = Pa 10 csc s 
47. y= 3(1 — sin x) 48. y = 82 
2 cos x í x 
49. y = —csc x — sin x 50. y = xsin x + cos x 


51. f(x) = x? tan x 


53. y = 2x sin x + x? cos x 


52. f(x) = sin x cos x 
54. h(0) = 50 sec 0 + 0 tan 0 


In Exercises 55-58, use a computer algebra system to differen- 
tiate the function. 


55. g(x) = He — 5) 
i a 
56. fa) = (2 FEE Nee eed) 
0 sin 0 
57. g(0) = 1 — sin 0 58. f(0) = 1 — cos 0 


In Exercises 59—62, evaluate the derivative of the function at the 
given point. Use a graphing utility to verify your result. 


Function Point 
1+ cscx T 
Se Pe espe (Z.-3) 
60. f(x) = tan x cot x (1, 1) 
61. n) = SH (x. -1) 
t T 


62. f(x) = sin x(sin x + cos x) (z 1) 


In Exercises 63-68, (a) find an equation of the tangent line to 
the graph of f at the given point, (b) use a graphing utility to 
graph the function and its tangent line at the point, and (c) use 
the derivative feature of a graphing utility to confirm your 
results. 


63. f(x) = œ — 3x + I(x + 2), (1, -3) 
64. f(x) = (x — I(x? — 2), (0, 2) 


65. f(x) ==, (2, 2) 66. f(x) = = o (2 


67. f(x) = tan x, (z. 1) 68. f(x) = sec x, (z 2) 


Famous Curves In Exercises 69-72, find an equation of the 
tangent line to the graph at the given point. (The graphs in 
Exercises 69 and 70 are called witches of Agnesi. The graphs in 
Exercises 71 and 72 are called serpentines.) 


69. y 70. y 
A 2 
ot ot fay = 7 
+ POE 8 aE x +9 
4+ 244 4+ 
AL 3 
(3) -T 
L (2, 1) i 
HA es 
A =? bo 4 s 32 Leg 
-2 + -2 — 
71. y 72. y 
A 
8+ fG@) = 16x 4k 
ale x2 +16 34 ) 
4+ 2+ (2,2 
aL i<- 3 
E a t—+—_}+}> x t+—++4 t—+—_|+} > x 
ale 4 8 a. | 2: 3: 4 
(-2 -3) + aL 
5 4x 
tr (x) = T 
-g+ f x OR 


In Exercises 73-76, determine the point(s) at which the graph of 
the function has a horizontal tangent line. 


2 2 
73. f(x) = A ; 74. f(x) = 2i 
75. f(x) = aS 2 76. f(x) = a4 


77. Tangent Lines Find equations of the tangent lines to the 
+1 ; 
graph of f(x) = Z i that are parallel to the line 2y + x = 6. 
m= 
Then graph the function and the tangent lines. 
78. Tangent Lines Find equations of the tangent lines to the 
x 
h of = 
graph of f(x) zi 


Then graph the function and the tangent lines. 


that pass through the point (— 1, 5). 
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In Exercises 79 and 80, verify that f'(x) = g'(x), and explain 
the relationship between f and g. 


3x 5x +4 
79. fo) x+2 g(x) x+2 
sin x — 3x sin x + 2x 
80. f(z) = ——— ale) = =~ 


In Exercises 81 and 82, use the graphs of f and g. Let 


p(x) = f(x)g(x) and q(x) = t, 


81. (a) Find p (1). 82. (a) Find p (4). 
(b) Find q (4). (b) Find g(7). 


ae ee Get 810 


83. Area The length of a rectangle is given by 2t + 1 and its 
height is Jt, where f is time in seconds and the dimensions are 
in centimeters. Find the rate of change of the area with respect 
to time. 


84. Volume The radius of a right circular cylinder is given by 
J t + 2 and its height is svi, where f is time in seconds and the 
dimensions are in inches. Find the rate of change of the volume 
with respect to time. 


85. Inventory Replenishment The ordering and transportation 
cost C for the components used in manufacturing a product is 


c= 100(22? 4 2 ), x21 


x? x + 30 


where C is measured in thousands of dollars and x is the order 
size in hundreds. Find the rate of change of C with respect to x 
when (a) x = 10, (b) x = 15, and (c) x = 20. What do these 
rates of change imply about increasing order size? 

86. Boyle’s Law This law states that if the temperature of a gas 
remains constant, its pressure is inversely proportional to its 
volume. Use the derivative to show that the rate of change of the 
pressure is inversely proportional to the square of the volume. 


87. Population Growth A population of 500 bacteria is introduced 
into a culture and grows in number according to the equation 


4t 
P(t) s0o( Pee =) 


where ¢ is measured in hours. Find the rate at which the popu- 
lation is growing when ¢ = 2. 
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88. Gravitational Force Newton’s Law of Universal Gravitation 
states that the force F between two masses, m, and m,, is 


_ Gmm, 
=e 


where G is a constant and d is the distance between the masses. 
Find an equation that gives an instantaneous rate of change of 
F with respect to d. (Assume m, and m, represent moving 
points.) 


89. Prove the following differentiation rules. 


(a) Lae x] = secx tanx (b) A Tese x] = —csc x cot x 
dx dx 


(c) f ico x] = —csc? x 
dx 


90. Rate of Change Determine whether there exist any values of 
x in the interval [0, 2m) such that the rate of change of 
f(x) = sec x and the rate of change of g(x) = csc x are equal. 


91. Modeling Data The table shows the numbers n (in thousands) 
of motor homes sold in the United States and the retail values v 
(in billions of dollars) of these motor homes for the years 1996 
through 2001. The year is represented by ¢, with t= 6 
corresponding to 1996. (Source: Recreation Vehicle Industry 
Association) 


Year, t 6 7 8 9 10 11 
n 247.5 | 254.5 | 292.7 | 321.2 | 300.1 | 256.8 
v 6.3 6.9 8.4 10.4 9.5 8.6 


(a) Use a graphing utility to find cubic models for the number 
of motor homes sold n(t) and the total retail value v(t) of the 
motor homes. 

(b) Graph each model found in part (a). 

(c) Find A = v(t)/n(t), then graph A. What does this function 
represent? 

(d) Interpret A (t) in the context of these data. 

92. Satellites When satellites observe Earth, they can scan only 
part of Earth’s surface. Some satellites have sensors that can 
measure the angle 0 shown in the figure. Let h represent the 
satellite’s distance from Earth’s surface and let r represent 
Earth’s radius. 


(a) Show that h = r(csc 6 — 1). 


(b) Find the rate at which h is changing with respect to 6 when 
0 = 30°. (Assume r = 3960 miles.) 
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n Exercises 9 


93. f(x) = 4233/2 94. f(x) = x + 32x7? 


2 = 
95. flax) = > 96. f(x) = -a 


97. f(x) = 3 sinx 98. f(x) = sec x 


In Exercises 99-102, find the given higher-order derivative. 


99. f(x) =x, fO) 100. f"@) =2- Z rs) 


101. 7G) =2V5, f(x) 102 FO) = 2+ OA 


Writing About Concepts 


103. Sketch the graph of a differentiable function f such that 
f(2) =0, f’ <0 for -co<x <2, and f’>0 for 
2<x< ©. 

104. Sketch the graph of a differentiable function f such that 
f > Oand f’ < 0 for all real numbers x. 


In Exercises 105-108, use the given information to find (2). 
g(2)=3 and g'(2)= -2 
h2) =-1 and hQ)=4 


105. f(x) = 2g(x) + h(x) 106. f(x) = 4 — A(x) 


108. f(x) = g(x)h(x) 


In Exercises 109 and 110, the graphs of f, f’, and f” are 
shown on the same set of coordinate axes. Which is which? 
Explain your reasoning. To print an enlarged copy of the 
graph, select the MathGraph button. 


In Exercises 111-114, the graph of f is shown. Sketch the 
graphs of f’ and f”. To print an enlarged copy of the graph, 
select the MathGraph button. 


111. y 112. 


SECTIC 


114. oy 
A 
4+ 
f 
AN A 
17+ 
S E a > x 
+ Z 7 3n 2n 
2 2 
-2+ 


115. Acceleration The velocity of an object in meters per second is 
v(t) = 36 — t?,0 < t < 6. Find the velocity and acceleration 
of the object when t = 3. What can be said about the speed of 
the object when the velocity and acceleration have opposite 
signs? 


116. Acceleration An automobile’s velocity starting from rest is 


a) = 100 
v 2+ 15 


where v is measured in feet per second. Find the acceleration 
at (a) 5 seconds, (b) 10 seconds, and (c) 20 seconds. 


117. Stopping Distance A car is traveling at a rate of 66 feet per 
second (45 miles per hour) when the brakes are applied. The 
position function for the car is s(t) = —8.25t? + 66t, where s 
is measured in feet and ¢ is measured in seconds. Use this 
function to complete the table, and find the average velocity 
during each time interval. 


t 0/1] 2)3 44 
s(0) 
v(t) 
a(t) 


118. Particle Motion The figure shows the graphs of the position, 
velocity, and acceleration functions of a particle. 


~ 


(a) Copy the graphs of the functions shown. Identify each 
graph. Explain your reasoning. To print an enlarged copy 


of the graph, select the MathGraph button. 


(b) On your sketch, identify when the particle speeds up and 
when it slows down. Explain your reasoning. 


Finding a Pattern In Exercises 119 and 120, develop a general 
rule for f(x) given f(x). 


119. f(x) = x" 120. f(x) = : 
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. Finding a Pattern Consider the function f(x) = g(x)A(x). 

(a) Use the Product Rule to generate rules for finding f”(x), 
fx), and FOO). 

(b) Use the results in part (a) to write a general rule for f(x). 


122. Finding a Pattern Develop a general rule for [xf(x)]” 
where f is a differentiable function of x. 


In Exercises 123 and 124, find the derivatives of the function f 
for n = 1, 2, 3, and 4. Use the results to write a general rule for 
f'(x) in terms of n. 


COS x 


123. f(x) = x"sinx 124. f(x) = 


x” 


Differential Equations In Exercises 125-128, verify that the 
function satisfies the differential equation. 


Function Differential Equation 
125. y= +,x > 0 By” + 2x2 y’=0 
126. y = 2x7 — 6x + 10 y” — xy” — 2y’ = — 24x? 
127. y = 2sinx + 3 y"+ty=3 
128. y = 3 cos x + sin x y”+y=0 


True or False? In Exercises 129-134, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


129. If y = f(x)g(x), then dy/dx = f’(x)g(x). 

130. If y = (x + 1)(x + 2)(x + 3)(x + 4), then d5y/dx5 = 0. 
131. If f(c) and g (c) are zero and h(x) = f(x)g(x), then h (c) = 0. 
132. If f(x) is an nth-degree polynomial, then f+ (x) = 0. 


133. The second derivative represents the rate of change of the first 
derivative. 


134. If the velocity of an object is constant, then its acceleration is 
zero. 


135. Find a second-degree polynomial f(x) = ax? + bx + c such 
that its graph has a tangent line with slope 10 at the point 
(2, 7) and an x-intercept at (1, 0). 


136. Consider the third-degree polynomial 


f(x) = a+ be +extd, a#0. 


Determine conditions for a, b, c, and d if the graph of f has 
(a) no horizontal tangents, (b) exactly one horizontal tangent, 
and (c) exactly two horizontal tangents. Give an example for 
each case. 

137. Find the derivative of f(x) = x|x|. Does f”(0) exist? 


138. Think About It Let f and g be functions whose first and 
second derivatives exist on an interval J. Which of the following 
formulas is (are) true? 


(a) fe” f'g = (fg’ — f’s)’ 
(b) fe” + f'g = (fg)” 
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E The Chain Rule 


Find the derivative of a composite function using the Chain Rule. 
Find the derivative of a function using the General Power Rule. 
Simplify the derivative of a function using algebra. 

Find the derivative of a trigonometric function using the Chain Rule. 


The Chain Rule 


This text has yet to discuss one of the most powerful differentiation rules—the Chain 
Rule. This rule deals with composite functions and adds a surprising versatility to the 
rules discussed in the two previous sections. For example, compare the functions 
shown below. Those on the left can be differentiated without the Chain Rule, and those 
on the right are best done with the Chain Rule. 


Without the Chain Rule With the Chain Rule 
y=x*t+1 y= Vx? l 

y = sinx y = sin 6x 
y=3x+2 y = (3x + 2) 
y=x + tanx y =x + tan x? 


Basically, the Chain Rule states that if y changes dy/du times as fast as u, and u 
changes du/dx times as fast as x, then y changes (dy/du)(du/dx) times as fast as x. 


EXAMPLE I The Derivative of a Composite Function 


A set of gears is constructed, as shown in Figure 2.24, such that the second and third 
gears are on the same axle. As the first axle revolves, it drives the second axle, which in 
turn drives the third axle. Let y, u, and x represent the numbers of revolutions per minute 
of the first, second, and third axles. Find dy/du, du/dx, and dy/dx, and show that 

O a 


dx du dx 


Solution Because the circumference of the second gear is three times that of the first, 
the first axle must make three revolutions to turn the second axle once. Similarly, the 
second axle must make two revolutions to turn the third axle once, and you can write 


Axle 1: y revolutions per minute 
Axle 2: u revolutions per minute 


Axle 3: x revolutions per minute dy du 
; —=3 and —=2. 
Figure 2.24 du dx 
Combining these two results, you know that the first axle must make six revolutions 
to turn the third axle once. So, you can write 
dy — Rate of change of first axle | Rate of change of second axle 
dx ~~ with respect to second axle with respect to third axle 
dy du 
=O. Z3.2=6 
du dx 
Rate of change of first axle 


with respect to third axle 


In other words, the rate of change of y with respect to x is the product of the rate of 
change of y with respect to u and the rate of change of u with respect to x. 
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; Example 1 illustrates a simple case of the Chain Rule. The general rule is stated 
= EXPLORATION | 


below. 

Using the Chain Rule Each of 
the following functions can be differ- 
entiated using rules that you studied THEOREM 2.10 The Chain Rule 
in Sections 2.2 and 2.3. For each . . : ; 3 . . 
function, find the derivative using If y = f(u) is a differentiable function of u and u = g(x) is a differentiable 
iames Than find iedee function of x, then y = f(g(x)) is a differentiable function of x and 
using the Chain Rule. Compare your 
results. Which method is simpler? a = ay : a 

2 dx du dx 
a. ‘ 

3x + 1 or, equivalently, 

b. (x + 2)3 d 
ee ifs] = Fs@)s"O). 


Proof Let h(x) = f(g(x)). Then, using the alternative form of the derivative, you 
need to show that, for x = c, 


hc) = f(glo))g (o). 


An important consideration in this proof is the behavior of g as x approaches c. 
A problem occurs if there are values of x, other than c, such that g(x) = g(c). 
Appendix A shows how to use the differentiability of f and g to overcome this 
problem. For now, assume that g(x) + g(c) for values of x other than c. In the proofs 
of the Product Rule and the Quotient Rule, the same quantity was added and sub- 
tracted to obtain the desired form. This proof uses a similar technique—multiplying 
and dividing by the same (nonzero) quantity. Note that because g is differentiable, it 
is also continuous, and it follows that g(x) > g(c) as xc. 


ios tim LO) = FO) 


xc XC 


= ii | Ae — f(glc)) . g(x) — glo) 
g(x) — g(c) x-¢ 

L= 

) = gt 


| ee + eto 


= [in SO Lee | 
= f(glo))g ©) — 


When applying the Chain Rule, it is helpful to think of the composite function 
f° g as having two parts—an inner part and an outer part. 


Outer function 


y = f(g(x)) = flu) 


ae 4 


Inner function 


The derivative of y = f(u) is the derivative of the outer function (at the inner function 
u) times the derivative of the inner function. 


y'= flu) + u’ 
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EXAMPLE 2. Decomposition of a Composite Function 
[=e 
y = f(g) u = g(x) y = flu) 
a. y= l =xt+1 == 
Oe aad i Vu 
b. y = sin 2x u = 2x y = sinu 
c y= J3x7-xt+ 1 u=3x2-x4+1 y= Vu 
d. y = tan’x u = tanx y= 
EXAMPLE 3 Using the Chain Rule 
TÆ 
STUDY TIP You could also solve the Find dy/dx for y = (x? + 1). 
problem in Example 3 without using the 
Chain Rule by observing that Solution For this function, you can consider the inside function to be u = x? + 1. 
By the Chain Rule, you obtain 
y = x6 + 3x4 + 3x? + 1 
and oY 3(x2 + 1)?(2x) = 6x(x? + 1). 
di ane 
y’ = 6° + 12x3 + 6x. dy du 


du 
Verify that this is the same as the deriva- 


dx 
ene : == =| _ === eee a] | ] 
tive in Example 3. Which method would 
you use to find 


The editable graph feature below allows you to edit the graph of a function and 
its derivative. 


The General Power Rule 


d 2 
meade + 509 
Pr (x2 + 1) 


The function in Example 3 is an example of one of the most common types of 
composite functions, y = [u(x)]". The rule for differentiating such functions is called 
the General Power Rule, and it is a special case of the Chain Rule. 


THEOREM 2.11 The General Power Rule 


If y = [u(x)]", where u is a differentiable function of x and n is a rational 
number, then 


dy = n-1 du 
de HO 


or, equivalently, 


d 
dx 


| video | 

Proof Because y = u”, you apply the Chain Rule to obtain 
TO 
dx duj\dx 


= d T 
du dx” 


[u"] = nu"—! u’. 


By the (Simple) Power Rule in Section 2.2, you have D,[u"] = nu”~', and it follows 
that 
dy 


- du 
Z= n S 


fx) = YO? = 1)? 
y 


The derivative of f is 0 at x = 0 and is 
undefined atx = +1. 
Figure 2.25 


Ee 


NOTE Try differentiating the function 
in Example 6 using the Quotient Rule. 
You should obtain the same result, but 
using the Quotient Rule is less efficient 
than using the General Power Rule. 
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EXAMPLE 4 Applying the General Power Rule 


Find the derivative of f(x) = (3x — 2x?)°. 
Solution Letu = 3x — 2x. Then 

f(x) = (x = 2x?)3 = v3 
and, by the General Power Rule, the derivative is 


ge? u 


fŒ) = 3(3x = 2x Pa £ z [3x = 2% 2] Apply General Power Rule. 


o = 2% SS A — 4x). Differentiate 3x — 2x?. 


The editable graph feature below allows you to edit the graph of a function. 
[sensu] 
EXAMPLE 5 Differentiating Functions Involving Radicals 
Find all points on the graph of f(x) = 3/(x? — 1)? for which f(x) = 0 and those for 
which f'(x) does not exist. 
Solution Begin by rewriting the function as 

fla) = 6? = 19, 


Then, applying the General Power Rule (with u = x? — 1) produces 


n g= u’ 


pu ee 
f(x) = 3 (x2 — 1)7!/ (2x) Apply General Power Rule. 
4x a , 
= 332 I Write in radical form. 
2 = 


So, f(x) = 0 when x = 0 and f'(x) does not exist when x = +1, as shown in Figure 
2.25. 


EXAMPLE 6 Differentiating Quotients with Constant Numerators 
Differentiate g(t) = =. 
(2t — 3)? 
Solution Begin by rewriting the function as 
g(t) = —7(2t — 3)? 
Then, applying the General Power Rule produces 


, 


n ye u 
LS a a5 
g(t) = (—7)(—2)(2t — 3)—3(2) Apply General Power Rule. 
>= 
Constant 
Multiple Rule 
= 28(2t — 3)73 Simplify. 
28 


Write with positive exponent. 
(2t = 3)" = 
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Simplifying Derivatives 


The next three examples illustrate some techniques for simplifying the “raw deriva- 
tives” of functions involving products, quotients, and composites. 


EXAMPLE 7 Simplifying by Factoring Out the Least Powers 


f(x) = 2v1 — x? Original function 
= x°(1 — x2)1/2 Rewrite. 
ro-a Aim- eS Product Rule 
dx dx 
= el} (1 - x35122] +(1- x?)!/2(2x) General Power Rule 
= =x3(1 =x) + 2x = 22)? Simplify. 
= x(1 — x2)-/7[—x2(1) + 2(1 — x?)] Factor. 
x(2 — 3x?) — 
= — e implify. 
/] — x2 pty. 


EXAMPLE 8 Simplifying the Derivative of a Quotient 


TECHNOLOGY Symbolic = x i ; 
differentiation utilities are capable fo) Sx? FA ee 
of differentiating very complicated x 
functions. Often, however, the result = (x2 + 41/3 Se 
is given in unsimplified form. If you (x2 + 4)'/3(1) — x(1/3)(x2 + 4)-2/3(2x) 
have access to such a utility, use it to f@= Ge? + 4) B Quotient Rule 
find the derivatives of the functions es 
given in Examples 7, 8, and 9. Then _ lee 4 aj- 2 +4) - aol TA 
compare the results with those given 3 (ae 4)°/3 
on this page. x? + 12 

Simplify. 


3 + g 


[try te] [bpertens 


EXAMPLE 9 Simplifying the Derivative of a Power 


y= (3 — +): Original function 
te +3 
Rn we u’ 
| ——— —— 
y= (3 — r) E — J General Power Rule 
x? + 3/dx|x? +3 
23x = 1) | + 3)8) = 8x = EdD ; 
= | rer | Ga ri 32 l Quotient Rule 
_ (3x = 1)Gx? + 9 — Gx? + 2x) casita 
(x? + 3)3 sis 
2(3x — 1)(—3x? + 2x + 9) PER 
= (2 + 3)3 implify. 
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Trigonometric Functions and the Chain Rule 


The “Chain Rule versions” of the derivatives of the six trigonometric functions are as 
shown. 


< [sin u] = (cos u) u’ [cos u] = — (sin u) u’ 

2 Gs u] = (sec? u) u’ ae u] = — (csc? u) u’ 

dx dx 

d , d ; 
a see u] = (sec u tan u) u ales’ u] = —(csc u cot u) u 


EXAMPLE I0 Applying the Chain Rule to Trigonometric Functions 


u COS u u 
PMA ——————S_ A. 
a. y = sin 2x y’ = cos 2x £ [2x] = (cos 2x)(2) = 2 cos 2x 
b. y = cos(x — 1) y’ = —sin(x — 1) 
c. y = tan 3x y’ = 3 sec? 3x ——— 


[try te] [Bpterton | 


Be sure that you understand the mathematical conventions regarding parentheses 
and trigonometric functions. For instance, in Example 10(a), sin 2x is written to mean 
sin(2x). 


EXAMPLE II Parentheses and Trigonometric Functions 


a. y = cos 3x? = cos(3x7) y’ = (—sin 3x?)(6x) = — 6x sin 3x? 
b. y = (cos 3)x? y’ = (cos 3)(2x) = 2x cos 3 
c. y = cos(3x)? = cos(9x?) y’ = (—sin 9x?)(18x) = — 18x sin 9x? 
d. y = cos?.x = (cos x)? y’ = (cos x)(—sin x) = —2 cos x sin x 
1 sin x 
e y= = 1/2 ’= =(cos x)7!/2(—sin x) = -—== 
y = V/cos x = (cos x) y zl x) 1/2 x) RT 


— 


To find the derivative of a function of the form k(x) = f(g(h(x))), you need to 
apply the Chain Rule twice, as shown in Example 12. 


EXAMPLE I2 Repeated Application of the Chain Rule 


f(t) = sin? 4t Original function 
= (sin 47) Rewrite. 
FÀ = 3(sin 4t)? “sin 4t] Apply Chain Rule once. 
= : 2 d ‘ i 
= 3(sin 4t) (cos 4t) a [41] Apply Chain Rule a second time. 
= 3(sin 41)?(cos 41)(4) 
= 12 sin? 4t cos 4t Simplify. ——,, 
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EXAMPLE I3 Tangent Line of a Trigonometric Function 


y f(x) =2 sinx + cos 2x Find an equation of the tangent line to the graph of 
{ f(x) = 2 sin x + cos 2x 


at the point (m, 1), as shown in Figure 2.26. Then determine all values of x in the 
interval (0, 27r) at which the graph of f has a horizontal tangent. 


Solution Begin by finding f'(x). 


f(x) = 2 sinx + cos 2x Write original function. 
f(x) = 2 cosx + (- sin 2x) (2) Apply Chain Rule to cos 2x. 
= 2 cosx — 2sin2x Simplify. 


To find the equation of the tangent line at (m, 1), evaluate f’(7). 
Figure 2.26 f(a) = 2cos m — 2 sin 27 Substitute. 
= —2 Slope of graph at (7, 1) 


Now, using the point-slope form of the equation of a line, you can write 


y-y,= m(x = Xx,) Point-slope form 
y-l= —2(x = T) Substitute for y,, m, and x,. 
y=1-2x+ 27. Equation of tangent line at (7, 1) 
TmT T ST 3T 


You can then determine that f(x) = 0 when x = 
STUDY TIP To become skilled at : a rT OT 39 
differentiation, you should memorize each horizontal tangent at x = Er 6° and 2° 
rule. As an aid to memorization, note that 
the cofunctions (cosine, cotangent, and 
cosecant) require a negative sign as part 
of their derivatives. 


6° 2? g and z` 50, f has a 


This section concludes with a summary of the differentiation rules studied so far. 


Summary of Differentiation Rules 


General Differentiation Rules Let f, g, and u be differentiable functions of x. 
Constant Multiple Rule: Sum or Difference Rule: 
d 7 d 
—|cf||=c¢ =u gl] =i" & @” 
alee] = of aiftsl=f +s 
Product Rule: Quotient Rule: 


< [fel = e + af" Í [£l ae 


dx| g g 
Derivatives of Algebraic Constant Rule: (Simple) Power Rule: 
Functions d d d 
—|c|=0 = [5e"]| = ae?" =p] = 1 
paca Bel = al 
Derivatives of Trigonometric @ e = d ee, d = 
Funes re [sin x] = cos x T [tan x] = sec? x T [sec x] = sec x tan x 
d d d 
peal) =-—q Ba t = — 2 ea = — fi 
T [cos x] sin x k [cot x] csc?x i [csc x] csc x cot x 
Chain Rule Chain Rule: General Power Rule: 


“(fla = fu) u’ <u" eS Mei 


Exercises for Section 2.4 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
P 


Click on to print an enlarged copy of the graph. 


In Exercises 1-6, complete the table. 


y = f(g) u = g(x) 
1. y = (6x — 5)4 
2. y= : 

. JVx+1 
3. y=VJVx7-1 


4. y = 3 tan(7x’) 
5. y = csc*x 
3x 


6. y = cos > 


y = flu) 


In Exercises 7—32, find the derivative of the function. 


7. y = (2x — 7)? 

9. g(x) = 3(4 — 9x)4 
11. f() = -t 
13. y = 9x2 +4 
15. y=24/4— x? 


1 
17. y= 
19 ro =(- ;) 
21. y= l 
ae TA 
23. f(x) = x(x — 2)4 
25. y=xJ/1 — x? 
x 
ie 
x+5/\? 
23 a) = (545 
t2 2 
30 mi = (4 J 
1 — 2v\3 
31 fo) = (*) 
3x? — 2\3 
3a so) = (Z) 


In Exercises 33-38, use a computer algebra system to find the 
derivative of the function. Then use the utility to graph the 
function and its derivative on the same set of coordinate axes. 
Describe the behavior of the function that corresponds to any 
zeros of the graph of the derivative. 


+1 
33, y- Y 
xe a | 
+1 
35. y= “ 
x 
2 DE 


8. 
10. 
12. 
14. 
16. 


18. 
20. 


22. 


24. 
26. 


28. 


34. 
36. g(x) = Vx -—14+Jx41 


38. 


y = 34 — x?) 
FÒ = (9t + 2} 
a(x) = v5 — 3x 
g(x) = Je? = 2x +1 
f(x) = -3 4/2 = 9x 
1 

) = 2439-1 

5 
y=  (t+3P 


alt) = J . 2 


f(x) = x(3x — 9)8 

y= 5x2./16 — x? 
7 x 

"Tra 


2x 
xt+1 


y= 


1 
y= x? tan — 
x 


In Exercises 39 and 40, find the slope of the tangent line to the 
sine function at the origin. Compare this value with the number 
of complete cycles in the interval [0, 277]. What can you conclude 
about the slope of the sine function sin ax at the origin? 


39. 


40. 


(a) 
A 


(b) 


In Exercises 41—58, find the derivative of the function. 


41. 
43. 
45. 
47. 


49. 


51. 
53. 
55. 
57. 


y = cos 3x 
g(x) = 3 tan 4x 
y = sin(ax)? 


h(x) = sin 2x cos 2x 


cot x 
fo = sin x 
y = 4 sec? x 


f(0) = } sin? 20 
f(t) = 3 sec*(at — 1) 
y= Set + sin(2x)2 


42. y = sinax 

44. h(x) = sec x? 

46. y = cos(1 — 2x)? 

48. g(0) = sec(}6) tan(ż0) 


50. g) = 


52. g(t) = 5 cos? mt 
54. h(t) = 2 cot?(at + 2) 
56. y = 3x — 5 cos(mx)? 


58. y= sin 3/x + 3/sin x 


In Exercises 59—66, evaluate the derivative of the function at the 
given point. Use a graphing utility to verify your result. 


59. 
60. 


61. 


62. 


63. 


. fa) = 
. y = 37 — sec?(2x) 


1 
I V COS x 


Function Point 
s(t) = Vt + 2t+ 8 (2, 4) 
y = 3x? + 4x (2, 2) 
3 3 
fa == (-1,-2) 


1 
fx) = @— 3 
3r+ 2 
p=] 
zrl 
x= 3 


f@ = 
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In Exercises 67-74, (a) find an equation of the tangent line to 
the graph of f at the given point, (b) use a graphing utility to 
graph the function and its tangent line at the point, and (c) use 
the derivative feature of the graphing utility to confirm your 
results. 


Function Point 
67. f(x) = 3x2 —2 (3, 5) 
68. f(x) = gx x? +5 (2, 2) 
69. y = (2x3 + 1} f=1,1) 
70. f(x) = (9 — 2) (1, 4) 
71. f(x) = sin 2x (a, 0) 
72. y = cos 3x (z, ~~) 
73. f(x) = tan?x (z. i) 
74. y = 2 tan? x (z. 2) 


In Exercises 75-78, (a) use a graphing utility to find the 
derivative of the function at the given point, (b) find an equation 
of the tangent line to the graph of the function at the given 
point, and (c) use the utility to graph the function and its 
tangent line in the same viewing window. 


3r 13 
13. e era T (5 5) 
76. f(x) = /x(2 — x}, (4,8) 


77. s(i) = (4 - 2 + t (0 s) 


78. y= (£ —9)/t+2, (2,—10) 


Famous Curves In Exercises 79 and 80, find an equation of the 
tangent line to the graph at the given point. Then use a graphing 
utility to graph the function and its tangent line in the same 
viewing window. 


79. Top half of circle 80. Bullet-nose curve 


Se R _ f)= |x| 


Nae 


81. Horizontal Tangent Line Determine the point(s) in the 
interval (0, 277) at which the graph of f(x) = 2 cos x + sin 2x 
has a horizontal tangent. 


82. Horizontal Tangent Line Determine the point(s) at which the 


x 
graph of f(x) = Vie 1 has a horizontal tangent. 
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n Exercises 55-56, find e second derivative 0 e function. 


83. f(x) = 2(x? — 1} 
85. f(x) = sin x? 86. f(x) = sec?r x 
In Exercises 87—90, evaluate the second derivative of the func- 


tion at the given point. Use a computer algebra system to verify 
your result. 


87. ho) = 4x + 13, (1,%) 


1 
88. $0) = a (0 5) 
89. f(x) = cos(x), (0, 1) 


90. g(t) = tan 2t, (z s5) 


Writing About Concepts 


In Exercises 91-94, the graphs of a function f and its deriv- 
ative f’ are shown. Label the graphs as f or f’ and write a 
short paragraph stating the criteria used in making the 
selection. To print an enlarged copy of the graph, select the 
MathGraph button. 


92. 


In Exercises 95 and 96, the relationship between f and g is 
given. Explain the relationship between f’ and g’. 


95. g(x) = f(3x) 96. g(x) = f(x’) 


97. Given that (5) = —3, ¢(5)=6, h(5)= 3, and 
h(5) = —2, find f(5) Gf possible) for each of the follow- 
ing. If it is not possible, state what additional information is 
required. 


(a) fa) = gha) 


— 8x) 
(c) f(x) = h(x) 


(b) f(x) = g(h(x)) 
(d) f(x) = [g@)]° 
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98. Think About It The table shows some values of the deriva- armonic Motion e displacement from equilibrium of an 


tive of an unknown function f. Complete the table by finding object in harmonic motion on the end of a spring is 
(if possible) the derivative of each transformation of f. y= 1 epee 1 sin 127 
(a) g(x) = f(x) — 2 (b) h(x) = 2 f(x) 
(c) r(x) = f(—3x) (d) s(x) = f(x + 2) where y is measured in feet and fis the time in seconds. 
Determine the position and velocity of the object when 
me -2|/-1;) 0/1] 2] 3 AE a: 
103. Pendulum A 15-centimeter pendulum moves according to 
fœ 4 3 3 1 2 4 the equation 0 = 0.2 cos 8t, where 0 is the angular displace- 
AO ment from the vertical in radians and ż is the time in seconds. 
Determine the maximum angular displacement and the rate of 
h'(x) change of 0 when t = 3 seconds. 
PE 104. Wave Motion A buoy oscillates in simple harmonic motion 
y = A cos ot as waves move past it. The buoy moves a total 
s’(x) of 3.5 feet (vertically) from its low point to its high point. It 
returns to its high point every 10 seconds. 
In Exercises 99 and 100, the graphs of f and g are shown. Let (a) Write an equation describing the motion of the buoy if it 
h(x) = f(g(x)) and s(x) = g(f(x)). Find each derivative, if it is at its high point at t = 0. 
exists. If the derivative does not exist, explain why. (b) Determine the velocity of the buoy as a function of t. 
99, (a) Findh(1). 100. (a) Find h‘(3). 105. Circulatory System The speed S of blood that is r centime- 
(b) Find s (5). (b) Find 59). ters from the center of an artery is 


S = C(R? - r?) 


y 
A 


where C is a constant, R is the radius of the artery, and S$ 
is measured in centimeters per second. Suppose a drug is 
administered and the artery begins to dilate at a rate of dR/dt. 
At a constant distance r, find the rate at which S changes with 
respect to ¢t for C = 1.76 x 10°, R= 1.2 x 10-7, and 


a dR/dt = 1075. 
HHHH x 

erm e ged gerlo Py 106. Modeling Data The normal daily maximum temperatures 

T (in degrees Fahrenheit) for Denver, Colorado, are shown in 

101. Doppler Effect The frequency F of a fire truck siren heard the table. (Source: National Oceanic and Atmospheric 
by a stationary observer is Administration) 

132,400 
= 331 £y Month Jan | Feb | Mar | Apr | May | Jun 


where +v represents the velocity of the accelerating fire truck Temperature | 43.2 | 47.2 | 53.7 | 60.9 | 70.5 | 82.1 


in meters per second (see figure). Find the rate of change of F 

with respect to v when Month Jul | Aug | Sep | Oct | Nov | Dec 

(a) the fire truck is approaching at a velocity of 30 meters per 
second (use — v). 


Temperature | 88.0 | 86.0 | 77.4 | 66.0 | 51.5 | 44.1 


(b) the fire truck is moving away at a velocity of 30 meters 


(a) Use a graphing utility to plot the data and find a model for 
per second (use +v). 


the data of the form 


p = 132400 p = 132400 T(t) = a + bsin(mt/6 — c) 


~ 331+v ~ 331-v 


where T is the temperature and fis the time in months, 
with ¢ = 1 corresponding to January. 


(b) Use a graphing utility to graph the model. How well does 
the model fit the data? 


(c) Find T’ and use a graphing utility to graph the derivative. 
(d 


YS 


Based on the graph of the derivative, during what times 
does the temperature change most rapidly? Most slowly? 
Do your answers agree with your observations of the 
temperature changes? Explain. 


140 CHAPTER 2 Differentiation 


107. Modeling Data The cost of producing x units of a product is 
C = 60x + 1350. For one week management determined the 
number of units produced at the end of ¢ hours during an 
eight-hour shift. The average values of x for the week are 
shown in the table. 


t 0 1 2 3 4 5 6 7 8 


xj 0 16 | 60 | 130 | 205 | 271 | 336 | 384 | 392 


(a) Use a graphing utility to fit a cubic model to the data. 
(b) Use the Chain Rule to find dC/dt. 


(c) Explain why the cost function is not increasing at a 
constant rate during the 8-hour shift. 


108. Finding a Pattern Consider the function f(x) = sin Bx, 
where £ is a constant. 


(a) Find the first-, second-, third-, and fourth-order derivatives 
of the function. 


(b) Verify that the function and its second derivative satisfy 
the equation f”(x) + B? f(x) = 0. 

(c) Use the results in part (a) to write general rules for the 
even- and odd-order derivatives 


f(x) and f- D(x). 


[Hint: (— 1) is positive if k is even and negative if k is odd.] 
109. Conjecture Let f be a differentiable function of period p. 
(a) Is the function f’ periodic? Verify your answer. 


(b) Consider the function g(x) = f (2x). Is the function g'(x) 
periodic? Verify your answer. 
110. Think About It Let r(x) = f(g(x)) and s(x) = g(f(x)) where 
f and g are shown in the figure. Find (a) r’(1) and (b) s (4). 


en es 6.6) 
B , 


111. (a) Find the derivative of the function g(x) = sin? x + cos? x 
in two ways. 


(b) For f(x) = sec? x and g(x) = tan? x, show that 
fe) =8 x). 
112. (a) Show that the derivative of an odd function is even. That 
is, if f(—x) = -f (x), then f(~x) = f'(x). 


(b) Show that the derivative of an even function is odd. That 


is, if f(—x) = f(x), then f(—x) = -f'&). 


w Experienced writers 


© On-time delivery 


® 100% plagiarism free 


In Exercises 114-117, use the result of Exercise 113 to find the 
derivative of the function. 

114. g(x) = |2x — 3| 

115. f(x) = |x? — 4| 

116. h(x) = |x| cos x 

117. f(x) = |sin x| 


Linear and Quadratic Approximations The linear and quad- 
ratic approximations of a function f at x = a are 


P,(x) = f(a)(x — a) + f(a) and 
P(x) = sf’ (ax —a)*+f(a(x — a) + f (a). 


In Exercises 118 and 119, (a) find the specified linear and 
quadratic approximations of f, (b) use a graphing utility to 
graph f and the approximations, (c) determine whether P, or 
P, is the better approximation, and (d) state how the accuracy 
changes as you move farther from x = a. 


118. f(x) = tan 119. f(x) = sec 2x 


a=1 a= 


ay 


True or False? In Exercises 120-122, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 

120. If y = (1 — x)!”, then y’ = 3(1 — x)7!2. 

121. If f(x) = sin?(2x), then f(x) = 2(sin 2x)(cos 2x). 


122. If y is a differentiable function of u, u is a differentiable 
function of v, and v is a differentiable function of x, then 


dy _ dy du dv 
dx du dv dx’ 
Putnam Exam Challenge 
123. Let f(x) = a, sinx + a,sin2x +---+a,sinnx, where 
a, án. . „A, are real numbers and where n is a positive 
integer. Given that |f(x)| < |sin x| for all real x, prove that 
Ja, + 2a, ++ ++ 4+na,| < 1. 


124. Let k be a fixed positive integer. The nth derivative of Ei 
has the form 

P(x) 
(x* = Lett 


where P(x) is a polynomial. Find P,,(1). 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


Implicit Differentiation 


Graphing an Implicit Equation 
How could you use a graphing utility 
to sketch the graph of the equation 


x? — 2y? + 4y = 2? 
Here are two possible approaches. 


a. Solve the equation for x. Switch 
the roles of x and y and graph 
the two resulting equations. The 
combined graphs will show a 
90° rotation of the graph of the 
original equation. 

b. Set the graphing utility to 
parametric mode and graph the 


equations 
x=-—J/28— 4442 
Sy 

and 
x= JP G+ 
pet 


From either of these two approaches, 
can you decide whether the graph 
has a tangent line at the point (0, 1)? 
Explain your reasoning. 
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e Distinguish between functions written in implicit form and explicit form. 
e Use implicit differentiation to find the derivative of a function. 


Implicit and Explicit Functions 


Up to this point in the text, most functions have been expressed in explicit form. For 
example, in the equation 


y = 3x? -— 5 Explicit form 


the variable y is explicitly written as a function of x. Some functions, however, are 
only implied by an equation. For instance, the function y = 1/x is defined implicitly 
by the equation xy = 1. Suppose you were asked to find dy/dx for this equation. You 
could begin by writing y explicitly as a function of x and then differentiating. 


Implicit Form Explicit Form Derivative 

1 dy 1 
xy =1 =-= x! = =y? = — 
y yx dx x? 


This strategy works whenever you can solve for the function explicitly. You cannot, 
however, use this procedure when you are unable to solve for y as a function of x. For 
instance, how would you find dy/dx for the equation 


x? — 2y? + 4y =2 


where it is very difficult to express y as a function of x explicitly? To do this, you can 
use implicit differentiation. 

To understand how to find dy/dx implicitly, you must realize that the differentia- 
tion is taking place with respect to x. This means that when you differentiate terms 
involving x alone, you can differentiate as usual. However, when you differentiate 
terms involving y, you must apply the Chain Rule, because you are assuming that y is 
defined implicitly as a differentiable function of x. 


| video | 


EXAMPLE | Differentiating with Respect to x 


d 
a. al = 3x? Variables agree: use Simple Power Rule. 
~i 
Variables agree 
u” nu" 1 u , 
CoN PSRs 
b. saa [y] = 3y? dy Variables disagree: use Chain Rule 
dx dx i : 
x1 
Variables disagree 
d d 
c. ae + 3y]=1+ oe Chain Rule: Lisy = 3y 
d d d 
d. ae 2] =x rae + Prel Product Rule 
= da2) + y?(1) Chain Rule 
dx 
d 
= 2xy : + y? Simplify. 


[ Try te | (Exploration a | 


w Experienced writers 


On-ti deli 
142 CHAPTER2 Differentiation sd ano Convey 


2} 100% plagiarism free 


Implicit Differentiation 


Guidelines for Implicit Differentiation 


1. Differentiate both sides of the equation with respect to x. 


2. Collect all terms involving dy/dx on the left side of the equation and move all 
other terms to the right side of the equation. 


3. Factor dy/dx out of the left side of the equation. 
4. Solve for dy/dx. 


EXAMPLE 2 Implicit Differentiation 
Find dy/dx given that y? + y? — 5y — x? = —4, 


Solution 


NOTE In Example 2, note that implicit 1. Differentiate both sides of the equation with respect to x. 
differentiation can produce an expression 
for dy/dx that contains both x and y. Lis + y2 — 5y — x2] = Aia] 

x dx 


Ly) + $ia- S59] - £62] = S41 
d dy 


dy ly 
+ 2y= 
dx Y dx 3 dx 


3y? — 2x =0 


2. Collect the dy/dx terms on the left side of the equation and move all other terms to 
the right side of the equation. 


dy 
dx 


dy 
dx 


3y22 + ay -52 = 2 


3. Factor dy/dx out of the left side of the equation. 


Diay? + 2y — 5) = 2x 


4. Solve for dy/dx by dividing by (3y? + 2y — 5). 


dy _ 2x 
dx 3y? + 2y — 5 eea] 


Point on Graph Slope of Graph i ——o — A) 
a0) -i [Try te_] [Eqtoratona] [via] [viae] 


1 
(1-3) : To see how you can use an implicit derivative, consider the graph shown in Figure 
a= % 0 2.27. From the graph, you can see that y is not a function of x. Even so, the derivative 
(1,1) Undefined found in Example 2 gives a formula for the slope of the tangent line at a point on this 
graph. The slopes at several points on the graph are shown below the graph. 


spat yi +y? —5y—x?2=-4 


The implicit equation 
Pty- y= =< TECHNOLOGY With most graphing utilities, it is easy to graph an equation 
has the derivative that explicitly represents y as a function of x. Graphing other equations, however, 
i > can require some ingenuity. For instance, to graph the equation given in Example 2, 
ly x 


= : use a graphing utility, set in parametric mode, to graph the parametric representa- 
dx 3 + dy — 5 tions x = VP + t? — 5t + 4, y = t, and x = -VP + 2? — 5t + 4, y = t, for 
Figure 2.27 —5 < t < 5. How does the result compare with the graph shown in Figure 2.27? 
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It is meaningless to solve for dy/dx in an equation that has no solution points. 

(For example, x? + y? = —4 has no solution points.) If, however, a segment of a 

graph can be represented by a differentiable function, dy/dx will have meaning as the 

(0,0) slope at each point on the segment. Recall that a function is not differentiable at (a) 
e |x points with vertical tangents and (b) points at which the function is not continuous. 


ait EXAMPLE 3 Representing a Graph by Differentiable Functions 


If possible, represent y as a differentiable function of x. 


a. x? + y? = b. x2 +y? =1 ce x+y? =1 


Solution 
a. The graph of this equation is a single point. So, it does not define y as a 
differentiable function of x. See Figure 2.28(a). 


b. The graph of this equation is the unit circle, centered at (0, 0). The upper semicircle 
is given by the differentiable function 


y=yl =x; -l<x<1 


and the lower semicircle is given by the differentiable function 
ys=-vl-=-x, -l<x<l. 
At the points (— 1, 0) and (1, 0), the slope of the graph is undefined. See Figure 


2.28(b). 
c. The upper half of this parabola is given by the differentiable function 
y=VJ1l-x, x<l 


and the lower half of this parabola is given by the differentiable function 


y=-VJ1l—-x, x<1. 


At the point (1, 0), the slope of the graph is undefined. See Figure 2.28(c). 
ees] (| [ee 


EXAMPLE 4 Finding the Slope of a Graph Implicitly 


Some graph segments can be represented by Determine the slope of the tangent line to the graph of 
differentiable functions. 
Figure 2.28 x? + dy? = 4 


at the point (72, — 1/2). See Figure 2.29. 


Solution 
y x + 4y? = Write original equation. 
A 
21 dy etd 
2 2 2x + 8y— =0 Differentiate with respect to x. 
x^ +4y*=4 dx 


dy __—2x _-x dy 


1 So, at (2, = 1/2), the slope is 
| we ) _ >- af 1 
Figure 2.29 dx -4//2 2 


EE 
ae] Ge] ee ee) 
NOTE To see the benefit of implicit differentiation, try doing Example 4 using the explicit 
function y = —3/4 — x. 


dy 1 
Evaluate — when x = \/2 and y = ——=. 
dx "= aft 
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EXAMPLE 5 Finding the Slope of a Graph Implicitly 
Determine the slope of the graph of 3(x? + y?)? = 100xy at the point (3, 1). 
Solution 
i d 
poy + 2al = 1 
i302 + y2] = Z100] 
as) = ge +0) 
2 4 y3) 2x + 2y=) = < + 
3(2)(x? + y (2x W 100 x y(1) 
12y(x? + yo — 100x = 100y — 12x(x? + y?) 
y dx dx 


[12y(x2 + y?) — 100] = 100y — 12x(x? + y?) 


dy _ _100y — 12x(x? + y?) 

dx —100x + 12y(x? + y?) 
25y — 3x(x? + y?) 
—25x + 3y(x? + y?) 


At the point (3, 1), the slope of the graph is 


—-4 
3(x2 + y2)? = 100xy dy _ 25(1) — 3(3)(37 + 17) _ 25-90 _ 65 _ 13 
dx —25(3) + 3(1)(3? + 17) -75+30 -45 9 


Lemniscate 
Figure 2.30 as shown in Figure 2.30. This graph is called a lemniscate. 


EXAMPLE 6 Determining a Differentiable Function 


Find dy/dx implicitly for the equation sin y = x. Then find the largest interval of the 
form —a < y < aon which y is a differentiable function of x (see Figure 2.31). 


Solution 


“(sin y] = S 


cos ym =1 
The derivative is E : 
d SY dy__1 
Figure 2.31 dx cosy 
[_Eaitabie Graph | The largest interval about the origin for which y is a differentiable function of x is 
—am/2<y < 7/2. To see this, note that cos y is positive for all y in this interval and 


is 0 at the endpoints. If you restrict y to the interval — 7/2 < y < 7/2, you should be 
able to write dy/dx explicitly as a function of x. To do this, you can use 


cosy = V1 — sin’ y 


= J1- x’, = <y< > 
and conclude that 
do l 
dx Wal = x2 a 


[Try te] [Exploration | 


Isaac Barrow (1630—1677) 


The graph in Figure 2.32 is called the kappa 
curve because it resembles the Greek letter 
kappa, x. The general solution for the tangent 
line to this curve was discovered by the 
English mathematician Isaac Barrow. Newton 
was Barrow’ student, and they corresponded 
frequently regarding their work in the early 
development of calculus. 


| MathBio 


The kappa curve 
Figure 2.32 
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With implicit differentiation, the form of the derivative often can be simplified (as 
in Example 6) by an appropriate use of the original equation. A similar technique can 
be used to find and simplify higher-order derivatives obtained implicitly. 


EXAMPLE 7 Finding the Second Derivative Implicitly 


: dy 
2 + y? = 25, find — - 
Given x y 5, find d 


Solution Differentiating each term with respect to x produces 


dx +22 = 0 


y= =2x 
dy Zax F. 
dx 2y y 


Differentiating a second time with respect to x yields 


d?y _ _(y)G) - w(dy/dx) 


Quotient Rule 


dx? y 
me X 
ee ( N /y) Substitute —x/y for ae 
y dx 
y? + x? ae 
== 3 Simplify. 
y 
25 S 
=- >: Substitute 25 for x? + y?. 
y 


[Try te | [Exploration a | 


EXAMPLE 8 Finding a Tangent Line to a Graph 


Find the tangent line to the graph given by x(x? + y?) = y? at the point 
(/2/2, /2/2), as shown in Figure 2.32. 


Solution By rewriting and differentiating implicitly, you obtain 
x4 + x2y2 — y2=0 


4x? + (22) + 2xy? — 2y 2 =0 
x 


2y(x? — je = —2x(2x? + y?) 


dy _ x(2x? + y?) 

dx y(1 — x?) 

At the point (fa) 221 2), the slope is 
dy _ (/2/2)[2(1/2) + 0/2] _ 3/2 


dx (/2/2)[1 - /)] 1/2 


and the equation of the tangent line at this point is 


3 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 
In Exercises 1-16, find dy/dx by implicit differentiation. 


1. x? + y? = 36 
. x/2 + yl/2 = 9 


2. x? — y? = 16 

3. 4.2+ y3=8 

5. ep -—xyty=4 6. x°*y + y*x = -2 
7. eyi-y=x 8. J/xy =x- 2y 
9, x3 — 3x2y + 2xy? = 12 10. 2sinxcosy = 1 
11. sinx + 2 cos 2y = 1 
13. sinx = x(1 + tan y) 


12. (sin mx + cos my)? = 2 
14. coty=x-y 


1 
15. y = sin(xy) 16. x = sea 


In Exercises 17—20, (a) find two explicit functions by solving the 
equation for y in terms of x, (b) sketch the graph of the equation 
and label the parts given by the corresponding explicit 
functions, (c) differentiate the explicit functions, and (d) find 
dy/dx and show that the result is equivalent to that of part (c). 


17. x? + y? = 16 18. x? + y? — 4x + 6y +9=0 
19. 9x? + 16y? = 144 20. 9y? - x? = 9 
In Exercises 21-28, find dy/dx by implicit differentiation and 


evaluate the derivative at the given point. 


21. xy =4, (-4,-1) 


22. x7 — y? =0, (1,1) 
xX-— 4 
2 = —___ 
23. y = 3p (2, 0) 


24, (x + yP = 28 + y3, (-1,1) 
25. x? + y? = 5, (8,1) 

26. x? + y? = 4xy +1, (2,1) 
27. tan(x + y) =x, (0,0) 


28. xcosy = 1, (2, z) 


Famous Curves In Exercises 29—32, find the slope of the tan- 
gent line to the graph at the given point. 


29. Witch of Agnesi: 30. Cissoid: 
(x? + 4y = 8 (4 — x)y? = 
Point: (2, 1) Point: (2, 2) 


31. Bifolium: 32. Folium of Descartes: 
(x? + y?)? = 4x?y X +y? — 6xy = 0 
Point: (1, 1) Point: (3, $) 

bj y 


Famous Curves In Exercises 33-40, find an equation of the 
tangent line to the graph at the given point. To print an enlarged 
copy of the graph, select the MathGraph button. 


33. Parabola 34. Circle 


(y — 2)? = 4-3) (x+ 1) + (y-2) =20 


D y 


8-- 8+ 
67 
4+ (3, 4) 
2+ 
H 
an — x 
-4+ -8 -6 4 
zg 
agi ais 
35. Rotated hyperbola 36. Rotated ellipse 
1 Bye qx? — 6 /3xy + 13y?—16=0 
34 y 
A 
2+ 
1LAD aT 
E LAW) 
3 J 123 
ft x 
ai -3 2 3 
L eal 
e i 
37. Cruciform 38. Astroid 
pve aa 9x2 an 4y? z) 2/3 + yee =5 
y y 
A A 
6+ 12+ 
Jt 
(-4, 2/3) + (8,1) 
f= hs b> x 
-6-4-2 | 2 4 6 12 
-4+ 
hee -12 one 


39. Lemniscate 40. Kappa curve 


3(x? + yy? = 100(x? — y’) y?(x? + y’) = 2x? 
k y 
A A 
6+ 3+ 
47 (4,2) aT 
2+ pe O 
Coe =x —— r 
-6 al 6 3-2 YAN 2 3 
—4 bks -2+ 
= ata -3 ala 


41. (a) Use implicit ene to find an equation of the 


tangent line to the ellipse z + v= 1 at (1, 2). 


(b) Show that the equation of the tangent line to the ellipse 


e ¥ 
YoY 
~4+3 = 1 at (xo Yo) i is “+ p 


1. 


42. (a) Use implicit differentiation to find an equation of the 


2 p 
tangent line to the hyperbola 3 1 at (3, —2). 


6 
(b) Show that the equation of the tangent line to the hyperbola 
ey XX Voy 
ae L at (Xp, Yo) is > = Sr = 1. 


In Exercises 43 and 44, find dy/dx implicitly and find the largest 
interval of the form —a < y <a or 0 < y < a such that y is 
a differentiable function of x. Write dy/dx as a function of x. 


43. tany =x 44. cosy =x 


In Exercises 45-50, find dy/dx? in terms of x and y. 


45. x? + y? = 36 46. x?y? — 2x = 3 
47. x? — y? = 16 48. l1-xy=x-y 
49. y? = x? 50. y? = 4x 


In Exercises 51 and 52, use a graphing utility to graph the 
equation. Find an equation of the tangent line to the graph at 
the given point and graph the tangent line in the same viewing 
window. 


51. Vx+ Jy=4, (9,1) sa ye (2) 


yl 5 


In Exercises 53 and 54, find equations for the tangent line and 
normal line to the circle at the given points. (The normal line at 
a point is perpendicular to the tangent line at the point.) Use a 
graphing utility to graph the equation, tangent line, and normal 
line. 


53. x7 + y? = 25 54. x? +y? =9 
(4,3), (-3, 4) (0, 3), (2, V5) 

55. Show that the normal line at any point on the circle 
x? + y? = r? passes through the origin. 


56. Two circles of radius 4 are tangent to the graph of y? = 4x at 
the point (1, 2). Find equations of these two circles. 
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n Exercises 57 and 58, find the points at which the graph of the 
equation has a vertical or horizontal tangent line. 


57. 25x? + 16y? + 200x — 160y + 400 = 0 
58. 4x? + y? — 8x + 4y +4=0 


Orthogonal Trajectories In Exercises 59-62, use a graphing 
utility to sketch the intersecting graphs of the equations and show 
that they are orthogonal. [Two graphs are orthogonal if at their 
point(s) of intersection their tangent lines are perpendicular to 
each other.] 


59. 2x? + y? =6 60. y2 =x 
y? = 4x 2x? + 3y? = 
61. x +y=0 62. x° = 3(y — 1) 
x = siny xy — 29) = 3 


Orthogonal Trajectories In Exercises 63 and 64, verify that the 
two families of curves are orthogonal where C and K are real 
numbers. Use a graphing utility to graph the two families for 
two values of C and two values of K. 


63. xy =C, x2 -y?=K 64. x? + y? = C?, y= Kx 
In Exercises 65-68, differentiate (a) with respect to x ( y is a func- 
tion of x) and (b) with respect to ¢ (x and y are functions of t). 


65. 2y? — 3x4 = 0 66. x? — 3xy? + y? = 10 
67. cos my — 3 sin mx = 1 68. 4sinxcosy = 1 


Writing About Concepts 


69. Describe the difference between the explicit form of a 
function and an implicit equation. Give an example of each. 


70. In your own words, state the guidelines for implicit 
differentiation. 


71. Orthogonal Trajectories The figure below shows the 
topographic map carried by a group of hikers. The hikers are in 
a wooded area on top of the hill shown on the map and they 
decide to follow a path of steepest descent (orthogonal 
trajectories to the contours on the map). Draw their routes if 
they start from point A and if they start from point B. If their 
goal is to reach the road along the top of the map, which 
starting point should they use? To print an enlarged copy of the 
graph, select the MathGraph button. 
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72. Weather Map The weather map shows several isobars— 


73. 


74. 


75. 


curves that represent areas of constant air pressure. Three high 
pressures H and one low pressure L are shown on the map. 
Given that wind speed is greatest along the orthogonal 
trajectories of the isobars, use the map to determine the areas 
having high wind speed. 


© 


we 


Consider the equation x* = 4(4x? — y?). 

(a) Use a graphing utility to graph the equation. 

(b) Find and graph the four tangent lines to the curve for 
y= 3. 

(c) Find the exact coordinates of the point of intersection of the 
two tangent lines in the first quadrant. 


Let L be any tangent line to the curve Jx + Jy = Je. Show 
that the sum of the x- and y-intercepts of L is c. 


Prove (Theorem 2.3) that 

d 

a! = nx?! 

for the case in which n is a rational number. (Hint: Write 


y = x?/9 in the form y1 =x? and differentiate implicitly. 
Assume that p and q are integers, where q > 0.) 


77. 


78. 


79. 


80. 
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ope Find all points on the circle x4 + y 
slope is 2. 

Horizontal Tangent Determine the point(s) at which the graph 
of y4 = y? — x? has a horizontal tangent. 


Tangent Lines Find equations of both tangent lines to the 


2 2 
ellipse . + a = | that passes through the point (4, 0). 


Normals to a Parabola The graph shows the normal lines 
from the point (2, 0) to the graph of the parabola x = y?. How 
many normal lines are there from the point (x, 0) to the graph 
of the parabola if (a) x) = L (b) x = F, and (c) x) = 1? 
For what value of x, are two of the normal lines perpendicular 
to each other? 


y 
A 


Normal Lines (a) Find an equation of the normal line to the 
ellipse 

2 y 

sta =1 

32 8 

at the point (4,2). (b) Use a graphing utility to graph the 
ellipse and the normal line. (c) At what other point does the 
normal line intersect the ellipse? 


Related Rates 


— r —>1 


>| 


Volume is related to radius and height. 
Figure 2.33 


[Animation | 


FOR FURTHER INFORMATION To 

learn more about the history of related- 
rate problems, see the article “The 
Lengthening Shadow: The Story of 
Related Rates” by Bill Austin, Don 
Barry, and David Berman in Mathematics 
Magazine. 
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e Find a related rate. 
e Use related rates to solve real-life problems. 


Finding Related Rates 


You have seen how the Chain Rule can be used to find dy/dx implicitly. Another 
important use of the Chain Rule is to find the rates of change of two or more related 
variables that are changing with respect to time. 

For example, when water is drained out of a conical tank (see Figure 2.33), the 
volume V, the radius r, and the height A of the water level are all functions of time t. 
Knowing that these variables are related by the equation 

T 


V= 3 rh Original equation 


you can differentiate implicitly with respect to ¢ to obtain the related-rate equation 


don (Fe 


dts’ dt\3" 
dV m| „dh 4] 
di 3 E di al 2r d Differentiate with respect to t 
m| „dh z) 
+ 2rh : 
3 ( dt dt 


From this equation you can see that the rate of change of V is related to the rates of 
change of both h and r. 


Finding a Related Rate In the conical tank shown in Figure 2.33, suppose that 
the height is changing at a rate of — 0.2 foot per minute and the radius is changing 
at a rate of — 0.1 foot per minute. What is the rate of change in the volume when 
the radius is r = 1 foot and the height is h = 2 feet? Does the rate of change in 
the volume depend on the values of r and h? Explain. 


EXAMPLE | Two Rates That Are Related 


Suppose x and y are both differentiable functions of t and are related by the equation 
y =x? + 3. Find dy/dt when x = 1, given that dx/dt = 2 when x = 1. 


Solution Using the Chain Rule, you can differentiate both sides of the equation with 
respect to t. 


y=x?+3 Write original equation. 
d d, PEST 
a oa ae a 3] Differentiate with respect to t. 
dy dx 
=~ = 2y j 
di X di Chain Rule 
When x = 1 and dx/dt = 2, you have 
dy 
— = 2(1)(2) = 4. 
D — ANO) 


[ Try tt_| [Exploration a | 
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Problem Solving with Related Rates 


In Example 1, you were given an equation that related the variables x and y and were 
asked to find the rate of change of y when x = 1. 


Equation: y =x? +3 


Given rate: a =2 when x=1 
dt 

Find: a when x= 1 
dt 


In each of the remaining examples in this section, you must create a mathematical 
model from a verbal description. 


EXAMPLE 2 Ripples in a Pond 


A pebble is dropped into a calm pond, causing ripples in the form of concentric 
circles, as shown in Figure 2.34. The radius r of the outer ripple is increasing at a 
constant rate of 1 foot per second. When the radius is 4 feet, at what rate is the total 
area A of the disturbed water changing? 


Solution The variables r and A are related by A = mr?. The rate of change of the 
radius r is dr/dt = 1. 


Equation: A = nr? 


Given rate: a = 
Find: a when r=4 
dt 


With this information, you can proceed as in Example 1. 


d d 
P7 [A] = di [rr?] Differentiate with respect to t. 
A 2 ual Chain Rul 
eS Dap 
dt dt ain Kule 
dA l 
Total area increases as the outer radius w 2T(4)(1) = 87 Substitute 4 for r and 1 for dr/dt. 
increases. 
Figure 2.34 When the radius is 4 feet, the area is changing at a rate of 87 square feet per second. 


| Try tt | [Erona] | Video | |Video | 
Guidelines For Solving Related-Rate Problems 


1. Identify all given quantities and quantities to be determined. Make a sketch 
and label the quantities. 


2. Write an equation involving the variables whose rates of change either are 
given or are to be determined. 


NOTE When using these guidelines, be 3. Using the Chain Rule, implicitly differentiate both sides of the equation with 
sure you perform Step 3 before Step 4. respect to time t. 

Substituting the known values of the 4. After completing Step 3, substitute into the resulting equation all known 
variables before differentiating will values for the variables and their rates of change. Then solve for the required 


produce an inappropriate derivative. rate of change. 
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The table below lists examples of mathematical models involving rates of change. 
For instance, the rate of change in the first example is the velocity of a car. 


Verbal Statement Mathematical Model 


The velocity of a car after traveling for 1 hour | x = distance traveled 
is 50 miles per hour. dx 
— = 50 when ¢ = 1 


dt 
Water is being pumped into a swimming pool | V = volume of water in pool 
at a rate of 10 cubic meters per hour. dv _ iG? fi 
dt 
A gear is revolving at a rate of 25 revolutions | 6 = angle of revolution 
per minute (1 revolution = 277 rad). do 
a 25(27) rad/min 


EXAMPLE 3 An Inflating Balloon 


Air is being pumped into a spherical balloon (see Figure 2.35) at a rate of 4.5 cubic 
feet per minute. Find the rate of change of the radius when the radius is 2 feet. 


Solution Let V be the volume of the balloon and let r be its radius. Because the 
volume is increasing at a rate of 4.5 cubic feet per minute, you know that at time ¢ the 
rate of change of the volume is dV/dt = 3, So, the problem can be stated as shown. 


i dV_9 
Given rate: I? (constant rate) 
Find: dr when r=2 
dt 


To find the rate of change of the radius, you must find an equation that relates the 
radius r to the volume V. 
3 


Equation: V = 3T" 


Volume of a sphere 


Differentiating both sides of the equation with respect to t produces 


ae = 4rr? a Differentiate with respect to t. 
dt dt 

dr 1 [dV 

T = irr (2), Solve for dr/dt. 


Finally, when r = 2, the rate of change of the radius is 


eee 


; 1 
Inflating a balloon To (3) = 0.09 foot per minute. 


Figure 2.35 dt 16m\2 
[evie] BE 

In Example 3, note that the volume is increasing at a constant rate but the radius 
is increasing at a variable rate. Just because two rates are related does not mean that 


they are proportional. In this particular case, the radius is growing more and more 
slowly as t increases. Do you see why? 
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EXAMPLE 4 The Speed of an Airplane Tracked by Radar 


An airplane is flying on a flight path that will take it directly over a radar tracking 
station, as shown in Figure 2.36. If s is decreasing at a rate of 400 miles per hour when 
s = 10 miles, what is the speed of the plane? 


Solution Let x be the horizontal distance from the station, as shown in Figure 2.36. 
Notice that when s = 10, x = V10? — 36 = 8. 


Given rate: 
Find: 


ds/dt = —400 when s= 10 


dx/dt when s=10 and x=8 


You can find the velocity of the plane as shown. 


An airplane is flying at an altitude of 6 


miles, s miles from the station. Equation: x° + 6? = s? Pythagorean Theorem 
Figure 2.36 dx ds 
2x — = 25 — Differentiate with respect to t. 

dt dt 

nm 2) Solve for dx/dt. 

ages a a th ape olve for : 

dt x\dt 

dx 10 

at = a 400) Substitute for s, x, and ds/dt. 


= — 500 miles per hour Simplify. 


Because the velocity is — 500 miles per hour, the speed is 500 miles per hour. 
esas] [eee] [Ee 


EXAMPLE 5 A Changing Angle of Elevation 


Find the rate of change in the angle of elevation of the camera shown in Figure 2.37 
at 10 seconds after lift-off. 


Solution Let 6 be the angle of elevation, as shown in Figure 2.37. When t = 10, the 
height s of the rocket is s = 50t? = 50(10)? = 5000 feet. 


ds/dt = 100t = velocity of rocket 
d6/dt t= 10 and s= 5000 


Given rate: 
Find: when 


Using Figure 2.37, you can relate s and @ by the equation tan 6 = s/2000. 


m j F | Equation: tan 0 = Ta See Figure 2.37. 
s wt 1 
en = 2000 = eo | s (sec ee = saa (5) Differentiate with respect to t. 
é A f | ae cos? 6 “ Substitute 100r for ds/dt. 
A television camera at ground level is filming 7 (om) 2000 See emer er 


the lift-off of a space shuttle that is rising 
vertically according to the position equation 
s = 50t?, where s is measured in feet and t is 
measured in seconds. The camera is 2000 feet 
from the launch pad. 

Figure 2.37 


(Animation | 


When ¢t = 10 and s = 5000, you have 
d@ 2000(100)(10) 2 


= ~~ radian per second. 


dt 50002 + 2000229 


So, when ¢t = 10, 0 is changing at a rate of 5 radian per second. 


[ Try tt | [Exploration a | 


Law of Cosines: 
b? = a? + ° — 2accos 0 
Figure 2.39 
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EXAMPLE 6 TheVelocity of a Piston 


In the engine shown in Figure 2.38, a 7-inch connecting rod is fastened to a crank 
of radius 3 inches. The crankshaft rotates counterclockwise at a constant rate of 200 
revolutions per minute. Find the velocity of the piston when 0 = 77/3. 


The velocity of a piston is related to the angle of the crankshaft. 
Figure 2.38 


Solution Label the distances as shown in Figure 2.38. Because a complete 
revolution corresponds to 27 radians, it follows that d0/dt = 200(2m) = 4007 
radians per minute. 

dé 


Given rate: p7 = 4007r (constant rate) 


. dx _7 
Find: dr when 0= 3 


You can use the Law of Cosines (Figure 2.39) to find an equation that relates x and 0. 


Equation: 72 = 32 + x? — 2(3)(x) cos 0 
dx . dé dx 
0= 2x = o| -xsin o% + cos o2) 


dx . _ d0 
(6 cos 0 — 2x) ia 6x sin 0 = 


dx _—s Ox sin 8 (<2) 
dt  6cos 0 — 2x\dt 


When 0 = 7/3, you can solve for x as shown. 


7? = 37 + x? — 2(3)(x) cos = 


3 
49 =9 +x? — ox(4) 
2 
= x? — 3x — 40 
0 = (x — 8)(« + 5) 
x=8 Choose positive solution. 


So, when x = 8 and 6 = 7/3, the velocity of the piston is 
dx _ 6(8)( 3/2) 
dt 6(1/2) — 16 
_ 96007 /3 
—13 


=~ — 4018 inches per minute. n 
[Try te ] [Exploration 
NOTE Note that the velocity in Example 6 is negative because x represents a distance that is 
decreasing. 


(4007) 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on |Ħ| 


to print an enlarged copy of the graph. 


In Exercises 1-4, assume that x and y are both differentiable 
functions of ¢ and find the required values of dy/dt and dx/dt. 


Equation Find Given 

L y= Vx (a) Z whenx = 4 a 3 

(b) Z when = 25 £ =2 

2. y = 2(x? — 3x) (a) 2 whenx = 3 a =2 

(b) & whenx = 1 Ys 
3. xy = 4 (a) © whenx = 8 = = 10 
(b) 2 hen x = 1 o —6 

4. x? + y? = 25 (a) Z whenx = 3, = 4 Zog 
b) E whenx=4y=3 2- = 


In Exercises 5-8, a point is moving along the graph of the given 
function such that dx/dt is 2 centimeters per second. Find dy/dt 
for the given values of x. 


5. y=x?+1 @)x=-1 (b)x=0  (@)x=1 
6 y= (a)x=-2 (b)x=0 (©) x=2 
7. y= tanx OE O x=-3 (c) x =0 
8. y = sinx G= b)x=7 CE 


In Exercises 9 and 10, using the graph of f, (a) determine 
whether dy/dt is positive or negative given that dx/dt is 
negative, and (b) determine whether dx/dt is positive or 
negative given that dy/dt is positive. 


. Consider the linear function y = ax + b. If x changes at a 
constant rate, does y change at a constant rate? If so, does 
it change at the same rate as x? Explain. 


Writing About Concepts (continued) 


12. In your own words, state the guidelines for solving related- 
rate problems. 


13. Find the rate of change of the distance between the origin 
and a moving point on the graph of y = x? + 1 if dx/dt = 2 
centimeters per second. 


14. Find the rate of change of the distance between the origin 
and a moving point on the graph of y = sin x if dx/dt = 2 
centimeters per second. 


15. Area The radius r of a circle is increasing at a rate of 3 
centimeters per minute. Find the rates of change of the area 
when (a) r = 6 centimeters and (b) r = 24 centimeters. 


16. Area Let A be the area of a circle of radius r that is changing 
with respect to time. If dr/dt is constant, is dA/dt constant? 
Explain. 


17. Area The included angle of the two sides of constant equal 
length s of an isosceles triangle is 0. 


(a) Show that the area of the triangle is given by A = $s? sin 0. 


(b) If 0 is increasing at the rate of 5 radian per minute, find the 
rates of change of the area when 6 = 7/6 and 0 = 7/3. 


(c) Explain why the rate of change of the area of the triangle is 
not constant even though d6/dr is constant. 


18. Volume The radius r of a sphere is increasing at a rate of 2 
inches per minute. 


(a) Find the rate of change of the volume when r = 6 inches 
and r = 24 inches. 


(b) Explain why the rate of change of the volume of the sphere 
is not constant even though dr/dt is constant. 


19. Volume A spherical balloon is inflated with gas at the rate of 
800 cubic centimeters per minute. How fast is the radius of the 
balloon increasing at the instant the radius is (a) 30 centimeters 
and (b) 60 centimeters? 


20. Volume All edges of a cube are expanding at a rate of 3 
centimeters per second. How fast is the volume changing when 
each edge is (a) 1 centimeter and (b) 10 centimeters? 


21. Surface Area The conditions are the same as in Exercise 20. 
Determine how fast the surface area is changing when each 
edge is (a) 1 centimeter and (b) 10 centimeters. 


22. Volume The formula for the volume of a cone is V = trr?h. 
Find the rate of change of the volume if dr/dt is 2 inches 
per minute and h = 3r when (a) r = 6 inches and (b) r = 24 
inches. 


23. Volume At a sand and gravel plant, sand is falling off a 
conveyor and onto a conical pile at a rate of 10 cubic feet per 
minute. The diameter of the base of the cone is approximately 
three times the altitude. At what rate is the height of the pile 
changing when the pile is 15 feet high? 


24. 


25. 


26. 


27. 


Depth A conical tank (with vertex down) is 10 feet across the 
top and 12 feet deep. If water is flowing into the tank at a rate 
of 10 cubic feet per minute, find the rate of change of the depth 
of the water when the water is 8 feet deep. 


Depth A swimming pool is 12 meters long, 6 meters wide, 
1 meter deep at the shallow end, and 3 meters deep at the deep 
end (see figure). Water is being pumped into the pool at i cubic 
meter per minute, and there is 1 meter of water at the deep end. 
(a) What percent of the pool is filled? 

(b) At what rate is the water level rising? 


2 
min G 


Figure for 25 Figure for 26 


Depth A trough is 12 feet long and 3 feet across the top (see 
figure). Its ends are isosceles triangles with altitudes of 3 feet. 


(a) If water is being pumped into the trough at 2 cubic feet per 
minute, how fast is the water level rising when A is 1 foot 
deep? 

(b) If the water is rising at a rate of $ inch per minute when 
h = 2, determine the rate at which water is being pumped 
into the trough. 


Moving Ladder A ladder 25 feet long is leaning against the 
wall of a house (see figure). The base of the ladder is pulled 
away from the wall at a rate of 2 feet per second. 


(a) How fast is the top of the ladder moving down the wall 
when its base is 7 feet, 15 feet, and 24 feet from the wall? 


(b) Consider the triangle formed by the side of the house, the 
ladder, and the ground. Find the rate at which the area of 
the triangle is changing when the base of the ladder is 7 feet 
from the wall. 


(c) Find the rate at which the angle between the ladder and the 
wall of the house is changing when the base of the ladder is 
7 feet from the wall. 


= 


Figure for 27 


Figure for 28 


FOR FURTHER INFORMATION For more information on the 
mathematics of moving ladders, see the article “The Falling 
Ladder Paradox” by Paul Scholten and Andrew Simoson in 
The College Mathematics Journal. 
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onstruction A construction worker pulls a five-meter pla 
up the side of a building under construction by means of a rope 
tied to one end of the plank (see figure). Assume the opposite 
end of the plank follows a path perpendicular to the wall of the 
building and the worker pulls the rope at a rate of 0.15 meter 
per second. How fast is the end of the plank sliding along the 
ground when it is 2.5 meters from the wall of the building? 


Construction A winch at the top of a 12-meter building pulls 
a pipe of the same length to a vertical position, as shown in the 
figure. The winch pulls in rope at a rate of —0.2 meter per 
second. Find the rate of vertical change and the rate of hori- 
zontal change at the end of the pipe when y = 6. 


Not drawn to scale 


Figure for 29 Figure for 30 


Boating A boat is pulled into a dock by means of a winch 12 
feet above the deck of the boat (see figure). 


(a) The winch pulls in rope at a rate of 4 feet per second. 
Determine the speed of the boat when there is 13 feet of 
rope out. What happens to the speed of the boat as it gets 
closer to the dock? 


(b) Suppose the boat is moving at a constant rate of 4 feet per 
second. Determine the speed at which the winch pulls in 
rope when there is a total of 13 feet of rope out. What 
happens to the speed at which the winch pulls in rope as the 
boat gets closer to the dock? 


Air Traffic Control An air traffic controller spots two planes 
at the same altitude converging on a point as they fly at right 
angles to each other (see figure). One plane is 150 miles from 
the point moving at 450 miles per hour. The other plane is 200 
miles from the point moving at 600 miles per hour. 


(a) At what rate is the distance between the planes decreasing? 


(b) How much time does the air traffic controller have to get 
one of the planes on a different flight path? 


i 
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Figure for 31 Figure for 32 
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Air Traffic Control An airplane is flying at an altitude of 5 
miles and passes directly over a radar antenna (see figure on 
previous page). When the plane is 10 miles away (s = 10), the 
radar detects that the distance s is changing at a rate of 240 
miles per hour. What is the speed of the plane? 


Sports A baseball diamond has the shape of a square with 
sides 90 feet long (see figure). A player running from second 
base to third base at a speed of 28 feet per second is 30 feet 
from third base. At what rate is the player’s distance s from 
home plate changing? 


Figure for 33 and 34 
34. 


35. 


36. 


Figure for 35 


Sports For the baseball diamond in Exercise 33, suppose the 
player is running from first to second at a speed of 28 feet per 
second. Find the rate at which the distance from home plate is 
changing when the player is 30 feet from second base. 


Shadow Length A man 6 feet tall walks at a rate of 5 feet per 
second away from a light that is 15 feet above the ground (see 
figure). When he is 10 feet from the base of the light, 

(a) at what rate is the tip of his shadow moving? 

(b) at what rate is the length of his shadow changing? 
Shadow Length Repeat Exercise 35 for a man 6 feet tall 
walking at a rate of 5 feet per second toward a light that is 20 
feet above the ground (see figure). 


Figure for 36 
37. 


Figure for 37 


Machine Design The endpoints of a movable rod of length 
1 meter have coordinates (x, 0) and (0, y) (see figure). The 
position of the end on the x-axis is 


x(t) = ; sin A 


where f is the time in seconds. 
(a) Find the time of one complete cycle of the rod. 


(b) What is the lowest point reached by the end of the rod on 
the y-axis? 


(c) Find the speed of the y-axis endpoint when the x-axis 
endpoint is (|3, 0). 


40. 


41. 


42. 


43. 


44. 
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Machine Design Repeat Exercise or a position function 


of x(t) = : sin at. Use the point (3, 0) for part (c). 
39. 


Evaporation As a spherical raindrop falls, it reaches a layer 
of dry air and begins to evaporate at a rate that is proportional 
to its surface area (S = 4ar?). Show that the radius of the 
raindrop decreases at a constant rate. 


Electricity The combined electrical resistance R of R, and R,, 
connected in parallel, is given by 

1 1 1 

= + 

R R R 

where R, R,, and R, are measured in ohms. R, and R, are 


increasing at rates of 1 and 1.5 ohms per second, respectively. At 
what rate is R changing when R, = 50 ohms and R, = 75 ohms? 


Adiabatic Expansion When a certain polyatomic gas 
undergoes adiabatic expansion, its pressure p and volume V 
satisfy the equation pV!3 = k, where k is a constant. Find the 
relationship between the related rates dp/dt and dV/dt. 


Roadway Design Cars on a certain roadway travel on a 
circular arc of radius r. In order not to rely on friction alone to 
overcome the centrifugal force, the road is banked at an angle 
of magnitude 0 from the horizontal (see figure). The banking 
angle must satisfy the equation rg tan 0 = v2, where v is the 
velocity of the cars and g = 32 feet per second per second is 
the acceleration due to gravity. Find the relationship between 
the related rates dv/dt and d6/dt. 


Angle of Elevation A balloon rises at a rate of 3 meters per 
second from a point on the ground 30 meters from an observer. 
Find the rate of change of the angle of elevation of the balloon 
from the observer when the balloon is 30 meters above the 
ground. 


Angle of Elevation A fish is reeled in at a rate of 1 foot per 
second from a point 10 feet above the water (see figure). At 
what rate is the angle between the line and the water changing 
when there is a total of 25 feet of line out? 


45. Angle of Elevation An airplane flies at an altitude of 5 miles 


46. 


toward a point directly over an observer (see figure). The speed 
of the plane is 600 miles per hour. Find the rates at which the 
angle of elevation 0 is changing when the angle is (a) @ = 30°, 
(b) 0 = 60°, and (c) 6 = 75°. 


Linear vs. Angular Speed A patrol car is parked 50 feet from 
a long warehouse (see figure). The revolving light on top of the 
car turns at a rate of 30 revolutions per minute. How fast is the 
light beam moving along the wall when the beam makes angles 
of (a) 0 = 30°, (b) 6 = 60°, and (c) @ = 70° with the line 
perpendicular from the light to the wall? 


Figure for 46 
47. 


48. 


49. 


Figure for 47 


Linear vs. Angular Speed A wheel of radius 30 centimeters 
revolves at a rate of 10 revolutions per second. A dot is painted 
at a point P on the rim of the wheel (see figure). 


(a) Find dx/dt as a function of 6. 
(b) Use a graphing utility to graph the function in part (a). 


(c) When is the absolute value of the rate of change of x 
greatest? When is it least? 


(d) Find dx/dt when 0 = 30° and @ = 60°. 


Flight Control An airplane is flying in still air with an 
airspeed of 240 miles per hour. If it is climbing at an angle of 
22°, find the rate at which it is gaining altitude. 


Security Camera A security camera is centered 50 feet above 
a 100-foot hallway (see figure). It is easiest to design the cam- 
era with a constant angular rate of rotation, but this results in a 
variable rate at which the images of the surveillance area are 
recorded. So, it is desirable to design a system with a variable 
rate of rotation and a constant rate of movement of the scanning 
beam along the hallway. Find a model for the variable rate of 
rotation if |dx/dt| = 2 feet per second. 
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change of y and the rate of change of x in each expression. 
Assume all variables and derivatives are positive. 


cD a is 
@=3 
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di (b) q E Jr OS GSE 


Acceleration In Exercises 51 and 52, find the acceleration of 
the specified object. (Hint: Recall that if a variable is changing 
at a constant rate, its acceleration is zero.) 


51. 


52. 


53. 


54. 


Find the acceleration of the top of the ladder described in 
Exercise 27 when the base of the ladder is 7 feet from the wall. 


Find the acceleration of the boat in Exercise 30(a) when there 
is a total of 13 feet of rope out. 


Modeling Data The table shows the numbers (in millions) of 
single women (never married) s and married women m in the 
civilian work force in the United States for the years 1993 
through 2001. (Source: U.S. Bureau of Labor Statistics) 


Year | 1993] 1994) 1995} 1996] 1997} 1998] 1999 | 2000) 2001 


s 15.0 | 15.3] 15.5 | 15.8] 16.5 | 17.1 | 17.6 | 17.8 | 18.0 


m 32.0 | 32.9 | 33.4 | 33.6 | 33.8 | 33.9 | 34.4 | 34.6 | 34.7 


(a) Use the regression capabilities of a graphing utility to find 
a model of the form m(s) = as? + bs? + cs + d for the 
data, where ¢ is the time in years, with £ = 3 corresponding 
to 1993. 


(b) Find dm/dt. Then use the model to estimate dm/dt for 
t = 10 if it is predicted that the number of single women in 
the work force will increase at the rate of 0.75 million 
per year. 


Moving Shadow A ball is dropped from a height of 
20 meters, 12 meters away from the top of a 20-meter lamppost 
(see figure). The ball’s shadow, caused by the light at the top of 
the lamppost, is moving along the level ground. How fast is the 
shadow moving 1 second after the ball is released? 
(Submitted by Dennis Gittinger, St. Philips College, San 
Antonio, TX) 


`s Shadow 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1—4, find the derivative of the function by using the 
definition of the derivative. 


1. f(x) =x? — 2x 4+ 3 


3. fo) == 


2. fx) = /x +1 


4. fl) == 


In Exercises 5 and 6, describe the x-values at which f is 
differentiable. 


5. f(x) = & + 1)? 6. f(x) = 


y y 


7. Sketch the graph of f(x) = 4 — |x — 2]. 
(a) Is f continuous at x = 2? 
(b) Is f differentiable at x = 2? Explain. 
xX +4x+2, x< -2 
8. Sketch the graph of f(x) = i ee ae 
(a) Is f continuous at x = —2? 


(b) Is f differentiable at x = —2? Explain. 


In Exercises 9 and 10, find the slope of the tangent line to the 
graph of the function at the given point. 


2 x 5 
9. a) = 22-2 (-1,2) 


35 
2 
8 pds veal ( 2; 5) 


In Exercises 11 and 12, (a) find an equation of the tangent line 
to the graph of f at the given point, (b) use a graphing utility to 
graph the function and its tangent line at the point, and (c) use 
the derivative feature of the graphing utility to confirm your 
results. 


10. h(x) 


1. fe =x, (1,-2) 12. fo) ==, (0, 2) 


In Exercises 13 and 14, use the alternative form of the derivative 
to find the derivative at x = c (if it exists). 


13. g(x) = xx- 1) c=2 14. f(x) = c=2 


as 
x+T 
In Exercises 15-30, find the derivative of the function. 
15. y = 25 16. y = —12 
17. f(x) = 3x8 18. g(x) = x? 


19. h(t) = 374 20. f(t) = -8% 

21. f(x) = x? — 3x? 22. g(s) = 454 — 5s? 

23. h(x) = 6V/x + 33x 24. f(x) = x!/2 — x12 

25. gli) = 5 26. h(x) = aF 

27. f(0) = 20 — 3 sin 0 28. g(a) = 4cosa + 6 
sin 6 Ssina _ 


29. f(0) = 3 cos 6 — 30. g(a) = 2a 


4 3 


Writing In Exercises 31 and 32, the figure shows the graphs of 
a function and its derivative. Label the graphs as f or f’ and 
write a short paragraph stating the criteria used in making the 
selection. To print an enlarged copy of the graph, select the 
MathGraph button. 


31. y 32. y 


33. Vibrating String When a guitar string is plucked, it vibrates 
with a frequency of F = 200 /T, where F is measured in vibra- 
tions per second and the tension T is measured in pounds. Find 
the rates of change of F when (a) T = 4 and (b) T = 9. 


34. Vertical Motion A ball is dropped from a height of 100 feet. 
One second later, another ball is dropped from a height of 75 
feet. Which ball hits the ground first? 


35. Vertical Motion To estimate the height of a building, a weight 
is dropped from the top of the building into a pool at ground 
level. How high is the building if the splash is seen 9.2 seconds 
after the weight is dropped? 


36. Vertical Motion A bomb is dropped from an airplane at an alti- 
tude of 14,400 feet. How long will it take for the bomb to reach 
the ground? (Because of the motion of the plane, the fall will not 
be vertical, but the time will be the same as that for a vertical 
fall.) The plane is moving at 600 miles per hour. How far will the 
bomb move horizontally after it is released from the plane? 


37. Projectile Motion A ball thrown follows a path described by 
y =x — 0.02x?. 
(a) Sketch a graph of the path. 
(b) Find the total horizontal distance the ball is thrown. 


(c) At what x-value does the ball reach its maximum height? 
(Use the symmetry of the path.) 

(d) Find an equation that gives the instantaneous rate of change 
of the height of the ball with respect to the horizontal 
change. Evaluate the equation at x = 0, 10, 25, 30, and 50. 

(e) What is the instantaneous rate of change of the height when 
the ball reaches its maximum height? 


38. Projectile Motion The path of a projectile thrown at an angle 


39. 


40. 


of 45° with level ground is 
32 

y=x= zR?) 
Vo 


where the initial velocity is vy feet per second. 

(a) Find the x-coordinate of the point where the projectile 
strikes the ground. Use the symmetry of the path of the 
projectile to locate the x-coordinate of the point where 
the projectile reaches its maximum height. 

(b) What is the instantaneous rate of change of the height when 
the projectile is at its maximum height? 

(c) Show that doubling the initial velocity of the projectile 
multiplies both the maximum height and the range by a 
factor of 4. 

(d) Find the maximum height and range of a projectile thrown 
with an initial velocity of 70 feet per second. Use a 
graphing utility to graph the path of the projectile. 

Horizontal Motion The position function of a particle 

moving along the x-axis is 


x(t) = 1? — 3r +2 for =o < t < oo. 


(a) Find the velocity of the particle. 


(b) Find the open t-interval(s) in which the particle is moving 
to the left. 


(c) Find the position of the particle when the velocity is 0. 
(d) Find the speed of the particle when the position is 0. 


Modeling Data The speed of a car in miles per hour and the 
stopping distance in feet are recorded in the table. 


Speed, x 20 | 30 | 40 | 50 | 60 


Stopping Distance, y | 25 | 55 | 105 | 188 | 300 


(a) Use the regression capabilities of a graphing utility to find 
a quadratic model for the data. 


(b) Use a graphing utility to plot the data and graph the model. 

(c) Use a graphing utility to graph dy/dx. 

(d) Use the model to approximate the stopping distance at a 
speed of 65 miles per hour. 

(e) Use the graphs in parts (b) and (c) to explain the change in 
stopping distance as the speed increases. 


In Exercises 41-54, find the derivative of the function. 


41. 
42. 
43. 


45. 


47. 


49. 


f(x) = (3x? + 7)(x? — 2x + 3) 


ga) = (x3 — 3x)(x + 2) 

h(x) = /x sin x 44. f(t) = cost 

fe) = 46. f(x) = F 

(0) = 75 48. fl) = 
5 f 
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. y= . y = 2x — x* tanx 


53. y = xcosx — sinx 54. g(x) = 3x sin x + x? cos x 


In Exercises 55—58, find an equation of the tangent line to the 
graph of f at the given point. 


2x3 = 1 


S.(Q)=—2 Ci) $6.70) = L (5 -3) 
57. f(x) = —xtanx, (0,0) 58. f(x) = ae (m, 1) 


59. Acceleration The velocity of an object in meters per second 
is v(t) = 36 — #?, 0 < t < 6. Find the velocity and accelera- 
tion of the object when t = 4. 


60. Acceleration An automobile’s velocity starting from rest is 


90t 


ear ra 0 


where v is measured in feet per second. Find the vehicle’s 
velocity and acceleration at each of the following times. 


(a) 1 second (b) 5 seconds (c) 10 seconds 


In Exercises 61-64, find the second derivative of the function. 


62. f(x) = 124/x 
64. h(t) = 4 sin t — 5 cos t 


61. (A =P — 3t+2 
63. f(0) = 3 tan 0 


In Exercises 65 and 66, show that the function satisfies the 
equation. 


Function Equation 


65. y = 2sinx + 3 cos x y"+y=0 


10 — cos x 


imal 

Ss 
=< 
ll 


‘+ y = sinx 
z xy y 


In Exercises 67-78, find the derivative of the function. 


SS 1\5 
i = 3 = 2 ae 
67. h(x) (2 a | 68. f(x) (x 1) 
69. f(s) = (s? — 1)52(s° + 5) 70. h(6) = Ta 
71. y = 3 cos(3x + 1) 72. y = 1 — cos 2x + 2 cos? x 
x sin 2x sec’x  sec?x 
73. y= 5- -7 Migs =o 
75. y = $ sin%/2x = = sinx 76. f(x) = — 
_ sin mx _ cos(x — 1) 
Te Ong 78. y= — a 


In Exercises 79—82, find the derivative of the function at the 
given point. 


79. f(x) = JI — 3, (-2,3) 
80. f(~) = ¥e—1, (3,2) 
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81. y = x esc 2X; (z. 1) 


82. y = csc 3x + cot 3x, (z, 1) 


In Exercises 83-86, use a computer algebra system to find the pg 


derivative of the function. Use the utility to graph the function 
and its derivative on the same set of coordinate axes. Describe 
the behavior of the function that corresponds to any zeros of the 
graph of the derivative. 


2y 


83. g(x) = We 
85. f() = Vt t+ 1 3Jt+I 86. y = x(x + 2)3 


84. f(x) = [k — 2) + 4)P 


In Exercises 87—90, (a) use a computer algebra system to find 
the derivative of the function at the given point, (b) find an 
equation of the tangent line to the graph of the function at the 
point, and (c) graph the function and its tangent line on the 
same set of coordinate axes. 

87. f(t) = P(t — 1), (2, 4) 

88. g(x) = xV +1, (3,310) 

89. y = tan/1 — x, (-2, tan /3) 

90. y = 2 esc3( /x), (1, 2 csc? 1) 


In Exercises 91—94, find the second derivative of the function. 


1 
91. y = 2x? + sin 2x 92. y=— + tanx 


93. f(x) = cotx 94. y = sin?x 
In Exercises 95-98, use a computer algebra system to find the 
second derivative of the function. 


6x — 5 
9 FO ae ATI 


97. g(0) = tan 30 — sin(0 — 1) 98. h(x) = xvx? — 1 


96. g(x) = 


99. Refrigeration The temperature T of food put in a freezer is 


700 
T= 2440 


where ¢ is the time in hours. Find the rate of change of T with 
respect to ¢ at each of the following times. 

(a) t=1 (b) t=3 (c) t=5 (d) t = 10 

100. Fluid Flow The emergent velocity v of a liquid flowing 

from a hole in the bottom of a tank is given by v = /2gh, 
where g is the acceleration due to gravity (32 feet per second 
per second) and h is the depth of the liquid in the tank. Find 
the rate of change of v with respect to h when (a) h = 9 and 
(b) h = 4. (Note that g = +32 feet per second per second. 
The sign of g depends on how a problem is modeled. In this 
case, letting g be negative would produce an imaginary value 
for v.) 
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In Exercises 101-106, use implicit differentiation to find dy 
101. x? + 3xy + y? = 10 
103. y/x — x/y = 16 


105. x sin y = y cos x 


102. x2 + 9y2 — 4x + 3y = 0 
104. y? = (x — y)(x? + y) 
106. cos(x + y) = x 


In Exercises 107 and 108, find the equations of the tangent line 
and the normal line to the graph of the equation at the given 
point. Use a graphing utility to graph the equation, the tangent 
line, and the normal line. 


107. x? + y? = 20, (2,4) 108. x2 — y? = 16, (5,3) 


109. A point moves along the curve y = \/x in such a way that the 
y-value is increasing at a rate of 2 units per second. At what 


rate is x changing for each of the following values? 


(a)x=5 (b)x=1 (©) x=4 


110. Surface Area The edges of a cube are expanding at a rate 


of 5 centimeters per second. How fast is the surface area 
changing when each edge is 4.5 centimeters? 


111. Depth The cross section of a five-meter trough is an isosce- 
les trapezoid with a two-meter lower base, a three-meter upper 
base, and an altitude of 2 meters. Water is running into the 
trough at a rate of 1 cubic meter per minute. How fast is the 
water level rising when the water is 1 meter deep? 


112. Linear and Angular Velocity A rotating beacon is located 
1 kilometer off a straight shoreline (see figure). If the beacon 
rotates at a rate of 3 revolutions per minute, how fast (in 
kilometers per hour) does the beam of light appear to be 
moving to a viewer who is 5 kilometer down the shoreline? 


Not drawn to scale 


113. Moving Shadow A sandbag is dropped from a balloon at a 
height of 60 meters when the angle of elevation to the sun is 
30° (see figure). Find the rate at which the shadow of the sand- 
bag is traveling along the ground when the sandbag is at a 
height of 35 meters. [Hint: The position of the sandbag is 
given by s(t) = 60 — 4.977.] 


Position: eS - 
s(t) = 60— 4.917 | | 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


1. Consider the graph of the parabola y = x?. 


(a) Find the radius r of the largest possible circle centered on the 
y-axis that is tangent to the parabola at the origin, as show in 
the figure. This circle is called the circle of curvature (see 
Section 12.5). Find the equation of this circle. Use a 
graphing utility to graph the circle and parabola in the same 
viewing window to verify your answer. 


(b) Find the center (0, b) of the circle of radius 1 centered on the 
y-axis that is tangent to the parabola at two points, as shown 
in the figure. Find the equation of this circle. Use a graphing 
utility to graph the circle and parabola in the same viewing 
window to verify your answer. 


y y 
A A 


SS 


2+- 


| E. N a 


-1 1 =1 1 


Figure for 1(a) Figure for 1(b) 


2. Graph the two parabolas y = x? and y = —x? + 2x — 5 in the 
same coordinate plane. Find equations of the two lines simulta- 
neously tangent to both parabolas. 


3. (a) Find the polynomial P,(x) = a, + a,x whose value and 
slope agree with the value and slope of f(x) = cos x at the 
point x = 0. 

(b) Find the polynomial P(x) = ay + a,x + a,x? whose value 
and first two derivatives agree with the value and first two 
derivatives of f(x) = cos x at the point x = 0. This polyno- 
mial is called the second-degree Taylor polynomial of 
f(x) = cos x at x = 0. 


(c) Complete the table comparing the values of f and P,. What 
do you observe? 


x —1.0 | —0.1 | —0.001 | O | 0.001 | 0.1 1.0 


cos x 


P. (x) 


(d) Find the third-degree Taylor polynomial of f(x) = sin x at 
x= 0. 

4. (a) Find an equation of the tangent line to the parabola y = x? at 
the point (2, 4). 

(b) Find an equation of the normal line to y = x? at the point 
(2, 4). (The normal line is perpendicular to the tangent line.) 
Where does this line intersect the parabola a second time? 

(c) Find equations of the tangent line and normal line to y = x? 
at the point (0, 0). 

(d) Prove that for any point (a,b) # (0,0) on the parabola 
y = x?, the normal line intersects the graph a second time. 


5. Find a third-degree polynomial p(x) that is tangent to the line 
y = 14x — 13 at the point (1,1), and tangent to the line 
y = —2x — 5 at the point (— 1, —3). 

6. Find a function of the form f(x) = a + bcos cx that is tangent 
to the line y = 1 at the point (0, 1), and tangent to the line 


ee ee 

eT oe A 
at the point (z 3) 
pomt ag 


7. The graph of the eight curve, 
xt = @(x? — y?) a + 0, 


is shown below. 


y 


> X 


(a) Explain how you could use a graphing utility to graph this 
curve. 


(b) Use a graphing utility to graph the curve for various values 
of the constant a. Describe how a affects the shape of the 
curve. 


(c) Determine the points on the curve where the tangent line is 
horizontal. 


8. The graph of the pear-shaped quartic, 
by? = (a — x), a,b > 0, 


is shown below. 


y 
A 


(a) Explain how you could use a graphing utility to graph this 
curve. 

(b) Use a graphing utility to graph the curve for various values 
of the constants a and b. Describe how a and b affect the 
shape of the curve. 


(c) Determine the points on the curve where the tangent line is 
horizontal. 


9. 


10. 


11. 


12. 


13. 
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A man 6 feet tall walks at a rate of 5 feet per second toward a 
streetlight that is 30 feet high (see figure). The man’s 3-foot-tall 
child follows at the same speed, but 10 feet behind the man. At 
times, the shadow behind the child is caused by the man, and at 
other times, by the child. 


(a) Suppose the man is 90 feet from the streetlight. Show that 
the man’s shadow extends beyond the child’s shadow. 


(b) Suppose the man is 60 feet from the streetlight. Show that 
the child’s shadow extends beyond the man’s shadow. 


(c) Determine the distance d from the man to the streetlight at 
which the tips of the two shadows are exactly the same 
distance from the streetlight. 


(d) Determine how fast the tip of the shadow is moving as a 
function of x, the distance between the man and the street 
light. Discuss the continuity of this shadow speed function. 


a A anin 


Not drawn to scale RO hr 
Figure for 9 Figure for 10 
A particle is moving along the graph of y = 3/x (see figure). 


When x = 8, the y-component of its position is increasing at 
the rate of 1 centimeter per second. 


(a) How fast is the x-component changing at this moment? 


(b) How fast is the distance from the origin changing at this 
moment? 


(c) How fast is the angle of inclination @ changing at this 
moment? 


Let L be a differentiable function for all x. Prove that if 
L(a + b) = L(a) + L(b) for all a and b, then L’(x) = L’(0) for 
all x. What does the graph of L look like? 

Let E be a function satisfying E(0) = E’(0) = 1. Prove that if 
E(a + b) = E(a)E(b) for all a and b, then E is differentiable 
and E’(x) = E(x) for all x. Find an example of a function 
satisfying E(a + b) = E(a)E(b). 


. 24. SX . 
The fundamental limit lim ——— = 1 assumes that x is measured 
x>0 xX 


in radians. What happens if you assume that x is measured in 
degrees instead of radians? 


(a) Set your calculator to degree mode and complete the table. 


z (in degrees) | 0.1 | 0.01 | 0.0001 


sin z 


a 


14. 


15. 
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(b) Use the table to estimate 


. sinz 
lim —— 
z>0 Zz 


for z in degrees. What is the exact value of this limit? (Hint: 
180° = ~ radians) 
(c) Use the limit definition of the derivative to find 
Ea sin 
dz>* 
for z in degrees. 


(d) Define the new functions S(z) = sin(cz) and 
C(z) = cos(cz), where c = 77/180. Find S(90) and C(180). 
Use the Chain Rule to calculate 


d 
T (z). 


(e) Explain why calculus is made easier by using radians 
instead of degrees. 


An astronaut standing on the moon throws a rock into the air. 
The height of the rock is 


27 
=- P + 27t + 
s 10 6 


where s is measured in feet and ¢ is measured in seconds. 
(a) Find expressions for the velocity and acceleration of the 
rock. 


(b) Find the time when the rock is at its highest point by 
finding the time when the velocity is zero. What is the 
height of the rock at this time? 

(c) How does the acceleration of the rock compare with the 
acceleration due to gravity on Earth? 

If a is the acceleration of an object, the jerk j is defined by 

j=a(ñ. 

(a) Use this definition to give a physical interpretation of j. 

(b) Find j for the slowing vehicle in Exercise 117 in Section 
2.3 and interpret the result. 

(c) The figure shows the graph of the position, velocity, 
acceleration, and jerk functions of a vehicle. Identify each 
graph and explain your reasoning. 
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Section 3.1 Extrema on an Interval 


e Understand the definition of extrema of a function on an interval. 
e Understand the definition of relative extrema of a function on an open interval. 
e Find extrema on a closed interval. 


[ Video | Extrema of a Function 
F 
A 


In calculus, much effort is devoted to determining the behavior of a function f on an 
interval J. Does f have a maximum value on J? Does it have a minimum value? Where 
is the function increasing? Where is it decreasing? In this chapter you will learn how 
derivatives can be used to answer these questions. You will also see why these 


Seema Maximum questions are important in real-life applications. 


F(x) =x°+1 


Definition of Extrema 
Let f be defined on an interval / containing c. 


1. f(c) is the minimum of f on J if f(c) < f(x) for all x in 7. 

[ | p> x 2. f(c) is the maximum of f on J if f(c) = f(x) for all x in Z. 

The minimum and maximum of a function on an interval are the extreme 
values, or extrema (the singular form of extrema is extremum), of the function 


on the interval. The minimum and maximum of a function on an interval are 
y also called the absolute minimum and absolute maximum on the interval. 


Nota 
maximum 


f@)=x2 41 A function need not have a minimum or a maximum on an interval. For instance, 
in Figure 3.1(a) and (b), you can see that the function f(x) = x? + 1 has both a 
minimum and a maximum on the closed interval [— 1, 2], but does not have a maxi- 
mum on the open interval (— 1,2). Moreover, in Figure 3.1(c), you can see that 
continuity (or the lack of it) can affect the existence of an extremum on the interval. 
(0, 1) Minimum This suggests the theorem below. (Although the Extreme Value Theorem is intuitively 
{ H } io plausible, a proof of this theorem is not within the scope of this text.) 


THEOREM 3.1 The Extreme Value Theorem 


If f is continuous on a closed interval [a, b], then f has both a minimum and a 
(2, 5) ~ Maximum maximum on the interval. 


Finding Minimum and Maximum Values The Extreme Value Theorem (like 
the Intermediate Value Theorem) is an existence theorem because it tells of the 


Nota 
miniti existence of minimum and maximum values but does not show how to find 
[ oe these values. Use the extreme-value capability of a graphing utility to find the 
i — = minimum and maximum values of each of the following functions. In each case, 


(© g is not continuous, [—1, 2] is closed. do you think the x-values are exact or approximate? Explain your reasoning. 


Extrema can occur at interior points or ag : 
endpoints of an interval. Extrema that occur at a. f (x) = 28 4x + 5 on the closed interval [ L, 3] 


the endpoints are called endpoint extrema. b. f (x) = x3 — 2x2 — 3x — 2 on the closed interval [- 1, 3] 
Figure 3.1 


Hill y fæ) = x3 i 3x2 


f has a relative maximum at (0, 0) anda 


relative minimum at (2, — 4). 
Figure 3.2 


Relative OS 
maximum 


(a) f'8)=0 

[state eran | 
A 

fœ =|x| 3+ 


JOS Sny 


(5 1) Relative 
maximum 


> X 


Figure 3.3 


9(x? — 3) 
x3 
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Relative Extrema and Critical Numbers 


In Figure 3.2, the graph of f(x) = x? — 3x? has a relative maximum at the point 
(0, 0) and a relative minimum at the point (2, —4). Informally, you can think of a 
relative maximum as occurring on a “hill” on the graph, and a relative minimum as 
occurring in a “valley” on the graph. Such a hill and valley can occur in two ways. If 
the hill (or valley) is smooth and rounded, the graph has a horizontal tangent line at 
the high point (or low point). If the hill (or valley) is sharp and peaked, the graph 
represents a function that is not differentiable at the high point (or low point). 


Definition of Relative Extrema 


1. If there is an open interval containing c on which f(c) is a maximum, then f(c) 
is called a relative maximum of f, or you can say that f has a relative 
maximum at (c, f(c)). 

2. If there is an open interval containing c on which f(c) is a minimum, then f(c) 
is called a relative minimum of f, or you can say that f has a relative 
minimum at (c, f(c)). 

The plural of relative maximum is relative maxima, and the plural of relative 

minimum is relative minima. 


Example | examines the derivatives of functions at given relative extrema. (Much 
more is said about finding the relative extrema of a function in Section 3.3.) 


EXAMPLE | The Value of the Derivative at Relative Extrema 
Find the value of the derivative at each of the relative extrema shown in Figure 3.3. 


Solution 
O(x2 — 3). 
~ is 


a. The derivative of f(x) = 3 
x 


(18x) — (9)G? — 3)(3x?) 
(x)? 


3 

Xx 

f(x) = Differentiate using Quotient Rule. 
_ 9(9 — x?) 


x o 


Simplify. 


At the point (3, 2), the value of the derivative is f’(3) = 0 [see Figure 3.3(a)]. 


b. At x = 0, the derivative of f(x) = |x| does not exist because the following 
one-sided limits differ [see Figure 3.3(b)]. 


lim fo) = £0) = lim |x| = -1 Limit from the left 
x07 F 0 x>0 X 
lim f ) = f0) = lim |x| = 1 Limit from the right 
x>0+* x— o0 x30 X 


c. The derivative of f(x) = sin x is 
f'(x) = cos x. 


At the point (7/2, 1), the value of the derivative is f(77/2) = cos(7/2) = 0. At the 
point (37/2, — 1), the value of the derivative is f(3m/2) = cos(37/2) = 0 [see 
Figure 3.3(c)]. 
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Note in Example | that at the relative extrema, the derivative is either zero or does 
not exist. The x-values at these special points are called critical numbers. Figure 3.4 
illustrates the two types of critical numbers. 


Definition of a Critical Number 


Let f be defined at c. If f(c) = 0 or if f is not differentiable at c, then c is a 
critical number of f. 


S’(c) does not exist. 


Horizontal 
tangent 


> X 


> XxX 


c is a critical number of f. 
Figure 3.4 


THEOREM 3.2 Relative Extrema Occur Only at Critical Numbers 


If f has a relative minimum or relative maximum at x = c, then c is a critical 
number of f. 


Proof 
Case 1: If f is not differentiable at x = c, then, by definition, c is a critical number 
of f and the theorem is valid. 


Case 2: If f is differentiable at x = c, then f(c) must be positive, negative, or 0. 
Suppose f’(c) is positive. Then 


fo) = lim f(x) -= f(o) s0 
x—>c A 
PIERRE DE Fermar (1601—1665) which implies that there exists an interval (a, b) containing c such that 
For Fermat, who was trained as a lawyer, f(x) _ flo) l 
mathematics was more of a hobby than a > 0, for all x # c in (a, b). [See Exercise 72(b), Section 1.2.] 
profession. Nevertheless, Fermat made many AE 
contributions to analytic geometry, number Because this quotient is positive, the signs of the denominator and numerator must 


theory, calculus, and probability. In letters to 
friends, he wrote of many of the fundamental 
ideas of calculus, long before Newton or Leftofe: x< c and f(x) <f(c) m  f(c)is nota relative minimum 


Leibniz. For instance, the theorem at the right Right ofc: x > c and f(x) >f(c) m f(c) is not a relative maximum 
is sometimes attributed to Fermat. 


agree. This produces the following inequalities for x-values in the interval (a, b). 


So, the assumption that f’(c) > 0 contradicts the hypothesis that f(c) is a relative 
extremum. Assuming that fc) < 0 produces a similar contradiction, you are left with 


M athBio only one possibility—namely, f’(c) = 0. So, by definition, c is a critical number of f 


and the theorem is valid. —— 
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Finding Extrema on a Closed Interval 


Theorem 3.2 states that the relative extrema of a function can occur only at the critical 
numbers of the function. Knowing this, you can use the following guidelines to find 
extrema on a closed interval. 


Guidelines for Finding Extrema on a Closed Interval 


To find the extrema of a continuous function f on a closed interval [a, b], use 
the following steps. 


1. Find the critical numbers of f in (a, b). 
2. Evaluate f at each critical number in (a, b). 
3. Evaluate f at each endpoint of [a, b]. 


4. The least of these values is the minimum. The greatest is the maximum. 


The next three examples show how to apply these guidelines. Be sure you see that 


finding the critical numbers of the function is only part of the procedure. Evaluating 
the function at the critical numbers and the endpoints is the other part. 


EXAMPLE 2. Finding Extrema on a Closed Interval 


Find the extrema of f(x) = 3x* — 4x3 on the interval [— 1, 2]. 


Solution Begin by differentiating the function. 


f (x) = 3x4 — 4x? Write original function. 


fx) = 12 = 12 Differentiate. 


To find the critical numbers of f, you must find all x-values for which f'(x) = 0 and 
all x-values for which f'(x) does not exist. 


f(x) = 12x3 = 12x? = Set f(x) equal to 0. 
12x?(x = 1) =0 Factor. 
x=0,1 Critical numbers 


Because f’ is defined for all x, you can conclude that these are the only critical 
numbers of f. By evaluating f at these two critical numbers and at the endpoints of 
[—1,2], you can determine that the maximum is f(2) = 16 and the minimum is 
-1 d, -1) ? f(1) = —1, as shown in the table. The graph of f is shown in Figure 3.5. 


-4-7 Minimum 


Ax) = 3x4 — 4x3 Left Critical Critical Right 
Endpoint Number Number Endpoint 


On the closed interval [— 1,2], f has a 


minimum at (1, — 1) and a maximum f(-D=7)} f0)=0 | fu)=—-1) f(2) = 16 
at (2, 16). Minimum | Maximum 
Figure 3.5 


SS 

[g e [Sa] [Een 
In Figure 3.5, note that the critical number x = 0 does not yield a relative 
minimum or a relative maximum. This tells you that the converse of Theorem 3.2 is 


not true. In other words, the critical numbers of a function need not produce relative 
extrema. 
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(0, 0)| Maximum 
T 


E E ! a Find the extrema of f(x) = 2x — 3x?/3 on the interval [—1, 3]. 
Solution Begin by differentiating the function. 
f(x) = 2x — 3x2/3 Write original function. 
2 x! — n) 
'l 2 =2 Differentiate. 
T (x) y B ( x! B ifferentiate 
Minimum From this derivative, you can see that the function has two critical numbers in the 
(-1, -5) interval [—1,3]. The number 1 is a critical number because f’(1) = 0, and the 
number 0 is a critical number because f’(0) does not exist. By evaluating f at these 
fa) = 2x = 30°? two numbers and at the endpoints of the interval, you can conclude that the minimum 
On the closed interval [— 1, 3], f has a is f(—1) = —5 and the maximum is f(0) = 0, as shown in the table. The graph of f 
minimum at (— 1, — 5) and a maximum is shown in Figure 3.6. 
at (0, 0). 
Figure 3.6 


Left Critical Critical Right 


|| Eitanie Graph | Endpoint Number Number Endpoint 


f—1)=-5] f@)=0 fa)=-1 | f8) =6 -339 = -0.24 


Minimum Maximum 


I 


EXAMPLE 4 Finding Extrema on a Closed Interval 


Find the extrema of f(x) = 2 sin x — cos 2x on the interval [0, 277]. 


Solution This function is differentiable for all real x, so you can find all critical 
numbers by differentiating the function and setting f'(x) equal to zero, as shown. 


f(x) = 2 sin x — cos 2x Write original function. 
f(x) = 2cosx + 2sin2x = 0 Set f'(x) equal to 0. 
2cosx + 4cosxsinx = 0 sin 2x = 2 cos x sin x 
On the closed interval [0, 27r], f has 2(cos x)(1 + 2 sin x) = 0 Factor. 


cara se ae a In the interval [0, 277], the factor cos x is zero when x = 7/2 and when x = 37/2. 


(ar/2, 3): The factor (1 + 2 sin x) is zero when x = 77/6 and when x = 1177/6. By evaluating 
i f at these four critical numbers and at the endpoints of the interval, you can conclude 
that the maximum is f(7/2) =3 and the minimum occurs at two points, 


A) 
|| Eitanie Graph | f(77/6) = —3/2 and f(117/6) = —3/2, as shown in the table. The graph is shown 
in Figure 3.7. 


Figure 3.7 


Left Critical Critical Critical Critical Right 
Endpoint Number Number Number Number Endpoint 
T 10 3 30 lla 3 
o=- | AZ)=3 | (2)=-3 E | (42)=-3) sem = -1 
Maximum Minimum Minimum 
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Exercises for Section 3.1 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 

Click on to print an enlarged copy of the graph. 

In Exercises 1 and 2, decide whether each labeled point is an 


absolute maximum or minimum, a relative maximum or mini- 
mum, or neither. 


In Exercises 9-12, approximate the critical numbers of the 
function shown in the graph. Determine whether the function 
has a relative maximum, relative minimum, absolute maximum, 
absolute minimum, or none of these at each critical number on 


1. N 2. the interval shown. 
B 
9. y 10. y 
A A 
C G Pa 
E 
a+ 
A 
F ail 
D 2 > x 
1- 
> X 
t = |x 
-1 | 1234 5 
In Exercises 3-8, find the value of the derivative (if it exists) at 
each indicated extremum. 11 y 12 y 
A A 
_ _ TX 5 8+ 
3. f(x) = PEI 4. f(x) = cos 5 al ot 
y y 3+ 
A A 2L agi 
a+ 
14 
—s—_}__b__- + aA 2 
a |1234 5 Sel A A e g 
In Exercises 13-18, find any critical numbers of the function. 
13. f(x) = x(x — 3) 


14. g(x) = x(x? — 4) 


15. g(t) =tv4-t,t<3 16. f(x) = = 


35. 


36. 


4 TX 
=— + tan{— 
bee tan A l [1, 2] 


y=x -2 


cos x, [-1, 3] 


5. x? +1 
17. h(x) = sin? x + cos x 18. f(0) = 2 sec 0 + tan 0 
O<x<27 0<60<27 
In Exercises 19-36, locate the absolute extrema of the function 
on the closed interval. 
2% F 
19. fo) = 23 - x), [-1,2] 20. fo) = =>, [0,5] 
21. f(x) = =x + 3x, [0,3] 22. f(x) =x? +2x- 4, [- 1,1] 
23. f(x) =x - Sx [-1,2] 24. f(x) =x? — 12x, [0,4] 
7. 
25. y = 3x7 — 2x, [-1,1] 26. g(x) = ¥x, [-1, 1] 
mts — ae e 
r+ 3’ ; L+ ; 
1 t 
29. h(s) = Poe [0, 1] 30. h(t) = Tar [3, 5] 
31. y =3-— |t- 3| [-1,5] 32. fŒ) = k] [-2, 2] 
1 T T 
33. f(x) = cos 7x, lo. z] 34. g(x) = sec x, |-2 z] 
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In Exercises 37—40, locate the absolute extrema of the function 
(if any exist) over each interval. 


37. f(x) = 2x — 3 38. f(x) =5-x 
(a) [0,2] (b) [0, 2) (a) [1,4] (b) [1, 4) 
(c) 0,2] =) (0,2) © 1,4] ®© (1,4) 


39. f(x) = x? — 2x 40. f(x) = v4- 2? 
(a) [=1,2] œ) 1,3] (a) [=2, 2] Gy [-2, 0) 
(c) (0,2)  ® [1, 4) (c) (2,2) (a) [1,2) 


In Exercises 41-44, sketch the graph of the function. Then locate 
the absolute extrema of the function over the given interval. 


41 eee O<sx<l [0, 3] 
EE = ee 1exs3 o" 
2-x% 1<x<3 
42. = = Wiss 
fO) ee 3.25.5 U1, 5] 


43. He (1, 4] 


x- l’ 


44. fo) = 5 2 =, 0D 


In Exercises 45 and 46, use a graphing utility to graph the 
function. Then locate the absolute extrema of the function over 
the given interval. 


45. f(x) = xt- 22 +x +1, [-1,3] 


46. f(x) = /x + cos, [0, 27r] 


In Exercises 47 and 48, (a) use a computer algebra system to 
graph the function and approximate any absolute extrema on 
the given interval. (b) Use the utility to find any critical num- 
bers, and use them to find any absolute extrema not located at 
the endpoints. Compare the results with those in part (a). 


47. f(x) = 3.2x5 + 5x3 — 3.5x, [0,1] 


48. f(x) = axJ/3 —x, [0,3] 


In Exercises 49 and 50, use a computer algebra system to find 
the maximum value of |f’(x)| on the closed interval. (This 
value is used in the error estimate for the Trapezoidal Rule, as 
discussed in Section 4.6.) 


49. f(x) = /1 +>, [0,2] 
1 1 
50. f(x) = E 5 


L+ [2’ 


In Exercises 51 and 52, use a computer algebra system to find 
the maximum value of |f4(x)| on the closed interval. (This 
value is used in the error estimate for Simpson’s Rule, as 
discussed in Section 4.6.) 


SL. fa) = +1, [0,2] 52. f= [1,1] 
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Writing About Concepts 


In Exercises 53 and 54, graph a function on the interval 
[—2, 5] having the given characteristics. 


53. Absolute maximum at x = —2, absolute minimum at 
x = 1, relative maximum at x = 3 

54. Relative minimum at x = —1, critical number at x = 0, 
but no extrema, absolute maximum at x = 2, absolute 
minimum at x = 5 


In Exercises 55-58, determine from the graph whether f 
has a minimum in the open interval (a, b). 


55. (a) (b) 


59. Power The formula for the power output P of a battery is 
P = VI — RT’, where V is the electromotive force in volts, 
R is the resistance, and J is the current. Find the current 
(measured in amperes) that corresponds to a maximum value of 
P in a battery for which V = 12 volts and R = 0.5 ohm. 
Assume that a 15-ampere fuse bounds the output in the interval 
0 < Z < 15. Could the power output be increased by replacing 
the 15-ampere fuse with a 20-ampere fuse? Explain. 


60. Inventory Cost A retailer has determined that the cost C of 
ordering and storing x units of a product is 


C=2x + 1 < x < 300. 


300,000 
To 2 
The delivery truck can bring at most 300 units per order. Find 
the order size that will minimize cost. Could the cost be 
decreased if the truck were replaced with one that could bring 
at most 400 units? Explain. 


61. Lawn Sprinkler A lawn sprinkler is constructed in such a 
way that d0/dt is constant, where 0 ranges between 45° and 
135° (see figure). The distance the water travels horizontally is 


v? sin 20 
P 


a < o 
32 45° < 0 135 


where v is the speed of the water. Find dx/dt and explain why 
this lawn sprinkler does not water evenly. What part of the lawn 
receives the most water? 


STS 75 


TaN 
i ~ 


` 
. 0 =45° 


ih a ~ 


Water sprinkler: 45° < 0 < 135° 


[Animation | 


FOR FURTHER INFORMATION For more information on the 
“calculus of lawn sprinklers,’ see the article “Design of an 
Oscillating Sprinkler” by Bart Braden in Mathematics Magazine. 


MathArticle 


62. Honeycomb The surface area of a cell in a honeycomb is 


2 a 
Shs 4 3s (£ cos 2) 


2 sin 0 


where h and s are positive constants and @ is the angle at which 
the upper faces meet the altitude of the cell (see figure). Find the 
angle 0 (7/6 < 0 < 7/2) that minimizes the surface area S. 
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geometric structure of a honeycomb cell, see the article “The 
Design of Honeycombs” by Anthony L. Peressini in UMAP 
Module 502, published by COMAP, Inc., Suite 210, 57 Bedford 
Street, Lexington, MA. 


True or False? In Exercises 63—66, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


63. The maximum of a function that is continuous on a closed 
interval can occur at two different values in the interval. 


64. If a function is continuous on a closed interval, then it must 
have a minimum on the interval. 


65. If x = c is a critical number of the function f, then it is also a 
critical number of the function g(x) = f(x) + k, where k is a 
constant. 


66. If x = c is a critical number of the function f, then it is also a 
critical number of the function g(x) = f(x — k), where k is a 
constant. 


67. Let the function f be differentiable on an interval J containing 
c. If f has a maximum value at x = c, show that —f has a min- 
imum value at x = c. 


68. Consider the cubic function f(x) = ax? + bẹ? + cx + d 
where a # 0. Show that f can have zero, one, or two critical 
numbers and give an example of each case. 


69. Highway Design In order to build a highway, it is necessary 
to fill a section of a valley where the grades (slopes) of the sides 
are 9% and 6% (see figure). The top of the filled region will 
have the shape of a parabolic arc that is tangent to the two 
slopes at the points A and B. The horizontal distance between 
the points A and B is 1000 feet. 


(a) Find a quadratic function y = ax? + bx + c, —500 < 
x < 500, that describes the top of the filled region. 


(b) Construct a table giving the depths d of the fill for 
x = — 500, — 400, — 300, — 200, — 100, 0, 100, 200, 300, 
400, and 500. 

(c) What will be the lowest point on the completed highway? 


Will it be directly over the point where the two hillsides 
come together? 
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Section 3.2 Rolle’s Theorem and the Mean Value Theorem 


e Understand and use Rolle’s Theorem. 
e Understand and use the Mean Value Theorem. 


Rolle’s Theorem 
The Extreme Value Theorem (Section 3.1) states that a continuous function on a 
ROLLE’s THEOREM closed interval [a, b] must have both a minimum and a maximum on the interval. Both 
French mathematician Michel Rolle first of these values, however, can occur at the endpoints. Rolle’s Theorem, named after 
published the theorem that bears his name in the French mathematician Michel Rolle (1652-1719), gives conditions that guarantee 
1691. Before this time, however, Rolle was one the existence of an extreme value in the interior of a closed interval. 


of the most vocal critics of calculus, stating 
that it gave erroneous results and was based 


a neue Sie iE Role EXPLORATION 222222 


came to see the usefulness of calculus. 
Extreme Values in a Closed Interval Sketch a rectangular coordinate plane on 
a piece of paper. Label the points (1, 3) and (5, 3). Using a pencil or pen, draw 
the graph of a differentiable function f that starts at (1, 3) and ends at (5, 3). Is 
there at least one point on the graph for which the derivative is zero? Would it be 
possible to draw the graph so that there isn’t a point for which the derivative is 
zero? Explain your reasoning. 


THEOREM 3.3 Rolle’s Theorem 


Let f be continuous on the closed interval [a, b] and differentiable on the open 
interval (a, b). If 


f(a) = f(b) 


then there is at least one number c in (a, b) such that f(c) = 0. 


>» ` 


Relative 
maximum 


Proof Let f(a) = d = f(b). 


Case 1: If f(x) = d for all x in [a, b], f is constant on the interval and, by Theorem 
2.2, f(x) = 0 for all x in (a, b). 
Case 2: Suppose f(x) > d for some x in (a, b). By the Extreme Value Theorem, you 
know that f has a maximum at some c in the interval. Moreover, because f(c) > d, 
this maximum does not occur at either endpoint. So, f has a maximum in the open 
interval (a, b). This implies that f(c) is a relative maximum and, by Theorem 3.2, c is 
Relative a critical number of f. Finally, because f is differentiable at c, you can conclude that 
Maximum 

fc) = 0. 
Case 3: If f(x) < d for some x in (a, b), you can use an argument similar to that in 
Case 2, but involving the minimum instead of the maximum. = 


> xX 


a c b 
(a) f is continuous on [a, b] and differentiable 
on (a, b). 


>< 


From Rolle’s Theorem, you can see that if a function f is continuous on [a, b] and 
i i i differentiable on (a, b), and if f(a) = f(b), there must be at least one x-value between 
S a and b at which the graph of f has a horizontal tangent, as shown in Figure 3.8(a). 
a c b o If the differentiability requirement is dropped from Rolle’s Theorem, f will still have 
(b) f is continuous on [a, b]. a critical number in (a, b), but it may not yield a horizontal tangent. Such a case is 
Figure 3.8 shown in Figure 3.8(b). 
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fas — ek D 


ajes Horizontal 
tangent 


The x-value for which f(x) = 0 is between 
the two x-intercepts. 
Figure 3.9 


| _Enitabie Graph | 


1 Foes 
fl-2)=8 
f(2)=8 
f-I=0 2L Fy=0 


f(x) = 0 for more than one x-value in the 
interval (— 2, 2). 
Figure 3.10 


-3 
Figure 3.11 


EXAMPLE | Illustrating Rolle’s Theorem 


Find the two x-intercepts of 
f(x) =x? — 3x +2 


and show that f(x) = 0 at some point between the two x-intercepts. 


Solution Note that f is differentiable on the entire real line. Setting f(x) equal to 0 
produces 
x? —-3x+2=0 Set f(x) equal to 0. 
(x — I(x — 2) = 0. Factor. 
So, f(1) = f(2) = 0, and from Rolle’s Theorem you know that there exists at least 


one c in the interval (1, 2) such that f(c) = 0. To find such a c, you can solve the 
equation 


f(x) =2x-3=0 Set f’(x) equal to 0. 


and determine that f'(x) = 0 when x = 2. Note that the x-value lies in the open interval 
(1, 2), as shown in Figure 3.9. 


[try te] [Elortions] 
Rolle’s Theorem states that if f satisfies the conditions of the theorem, there must 


be at least one point between a and b at which the derivative is 0. There may of course 
be more than one such point, as shown in the next example. 


EXAMPLE 2 Illustrating Rolle’s Theorem 


Let f(x) = x4 — 2x?. Find all values of c in the interval (—2, 2) such that f(c) = 0. 


Solution To begin, note that the function satisfies the conditions of Rolle’s 
Theorem. That is, f is continuous on the interval [—2, 2] and differentiable on the 
interval (— 2, 2). Moreover, because f(—2) = f(2) = 8, you can conclude that there 
exists at least one c in (—2, 2) such that fc) = 0. Setting the derivative equal to 0 
produces 


f(x) = 43 — 4x = 0 Set f'(x) equal to 0. 
4x(x — 1)(x + 1) =0 Factor. 
x=0,1,-1. x-values for which f'(x) = 0 


So, in the interval (— 2, 2), the derivative is zero at three different values of x, as shown 
in Figure 3.10. 


[try te ] [Extentions 
TECHNOLOGY PITFALL A graphing utility can be used to indicate whether 
the points on the graphs in Examples 1 and 2 are relative minima or relative maxima 
of the functions. When using a graphing utility, however, you should keep in mind 


that it can give misleading pictures of graphs. For example, use a graphing utility to 
graph 


1 
~ 1000(x — 1)/7 + 1° 


f@) =1-@— 1)? 


With most viewing windows, it appears that the function has a maximum of 1 
when x = 1 (see Figure 3.11). By evaluating the function at x = 1, however, you 
can see that f(1) = 0. To determine the behavior of this function near x = 1, you 
need to examine the graph analytically to get the complete picture. 
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The Mean Value Theorem 


Rolle’s Theorem can be used to prove another theorem—the Mean Value Theorem. 


THEOREM 3.4 The Mean Value Theorem 


If f is continuous on the closed interval [a, b] and differentiable on the open 
interval (a, b), then there exists a number c in (a, b) such that 


_ fe) -fa 


Y Slope of tangent line = f’(c) fo) a ba 


“oe 


Secant line 


Proof Refer to Figure 3.12. The equation of the secant line containing the points 


(b, fb) (a, f(a)) and (b, f(b)) is 


2 ee (x — a) + fla). 


Let g(x) be the difference between f(x) and y. Then 
Figure 3.12 e(x) = f(x) -y 


= f - LO=LO e- a) - f. 


By evaluating g at a and b, you can see that g(a) = 0 = g(b). Because f is continuous 
on [a, b] it follows that g is also continuous on [a, b]. Furthermore, because f is 
differentiable, g is also differentiable, and you can apply Rolle’s Theorem to the 
function g. So, there exists a number c in (a, b) such that g’(c) = 0, which implies that 


0 = 2'(c) 


= Fo) - TO Aa, 


So, there exists a number c in (a, b) such that 


f(b) = fla) o- fa) 


—a eo] 


Fc) = 


NOTE The “mean” in the Mean Value Theorem refers to the mean (or average) rate of change 
of f in the interval [a, b]. 


JosePH-Louts LaGRancE (1736-1813) Although the Mean Value Theorem can be used directly in problem solving, it is 
The Mean Value Theorem was first proved used more often to prove other theorems. In fact, some people consider this to be the 
by the famous mathematician Joseph-Louis most important theorem in calculus—it is closely related to the Fundamental Theorem 
Lagrange. Born in Italy, Lagrange held a of Calculus discussed in Chapter 4. For now, you can get an idea of the versatility of 
position in the court of Frederick the Great this theorem by looking at the results stated in Exercises 77—85 in this section. 
in Berlin for 20 years. Afterward, he moved The Mean Value Theorem has implications for both basic interpretations of the 
LOM Aas) wiene ihe mat amperor Nemoleon derivative. Geometrically, the theorem guarantees the existence of a tangent line that 
a ee Eo is parallel to the secant line through the points (a, f(a)) and (b, f(b)), as shown in 
Bees pecan Figure 3.12. Example 3 illustrates this geometric interpretation of the Mean Value 

Theorem. In terms of rates of change, the Mean Value Theorem implies that there 
must be a point in the open interval (a, b) at which the instantaneous rate of change is 


MathBio E to the average rate of change over the interval [a, b]. This is illustrated in 
xample 4. 
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EXAMPLE 3 Finding a Tangent Line 


y Given f(x) = 5 — (4/x), find all values of c in the open interval (1, 4) such that 
A Tangent line 
„a — £4) - fU) 
(4,4) Pa 4-1 `’ 


Solution The slope of the secant line through (1, f(1)) and (4, f(4)) is 


/O=/0) a _, 
4-1 4-1 `” 


Because f satisfies the conditions of the Mean Value Theorem, there exists at least one 
number c in (1, 4) such that f(c) = 1. Solving the equation f'(x) = 1 yields 


> xX , 4 
ro=$=1 
The tangent line at (2, 3) is parallel to the 
secant line through (1, 1) and (4, 4). which implies that x = +2. So, in the interval (1, 4), you can conclude that c = 2, as 
Figure 3.13 shown in Figure 3.13. 


| Editable Graph | 


EXAMPLE 4 Finding an Instantaneous Rate of Change 


Two stationary patrol cars equipped with radar are 5 miles apart on a highway, as 
shown in Figure 3.14. As a truck passes the first patrol car, its speed is clocked at 55 
miles per hour. Four minutes later, when the truck passes the second patrol car, its 
speed is clocked at 50 miles per hour. Prove that the truck must have exceeded the 
speed limit (of 55 miles per hour) at some time during the 4 minutes. 


Solution Let t = 0 be the time (in hours) when the truck passes the first patrol car. 
The time when the truck passes the second patrol car is 


4 
At some time ¢, the instantaneous velocity is = 60 15 hour 
equal to the average velocity over 4 minutes. . . i P 
Figure 3.14 By letting s(t) represent the distance (in miles) traveled by the truck, you have 


s(0) = 0 and s(;k) = 5. So, the average velocity of the truck over the five-mile stretch 
of highway is 


] 


s(1/15) — s(0) 


Average velocity 


(1/15) — 0 
= E = 75 miles per hour 
1/15 i ' 


Assuming that the position function is differentiable, you can apply the Mean Value 
Theorem to conclude that the truck must have been traveling at a rate of 75 miles per 
hour sometime during the 4 minutes. 


A useful alternative form of the Mean Value Theorem is as follows: If f is 
continuous on [a, b] and differentiable on (a, b), then there exists a number c in (a, b) 
such that 


f(b) = f(a) ain (b z NE) Alternative form of Mean Value Theorem 


NOTE When doing the exercises for this section, keep in mind that polynomial functions, 
rational functions, and trigonometric functions are differentiable at all points in their domains. 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on || to print an enlarged copy of the graph. 


In Exercises 1—4, explain why Rolle’s Theorem does not apply Py 


to the function even though there exist a and b such that 


f(a) =f). 


1. fx)=1-— |x- 1| 2. f(x) = cot 5 
A 7 (m, 0) 7,0) 
a4 
1+ x 
(2, 0) 
Aoo N? 
3. so =|} 4. f = VETE, 
[=1;1] [-1,1] 


In Exercises 5-8, find the two x-intercepts of the function f and 
show that f(x) = 0 at some point between the two x-intercepts. 
6. f(x) = x(x — 3) 

8. f(x) = —3xJ/x + 1 


5. fa) =x? -x-2 


7. f(x) =xJ/x+4 


Rolle’s Theorem In Exercises 9 and 10, the graph of f is 
shown. Apply Rolle’s Theorem and find all values of c such that 
fc) = 0 at some point between the labeled intercepts. 


10. y 
2 hi f(x) = sin 2x 


9. fa) =x? + 3x-4 y 
A 


In Exercises 11-24, determine whether Rolle’s Theorem can be 
applied to f on the closed interval [a, b]. If Rolle’s Theorem can 
be applied, find all values of c in the open interval (a, b) such 
that f(c) = 0. 

11. f(x) = x? — 2x,[0, 2] 12. f(x) = x? — 5x + 4, [1,4] 
13. f(x) =@ = 1)&œ - 2)x — 3), [1, 3] 

14. f(x) = (x — 3)(x + 1}, [-1,3] 

15. f(x) = x? — 1,[-8, 8] 16. f(x) =3-|x-3 
EE Se = 3 
17. f(x) = ei 


19. f(x) = sin x, [0, 277] 


21. f(x) = a — 4 sin?x, [o. z] 22. f(x) = cos 2x, Ee z] 


, [0, 6] 


[=1,3] 18. fe) ==, [-1,1] 


20. f(x) = cos x, [0, 27] 


23. f(x) = tan x, [0, 7r] 


24. f(x) = sec x, [-7 7] 


In Exercises 25-28, use a graphing utility to graph the function 
on the closed interval [a,b]. Determine whether Rolle’s 
Theorem can be applied to f on the interval and, if so, find all 
values of c in the open interval (a, b) such that f(c) = 0. 


25. f(x) = |x| — 1,[-1, 1] 26. f(x) = x — x'/3, [0, 1] 
27. f(x) = 4x — tan Tx, [-i. 1] 


28. f(x) = : — sin [—1, 0] 


29. Vertical Motion The height of a ball ¢ seconds after it is 
thrown upward from a height of 32 feet and with an initial 
velocity of 48 feet per second is f(t) = — 16t? + 48t + 32. 


(a) Verify that f(1) = f(2). 


(b) According to Rolle’s Theorem, what must be the velocity at 
some time in the interval (1, 2)? Find that time. 


30. Reorder Costs The ordering and transportation cost C for 
components used in a manufacturing process is approximated 


1 
by C(x) = (+ + ), where C is measured in thousands 


= 

x+3 

of dollars and x is the order size in hundreds. 

(a) Verify that C(3) = C(6). 

(b) According to Rolle’s Theorem, the rate of change of the 
cost must be 0 for some order size in the interval (3, 6). 
Find that order size. 


In Exercises 31 and 32, copy the graph and sketch the secant 
line to the graph through the points (a, f(a)) and (b, f (b)). Then 
sketch any tangent lines to the graph for each value of c 
guaranteed by the Mean Value Theorem. To print an enlarged 
copy of the graph, select the MathGraph button. 


31. 32. y 


gS jesse 
> 
© besceeie 
> 


Writing In Exercises 33-36, explain why the Mean Value 
Theorem does not apply to the function f on the interval [0, 6]. 


33. v 34. 
A 
6+ 
5+ 
4+ 
gF e 
2- 
1 
+—+—_}+—_}|—_ +} > x 
123 4 5 6 
35. f(x) =—— 36. f(x) = |x — 3| 


37. Mean Value Theorem Consider the graph of the function 
f(x) = x? + 1. (a) Find the equation of the secant line joining 
the points (— 1, 2) and (2, 5). (b) Use the Mean Value Theorem 
to determine a point c in the interval (— 1,2) such that the 
tangent line at c is parallel to the secant line. (c) Find the 
equation of the tangent line through c. (d) Then use a graphing 
utility to graph f, the secant line, and the tangent line. 


, f@=axr+1 fx) =-x2-x +6 


Figure for 37 Figure for 38 


38. Mean Value Theorem Consider the graph of the function 
f(x) = —x? — x + 6. (a) Find the equation of the secant line 
joining the points (—2, 4) and (2, 0). (b) Use the Mean Value 
Theorem to determine a point c in the interval (— 2, 2) such that 
the tangent line at c is parallel to the secant line. (c) Find the 
equation of the tangent line through c. (d) Then use a graphing 
utility to graph f, the secant line, and the tangent line. 


In Exercises 39-46, determine whether the Mean Value 
Theorem can be applied to f on the closed interval [a, b]. If the 
Mean Value Theorem can be applied, find all values of c in the 


open interval (a, b) such that f(c) = Pe Le 


39. f(x) = x*, [-2, 1] 
40. f(x) = x(x? — x — 2), [-1, 1] 


42. f(x) === = [4 2] 


43. f(x) = /2 — x, [-7, 2] 44. f(x) = x3, [0,1] 
45. f(x) = sin x, [0, 7] 
46. f(x) = 2sinx + sin 2x, [0, 7r] 


41. f(x) = x?/3, [0,1] 


In Exercises 47-50, use a graphing utility to (a) graph the 
function f on the given interval, (b) find and graph the secant 
line through points on the graph of f at the endpoints of the 
given interval, and (c) find and graph any tangent lines to the 
graph of f that are parallel to the secant line. 


47. f(x) = a É |-4, 2] 48. f(x) =x- 2 sinx, [- m, 7] 


49. f(x) = vx, [1,9] 
50. f(x) xt + 4x3 + 8x2 + 5, [0,5] 


51. Vertical Motion The height of an object ¢ seconds after it is 
dropped from a height of 500 meters is s(t) = —4.917 + 500. 


(a) Find the average velocity of the object during the first 
3 seconds. 
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during the first 3 seconds of fall the instantaneous velocity 
equals the average velocity. Find that time. 


52. Sales A company introduces a new product for which the 
number of units sold S is 


S(t) = 2005 = z) 


2+t 
where f is the time in months. 
(a) Find the average value of S(t) during the first year. 


(b) During what month does $“(t) equal the average value 
during the first year? 


Writing About Concepts 


53. Let f be continuous on [a, b] and differentiable on (a, b). If 
there exists c in (a, b) such that f(c) = 0, does it follow 
that f(a) = f(b)? Explain. 

. Let f be continuous on the closed interval [a, b] and differ- 
entiable on the open interval (a, b). Also, suppose that 
f(a) = f(b) and that c is a real number in the interval such 
that f(c) = 0. Find an interval for the function g over 
which Rolle’s Theorem can be applied, and find the 
corresponding critical number of g (k is a constant). 


(a) gx) =f@) +k b) ga) =f — k) 
(c) g(x) = f(kx) 


. The function 


fœ = Fe a 


l=, O<x5 1 


is differentiable on (0,1) and satisfies f(0) = f(1). 
However, its derivative is never zero on (0, 1). Does this 
contradict Rolle’s Theorem? Explain. 


. Can you find a function f such that f(—2) = —2, 
f(2) = 6, and f(x) < 1 for all x. Why or why not? 


57. Speed A plane begins its takeoff at 2:00 P.M. on a 2500-mile 
flight. The plane arrives at its destination at 7:30 P.M. Explain 
why there are at least two times during the flight when the 
speed of the plane is 400 miles per hour. 


58. Temperature When an object is removed from a furnace and 
placed in an environment with a constant temperature of 90°F, 
its core temperature is 1500°F. Five hours later the core 
temperature is 390°F. Explain why there must exist a time in 
the interval when the temperature is decreasing at a rate of 
222°F per hour. 


59. Velocity Two bicyclists begin a race at 8:00 A.M. They both 
finish the race 2 hours and 15 minutes later. Prove that at some 
time during the race, the bicyclists are traveling at the same 
velocity. 


60. Acceleration At 9:13 A.M., a sports car is traveling 35 miles 
per hour. Two minutes later, the car is traveling 85 miles per 
hour. Prove that at some time during this two-minute interval, 
the car’s acceleration is exactly 1500 miles per hour squared. 
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61. Graphical Reasoning The figure shows two parts of the 
graph of a continuous differentiable function f on [— 10, 4]. 
The derivative f’ is also continuous. To print an enlarged copy 
of the graph, select the MathGraph button. 


-8 + 


(a) Explain why f must have at least one zero in [— 10, 4]. 


(b) Explain why f’ must also have at least one zero in the 
interval [— 10, 4]. What are these zeros called? 


(c) Make a possible sketch of the function with one zero of f’ 
on the interval [— 10, 4]. 


(d) Make a possible sketch of the function with two zeros of f’ 
on the interval [— 10, 4]. 


(e) Were the conditions of continuity of f and f’ necessary to 
do parts (a) through (d)? Explain. 
62. Consider the function f(x) = 3 cos? (=). 
(a) Use a graphing utility to graph f and f’. 
(b) Is f a continuous function? Is f’ a continuous function? 


(c) Does Rolle’s Theorem apply on the interval [— 1, 1]? Does 
it apply on the interval [1, 2]? Explain. 


(d) Evaluate, if possible, lim f'(x) and lim Fx: 


Think About It In Exercises 63 and 64, sketch the graph of an 
arbitrary function f that satisfies the given condition but does 
not satisfy the conditions of the Mean Value Theorem on the 
interval [—5, 5]. 


63. f is continuous on[—5, 5]. 


64. f is not continuous on[—5, 5]. 


In Exercises 65 and 66, use the Intermediate Value Theorem and 
Rolle’s Theorem to prove that the equation has exactly one real 
solution. 


65. xP +e4+x4+1=0 66. 2x — 2 — cosx = 0 


67. Determine the values a, b, and c such that the function f 
satisfies the hypotheses of the Mean Value Theorem on the 
interval [0, 3]. 


i; x=0 
f(x) = jax + b, O<x<l 
w+4x+e, 1x3 


68. Determine the values a, b, c, and d so that the function f 
satisfies the hypotheses of the Mean Value Theorem on the 
interval [—1, 2]. 
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a, x=-l1 

2, -l<x<0 
fa) = ber +e, O<x<l 

dx + 4, (272 


Differential Equations Yn Exercises 69-72, find a function f 
that has the derivative f(x) and whose graph passes through 
the given point. Explain your reasoning. 


69. f(x) =0, (2,5) 70. f(x) =4, (0,1) 
71. f(x) = 2x, (1,0) 72. f(x) = 2x +3, (1,0) 


True or False? In Exercises 73-76, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


73. The Mean Value Theorem can be applied to f(x) = 1/x on the 
interval [—1, 1]. 

74. If the graph of a function has three x-intercepts, then it must 
have at least two points at which its tangent line is horizontal. 


75. If the graph of a polynomial function has three x-intercepts, 
then it must have at least two points at which its tangent line is 
horizontal. 


76. If f(x) = 0 for all x in the domain of f, then f is a constant 
function. 


77. Prove that if a > 0 and n is any positive integer, then the 
polynomial function p(x) = x?”+! + ax + b cannot have two 
real roots. 


78. Prove that if f(x) = 0 for all x in an interval (a, b), then f is 
constant on (a, b). 


79. Let p(x) = Ax? + Bx + C. Prove that for any interval [a, b], 
the value c guaranteed by the Mean Value Theorem is the 
midpoint of the interval. 

80. (a) Let f(x) =x? and g(x) = ~x + x? + 3x4+ 2. Then 
f(—1) = g(—1) and f(2) = g(2). Show that there is at 
least one value c in the interval (— 1, 2) where the tangent 
line to f at (c, f(c)) is parallel to the tangent line to g at 
(c, g(c)). Identify c. 

(b) Let f and g be differentiable functions on [a, b] where 
f(a) = g(a) and f(b) = g(b). Show that there is at least 
one value c in the interval (a, b) where the tangent line to f 
at (c, f(c)) is parallel to the tangent line to g at (c, g(c)). 

81. Prove that if f is differentiable on (— oo, 00) and f(x) < 1 for 
all real numbers, then f has at most one fixed point. A fixed 
point of a function f is a real number c such that f(c) = c. 


82. Use the result of Exercise 81 to show that f(x) = 5 cos x has at 
most one fixed point. 


83. Prove that |cos a — cos b| < |a — b| for all a and b. 
84. Prove that |sin a — sin b| < |a — b| for all a and b. 
85. Let 0 < a < b. Use the Mean Value Theorem to show that 


SB- Ja< 58 
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Increasing and Decreasing Functions and the First 
Derivative Test 


Constant 


eX 


F< | f'@)=0 


The derivative is related to the slope of a 
function. 
Figure 3.15 


f'@)>0 


e Determine intervals on which a function is increasing or decreasing. 
e Apply the First Derivative Test to find relative extrema of a function. 


Increasing and Decreasing Functions 


In this section you will learn how derivatives can be used to classify relative extrema 
as either relative minima or relative maxima. First, it is important to define increasing 
and decreasing functions. 


Definitions of Increasing and Decreasing Functions 


A function f is increasing on an interval if for any two numbers x, and x, in 
the interval, x, < x, implies f(x,) < f(x). 
A function f is decreasing on an interval if for any two numbers x, and x, in 
the interval, x, < x, implies f(x,) > f(x). 


A function is increasing if, as x moves to the right, its graph moves up, and is 
decreasing if its graph moves down. For example, the function in Figure 3.15 is 
decreasing on the interval (— oo, a), is constant on the interval (a, b), and is increasing 
on the interval (b, co). As shown in Theorem 3.5 below, a positive derivative implies 
that the function is increasing; a negative derivative implies that the function is 
decreasing; and a zero derivative on an entire interval implies that the function is 
constant on that interval. 


THEOREM 3.5 Test for Increasing and Decreasing Functions 


Let f be a function that is continuous on the closed interval [a, b] and differen- 
tiable on the open interval (a, b). 
1. If f(x) > 0 for all x in (a, b), then f is increasing on [a, b]. 
2. If f(x) < 0 for all x in (a, b), then f is decreasing on [a, b]. 
(a, b) 


3. If f(x) = 0 for all x in (a, b), then f is constant on [a, b]. 


Proof To prove the first case, assume that f(x) > 0 for all x in the interval (a, b) and 
let x, < x, be any two points in the interval. By the Mean Value Theorem, you know 
that there exists a number c such that x, < c < x, and 
yy — £02) — flea) 
{a= 


xy 
Because f(c) > 0 and x, — x, > 0, you know that 
fœ) — fx) > 0 


which implies that f(x,) < f(x). So, f is increasing on the interval. The second case 
has a similar proof (see Exercise 101), and the third case was given as Exercise 78 in 
Section 3.2. — 


NOTE The conclusions in the first two cases of Theorem 3.5 are valid even if f(x) = 0 ata 
finite number of x-values in (a, b). 
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Figure 3.16 
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(b) Not strictly monotonic 


Figure 3.17 
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EXAMPLE | Intervals on Which f Is Increasing or Decreasing 


‘ ‘ ; 3 
Find the open intervals on which f(x) = x? — 5x? is increasing or decreasing. 


Solution Note that f is differentiable on the entire real number line. To determine 
the critical numbers of f, set f'(x) equal to zero. 


f(x) =x% - ae Write original function. 
fx) = 3x7 = 3x = 0 Differentiate and set f'(x) equal to 0. 
3(x)(x > 1) =0 Factor. 
x=0,1 Critical numbers 


Because there are no points for which f’ does not exist, you can conclude that x = 0 
and x = 1 are the only critical numbers. The table summarizes the testing of the three 
intervals determined by these two critical numbers. 


Interval =o <x<0 O0<x<l l<x<o 
Test Value x=-1 x=} x=2 
Sign of f(x) | f(-1) =6>0]| f’4)=-2 <0] Q) =6>0 
Conclusion Increasing Decreasing Increasing 


So, f is increasing on the intervals (— oo, 0) and (1, oo) and decreasing on the interval 
(0, 1), as shown in Figure 3.16. 


[ing re] [Beloit] [Boies] WSS] 
Example | gives you one example of how to find intervals on which a function is 


increasing or decreasing. The guidelines below summarize the steps followed in the 
example. 


Guidelines for Finding Intervals on Which a Function Is Increasing or 
Decreasing 


Let f be continuous on the interval (a, b). To find the open intervals on which f 
is increasing or decreasing, use the following steps. 


1. Locate the critical numbers of f in (a, b), and use these numbers to determine 
test intervals. 


2. Determine the sign of f'(x) at one test value in each of the intervals. 


3. Use Theorem 3.5 to determine whether f is increasing or decreasing on each 
interval. 


These guidelines are also valid if the interval (a, b) is replaced by an interval of 
the form (— co, b), (a, o0), or (— œœ, 00). 


A function is strictly monotonic on an interval if it is either increasing on the 
entire interval or decreasing on the entire interval. For instance, the function f(x) = x? 
is strictly monotonic on the entire real line because it is increasing on the entire real 
line, as shown in Figure 3.17(a). The function shown in Figure 3.17(b) is not strictly 
monotonic on the entire real line because it is constant on the interval [0, 1]. 
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The First Derivative Test 


After you have determined the intervals on which a function is increasing or decreasing, 
it is not difficult to locate the relative extrema of the function. For instance, in Figure 


at 3.18 (from Example 1), the function 
fl) = 28 - 332 


Relative : : r ew i f ‘ 
widan has a relative maximum at the point (0, 0) because f is increasing immediately to the 


left of x = 0 and decreasing immediately to the right of x = 0. Similarly, f has a 


zj 2 relative minimum at the point (1, —5) because f is decreasing immediately to the left 
1 of x = | and increasing immediately to the right of x = 1. The following theorem, 
1,-3) aie i 
=A} paint 2 called the First Derivative Test, makes this more explicit. 
elative 
minimum 
Relative extrema of f THEOREM 3.6 The First Derivative Test 


Figure 3.18 
Let c be a critical number of a function f that is continuous on an open interval 


I containing c. If f is differentiable on the interval, except possibly at c, then 
f(c) can be classified as follows. 


1. If f(x) changes from negative to positive at c, then f has a relative minimum 
at (c, f(c)). 

2. If f(x) changes from positive to negative at c, then f has a relative maximum 
at (c, f(c)). 

3. If f(x) is positive on both sides of c or negative on both sides of c, then f(c) 
is neither a relative minimum nor a relative maximum. 


WO eX 0 
a r ot A 


f'œ)<0 f'œ@>0 


b 


oy R 
a AA 


Relative minimum Relative maximum 


f(a) >0 f(a) >0 f@) <0 fo) <0 


I 
l 
i 
c b 


1 
1 
1 
1 

a 


b 


Neither relative minimum nor relative maximum 


Proof Assume that f(x) changes from negative to positive at c. Then there exist a 
and b in Z such that 


f(x) < 0 for all x in (a, c) 
and 
f(x) > 0 for all x in (c, b). 


By Theorem 3.5, f is decreasing on (a, c) and increasing on (c, b). So, f(c) is a 
minimum of f on the open interval (a, b) and, consequently, a relative minimum of f. 
This proves the first case of the theorem. The second case can be proved in a similar 
way (see Exercise 102). = 


w Experienced writers 


On-ti deli 
182 CHAPTER 3 Applications of Differentiation sed o avay 


@) 100% plagiarism free 


EXAMPLE 2 Applying the First Derivative Test 
Find the relative extrema of the function f(x) = ix — sin x in the interval (0, 277). 


Solution Note that f is continuous on the interval (0, 277). To determine the critical 
numbers of f in this interval, set f'(x) equal to 0. 


1 
f(x) = 7 — cosx = 0 Set f(x) equal to 0. 
COs l 
F A 
2 
x= u om Critical b 
33 ritical numbers 


Because there are no points for which f’ does not exist, you can conclude that x = 77/3 
and x = 57/3 are the only critical numbers. The table summarizes the testing of the 
three intervals determined by these two critical numbers. 


Interval Gersi Tex% oT cx < 2m 

Test Value x=2 = wel 

; 4 x=T7 x=} 
j Relative 

L ? 7 

fs) = $x-sinx pe Sign of f(x) sz) <0 f(a > o0 A=) <0 

34 
Pa Conclusion Decreasing Increasing Decreasing 


By applying the First Derivative Test, you can conclude that f has a relative mini- 
mum at the point where 


1 
1 
1 
1 
1 
1 
1 
1 
I 
1 
1 
1 
1 
| 
ui 


xn am 5 
Relative 3 3 x= x-value where relative minimum occurs 


T minimum 


oo osu and a relative maximum at the point where 
A relative minimum occurs where f changes 


from decreasing to increasing, and a relative 5r 

maximum occurs where f changes from x= 3 x-value where relative maximum occurs 

increasing to decreasing. 

Figure 3.19 as shown in Figure 3.19. = 


a | | 


Comparing Graphical and Analytic Approaches From Section 3.2, you know 
that, by itself, a graphing utility can give misleading information about the 
relative extrema of a graph. Used in conjunction with an analytic approach, 
however, a graphing utility can provide a good way to reinforce your conclusions. 
Use a graphing utility to graph the function in Example 2. Then use the zoom and 
trace features to estimate the relative extrema. How close are your graphical 
approximations? 


Note that in Examples | and 2 the given functions are differentiable on the entire 
real line. For such functions, the only critical numbers are those for which f'(x) = 0. 
Example 3 concerns a function that has two types of critical numbers—those for 
which f'(x) = 0 and those for which f is not differentiable. 
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EXAMPLE 3 Applying the First Derivative Test 


Find the relative extrema of 


fa) = œ — 4p". 


Solution Begin by noting that f is continuous on the entire real line. The derivative 


of f 
1 21 -1/3 
f (x) = 30 = 4) 3(2x) General Power Rule 
fx) = (= 4)3 | 4x 


174 ~ 32 — 4)173 
6-4 


Simplify. 


is 0 when x = 0 and does not exist when x = +2. So, the critical numbers are 
x = —2, x = 0, and x = 2. The table summarizes the testing of the four intervals 
determined by these three critical numbers. 


5 one 
Relative 
4T maximum 


3+ (0, 16) 


Interval =0 < i< =2| =2<x% <0) O<x< 2 2<x<0oo 
— Hg Test Value x=-3 x=-1 x=1 x=3 
-4 -3 -1 1 3 4 z > “aa va g 7 
E + (2.0) Sign of f(x) f(-3) < 0 f(-1) >0 f) <0 f(B) >0 
Relative Relative Conclusion Decreasing Increasing Decreasing Increasing 
minimum minimum 
You can apply the First Derivative Test to By applying the First Derivative Test, you can conclude that f has a relative minimum 
find relative extrema. at the point (—2, 0), a relative maximum at the point (0, ¥Y16 ), and another relative 
Figure 3.20 minimum at the point (2, 0), as shown in Figure 3.20. <n 


ECE) [try te] [Betoration 
TECHNOLOGY PITFALL When using a graphing utility to graph a function 


involving radicals or rational exponents, be sure you understand the way the utility 
evaluates radical expressions. For instance, even though 


fla) = è = 4p 
and 
a(x) = [(x? - 47] 


are the same algebraically, some graphing utilities distinguish between these two 
functions. Which of the graphs shown in Figure 3.21 is incorrect? Why did the 
graphing utility produce an incorrect graph? 


f@ =? - 43 a(x) = [e-a] 
5 5 


=i =j 


Which graph is incorrect? 
Figure 3.21 
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When using the First Derivative Test, be sure to consider the domain of the 
function. For instance, in the next example, the function 


xt + 


fe) = — 


X 


is not defined when x = 0. This x-value must be used with the critical numbers to 
determine the test intervals. 


EXAMPLE 4 Applying the First Derivative Test 


; ; El 
Find the relative extrema of f(x) = ——. 
x 
Solution 
f(x) = x2 +x? Rewrite original function. 
fx) = 2x — 2x73 Differentiate. 
2 
= 2x — 3 Rewrite with positive exponent. 
x 
_ 2(x4 — 1) T 
Dn 45 Simplify. 
x 
Q(x? + 1)(x — I(x + 1) 
= 3 Factor. 
a 
se So, f(x) is zero at x = +1. Moreover, because x = 0 is not in the domain of f, you 
+ i : ap : : 
f=" 3 should use this x-value along with the critical numbers to determine the test intervals. 
x 
7 x=+1 Critical numbers, f(+1) = 0 
x=0 0 is not in the domain of f. 
5 eee 
The table summarizes the testing of the four intervals determined by these three 
at x-values. 
3 = 
Interval -—coo<x<-l}|-l<x<0 O<x<l 1<x< oo 
2 pal ta 
(-1, 2) (1, 2) Test Value x= =2 x= -4 x= 5 x=2 
Relative 1+ Relative Sign of f(x) f(-2) <0 f'(-3) sO F) <0 FD) >0 
minimum minimum 
4 t x Conclusion Decreasing Increasing Decreasing Increasing 
-2 = 1 2 3 
x-values that are not in the domain of f, ; ' 
as well as critical numbers, determine test By applying the First Derivative Test, you can conclude that f has one relative 
intervals for f’. minimum at the point (— 1, 2) and another at the point (1, 2), as shown in Figure 3.22. 
F igure 3.22 SSS 


EEL) E | eater) [eres 
TECHNOLOGY The most difficult step in applying the First Derivative Test is 
finding the values for which the derivative is equal to 0. For instance, the values of x 
for which the derivative of 

xt +] 

ie ae 

is equal to zero are x = 0 and x = +4 /2 — 1. If you have access to technology 


that can perform symbolic differentiation and solve equations, use it to apply the 
First Derivative Test to this function. 


f(x) = 
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If a projectile is propelled from ground EXAMES ThE Palota Projectile 


level and air resistance is neglected, the 
object will travel farthest with an initial 
angle of 45°. If, however, the projectile is gsc 8s 
propelled from a point above ground level, ye 2v x? + (tan x +h, OS OS 
the angle that yields a maximum horizontal 
distance is not 45° (see Example 5). 


Neglecting air resistance, the path of a projectile that is propelled at an angle 0 is 


SE 


where y is the height, x is the horizontal distance, g is the acceleration due to gravity, 
Vo is the initial velocity, and A is the initial height. (This equation is derived in Section 
12.3.) Let g = —32 feet per second per second, vy = 24 feet per second, and h = 9 
feet. What value of 6 will produce a maximum horizontal distance? 


Solution To find the distance the projectile travels, let y = 0, and use the Quadratic 
Formula to solve for x. 


29 
ST a Ax+h=0 
o 
—32 Z 
Seay? + (tan x +9 =0 
2 
-a + (tan éx+9=0 


—tan 0 + vtan? 6 + sec? 0 
— sec? 6/18 
x = 18 cos (sind + Vsi? 0 +1), x20 


At this point, you need to find the value of 0 that produces a maximum value of x. 
Applying the First Derivative Test by hand would be very tedious. Using technology 
to solve the equation dx/d0 = 0, however, eliminates most of the messy computa- 
tions. The result is that the maximum value of x occurs when 


0 ~= 0.61548 radian, or 35.3°. 


y= 


This conclusion is reinforced by sketching the path of the projectile for different 
values of 0, as shown in Figure 3.23. Of the three paths shown, note that the distance 
traveled is greatest for 0 = 35°. 


The path of a projectile with initial angle @ 
Figure 3.23 —s 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 
In Exercises 1 and 2, use the graph of f to find (a) the largest 


open interval on which f is increasing, and (b) the largest open 
interval on which f is decreasing. 


> 
>< 


an 
j 
oe a | 


In Exercises 3-16, identify the open intervals on which the func- 
tion is increasing or decreasing. 


3. f(x) =x? — 6x + 8 4. y= —(x + 1)? 


2 
9. f(x) = u 10. y=— 
x x+1 
11. g(x) = x? — 2x — 8 12. h(x) = 27x — xX? 
13. y = xJ/16 — x? l4. y=x+4 


15. y=x-—2cosx, 0O<x<27 


16. f(x) = cos? x — cosx, O0<x< 27 


In Exercises 17-38, (a) find the critical numbers of f (if any), 
(b) find the open interval(s) on which the function is increasing 
or decreasing, (c) apply the First Derivative Test to identify all 
relative extrema, and (d) use a graphing utility to confirm your 
results. 


17. f(x) = x? — 6x 18. f(x) = x? + 8x + 10 
19. f(x) = —2x2 + 4x + 3 20. f(x) = — (x? + 8x + 12) 


21. Jo) = 2x3 + 3x? 12x 22. f(x) = x9 — 6x? + 15 
23. f(x) = x?(3 — x) 24. f(x) = (x + 2)?(x — 1) 
25. f) == : 2 26. f(x) = xt — 32x + 4 
27. f(x) = x! + 1 28. f(x) = x3 — 4 
29. f(x) = x- 1)? 30. f(x) = œ- 1) 
31. f(x) =5 — |x- 5| 32. f(x) = |x + 3| -1 
33. fo =x += 34, =a 
? +3 

35. f) ==" 36. fœ) =" 

x? —2x+1 x2 —- 3x —-4 
37. f(x) = -g 38. f(x) = ae 


In Exercises 39—46, consider the function on the interval (0, 277). 
For each function, (a) find the open interval(s) on which the 
function is increasing or decreasing, (b) apply the First 
Derivative Test to identify all relative extrema, and (c) use a 
graphing utility to confirm your results. 


39. f(x) = : + cos x 40. f(x) = sin x cos x 


41. f(x) = sinx + cosx 
43. f(x) = cos?(2x) 


42. f(x) =x + 2sinx 
44. f(x) = V3 sin x + cos x 


45. f(x) = sin?x + sinz 46. f) = an 


In Exercises 47-52, (a) use a computer algebra system to 
differentiate the function, (b) sketch the graphs of f and f’ on 
the same set of coordinate axes over the given interval, (c) find 
the critical numbers of f in the open interval, and (d) find the 
interval(s) on which f’ is positive and the interval(s) on which it 
is negative. Compare the behavior of f and the sign of f’. 


47. f(x) = 2x/9 — x?, [-3,3] 
48. f(x) = 10(5 — Vx? — 3x + 16), [0,5] 


49. f(t) = t° sint, [0,27] 50. f(x) = : + cos > [0, 47] 


51. f(x) = —3 sin = [0, 67r] 


52. f(x) = 2 sin 3x + 4 cos 3x, [0, 7] 
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In Exercises 53 and 54, use symmetry, extrema, and zeros to 
sketch the graph of f. How do the functions f and g differ? 


Writing About Concepts 


In Exercises 65-70, assume that f is differentiable for all x. 
The signs of f’ are as follows. 


x — 4x3 + 3x 
53. f(x) = Aau 


54. f(t) = cos? t — sin? t, g(t) = 1 — 2 sin? t 


g(x) = x(x? — 3) 


fx) > 0 on (œ, —4) 
Sx) < 0 on (—4, 6) 
Sf’) > 0 on (6, co) 


Think About It In Exercises 55-60, the graph of f is 
shown in the figure. Sketch a graph of the derivative of f. To 
print an enlarged copy of the graph, select the MathGraph 
button. 


Supply the appropriate inequality for the indicated value of c. 


55. š 56. Function Sign of g (c) 
r A 65. gx) = f(x) + 5 g (0) 0 
f 66. g(x) = 3f(x) — 3 g(—5) 0 
24 =e 67. g(x) = =f) g(-6) 0 
14 68. g(x) = —f(x) g0) 0 
t— t—}—> x 69. g(x) = f(x — 10) g (0) 0 
-2 -l 1 2 7 
70. g(x) = f(x — 10) g (8) 0 
57. 58. 
71. Sketch the graph of the arbitrary function f such that 
f > 0, x<4 
jay x f'(x) j undefined, x= 4. 
-4-2 J 8 KH + <0, x>4 
4 6 
. A differentiable function f has one critical number at x = 5. 
Identify the relative extrema of f at the critical number if 
59. 60. , f'(4) = -2.5 and f(6) = 3. 
6 4 6 4 
4 I f 4 I f 
L ot 73. Think About It The function f is differentiable on the 
Rs see T, interval [— 1, 1]. The table shows the values of f’ for selected 
A eo E ae “4-2 ar eae wee values of x. Sketch the graph of f, approximate the critical 
2+ 2+ numbers, and identify the relative extrema. 
In Exercises 61-64, use the graph of f’ to (a) identify the x 1 0.75 0.50 0.25 
interval(s) on which f is increasing or decreasing, and (b) f(x) 10 3.2 0.5 0.8 
estimate the values of x at which f has a relative maximum or 
iain x 0 0.25 | 0.50 | 0.75 1 
61. f@| 56 | 36 0.2 67 | -20.1 
Hx 74. Think About It The function f is differentiable on the 
4 interval [0, zr]. The table shows the values of f’ for selected 


values of x. Sketch the graph of f, approximate the critical 
numbers, and identify the relative extrema. 


x 0 17/6 17/4 1/3 1/2 

63. fœ 314 | -0.23 | -2.45 | -3.11 | 0.69 
x 27/3 3m/4 | 57/6 T 
E fe) | 3.00 | 1.37 | -1.14 | -2.84 
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75. 


76. 


77. 


78. 


CHAPTER 3 Applications of Differentiation 


Rolling a Ball Bearing A ball bearing is placed on an 

inclined plane and begins to roll. The angle of elevation of the 

plane is 6. The distance (in meters) the ball bearing rolls in t 
seconds is s(t) = 4.9(sin 6)r?. 

(a) Determine the speed of the ball bearing after t seconds. 


(b) Complete the table and use it to determine the value of 0 
that produces the maximum speed at a particular time. 


0 O | 2/4 | T/3 | m/2 | 20/3 | 30/4 | m 
s() 


Numerical, Graphical, and Analytic Analysis The concen- 
tration C of a chemical in the bloodstream f hours after injection 
into muscle tissue is 


3t 
27 + 


C(t) = i> 0. 


(a) Complete the table and use it to approximate the time when 
the concentration is greatest. 


t 0} 05] 1 |15] 2 | 25] 3 
C(t) 


(b) Use a graphing utility to graph the concentration function 
and use the graph to approximate the time when the 
concentration is greatest. 


(c) Use calculus to determine analytically the time when the 
concentration is greatest. 

Numerical, Graphical, and Analytic Analysis Consider the 

functions f(x) = x and g(x) = sin x on the interval (0, 7). 

(a) Complete the table and make a conjecture about which is 
the greater function on the interval (0, 77). 


x Os | i 115] 2 as | 3 
f(x) 
g(x) 


(b) Use a graphing utility to graph the functions and use the 
graphs to make a conjecture about which is the greater 
function on the interval (0, 77). 


(c) Prove that f(x) > g(x) on the interval (0, 7). [Hint: Show 
that h(x) > 0 where h = f — g.] 

Numerical, Graphical, and Analytic Analysis Consider the 

functions f(x) = x and g(x) = tan x on the interval (0, 7/2). 


(a) Complete the table and make a conjecture about which is 
the greater function on the interval (0, 77/2). 


x 0.25 | 0.5 | 0.75 |1 | 1.25 | 1.5 
f(x) 
g (x) 


79. 


80. 


81. 


82. 


83. 
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(b) Use a graphing utility to graph the functions and use the 
graphs to make a conjecture about which is the greater 
function on the interval (0, 7/2). 


(c) Prove that f(x) < g(x) on the interval (0, 7/2). [Hint: 
Show that h(x) > 0, where h = g — f] 
Trachea Contraction Coughing forces the trachea (wind- 


pipe) to contract, which affects the velocity v of the air passing 
through the trachea. The velocity of the air during coughing is 


v=kR-r)r?, O<r<R 


where k is constant, R is the normal radius of the trachea, and 
r is the radius during coughing. What radius will produce the 
maximum air velocity? 
Profit The profit P (in dollars) made by a fast-food restaurant 
selling x hamburgers is 


2 


x 
P = 2.44x 20,000 


5000, 0 < x < 35,000. 


Find the open intervals on which P is increasing or decreasing. 
Power The electric power P in watts in a direct-current circuit 
with two resistors R, and R, connected in parallel is 
= vR R, 
(R, + R) 
where v is the voltage. If v and R, are held constant, what 
resistance R, produces maximum power? 


Electrical Resistance The resistance R of a certain type of 
resistor is 


R = J0.001T+* — 4T + 100 
where R is measured in ohms and the temperature T is 
measured in degrees Celsius. 


(a) Use a computer algebra system to find dR/dT and the 
critical number of the function. Determine the minimum 
resistance for this type of resistor. 


(b) Use a graphing utility to graph the function R and use the 
graph to approximate the minimum resistance for this type 
of resistor. 


Modeling Data The end-of-year assets for the Medicare 
Hospital Insurance Trust Fund (in billions of dollars) for the 
years 1995 through 2001 are shown. 


1995: 130.3; 1996: 124.9; 1997: 115.6; 1998: 120.4; 

1999: 141.4; 2000: 177.5; 2001: 208.7 

(Source: U.S. Centers for Medicare and Medicaid Services) 

(a) Use the regression capabilities of a graphing utility to find 
a model of the form M = at? + bt + c for the data. (Let 
t = 5 represent 1995.) 

(b) Use a graphing utility to plot the data and graph the model. 


(c) Analytically find the minimum of the model and compare 
the result with the actual data. 


SECTION 3.3 


84. Modeling Data The number of bankruptcies (in thousands) 
for the years 1988 through 2001 are shown. 


1988: 594.6; 1989: 643.0; 1990: 725.5; 1991: 880.4; 
1992: 972.5; 1993: 918.7; 1994: 845.3; 1995: 858.1; 
1996: 1042.1; 1997: 1317.0; 1998: 1429.5; 

1999: 1392.0; 2000: 1277.0; 2001: 1386.6 

(Source: Administrative Office of the U.S. Courts) 


(a) Use the regression capabilities of a graphing utility to find 
a model of the form B = att + bt? + ct? + dt + e for the 
data. (Let t = 8 represent 1988.) 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Find the maximum of the model and compare the result 
with the actual data. 


Motion Along a Line In Exercises 85-88, the function s(t) 
describes the motion of a particle moving along a line. For each 
function, (a) find the velocity function of the particle at any time 
t = 0, (b) identify the time interval(s) when the particle is 
moving in a positive direction, (c) identify the time interval(s) 
when the particle is moving in a negative direction, and 
(d) identify the time(s) when the particle changes its direction. 


85. s(t) = 6t — 7 
87. s(t) = P —5 + 4t 
88. s(t) = £? — 2022 + 128t — 280 


86. s(t) = tr? — 7t + 10 


Motion Along a Line In Exercise 89 and 90, the graph shows 
the position of a particle moving along a line. Describe how the 
particle’s position changes with respect to time. 


Creating Polynomial Functions In Exercises 91-94, find a 
polynomial function 


fœ) = a,x" + a, yx" ++ + + a,x? + ax + ay 


that has only the specified extrema. (a) Determine the minimum 
degree of the function and give the criteria you used in 
determining the degree. (b) Using the fact that the coordinates 
of the extrema are solution points of the function, and that the 
x-coordinates are critical numbers, determine a system of linear 
equations whose solution yields the coefficients of the required 
function. (c) Use a graphing utility to solve the system of 
equations and determine the function. (d) Use a graphing utility 
to confirm your result graphically. 


91. Relative minimum: (0, 0); Relative maximum: (2, 2) 


92. Relative minimum: (0, 0); Relative maximum: (4, 1000) 
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. Relative minima: (0, 0), (4, 0 
Relative maximum: (2, 4) 

94. Relative minimum: (1, 2) 

Relative maxima: (— 1, 4), (3, 4) 


True or False? In Exercises 95-100, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 

95. The sum of two increasing functions is increasing. 

96. The product of two increasing functions is increasing. 

97. Every nth-degree polynomial has (n — 1) critical numbers. 


98. An nth-degree polynomial has at most (n — 1) critical 
numbers. 


99. There is a relative maximum or minimum at each critical 
number. 


100. The relative maxima of the function f are f(1) = 4 and 
f(3) =10. So, f has at least one minimum for some x in the 
interval (1, 3). 


101. Prove the second case of Theorem 3.5. 
102. Prove the second case of Theorem 3.6. 


103. Let x >0O and n> 1 be real numbers. Prove that 
(1 +x)" > 14 nx. 


104. Use the definitions of increasing and decreasing functions to 
prove that f(x) = x is increasing on (— oo, 00). 


105. Use the definitions of increasing and decreasing functions to 
prove that f(x) = 1/x is decreasing on (0, 00). 
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Section 3.4 Concavity and the Second Derivative Test 


e Determine intervals on which a function is concave upward or concave downward. 
e Find any points of inflection of the graph of a function. 
e Apply the Second Derivative Test to find relative extrema of a function. 


Concavity 


You have already seen that locating the intervals in which a function f increases or 
decreases helps to describe its graph. In this section, you will see how locating the 
intervals in which f’ increases or decreases can be used to determine where the graph 
of f is curving upward or curving downward. 


Definition of Concavity 


Let f be differentiable on an open interval J. The graph of f is concave upward 
on / if f’ is increasing on the interval and concave downward on 7 if f’ is 
decreasing on the interval. 


The following graphical interpretation of concavity is useful. (See Appendix A 
for a proof of these results.) 


1. Let f be differentiable on an open interval 7. If the graph of f is concave upward 
on J, then the graph of f lies above all of its tangent lines on Z. 


[See Figure 3.24(a).] 
f@= ix = i 2. Let f be differentiable on an open interval 7. If the graph of f is concave downward 
on J, then the graph of f lies below all of its tangent lines on Z. 
Concave m=0 ! 7 Gea [See Figure 3.24(b).] 
downward 
y y 
A A 


Concave upward, 
f’ is increasing. 


Concave downward, 
f’ is decreasing. 


(a) The graph of f lies above its tangent lines. (b) The graph of f lies below its tangent lines. 
Figure 3.24 


To find the open intervals on which the graph of a function f is concave upward 


©, -1) or downward, you need to find the intervals on which f’ is increasing or decreasing. 
f'@=x?-1 For instance, the graph of 
= N 
f’ is decreasing. f’ is increasing. 1 (x) = a 
The concavity of f is related to the slope of is concave downward on the open interval (—co,0) because f(x) = x? — 1 is 
the derivative. decreasing there. (See Figure 3.25.) Similarly, the graph of f is concave upward on 


Figure 3.25 the interval (0, co) because f’ is increasing on (0, co). 


NOTE A third case of Theorem 3.7 
could be that if f’(x) = 0 for all x in J, 
then f is linear. Note, however, that 
concavity is not defined for a line. In 
other words, a straight line is neither 
concave upward nor concave downward. 


1 w= 
A= 
i x? +3 
ay 
f(x) >0 1 f(x) >0 
Concave | Concave 


upward upward 


Concave 
downward 


From the sign of f” you can determine the 
concavity of the graph of f. 
Figure 3.26 


[ Estab Graph 
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The following theorem shows how to use the second derivative of a function f to 
determine intervals on which the graph of f is concave upward or downward. A proof 
of this theorem follows directly from Theorem 3.5 and the definition of concavity. 


THEOREM 3.7 Test for Concavity 
Let f be a function whose second derivative exists on an open interval Z. 


1. If f(x) > 0 for all x in J, then the graph of f is concave upward in 7. 


2. If f(x) < 0 for all x in J, then the graph of f is concave downward in 7. 


To apply Theorem 3.7, locate the x-values at which f”(x) = 0 or f” does not exist. 
Second, use these x-values to determine test intervals. Finally, test the sign of f”(x) in 
each of the test intervals. 


EXAMPLE | Determining Concavity 


Determine the open intervals on which the graph of 


f(x) = = 


x2+3 


is concave upward or downward. 


Solution Begin by observing that f is continuous on the entire real line. Next, find 
the second derivative of f. 


f (x) = 6(x? + sy" Rewrite original function. 
J (x) = (—6)(x? + 3)~?(2x) Differentiate. 

-1x ieai 

= © rr 3y irst derivative 

2 + PA gea re (ee 2, + 

f “(x) = l 3 ( 12) z F ye 3)(2x) Differentiate. 

_ 36(x* — 1) ENEE 

= (2 + 3) 3 econd derivative 


Because f(x) = 0 when x = +1 and f” is defined on the entire real line, you should 
test f” in the intervals (— oo, — 1), (— 1, 1), and (1, 00). The results are shown in the 
table and in Figure 3.26. 


Interval =o. <.4 <=] -l<x<l l<x<oo 
Test Value x= -2 x=0 x=2 
Sign of f(x) f(—2) > 0 f(0) < 0 f(2) > 0 
Conclusion Concave upward Concave downward Concave upward 


Ey 
The function given in Example 1 is continuous on the entire real line. If there are 


x-values at which the function is not continuous, these values should be used along 
with the points at which f(x) = 0 or f”(x) does not exist to form the test intervals. 
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EXAMPLE 2 Determining Concavity 


xX +1 


y Determine the open intervals on which the graph of f(x) = 5 Z4 is concave upward 
Concave ! Concave or downward. A 
upward | upward 
Solution Differentiating twice produces the following. 
i 2 
1 IF il 
1 x)= Write original function. 
| ! } ) . f( ) | rite origin: nction 
T T T a 
6 -4 2 4 6 x? — 4)(2x) — (x? + 1)(2x 
i 2 fx) = ( X ) ( X ) Differentiate. 
i fœ% oer 
! =- 1 Eneasi 
(2 E 4) irst derivative 
| ig) = 02= APE 10) = (= 10x)(2)2 = 4)(28) eed 
one fx) = (es 4) z Differentiate. 
downward 
Figure 3.27 _ Be + 4) eee 
igure 3. (2 = 43 econd derivative 
——— | 
| Euitabie Graph | There are no points at which f”(x) = 0, but at x = +2 the function f is not continuous, 
so test for concavity in the intervals (— 00, — 2), (—2, 2), and (2, 00), as shown in the 
table. The graph of f is shown in Figure 3.27. 
r Interval —co<x<-2 —2<x<2 2<x< oo 
4 Test Value x=-3 x=0 x=3 
Concave Concave Sign of f "(x) Í \=3) >0 f “(0) <0 f (3) >0 
upward apaga Conclusion Concave upward | Concave downward | Concave upward 
E 
- | —— a a | 
y p . 
4 Points of Inflection 
me The graph in Figure 3.26 has two points at which the concavity changes. If the tangent 
line to the graph exists at such a point, that point is a point of inflection. Three types 
of points of inflection are shown in Figure 3.28. 
Concave 
d d 
wiles = Definition of Point of Inflection 
Let f be a function that is continuous on an open interval and let c be a point in 
y the interval. If the graph of f has a tangent line at this point (c, f(c)), then this 
$ point is a point of inflection of the graph of f if the concavity of f changes 
Concave from upward to downward (or downward to upward) at the point. 
downward 
Cona NOTE The definition of point of inflection given in this book requires that the tangent line 
upward exists at the point of inflection. Some books do not require this. For instance, we do not consider 
the function 
mx 
x, x <0 
The concavity of fchanges at a point of fœ) = nae, Sih 
inflection. Note that a graph crosses its : 
tangent line at a point of inflection. to have a point of inflection at the origin, even though the concavity of the graph changes from 


Figure 3.28 concave downward to concave upward. 


i fez se ad 


| Points of 
inflection 


> X 
=18 | 
ore 
Concave |! Concave Concave 
upward downward upward 
Points of inflection can occur where 
f(x) = 0 or f” does not exist. 
Figure 3.29 
> xX 


f(0) = 0, but (0, 0) is not a point of 
inflection. 
Figure 3.30 
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To locate possible points of inflection, you can determine the values of x for 
which f’(x) = 0 or f(x) does not exist. This is similar to the procedure for locating 
relative extrema of f. 


THEOREM 3.8 Points of Inflection 


If (c, f(c)) is a point of inflection of the graph of f, then either f(c) = 0 or f” 
does not exist at x = c. 


EXAMPLE 3 Finding Points of Inflection 


Determine the points of inflection and discuss the concavity of the graph of 
f(x) = xt — 4x. 


Solution Differentiating twice produces the following. 
f(x) = x4 -— 4x3 


f(x) = 4x3 = 12x? 
f(x) = 12x? — 24x = 12x(x 


Write original function. 


Find first derivative. 


2) Find second derivative. 


Setting f(x) = 0, you can determine that the possible points of inflection occur at 
x = 0 and x = 2. By testing the intervals determined by these x-values, you can 
conclude that they both yield points of inflection. A summary of this testing is shown 
in the table, and the graph of f is shown in Figure 3.29. 


Interval =0 <x <0 O<x<2 2<x< oo 
Test Value x=] x=1 x=3 
Sign of f’(x) f(-1) >0 fd) <0 f’3) > 0 
Conclusion Concave upward | Concave downward | Concave upward 


_—>—>aa 
| Exploration c | | Exploration D | 


The converse of Theorem 3.8 is not generally true. That is, it is possible for the 
second derivative to be 0 at a point that is not a point of inflection. For instance, the 
graph of f(x) = x4 is shown in Figure 3.30. The second derivative is 0 when x = 0, 


but the point (0,0) is not a point of inflection because the graph of f is concave 
upward in both intervals —co < x < Oand0 < x < œ. 


Consider a general cubic function of the form 


TO = @e + be + Ge + a 


You know that the value of d has a bearing on the location of the graph but has 
no bearing on the value of the first derivative at given values of x. Graphically, 
this is true because changes in the value of d shift the graph up or down but do 
not change its basic shape. Use a graphing utility to graph several cubics with 
different values of c. Then give a graphical explanation of why changes in c do 
not affect the values of the second derivative. 
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A The Second Derivative Test 
Pe) > 9 In addition to testing for concavity, the second derivative can be used to perform a 
simple test for relative maxima and minima. The test is based on the fact that if the 
Concave graph of a function f is concave upward on an open interval containing c, and 


If f(e) = Oand f(e) > 0, f(e) isa 
relative minimum. 


y 


A fo) <0 


i) 
Concave 
downward 

l 


1 
1 
1 
1 
1 
1 
1 
1 
L 

c 


If f(e) = Oand f(e) < 0, f(e) isa 
relative maximum. 
Figure 3.31 


JOa ERE 
i Relative 
maximum 


(1, 2) 


(-1, -2) 
Relative 
minimum 


(0, 0) is neither a relative minimum nor a 
relative maximum. 
Figure 3.32 


[_Etitabie Graph | 


fc) = 0, f(c) must be a relative minimum of f. Similarly, if the graph of a function 
f is concave downward on an open interval containing c, and f’(c) = 0, f(c) must be 
a relative maximum of f (see Figure 3.31). 


[Video _| 


THEOREM 3.9 Second Derivative Test 


Let f be a function such that f’(c) = 0 and the second derivative of f exists on 
an open interval containing c. 

1. If fc) > 0, then f has a relative minimum at (c, f(c)). 

2. If f(c) < 0, then f has a relative maximum at (c, f(c)). 

If f(c) = 0, the test fails. That is, f may have a relative maximum at c, a relative 


minimum at (c, f(c)), or neither. In such cases, you can use the First Derivative 
Test. 


Proof If f(c) = 0 and f”(c) > 0, there exists an open interval J containing c for 
which 


fi =so 7 =i 


x—C X—C 


for all x + c in I. If x < c, then x —c < 0 and f(x) < 0. Also, if x > c, then 
x —c > 0 and f(x) > 0. So, f(x) changes from negative to positive at c, and the 
First Derivative Test implies that f(c) is a relative minimum. A proof of the second 
case is left to you. 


EXAMPLE 4 Using the Second Derivative Test 
Find the relative extrema for f(x) = —3x> + 5x. 
Solution Begin by finding the critical numbers of f. 
f(x) = —15x4 + 15x? = 15x°(1 — x?) = 0 Set f'(x) equal to 0. 
x= —-1,0,1 Critical numbers 
Using 
f(x) = —60x3 + 30x = 30(—2x3 + x) 
you can apply the Second Derivative Test as shown below. 
Point (—1, —2) (1, 2) (0, 0) 
Sign of f’(x) f(-) > 0 f’) <0 fO =0 
Conclusion | Relative minimum | Relative maximum Test fails 


Because the Second Derivative Test fails at (0, 0), you can use the First Derivative Test 
and observe that f increases to the left and right of x = 0. So, (0, 0) is neither a 
relative minimum nor a relative maximum (even though the graph has a horizontal 

tangent line at this point). The graph of f is shown in Figure 3.32. 


Exercises for Section 3.4 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |ĦI| to print an enlarged copy of the graph. 


In Exercises 1-10, determine the open intervals on which the 
graph is concave upward or concave downward. 


ly=xr-x-2 2. y= —x3 + 3x? -2 


Generated by Derive Generated by Derive 


24 
3. f(x) = PD 4. | 


Ty ° 


Generated by Derive Generated by Derive 


w+) —3x5 + 40x3 + 135x 
5. fo) =a i 6. y= 770 


Ty ° 


Saath s7 
Generated by Derive Generated by Derive 
7. g(x) = 3x? — x3 8. A(x) = x5 — 5x +2 
T T 2 
9. y = 2x — tanx, |-~,=] 10. y=x+—— (COT, T 
y ( 2 z) y sin x ( ) 


In Exercises 11-26, find the points of inflection and discuss the 
concavity of the graph of the function. 


11. f(x) = x3 — 6x? + 12x 12. f(x) = 2x3 — 3x? — 12x + 5 


13. f(x) = gx — 22 14. f(x) = 2x4 — 8x +3 
15. f(x) = x(x — 4} 16. f(x) = (x — 4) 
17. f(x) =xVx +3 18. f(x) =xJVx F1 
X xt 1 
19. f(x) = 3G 20. f(x) = Z 


21. f(x) = sin z [0, 477] 22. f(x) = 2 csc x (0, 277) 


23. f(x) = see(x = z), (0, 47) 


24. f(x) = sinx + cosx, [0,27] 
25. f(x) = 2sinx + sin 2x, [0,27] 
26. f(x) =x+2cosx, [0,27] 


In Exercises 27-40, find all relative extrema. Use the Second 
Derivative Test where applicable. 


27. f(x) = xt — 4342 28. f(x) = x2 + 3x - 8 
29. f(x) = (x — 5)? 30. f(x) = —(x — 5)? 
31. f(x) = x3 — 3x? + 3 32. f(x) = x3 — 9x? + 27x 
33. g(x) = x7(6 — x} 34. g(x) = —i(x + 2)?(x — 4)? 
35. f(x) = 22/3 — 3 36. f(xy) = V2 FI 

4 x 
37. f(x) =x + 7 38. f(x) = z-i 


39. f(x) = cosx — x, [0,47] 
40. f(x) = 2 sinx + cos 2x, [0,27] 


In Exercises 41- 44, use a computer algebra system to analyze 
the function over the given interval. (a) Find the first and sec- 
ond derivatives of the function. (b) Find any relative extrema 
and points of inflection. (c) Graph f, f’, and f” on the same 
set of coordinate axes and state the relationship between the 
behavior of f and the signs of f’ and f”. 


41. f(x) = 0.2x?(x — 3)3, [-1, 4] 

42. f(x) = 2/6- x, |- V6, v6] 

43. f(x) = sinx — ¥ sin 3x + i sin 5x, [0, 7] 
44. f(x) = 2x sin x, [0, 27] 


Writing About Concepts 


. Consider a function f such that f’ is increasing. Sketch 
graphs of f for (a) f’ < O and (b) f’ > 0. 


. Consider a function f such that f’ is decreasing. Sketch 
graphs of f for (a) f’ < O and (b) f’ > 0. 


. Sketch the graph of a function f that does not have a point 
of inflection at (c, f(c)) even though f’(c) = 0. 


. S represents weekly sales of a product. What can be said of 
S’and S” for each of the following statements? 


(a) The rate of change of sales is increasing. 
(b) Sales are increasing at a slower rate. 

(c) The rate of change of sales is constant. 
(d) Sales are steady. 

(e) Sales are declining, but at a slower rate. 


(f) Sales have bottomed out and have started to rise. 


196 


In Exercises 49-52, the graph of f is shown. Graph f, f’, and f” 
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on the same set of coordinate axes. To print an enlarged copy of Py 
the graph, select the MathGraph button. 


49. 


51. 


T 
= 


i 
1 
i 
1 
i 
1 
i 
1 
I 
1 
I 
1 
| 
T 
2 


Think About It In Exercises 53-56, sketch the graph of a func- 
tion f having the given characteristics. 


53; 


55. 


57. 


58. 


f(2) = f(4) = 0 54. f0) = f(2) = 0 
f (3) is defined. f(x) > Oifx <1 
fx) < Oifx < 3 fd) =0 

F'(B) does not exist. f(x) < Oifx > 1 
f(x) > Oifx > 3 f(x) < 0 


fo) < 0,x #3 
f(2) =f(4) =0 
f(x) > Oifx < 3 


56. f(0) = f(2) =0 
f(x) < Oifx <1 


f'(3) does not exist. f() =0 
fx) < Oifx > 3 fx) > Oifx> 1 fad 
fx) > 0,x #3 f(x) > 0 


Think About It The figure shows the graph of f”. Sketch a 
graph of f. (The answer is not unique.) To print an enlarged 
copy of the graph, select the MathGraph button. 


y 


BEN we UD 
=% 
N 


— a —>| 


Figure for 57 Figure for 58 


Think About It Water is running into the vase shown in the 
figure at a constant rate. 


(a) Graph the depth d of water in the vase as a function of time. 
(b) Does the function have any extrema? Explain. 


(c) Interpret the inflection points of the graph of d. 
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x= 2)" 


‘onjecture Consider the function f(x 


(a) Use a graphing utility to graph f for n = 1, 2, 3, and 4. Use 
the graphs to make a conjecture about the relationship 
between n and any inflection points of the graph of f. 


(b) Verify your conjecture in part (a). 
60. (a) Graph f(x) = 3x and identify the inflection point. 
(b) Does f(x) exist at the inflection point? Explain. 


In Exercises 61 and 62, find a, b, c, and d such that the cubic 
f(x) = ax? + bx? + cx + d satisfies the given conditions. 


61. Relative maximum: (3, 3) 62. Relative maximum: (2, 4) 


Relative minimum: (5, 1) Relative minimum: (4, 2) 


Inflection point: (4, 2) Inflection point: (3, 3) 


63. Aircraft Glide Path A small aircraft starts its descent from an 
altitude of 1 mile, 4 miles west of the runway (see figure). 


(a) Find the cubic f(x) = ax? + bx? + cx + d on the interval 
[—4, 0] that describes a smooth glide path for the landing. 


(b) The function in part (a) models the glide path of the plane. 
When would the plane be descending at the most rapid rate? 


FOR FURTHER INFORMATION For more information on this type 
of modeling, see the article “How Not to Land at Lake Tahoe!” by 
Richard Barshinger in The American Mathematical Monthly. 


64. Highway Design A section of highway connecting two 
hillsides with grades of 6% and 4% is to be built between two 
points that are separated by a horizontal distance of 2000 feet 
(see figure). At the point where the two hillsides come together, 
there is a 50-foot difference in elevation. 


(a) Design a section of highway connecting the hillsides 
modeled by the function f(x) = ax? + bx? + cx +d 
(—1000 < x < 1000). At the points A and B, the slope of 
the model must match the grade of the hillside. 

(b) Use a graphing utility to graph the model. 

(c) Use a graphing utility to graph the derivative of the model. 

(d) Determine the grade at the steepest part of the transitional 
section of the highway. 


B(1000, 90) 


A(—1000, 60) 


65. Beam Deflection The deflection D of a beam of length L is 
D = 2x* — 5Lx* + 3L?x?, where x is the distance from one 
end of the beam. Find the value of x that yields the maximum 
deflection. 


66. Specific Gravity A model for the specific gravity of water S is 


_ 9-755 T3 8.521 72 } ha + 0.99987, 0 < T <25 


. 108 10° 10 


where T is the water temperature in degrees Celsius. 


(a) Use a computer algebra system to find the coordinates of 
the maximum value of the function. 


(b) Sketch a graph of the function over the specified domain. 
(Use a setting in which 0.996 < S < 1.001.) 


(c) Estimate the specific gravity of water when T = 20°. 


67. Average Cost A manufacturer has determined that the total 
cost C of operating a factory is C = 0.5x* + 15x + 5000, 
where x is the number of units produced. At what level of 
production will the average cost per unit be minimized? (The 
average cost per unit is C/x.) 

68. Inventory Cost The total cost C for ordering and storing x 
units is C = 2x + 300,000/x. What order size will produce a 
minimum cost? 

69. Sales Growth The annual sales S of a new product are given by 
s= 50007? 

ee 


O < t < 3, where f is time in years. 


(a) Complete the table. Then use it to estimate when the annual 
sales are increasing at the greatest rate. 


t 0.5 1 1.5 2 2.5 3 


(b) Use a graphing utility to graph the function S. Then use the 
graph to estimate when the annual sales are increasing at 
the greatest rate. 


(c) Find the exact time when the annual sales are increasing at 
the greatest rate. 


70. Modeling Data The average typing speed S (words per 
minute) of a typing student after t weeks of lessons is shown in 
the table. 


S 38 | 56 | 79 | 90 | 93 | 94 


10077 TA 
65 Fa” 


(a) Use a graphing utility to plot the data and graph the model. 


A model for the data is § = 


(b) Use the second derivative to determine the concavity of S. 
Compare the result with the graph in part (a). 


(c) What is the sign of the first derivative for t > 0? By 
combining this information with the concavity of the model, 
what inferences can be made about the typing speed as 
t increases? 
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inear and Quadratic Approximations In Exercises , use 
a graphing utility to graph the function. Then graph the linear 
and quadratic approximations 


P(x) = f(a) + fa) — a) 
and 
Px) = f(a) + fax - a) +3f"a@(« - a} 


in the same viewing window. Compare the values of f, P}, and 
P, and their first derivatives at x = a. How do the approxima- 
tions change as you move farther away from x = a? 


Function Value of a 
71. f(x) = 2(sin x + cos x) a= A 
72. f(x) = 2(sin x + cos x) a=0 
73. f(x) = Jl =x a=0 
74. f(x) = Vx a=2 


x= 1 


75. Use a graphing utility to graph y = x sin(1/x). Show that the 
graph is concave downward to the right of x = 1/7. 

76. Show that the point of inflection of f(x) = x(x — 6)? lies 
midway between the relative extrema of f. 

77. Prove that every cubic function with three distinct real zeros 


has a point of inflection whose x-coordinate is the average of 
the three zeros. 


78. Show that the cubic polynomial p(x) = ax? + bx? + cx + d 
has exactly one point of inflection (x, yo), where 


Use this formula to find the point of inflection of 
P(x) = x3 — 3x2 + 2. 


True or False? In Exercises 79-82, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


79. The graph of every cubic polynomial has precisely one point of 
inflection. 


80. The graph of f(x) = 1/x is concave downward for x < 0 and 
concave upward for x > 0, and thus it has a point of inflection 
atx = 0. 

81. If f(c) > 0, then f is concave upward at x = c. 


82. If f’(2) = 0, then the graph of f must have a point of inflection 
at x = 2. 


In Exercises 83 and 84, let f and g represent differentiable 
functions such that f” # 0 and g” # 0. 


83. Show that if f and g are concave upward on the interval (a, b), 
then f + g is also concave upward on (a, b). 


84. Prove that if f and g are positive, increasing, and concave 
upward on the interval (a, b), then fg is also concave upward 
on (a, b). 
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Limits at Infinity 


e Determine (finite) limits at infinity. 
e Determine the horizontal asymptotes, if any, of the graph of a function. 
e Determine infinite limits at infinity. 


Limits at Infinity 


i Ae This section discusses the “end behavior” of a function on an infinite interval. 
aL KOE Fane Consider the graph of 
Se eee ee ENDET PENTR 3x? 
x) = 
F(x) x? +1 


fa) > 3 


as x —> —0c° 


as shown in Figure 3.33. Graphically, you can see that the values of f(x) appear to 
approach 3 as x increases without bound or decreases without bound. You can come 


= E = = j g : t gi to the same conclusions numerically, as shown in the table. 
The limit of f(x) as x approaches — co or 
oo is 3. < x decreases without bound. x increases without bound. > 
Figure 3.33 
x —oo | =100 | =10| -1] 0 1 10 100 > 0 
f(x) 3 2.9997 | 2.97} 1.5} 0 | 1.5 | 2.97 | 2.9997 >3 
< f(x) approaches 3. f(x) approaches 3. 
The table suggests that the value of f(x) approaches 3 as x increases without bound 
(x — oo). Similarly, f(x) approaches 3 as x decreases without bound (x — — co). 
These limits at infinity are denoted by 
NOTE The statement lim fa) =L im f (x) =3 Limit at negative infinity 
or lim f(x) = L, means that the limit and 
exists and the limit is equal to L. lim fo) = Limit at positive infinity 
To say that a statement is true as x increases without bound means that for some 
(large) real number M, the statement is true for all x in the interval {x: x > M}. The 
following definition uses this concept. 
Definition of Limits at Infinity 
J Let L be a real number. 
A 


1. The statement lim f(x) = L means that for each e > 0 there exists an M > 0 
xX—0o 
such that | f(x) — L| < s whenever x > M. 


2. The statement lim f(x) = L means that for each e > 0 there exists an N < 0 
=>- 


lim, fa=L 


such that | f(x) — L| < e whenever x < N. 


The definition of a limit at infinity is shown in Figure 3.34. In this figure, note 


> xX 

M that for a given positive number e€ there exists a positive number M such that, for 
f(x) is within s units of L as x— oo. x > M, the graph of f will lie between the horizontal lines given by y = L + e and 
Figure 3.34 y=L-—e. 


|Video | [| vieo | 


Use a graphing utility to graph 


2x? + 4x — 6 


JO) = 3.2 4 Oy — 16° 


Describe all the important features 
of the graph. Can you find a single 
viewing window that shows all of 
these features clearly? Explain your 
reasoning. 

What are the horizontal asymp- 
totes of the graph? How far to the 
right do you have to move on the 
graph so that the graph is within 
0.001 unit of its horizontal asymptote? 
Explain your reasoning. 
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Horizontal Asymptotes 


In Figure 3.34, the graph of f approaches the line y = L as x increases without bound. 
The line y = Lis called a horizontal asymptote of the graph of f. 


Definition of a Horizontal Asymptote 
The line y = L is a horizontal asymptote of the graph of f if 
lim f(xy) =L or lim f(x) = L. 
x00 


x—>— o0 


Note that from this definition, it follows that the graph of a function of x can have 
at most two horizontal asymptotes—one to the right and one to the left. 
Limits at infinity have many of the same properties of limits discussed in Section 
1.3. For example, if lim f(x) and lim g(x) both exist, then 
X oo X 


tim [/6) + g6)] = lim f(x) + lim gl) 
and 


tim [F698] = [im FCT] lim, s0); 


x> o0 
Similar properties hold for limits at — oo. 

When evaluating limits at infinity, the following theorem is helpful. (A proof of 
this theorem is given in Appendix A.) 


THEOREM 3.10 Limits at Infinity 


If r is a positive rational number and c is any real number, then 


Furthermore, if x” is defined when x < 0, then 


: C 
lim —=0. 
x>- x! 


EXAMPLE | Finding a Limit at Infinity 


Find the limit: lim (s = 2) 


Solution Using Theorem 3.10, you can write 


; 2 n 2 
lim (s = 3) = lim 5 — lim -3 Property of limits 
xX CO X x— 0 
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EXAMPLE 2 Finding a Limit at Infinity 


Ping iodine = 
x> X F 1 


Solution Note that both the numerator and the denominator approach infinity as x 
approaches infinity. 


lim (2x — 1) > œœ 


2x —] m x—> 00 


lim 
x>œ x + | 
lim (x + 1) > co 
x> 0 
NOTE When you encounter an indeter- This results in —, an indeterminate form. To resolve this problem, you can divide 
co 


minate form such as the one in Example 
2, you should divide the numerator and 
denominator by the highest power of x 


both the numerator and the denominator by x. After dividing, the limit may be evalu- 
ated as shown. 


in the denominator. Jy = 1 
2x- 1 ; x o i 
lim = lim Divide numerator and denominator by x. 
x>œ x + 1 x>% x + 1 
X 
1 
Jia = 
: x 
= lim Simplify. 
x—300 1 
1+4 
xX 


lim 2 — lim — 
x00 x= X ae f 
= Take limits of numerator and denominator. 


: a | 
lim 1 + lim — 
x—> 0 x> X 
a0 Apply Theorem 3.10 
140 pply Theorem 3.10. 


=2 


-5 -4 -3 -2 


So, the line y = 2 is a horizontal asymptote to the right. By taking the limit as 


y = 2 isa horizontal asymptote. x — — œ, you can see that y = 2 is also a horizontal asymptote to the left. The graph 
Figure 3.35 of the function is shown in Figure 3.35. — 
moe m eee Eee 

3 TECHNOLOGY You can test the reasonableness of the limit found in Example 


2 by evaluating f(x) for a few large positive values of x. For instance, 
f(100) = 1.9703, f(1000) = 1.9970, and (10,000) = 1.9997. 


Another way to test the reasonableness of the limit is to use a graphing utility. For 
instance, in Figure 3.36, the graph of 
0 80 


0 2x — 1 
| fo) = == 
As x increases, the graph of f moves closer 4 
and closer to the line y = 2. is shown with the horizontal line y = 2. Note that as x increases, the graph of f 
Figure 3.36 


moves closer and closer to its horizontal asymptote. 
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EXAMPLE 3 A Comparison of Three Rational Functions 


Maria Acnest (1718-1799) Find each limit. 


Agnesi was one of a handful of women to 2 26'S . 2x? +5 . 2345 
i } A mA a. lim —>—— b. lim =s c lim —>—— 
receive credit for significant contributions to x 300 3x2 + 1 x 300 3x2 + 1 x 300 3x? + 1 
mathematics before the twentieth century. In 
her early twenties, she wrote the first text that Solution In each case, attempting to evaluate the limit produces the indeterminate 


included both differential and integral calcu- 
lus. By age 30, she was an honorary member 
of the faculty at the University of Bologna. a. Divide both the numerator and the denominator by x?. 


. wets . (2/x) + (5/x2) 0+0 0 
——— lim >> = lim li =-=0 
MathBio x>% 3x? +1 x>% 3 + (1/x?) 3+0 3 
b. Divide both the numerator and the denominator by x?. 


im tS L m 246A _ 2 +0 _ 2 
x>% 3x7 +1 x5034+(1/x7) 3+0 3 


form co/oo. 


c. Divide both the numerator and the denominator by x?. 


in S im 2x + (5/x?) 2 
x>% 3x? +1 x>% 3 + (1/x?) 3 


You can conclude that the limit does not exist because the numerator increases 
without bound while the denominator approaches 3. —— 


[try te] A  [Epteration] 
[ecco] a 
Guidelines for Finding Limits at +00 of Rational Functions 


1. If the degree of the numerator is less than the degree of the denominator, 
A then the limit of the rational function is 0. 


24 io 2. If the degree of the numerator is equal to the degree of the denominator, then 
the limit of the rational function is the ratio of the leading coefficients. 


3. If the degree of the numerator is greater than the degree of the denominator, 
oe | then the limit of the rational function does not exist. 


H } ł >x 


t 
A 4 1 2 
lim f(x) = 0 lim f(x) =0 Use these guidelines to check the results in Example 3. These limits seem reasonable 
Bre o when you consider that for large values of x, the highest-power term of the rational 
f has a horizontal asymptote at y = 0. function is the most “influential” in determining the limit. For instance, the limit as x 
Figure 3.37 approaches infinity of the function 
FOR FURTHER INFORMATION For _ 1 
more information on the contributions of f (x) 7 x2? 4+ 1 


women to mathematics, see the article 


“Why Women Succeed in Mathematics” is 0 because the denominator overpowers the numerator as x increases or decreases 


by Mona Fabricant, Sylvia Svitak, and without bound, as shown in Figure 3.37. 
Patricia Clark Kenschaft in Mathematics The function shown in Figure 3.37 is a special case of a type of curve studied by 
Teacher. the Italian mathematician Maria Gaetana Agnesi. The general form of this function is 


MathArticle f(x) = a Witch of Agnesi 
F x2 + 4a2 1tcn o gnesi 


and, through a mistranslation of the Italian word vertéré, the curve has come to be 
known as the Witch of Agnesi. Agnesi’s work with this curve first appeared in a 
comprehensive text on calculus that was published in 1748. 
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In Figure 3.37, you can see that the function f(x) = 1/(x? + 1) approaches the 
same horizontal asymptote to the right and to the left. This is always true of rational 
functions. Functions that are not rational, however, may approach different horizontal 
asymptotes to the right and to the left. This is demonstrated in Example 4. 
EXAMPLE 4 A Function with Two Horizontal Asymptotes 
Find each limit. 
a imn ae b. lm -#4 
" o 2x2 + 1 ` ao Sx F 1 
Solution 
a. For x > 0, you can write x = \/x*. So, dividing both the numerator and the 
denominator by x produces 
Cae 3 Z _2 
3x2 
eae + I pema = 1 hæg + i /, 
and you can take the limit as follows. 
2 
3 a 
= ii x SQ 3 
m-a 1300 1 v2+0 V2 
i ta 
y = 
1? v2 ? b. For x < 0, you can write x = — \/x?. So, dividing both the numerator and the 
g4 Horizontal denominator by x produces 
asymptote 
to the right 3x— 2 2 2 
3x = 2, x 
oe = 1 Pera 2 Do x2 z 1. 1 
ta 
3 Z OV and you can take the limit as follows. 
IT -44 V2x7 +1 
Horizontal _2 
asymptote 3x = 2 ' 3=0 
to the left Sa JF = lim, 


Functions that are not rational may have dif- 
ferent right and left horizontal asymptotes. 
Figure 3.38 


=i 


The horizontal asymptote appears to be the 
line y = 1 but it is actually the line y = 2. 
Figure 3.39 


4 -J/2+0 E 


The graph of f(x) = (3x — 2)//2x? + 1 is shown in Figure 3.38. 
[Try te] [Eplerationa] 
TECHNOLOGY PITFALL If you use a graphing utility to help estimate a 
limit, be sure that you also confirm the estimate analytically—the pictures shown by 


a graphing utility can be misleading. For instance, Figure 3.39 shows one view of the 
graph of 


2x3 + 1000x? + x 
x? + 1000x2 + x + 1000° 


y= 


From this view, one could be convinced that the graph has y = 1 as a horizontal 
asymptote. An analytical approach shows that the horizontal asymptote is actually 
y = 2. Confirm this by enlarging the viewing window on the graphing utility. 


As x increases without bound, f(x) 
approaches 0. 
Figure 3.40 


[_Esitabe Graph | 


2 0754 
2 
ee ee y= ott] | 
T (1, 0.5) (Pa 
ô 

0.25 + 

E a a a 
2 4 6 8 10 
Weeks 


The level of oxygen in a pond approaches the 
normal level of 1 as t approaches co. 
Figure 3.41 
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In Section 1.3 (Example 9), you saw how the Squeeze Theorem can be used to 
evaluate limits involving trigonometric functions. This theorem is also valid for 
limits at infinity. 


EXAMPLE 5 Limits Involving Trigonometric Functions 
Find each limit. 


a. lim sin x b. lim —— 


x-300 x300 X 


Solution 


a. As x approaches infinity, the sine function oscillates between 1 and — 1. So, this 
limit does not exist. 


b. Because —1 < sinx < 1, it follows that for x > 0, 


a. 
5 
= 


1 1 

x x x 

where lim (—1/x) = 0 and lim (1/x) = 0. So, by the Squeeze Theorem, you 
xXx—> 0O xXx 


can obtain 


as shown in Figure 3.40. 
[try te | [Bpleratona] 
EXAMPLE 6 Oxygen Level in a Pond 


Suppose that f(t) measures the level of oxygen in a pond, where f(t) = 1 is the normal 
(unpolluted) level and the time f is measured in weeks. When t = 0, organic waste is 
dumped into the pond, and as the waste material oxidizes, the level of oxygen in the 
pond is 


e—-—t+1 
+1 


f(t) = 


What percent of the normal level of oxygen exists in the pond after 1 week? After 2 
weeks? After 10 weeks? What is the limit as t approaches infinity? 


Solution When t = 1, 2, and 10, the levels of oxygen are as shown. 


2— + 
fl) = + = 5 = 50% 1 week 
27-2+1 
f(2) = 24+] = : = 60% 2 weeks 
2— T 
f0) = a 102 a L = a = 90.1% 10 weeks 


To find the limit as t approaches infinity, divide the numerator and the denominator by 
t? to obtain 


t=] . 1- (1/ġ+(1/⁄A 1-0+0 
reL D aa 126. °° 
See Figure 3.41. — 


[Try re | [Exploration a | 
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NOTE Determining whether a function 
has an infinite limit at infinity is useful 
in analyzing the “end behavior” of its 
graph. You will see examples of this in 
Section 3.6 on curve sketching. 


Figure 3.42 


Figure 3.43 


|_Esitable Graph | 
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Infinite Limits at Infinity 


Many functions do not approach a finite limit as x increases (or decreases) without 
bound. For instance, no polynomial function has a finite limit at infinity. The 
following definition is used to describe the behavior of polynomial and other functions 
at infinity. 


Definition of Infinite Limits at Infinity 

Let f be a function defined on the interval (a, 00). 

1. The statement lim f(x) = oo means that for each positive number M, there is 
a corresponding number N > O such that f(x) > M whenever x > N. 


2. The statement lim f(x) = — oo means that for each negative number M, there 
x00 


is a corresponding number N > 0 such that f(x) < M whenever x > N. 


Similar definitions can be given for the statements lim f(x) = co and 
lim f(x) = — o0. G 


x—>— o0 


EXAMPLE 7 Finding Infinite Limits at Infinity 


Find each limit. 


a. lim x? b. lim xX 
XxX—>> 0 x—— o0 
Solution 


a. As x increases without bound, x°? also increases without bound. So, you can write 
lim x? = o. 


x00 
b. As x decreases without bound, x? also decreases without bound. So, you can write 
lim x3 = —oco. 
x27 09 


The graph of f(x) = x? in Figure 3.42 illustrates these two results. These results agree 
with the Leading Coefficient Test for polynomial functions as described in Section P.3. 


[Try tt_| [Exploration | 


EXAMPLE 8 Finding Infinite Limits at Infinity 


Find each limit. 


j 2x2 — 4x b. li 2x2 — 4x 
a x+1 Yes x+1 


Solution One way to evaluate each of these limits is to use long division to rewrite 
the improper rational function as the sum of a polynomial and a rational function. 


. 2x? = 4x 6 
= — + ——] = 
a u X 1 tim (2x 6 yF -) = 
. 2x? — Ax 6 \_ 


The statements above can be interpreted as saying that as x approaches +o, the func- 
tion f(x) = (2x? — 4x)/(x + 1) behaves like the function g(x) = 2x — 6. In Section 
3.6, you will see that this is graphically described by saying that the line y = 2x — 6 
is a slant asymptote of the graph of f, as shown in Figure 3.43. — 


[ Try tt | [Exploration | 
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Exercises for Section 3.5 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1 and 2, describe in your own words what the state- — 6x 8x 


ment means. 11. f(x) = Jie 5 12. f(x) = 3 
1. lim f(x) = 4 2. lim f(x) =2 =5-— l z 2 
Jim f(x) [im fo) OF TT 14. f@) =4+ 555 
In Exercises 3-8, match the function with one of the graphs [(a), , i , , 
(b), (c), (d), (e), or (f)] using horizontal asymptotes as an aid. In Exercises 15 and 16, find lim h(x), if possible. 
(a) y (b) y 15. f(x) = 5x? — 3x? + 10 
A 
34 @ n= & my = & 
x x 
fx) 
tol ©) h(x) = =F 
= r 16. f(x) = 5x2 — 3x +7 
2 -1 1 2 fx) i 
Seih (a) h(x) = == (b) A(x) = = 
x X 
S A @ © h(a) = £0 
34 x 


In Exercises 17-20, find each limit, if possible. 


web D Ode 
17. (a) im Aci 18. (a) iim 4 
24 = 
tis): dim = i ine 
x30 x^ — 1 x>00 3x — 1 
; 2 A. Zp 
1 1 © lim 22 om = 
gt Ait. x00 X — | soo Bx — 1 
ied ope E a | 5 —2x3/2 53/2 
24 e E ea Me KA) i Fa 
ae = 33/2 3/2 
Leo ee : 5x 
cere EET ©) AE 3a? =a ©) tm BF +1 
T 5 — 2x3/2 5x3/2 
ale g lim A ji 
m aa Eo 4 
3. f(x) = ae 5 4. f(x) = SS In Exercises 21-34, find the limit. 
pe Vx 
: = im “I im — 30+ 2 
5. f(x) = 42 6. f(x) = 2+ x4 41 at; iin 3x +2 2 Ji 9x3 — 2x2 + 7 
4 sin x 2x? — 3x + 5 : x ; 3 
7. f(x) = 24] 8. f(x) = or 23. Jim a 24. Jim (4 +4 3) 
? 1 4 
5 . . , 25. lim o 26. lim & = £) 
Numerical and Graphical Analysis In Exercises 9-14, use a x>- x + 3 x>- \2 x 
graphing utility to complete the table and estimate the limit as x . x 
x approaches infinity. Then use a graphing utility to graph the 27. lim Jee 28 MS 1 
function and estimate the limit graphically. ee ea 
29. lim ~= 30. lim —— 
x 10° | 10! | 102 | 10 | 104 | 105 | 10° xa x2 — x ps a oe 
. sin 2x .. = COsx 
f (x) 31, = x a us x 
2 33. li S. 34. li l 
9. f(x) = > > 10. f(x) = a t Bo 2x + sinx ee a 


2x — x+1 
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In Exercises 35-38, use a graphing utility to graph the function 
and identify any horizontal asymptotes. 


3 2 

38. fo) = AL 36. f(x) = e+ al 
3x f OXF 9. 
37. f(x) = Jera 38. f(x) = DTE 


In Exercises 39 and 40, find the limit. (Hint: Let x = 1/t and 
find the limit as t — 0*.) 


1 
39. lim xsin = 40. lim x tan— 
x00 ~ X00 x 


In Exercises 41- 46, find the limit. (Hint: Treat the expression 
as a fraction whose denominator is 1, and rationalize the 
numerator.) Use a graphing utility to verify your result. 


41. lim (x + J/x? ¥3) 42. lim (2x — V/a? +1) 


x00 


43. lim (x — /x? +x) 44. lim (3x + /9x? — x) 


f1 
45. lim (4x — /16x2—x) 46. lim (: + 4] + :) 


Numerical, Graphical, and Analytic Analysis In Exercises 
47-50, use a graphing utility to complete the table and estimate 
the limit as x approaches infinity. Then use a graphing utility to 
graph the function and estimate the limit. Finally, find the limit 
analytically and compare your results with the estimates. 


x 10° | 10' | 10? | 10 | 104 | 105 | 10° 
f(x) 


47. f(x) =x- vx- 1) 48. f(x) = x? — xv x(x — 1) 
x I 


xJx 


49. f(x) = xsin + 50. f(x) = 
Writing About Concepts 


51. The graph of a function f is shown below. To print 
an enlarged copy of the graph, select the MathGraph button. 


(a) Sketch f’. 


(b) Use the graphs to estimate lim f(x) and lim f'(x). 


(c) Explain the answers you gave in part (b). 
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Writing About Concepts (continued) 


52. Sketch a graph of a differentiable function f that satisfies 
the following conditions and has x = 2 as its only critical 
number. 


f(x) < 0 for x < 2 f(x) > 0 for x >2 
lim f(x) = lim fa) = 6 


53. Is it possible to sketch a graph of a function that satisfies the 
conditions of Exercise 52 and has no points of inflection? 
Explain. 

54. If f is a continuous function such that lim f(x) = 5, find, 


if possible, lim f(x) for each specified condition. 
x—>— o0 

(a) The graph of f is symmetric to the y-axis. 

(b) The graph of f is symmetric to the origin. 


In Exercises 55-72, sketch the graph of the function using 
extrema, intercepts, symmetry, and asymptotes. Then use a 


graphing utility to verify your result. 


2+x y= 
. y= 56. y = 
S3. y 1-x e y= 
x Phi 
57. y= 2—4 58. y= 9 _ 32 
x x 
59. y= 249 60. y= 39 
2x? 2x? 
6l. y= gq 62. y= 344 
63. xy? =4 64. xy = 
2x 26 
aaa 66. y =72 
2 1 
7. y=2- 5 ~yH=lt+— 
67. y z 68. y P 
2 1 
.y=3+- 70. y= 41-5 
69. y =3 = 0. y ( 3) 
71 a 2. y= x 
n x?— 4 a x?—4 


In Exercises 73-82, use a computer algebra system to analyze 
the graph of the function. Label any extrema and/or asymptotes 
that exist. 


1 x? 
73. f(x) =5-— 2 74. f(x) = a2] 
1 
75. Sf (x) = 4 76. Sf (x) = yg 
X= 2 xt+1 
TONS ee Te eG Ie Ie et 
3x 2x 
79. f(x) = age ET 80. g(x) = wee 
_ 2 sin 2x 


81. ¢(x) = sin(- 2 z) x>3 82. f(x) = 


In Exercises 83 and 84, (a) use a graphing utility to graph f and 
g in the same viewing window, (b) verify algebraically that f 
and g represent the same function, and (c) zoom out sufficiently 
far so that the graph appears as a line. What equation does this 
line appear to have? (Note that the points at which the function 
is not continuous are not readily seen when you zoom out.) 


Bx a =D? EO 

83. f(x) = co oo 84. f(x) = = ae 
2 1 1 

aC) =x t 7-3) ga) = —px + 1-3 


85. Average Cost A business has a cost of C = 0.5x + 500 for 
producing x units. The average cost per unit is 


C= 


= 19 


Find the limit of C as x approaches infinity. 


86. Engine Efficiency The efficiency of an internal combustion 
engine is 


1 
Efficiency (%) = 100 [i | 
1 (v,/ va)" A 
where v,/v, is the ratio of the uncompressed gas to the 
compressed gas and c is a positive constant dependent on the 
engine design. Find the limit of the efficiency as the compres- 
sion ratio approaches infinity. 


87. Physics Newton’s First Law of Motion and Einstein’s Special 
Theory of Relativity differ concerning a particle’s behavior as 
its velocity approaches the speed of light, c. Functions N and E 
represent the predicted velocity, v, with respect to time, t, for a 
particle accelerated by a constant force. Write a limit statement 
that describes each theory. 


88. Temperature The graph shows the temperature T, in degrees 
Fahrenheit, of an apple pie t seconds after it is removed from an 
oven and placed on a cooling rack. 


T 


(a) Find lim T. What does this limit represent? 
t=>0+* 


(b) Find lim T. What does this limit represent? 
t>00 
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e table shows the world record 
running | mile, where ft represents the year, with t = 0 corre- 
sponding to 1900, and y is the time in minutes and seconds. 


t 23 33 45 54 


y | 4:10.4 | 4:07.6 | 4:01.3 | 3:59.4 


t 58 66 79 85 99 


y | 3:54.5 | 3:51.3 | 3:48.9 | 3:46.3 | 3:43.1 


A model for the data is 


3.3511? + 42.461t — 543.730 
y= 12 
where the seconds have been changed to decimal parts of a 
minute. 
(a) Use a graphing utility to plot the data and graph the model. 


(b) Does there appear to be a limiting time for running 1 mile? 
Explain. 


90. Modeling Data The average typing speeds S (words per 
minute) of a typing student after t weeks of lessons are shown 
in the table. 


1002? 


A model for the data is S = t>0 


65 + ft” 
(a) Use a graphing utility to plot the data and graph the model. 
(b) Does there appear to be a limiting typing speed? Explain. 


91. Modeling Data A heat probe is attached to the heat exchanger 
of a heating system. The temperature T (degrees Celsius) is 
recorded ¢ seconds after the furnace is started. The results for the 
first 2 minutes are recorded in the table. 


t 0 15 30 45 60 


T | 25.2° | 36.9° | 45.5° | 51.4° | 56.0° 


t 75 90 105 120 


T | 59.6° | 62.0° | 64.0° | 65.2° 


(a) Use the regression capabilities of a graphing utility to find 
a model of the form T, = at? + bt + c for the data. 


(b) Use a graphing utility to graph T}. 


(c) A rational model for the data is T, = ae Use a 


graphing utility to graph the model. 

(d) Find T,(0) and 7,(0). 

(e) Find lim T,. 

(f) Interpret the result in part (e) in the context of the problem. 
Is it possible to do this type of analysis using T,? Explain. 
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92. Modeling Data A container contains 5 liters of a 25% brine 
solution. The table shows the concentrations C of the mixture 
after adding x liters of a 75% brine solution to the container. 


x 0 0.5 1 1.5 2 
C| 0.25 | 0.295 | 0.333 | 0.365 | 0.393 


2.5 3 3:3 4 


C | 0.417 | 0.438 | 0.456 | 0.472 


(a) Use the regression features of a graphing utility to find a 
model of the form C, = ax? + bx + c for the data. 


(b) Use a graphing utility to graph C}. 


(c) A rational model for these data is C, = Sqm Use a 


graphing utility to graph C,. 


(d) Find Jim C, and dim C,. Which model do you think best 
represents the concentration of the mixture? Explain. 
(e) What is the limiting concentration? 
93. A line with slope m passes through the point (0, 4). 


(a) Write the distance d between the line and the point (3, 1) as 
a function of m. 


(b) Use a graphing utility to graph the equation in part (a). 
(c) Find lim d(m) and lim d(m). Interpret the results 
geometrically. — 
94. A line with slope m passes through the point (0, —2). 


(a) Write the distance d between the line and the point (4, 2) as 
a function of m. 
(b) Use a graphing utility to graph the equation in part (a). 
(c) Find lim d(m) and lim d(m). Interpret the results 
m= 


m> 
geometrically. 


2x2 
95. The graph of f(x) = z2 p 5 is shown. 


Not drawn to scale 


(a) Find L = lim f(x). 
00. 
(b) Determine x, and x, in terms of s. 
(c) Determine M, where M > 0, such that | f(x) — L| < e for 
x > M. 


(d) Determine N, where N < 0, such that | f(x) — L| < e for 
x <Q. 
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96. The graph of f(x) = is shown. 
x 


Not drawn to scale 


(a) Find L = lim f(x) and K = lim fœ. 


(b) Determine x, and x, in terms of e. 


(c) Determine M, where M > 0, such that | f(x) — L| < e for 
x> M. 


(d) Determine N, where N < 0, such that | f(x) — K| < e 
for x < N. 


97. Consider lim Use the definition of limits at 


Bx 
x00 \/x2 + 3 
infinity to find values of M that correspond to (a) e = 0.5 and 
(b) e = 0.1. 


98. Consider lim . Use the definition of limits at 
x=? De. 


3x 
JE+3 
infinity to find values of N that correspond to (a) € = 0.5 and 
(b) e = 0.1. 


In Exercises 99-102, use the definition of limits at infinity to 
prove the limit. 


. 1 ; 2 
99, im z =0 100. im e =0 
: 1 : 1 
101. lim ~; =0 102. lim —~=0 
x>- X x 3-00 X — 2 
103. Prove that if p(x) = a,x" ++ + + + a,x + ay and 
q(x) = b,x" +++ ++ bx + by (a, + 0, b„ # 0), then 
0, n<m 
a, 
lim BOD > n=m. 


too, n>m 


104. Use the definition of infinite limits at infinity to prove that 
lim x? = o. 
x00 
True or False? In Exercises 105 and 106, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


105. If f(x) > 0 for all real numbers x, then f increases without 
bound. 


106. If f”(x) < 0 for all real numbers x, then f decreases without 
bound. 
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A Summary of Curve Sketching 


e Analyze and sketch the graph of a function. 


Analyzing the Graph of a Function 


It would be difficult to overstate the importance of using graphs in mathematics. 
Descartes’s introduction of analytic geometry contributed significantly to the rapid 
advances in calculus that began during the mid-seventeenth century. In the words of 
Lagrange, “As long as algebra and geometry traveled separate paths their advance was 
slow and their applications limited. But when these two sciences joined company, they 
drew from each other fresh vitality and thenceforth marched on at a rapid pace toward 


perfection.” 
So far, you have studied several concepts that are useful in analyzing the graph of 
a function. 
e x-intercepts and y- intercepts (Section P.1) 
e Symmetry (Section P.1) 
e Domain and range (Section P.3) 
40 e Continuity (Section 1.4) 
e Vertical asymptotes (Section 1.5) 
e Differentiability (Section 2.1) 
e Relative extrema (Section 3.1) 
e Concavity (Section 3.4) 
=e 3 ¢ Points of inflection (Section 3.4) 
0 e Horizontal asymptotes (Section 3.5) 
e Infinite limits at infinity (Section 3.5) 
200 


When you are sketching the graph of a function, either by hand or with a graphing 
-10 30 utility, remember that normally you cannot show the entire graph. The decision as to 
which part of the graph you choose to show is often crucial. For instance, which of the 

viewing windows in Figure 3.44 better represents the graph of 


f(x) = x2 — 25x? + 74x — 20? 


By seeing both views, it is clear that the second viewing window gives a more 


-1200 complete representation of the graph. But would a third viewing window reveal other 
Different viewing windows for the graph of interesting portions of the graph? To answer this, you need to use calculus to interpret 
f(x) = 8 — 25x + 74x — 20 the first and second derivatives. Here are some guidelines for determining a good 
Figure 3.44 viewing window for the graph of a function. 


Guidelines for Analyzing the Graph of a Function 


1. Determine the domain and range of the function. 
2. Determine the intercepts, asymptotes, and symmetry of the graph. 


3. Locate the x-values for which f(x) and f”(x) either are zero or do not exist. 
Use the results to determine relative extrema and points of inflection. 


NOTE In these guidelines, note the importance of algebra (as well as calculus) for solving the 
equations f(x) = 0, f(x) = 0, and f(x) = 0. 
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g 2 
xe £, 
2 a Ea 
5 
3 Il z |l 
> aR Soi 
Relative 
Horizontal minimum 
asymptote: 


Using calculus, you can be certain that you 
have determined all characteristics of the 
graph of f. 

Figure 3.45 


[Estab Graph | 


FOR FURTHER INFORMATION For 
more information on the use of technol- 
ogy to graph rational functions, see the 
article “Graphs of Rational Functions for 
Computer Assisted Calculus” by Stan 
Byrd and Terry Walters in The College 
Mathematics Journal. 


MathArticle 


-6 6 


-8 


By not using calculus you may overlook 
important characteristics of the graph of g. 
Figure 3.46 


Applications of Differentiation 


EXAMPLE |I 


Analyze and sketch the graph of f(x) = 


Solution 


First derivative: 


Second derivative: 


x-intercepts: 
y-intercept: 
Vertical asymptotes: 
Horizontal asymptote: 
Critical number: 

Possible points of inflection: 
Domain: 
Symmetry: 
Test intervals: 
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Sketching the Graph of a Rational Function 


_ 2G? = 9) 
x27 —- 40 
(0) =e 
E 2 
m 
(—3, 0), (3, 0) 
(0.3) 
x= -2,x=2 
y=2 
x=0 
None 


All real numbers except x = +2 
With respect to y-axis 
(— oo, —2), (—2, 0), (0, 2), (2, 00) 


The table shows how the test intervals are used to determine several characteristics of 
the graph. The graph of f is shown in Figure 3.45. 


f(x) FOF) Characteristic of Graph 
=00 <x < =2 = = Decreasing, concave downward 
x= -2 Undef. | Undef. | Undef. Vertical asymptote 
—-2<x<0 — + Decreasing, concave upward 
x=0 3 + Relative minimum 
O<x<2 F oF Increasing, concave upward 
x=2 Undef. | Undef. | Undef. Vertical asymptote 
2<x< 0 + E Increasing, concave downward 


[ Try 1e | | Exploration a | 
[Video | | Video | | Video | | Video | 


Be sure you understand all of the implications of creating a table such as that 


shown in Example 1. Because of the use of calculus, you can be sure that the graph has 
no relative extrema or points of inflection other than those shown in Figure 3.45. 


TECHNOLOGY PITFALL Without using the type of analysis outlined in 
Example 1, it is easy to obtain an incomplete view of a graph’s basic characteristics. 
For instance, Figure 3.46 shows a view of the graph of 


_ 2(x2 — 9)(x — 20) 
(x? — 4)(x — 21) 


g(x) 


From this view, it appears that the graph of g is about the same as the graph of 
f shown in Figure 3.45. The graphs of these two functions, however, differ 
significantly. Try enlarging the viewing window to see the differences. 
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EXAMPLE 2. Sketching the Graph of a Rational Function 


2 — 2x + 4 
Analyze and sketch the graph of f(x) = = 
pe 
Solution 
x(x — 4 
First derivative: f(x) = t3 
: 8 
hon 
8 + k U Second derivative:  f"(x) = G- 
o 
6L Bi x-intercepts: None 
Ai (4,6) -intercept: (0, —2 
47 S Relative . 7 4 ( ) 
5 ' minimum Vertical asymptote: x = 2 
= Si Horizontal asymptotes: None 
E. == End behavior: lim f(x) = —00, lim f(x) = co 
-4 -2 2 4 6 x= o0 ' x00 
(0, -2) 0 Relative Critical numbers: x = 0,x = 4 
yN ı maximum Possible points of inflection: None 
Domain: All real numbers except x = 2 
o4 Test intervals: (—oo,0), (0,2), (2,4), (4, c0) 
ae The analysis of the graph of f is shown in the table, and the graph is shown in 
Figure 3.47 Figure 3.47. 
SJ 
f(x) f(x) | fŒ) Characteristic of Graph 
=o <x<0 oF = Increasing, concave downward 
x=0 =2 0 = Relative maximum 
O<x<2 = = Decreasing, concave downward 
x=2 Undef. | Undef. | Undef. Vertical asymptote 
2<x<4 = + Decreasing, concave upward 
x=4 6 0 + Relative minimum 
4<x<o + F Increasing, concave upward 
yu aa 
A U 
ži N) ——— c 
Si “a ae : i 
67 ai Ke Although the graph of the function in Example 2 has no horizontal asymptote, it 
3! A 2 : 
aig <S does have a slant asymptote. The graph of a rational function (having no common 
i i Ar factors and whose denominator is of degree 1 or greater) has a slant asymptote if the 
2T ol oP degree of the numerator exceeds the degree of the denominator by exactly 1. To find 
Hp y ee o the slant asymptote, use long division to rewrite the rational function as the sum of a 
SA 2 2 4 6 first-degree polynomial and another rational function. 
de | L- 2x+4 er . 
Fg siel ; f(x) = — y% Write original equation. 
fa)= ie at a =xt eeu Rewrite using long division. 
A slant asymptote In Figure 3.48, note that the graph of f approaches the slant asymptote y = x as x 


Figure 3.48 


approaches — o0 or oo, 
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7y 

h Horizontal 

asymptote: 
y=l 


i 

T 
(0, 0) 
Point of 
inflection 


Horizontal 
asymptote: 
y=-l 


Figure 3.49 


| Esitabie Graph | 


y Relative 
A maximum 


(0, 0) 


f(x) = 2x5/3 a 5x43 


(1, -3) 
Point of 
inflection 


(8, -16) 


Relative minimum 


Figure 3.50 


[_Esitabe Graph | 


EXAMPLE 3 Sketching the Graph of a Radical Function 


x 


Analyze and sketch the graph of f(x) = ————. 
sft +2 


Solution 


peste 2 OEE 6x 
PO= Type LW=—-Gy oR 


The graph has only one intercept, (0, 0). It has no vertical asymptotes, but it has two 
horizontal asymptotes: y = 1 (to the right) and y = — 1 (to the left). The function has 
no critical numbers and one possible point of inflection (at x = 0). The domain of the 
function is all real numbers, and the graph is symmetric with respect to the origin. The 
analysis of the graph of f is shown in the table, and the graph is shown in Figure 3.49. 


f(x) St’) Sf’) Characteristic of Graph 
=00 <x<0 =F + Increasing, concave upward 
1 
x=0 0 —= 0 Point of inflection 
/2 
O<x< co F — Increasing, concave downward 


EXAMPLE 4 Sketching the Graph of a Radical Function 


Analyze and sketch the graph of f(x) = 2x53 — 5x4%, 


Solution 


j 10 z 20(x! — 1) 
rosg- os SS 
The function has two intercepts: (0, 0) and (2, 0). There are no horizontal or verti- 
cal asymptotes. The function has two critical numbers (x = 0 and x = 8) and two 
possible points of inflection (x = 0 and x = 1). The domain is all real numbers. The 


analysis of the graph of f is shown in the table, and the graph is shown in Figure 3.50. 


f(x) Sx) Sf’) Characteristic of Graph 
-0o <x<0 + = Increasing, concave downward 
x=0 0 0 Undef. Relative maximum 
O<x<l = = Decreasing, concave downward 
x=1 =3 = 0 Point of inflection 
l<x<8 = + Decreasing, concave upward 
x =8 —16 0 + Relative minimum 
8 <x< oo + + Increasing, concave upward 


[ Try 1t | [Exploration a | 
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EXAMPLE 5 Sketching the Graph of a Polynomial Function 
Analyze and sketch the graph of f(x) = x4 — 12x? + 48x? — 64x. 


Solution Begin by factoring to obtain 
f(x) = x4 — 12x3 + 48x? — 64x 
= x(x — 4), 
TE — ke ea — le 
(0, 0) 


7 


Then, using the factored form of f(x), you can perform the following analysis. 
>x First derivative: f(x) = 4(x — 1)(x — 4)? 
Second derivative: f(x) = 12(x — 4)(x — 2) 

x-intercepts: (0, 0), (4, 0) 

y-intercept: (0,0) 


Point of 
inflection 


(2, -16) 
Point of 


inflection Horizontal asymptotes: None 


Vertical asymptotes: None 


End behavior: lim f(x) = 00, lim f(x) = œ 


(1, -27) 


ae ten Critical numbers: x =1,x =4 
Relative minimum 


Possible points of inflection: x =2,x = 4 
Domain: All real numbers 


Test intervals: (—oo, 1), (1, 2), (2, 4), (4, 00) 


The analysis of the graph of f is shown in the table, and the graph is shown in Figure 


3.51(a). Using a computer algebra system such as Derive [see Figure 3.51(b)] can 
help you verify your analysis. 
f(x) Sf’) St’) Characteristic of Graph 
-o<x<l = + Decreasing, concave upward 
x=1 =27 0 F Relative minimum 
l<x<2 + + Increasing, concave upward 
x=2 —16 + 0 Point of inflection 
Generated by Derive 
(b) 2<x<4 + = Increasing, concave downward 
A polynomial function of even degree must ay 0 0 0 Pont otinflecüorn 
have at least one relative extremum. 
Figure 3.51 4<x< 0 + + Increasing, concave upward 


[try re] [Emiorstons] [Eeer] [peer eeen] 

The fourth-degree polynomial function in Example 5 has one relative minimum 
and no relative maxima. In general, a polynomial function of degree n can have at 
most n — 1 relative extrema, and at most n — 2 points of inflection. Moreover, 
polynomial functions of even degree must have at least one relative extremum. 

Remember from the Leading Coefficient Test described in Section P.3 that the 
“end behavior” of the graph of a polynomial function is determined by its leading 
coefficient and its degree. For instance, because the polynomial in Example 5 has a 
positive leading coefficient, the graph rises to the right. Moreover, because the degree 
is even, the graph also rises to the left. 
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EXAMPLE 6 Sketching the Graph of a Trigonometric Function 


-T 
2 


aa 
cos x 
1 i l Analyze and sketch the graph of = 
3 i 5 r prep F(x) 1+ sinx 
z a 
Qi! O! 
5, 5 Solution Because the function has a period of 27, you can restrict the analysis of 
= s the graph to any interval of length 27r. For convenience, choose (— 7/2, 37/2). 
5 5 First derivative: (x) l 
i ' irst derivative: = =m 
fi — “ 1 + sinx 
© i | Qn 
1214 l PE j cos x 
l j Second derivative: = 
Pal (1 + sin x)? 
12 1 
j i Period: 27 
r3 i z 
ee ee x-intercept: z 0) 
ie) = 1+sinx 2 
y-intercept: (0, 1) 
; T 3T 
Vertical asymptotes: x = -p55 See Note below. 


Horizontal asymptotes: None 


Critical numbers: None 
; : ; ; T 
Possible points of inflection: x = > 


3+ 4n 


Domain: All real numbers except x = 5 


Test intervals: (-2 7), z sn) 


The analysis of the graph of f on the interval (— 7/2, 37/2) is shown in the table, and 
the graph is shown in Figure 3.52(a). Compare this with the graph generated by the 
computer algebra system Derive in Figure 3.52(b). 


T 


Generated by Derive 


(b) 


Figure 3.52 
fœ) Sx) St’) Characteristic of Graph 
x= = Undef. | Undef. | Undef. Vertical asymptote 
E <x< = = + Decreasing, concave upward 
T 1 : ; . 
x= > 0 = 0 Point of inflection 
2 2 
7 <x< = = = Decreasing, concave downward 
377 : 
x= Undef. Undef. | Undef. Vertical asymptote 


[Dey te] [Explorations] 
NOTE By substituting — 7/2 or 37/2 into the function, you obtain the form 0/0. This is called 


an indeterminate form and you will study this in Section 8.7. To determine that the function has 
vertical asymptotes at these two values, you can rewrite the function as follows. 


f(x) cosx _  (cosx)(1 — sinx) _ (cosx)(1 — sinx) _ 1 — sinx 
` 1 + sinx (1 + sinx)(1 — sin x) cos? x cos x 


In this form, it is clear that the graph of f has vertical asymptotes when x = — 7/2 and 37/2. 


Exercises for Section 3.6 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-4, match the graph of f in the left column with 
that of its derivative in the right column. 


Graph of f Graph of f’ 

1. (a) y 

A 

3 whe 

> X 

2. y (b) y 
3. 

4. y (d) y 

A 

3-4 

2+- 

1+ 

x it te 
3-2-1 | 1 2 3 
-3+ 


5. Graphical Reasoning The graph of f is shown in the figure. 
(a) For which values of x is f'(x) zero? Positive? Negative? 
(b) For which values of x is f(x) zero? Positive? Negative? 
(c) On what interval is f’ an increasing function? 


(d) For which value of x is f(x) minimum? For this value of x, 
how does the rate of change of f compare with the rate of 
change of f for other values of x? Explain. 


6. Graphical Reasoning Identify the real numbers xp, x,, X2, X3, 
and x, in the figure such that each of the following is true. 


(a) f(x) =0 (b) f(x) = 0 
(c) f(x) does not exist. (d) f has a relative maximum. 


(e) f has a point of inflection. 


Figure for 5 Figure for 6 


In Exercises 7-34, analyze and sketch a graph of the function. 
Label any intercepts, relative extrema, points of inflection, and 
asymptotes. Use a graphing utility to verify your results. 


x x 
Oe aaa a By aa] 
1 x2 +1 
9. y= -3T 10. y= 3—9 
2x x+2 
11. Y= Z= 12. f(x) = 
4 32 
13. ga) =x +545 14. f(s) = 24+ 
verti) x 
15. f) = z 16. fo) = -23 
2 _ 2 
17. y=7 6x + 12 18. y = Z 5x + 5 
É x—4 ° T2 
19. y=xVv4 -x 20. g(x) =xJ/9 =x 
21. h(x) = xJ/9 = x 22. y = xJ/16 — x2 
23. y = 3x7/3 — 2x 24. y = 3(x — 1P° — (x = 1)? 
25. y= x — 3x7 +3 26. y = —3(03 — 3x + 2) 
27: y=2 =r 28. f(x) =x- 1} +2 
29. y = 3x4 + 4x3 30. y = 3x4 — 6x? + 3 
31. y = x5 — 5x 32. y= (x — 1) 
33. y = |2x — 3} 34. y = |x? — 6x + 5| 


In Exercises 35-38, use a computer algebra system to analyze 
and graph the function. Identify any relative extrema, points of 
inflection, and asymptotes. 


20x 1 1 1 
8 FO Bas x6. f= (4-3) 
4 
9. 1) Fa 8 0) = Tag 


In Exercises 39-46, sketch a graph of the function over the 
given interval. Use a graphing utility to verify your graph. 


39. y = sinx — jg sin 3x, O<sx< 27 


40. y = cos x — 5 cos 2x, O<sx< 27 
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41. y = 2x — tan x, ore 


42. y= 2x — 2) + cotx, 0<x<7 


43. y = 2(csc x + sec x), O0O<x< a 


2 
44. y= se z) 2 tan( z) l, -3<x<3 
8 8 
3T 3T 
45. g(x) = x tan x, -3 << 
46. g(x) =xcotx, —2mT <x < 2r 


Writing About Concepts 


In Exercises 47 and 48, the graphs of f, f’, and f” are shown 
on the same set of coordinate axes. Which is which? Explain 
your reasoning. To print an enlarged copy of the graph, 


select the MathGraph button. 


In Exercises 49-52, use the graph of f’ to sketch a graph of 
f and the graph of f”. To print an enlarged copy of the 


graph, select the MathGraph button. 


3-4 


(Submitted by Bill Fox, Moberly Area Community College, 
Moberly, MO) 
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Writing About Concepts (continued) 


53. Suppose f(t) < O for all ¢ in the interval (2, 8). Explain 
why f(3) > f(S). 

54. Suppose f(0) = 3 and 2 < f(x) < 4 for all x in the interval 
[—5, 5]. Determine the greatest and least possible values of 


(2). 


In Exercises 55-58, use a graphing utility to graph the function. 
Use the graph to determine whether it is possible for the graph 
of a function to cross its horizontal asymptote. Do you think 
it is possible for the graph of a function to cross its vertical 
asymptote? Why or why not? 


_ 4a — 1) _ 344 — 5x +3 
55. f(x) = xX—4x+5 56. g(x) = x4 +1 
57. ho) = 58. f(x) = cont 


Writing In Exercises 59 and 60, use a graphing utility to graph 
the function. Explain why there is no vertical asymptote when a 
superficial examination of the function may indicate that there 
should be one. 

6 — 2x ete 2 


59. h(x) = 3 x 60. g(x) = al 


Writing In Exercises 61-64, use a graphing utility to graph the 
function and determine the slant asymptote of the graph. Zoom 
out repeatedly and describe how the graph on the display 
appears to change. Why does this occur? 


xe = 3% 1 2x? — 8x — 15 
i er cna) E 
x -Ż +2 +4 
63. f) =F 64. h(x) = 3 


65. Graphical Reasoning Consider the function 


cos? Tx 
LO ag O<x <4. 


(a) Use a computer algebra system to graph the function and 
use the graph to approximate the critical numbers visually. 


(b) Use a computer algebra system to find f’ and approximate 
the critical numbers. Are the results the same as the visual 
approximation in part (a)? Explain. 

66. Graphical Reasoning Consider the function 

f(x) = tan(sin mx). 

(a) Use a graphing utility to graph the function. 

(b) Identify any symmetry of the graph. 

(c) Is the function periodic? If so, what is the period? 

(d) Identify any extrema on (— 1, 1). 


(e) Use a graphing utility to determine the concavity of the 
graph on (0, 1). 


Think About It In Exercises 67-70, create a function whose 

graph has the given characteristics. (There is more than one 

correct answer.) 

67. Vertical asymptote: x = 5 68. Vertical asymptote: x = —3 
Horizontal asymptote: y = 0 Horizontal asymptote: None 

69. Vertical asymptote: x = 5 70. Vertical asymptote: x = 0 
Slant asymptote: y = 3x + 2 Slant asymptote: y = —x 


71. Graphical Reasoning Consider the function 


ax 
fœ) = G-p? 


(a) Determine the effect on the graph of f if b + 0 and a is 
varied. Consider cases where a is positive and a is negative. 


(b) Determine the effect on the graph of f if a # 0 and b is 
varied. 


72. Consider the function f(x) = 5(ax)? — (ax), a #0. 


(a) Determine the changes (if any) in the intercepts, extrema, 
and concavity of the graph of f when a is varied. 


(b) In the same viewing window, use a graphing utility to graph 
the function for four different values of a. 


73. Investigation Consider the function 


FG) = a 1 


for nonnegative integer values of n. 

(a) Discuss the relationship between the value of n and the 
symmetry of the graph. 

(b) For which values of n will the x-axis be the horizontal 
asymptote? 

(c) For which value of n will y =3 be the horizontal 
asymptote? 

(d) What is the asymptote of the graph when n = 5? 

(e) Use a graphing utility to graph f for the indicated values of 
n in the table. Use the graph to determine the number of 


extrema M and the number of inflection points N of the 
graph. 


n}|}O}1)2)3)44]5 


M 


N 


74. Investigation Let P(Xp, yo) be an arbitrary point on the graph 
of f such that f’(x,) # 0, as shown in the figure. Verify each 
statement. 


f (Xo) o) 
f'%) 7 

(b) The y-intercept of the tangent line is (0, f(x) — xo f’(x9))- 
(c) The x-intercept of the normal line is (xo + f (xo) f’(X), 0). 


(a) The x-intercept of the tangent line is (x. = 


rea) 


(d) The y-intercept of the normal line is (o. Yo + 


w Experienced writers 


© On-time delivery 


® 100% plagiarism free 


fQ)V1 + [FoF 
Ff’ (Xo) 


f(x) 
f'o) 
(2) |AB| = Fæ) fo) | 

(h) |AP| = [f(%)| V1 +EP 


(e) |BC| = (f) |PC| = 


y 
A 


75. Modeling Data The data in the table show the number N of 
bacteria in a culture at time t, where t is measured in days. 


t 1 2 3 4 5 6 7 8 


N | 25 | 200 | 804 | 1756 | 2296 | 2434 | 2467 | 2473 


A model for these data is given by 


E 24,670 — 35,153t + 13,250t°? 
100 — 39t + 7t? i 


1<rs8. 


(a) Use a graphing utility to plot the data and graph the model. 


(b) Use the model to estimate the number of bacteria when 
t= 10. 

(c) Approximate the day when the number of bacteria is 
greatest. 


(d) Use a computer algebra system to determine the time when 
the rate of increase in the number of bacteria is greatest. 


(e) Find lim N(t). 
t00 


Slant Asymptotes In Exercises 76 and 77, the graph of the func- 
tion has two slant asymptotes. Identify each slant asymptote. 
Then graph the function and its asymptotes. 


76. y = V4 + 16x? 77. y = J/x? + 6x 


Putnam Exam Challenge 


78. Let f(x) be defined fora < x < b. Assuming appropriate prop- 
erties of continuity and derivability, prove for a < x < b that 


fŒ) -fla) _ f(b) - fla) 
x-a b-a 
x—b 


1 ZH 
=5r'® 


where B is some number between a and b. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Open box with square base: 
S = x? + 4xh = 108 
Figure 3.53 


TECHNOLOGY You can 
verify your answer by using a graphing 
utility to graph the volume function 


Use a viewing window in which 

0 < x< V108 ~ 10.4 and 

0 < y < 120, and the trace feature to 
determine the maximum value of V. 


w Experienced writers 


© On-time delivery 


è 100% plagiarism free 


Optimization Problems 


e Solve applied minimum and maximum problems. 


Applied Minimum and Maximum Problems 


One of the most common applications of calculus involves the determination of 
minimum and maximum values. Consider how frequently you hear or read terms such 
as greatest profit, least cost, least time, greatest voltage, optimum size, least size, 
greatest strength, and greatest distance. Before outlining a general problem-solving 
strategy for such problems, let’s look at an example. 


EXAMPLE | Finding Maximum Volume 


A manufacturer wants to design an open box having a square base and a surface area 
of 108 square inches, as shown in Figure 3.53. What dimensions will produce a box 
with maximum volume? 


Solution Because the box has a square base, its volume is 
V= xh. Primary equation 
This equation is called the primary equation because it gives a formula for the quan- 
tity to be optimized. The surface area of the box is 
S = (area of base) + (area of four sides) 
S =x? + 4xh = 108. Secondary equation 
Because V is to be maximized, you want to write V as a function of just one variable. 


To do this, you can solve the equation x? + 4xh = 108 for h in terms of x to obtain 
= (108 — x?)/(4x). Substituting into the primary equation produces 


V=xh Function of two variables 
»{ 108 = x . 
=% =Z g Substitute for h. 
X 
x? 
= 27x — T Function of one variable 


Before finding which x-value will yield a maximum value of V, you should determine 
the feasible domain. That is, what values of x make sense in this problem? You know 
that V > 0. You also know that x must be nonnegative and that the area of the base 
(A = x?) is at most 108. So, the feasible domain is 


O<x< J108. Feasible domain 
To maximize V, find the critical numbers of the volume function. 
x = 27 - a =0 Set derivative equal to 0. 
3x2 = 108 Simplify. 
x = +6 Critical numbers 
So, the critical numbers are x = +6. You do not need to consider x = — 6 because it is 


outside the domain. Evaluating V at the critical number x = 6 and at the endpoints of 
the domain produces V(0) = 0, V(6) = 108, and v( V 108) = = 0. So, V is maximum 
when x = 6 and the dimensions of the box are 6 x 6 x 3 inches. 
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In Example 1, you should realize that there are infinitely many open boxes having 
108 square inches of surface area. To begin solving the problem, you might ask 
yourself which basic shape would seem to yield a maximum volume. Should the box 
be tall, squat, or nearly cubical? 

You might even try calculating a few volumes, as shown in Figure 3.54, to see if 
you can get a better feeling for what the optimum dimensions should be. Remember 
that you are not ready to begin solving a problem until you have clearly identified 
what the problem is. 


Volume = 744 Volume = 92 Volume = 1033 


3 
5x5x4 59 
3 
4x4x55 
3x3xel 
4 
Volume = 108 Volume = 88 
6x6x3 8x8x1Z 


Which box has the greatest volume? 
Figure 3.54 


Example | illustrates the following guidelines for solving applied minimum and 
maximum problems. 


Guidelines for Solving Applied Minimum and Maximum Problems 


1. Identify all given quantities and quantities to be determined. If possible, make 
a sketch. 


2. Write a primary equation for the quantity that is to be maximized or mini- 
mized. (A review of several useful formulas from geometry is presented inside 
the front cover.) 


3. Reduce the primary equation to one having a single independent variable. 
This may involve the use of secondary equations relating the independent 


NOTE When performing Step 5, recall variables of the primary equation. 


that to determine the maximum or 


minimum value of a continuous function 4. Determine the feasible domain of the primary equation. That is, determine the 
f on a closed interval, you should values for which the stated problem makes sense. 

compare the values of f at its critical 5. Determine the desired maximum or minimum value by the calculus techniques 
nümibers with the: values:of f at the discussed in Sections 3.1 through 3.4. 


endpoints of the interval. 
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EXAMPLE 2 Finding Minimum Distance 
Which points on the graph of y = 4 — x? are closest to the point (0, 2)? 


Solution Figure 3.55 shows that there are two points at a minimum distance from 
the point (0, 2). The distance between the point (0, 2) and a point (x, y) on the graph 
of y = 4 — x’ is given by 


d= JS (x — 0)? + (y — 2). Primary equation 


Using the secondary equation y = 4 — x?, you can rewrite the primary equation as 


d= J2 + (4 - x2? = 27 = Vxt = 3x2? + 4. 


Because d is smallest when the expression inside the radical is smallest, you need only 
find the critical numbers of f(x) = xt — 3x? + 4. Note that the domain of f is the 


=J entire real line. So, there are no endpoints of the domain to consider. Moreover, 
=l setting f'(x) equal to 0 yields 
The quantity to be minimized is distance: f'(x) = 4x3 — 6x = 2x(2x2 — 3) = 0 


d= a= 0? ely = 2. 


Figure 3.55 7 J B ge 
x = 0, > 7 
[_Esitable Graph | The First Derivative Test verifies that x = 0 yields a relative maximum, whereas both 


x = /3/2 and x = — /3/2 yield a minimum distance. So, the closest points are 
(3/2, 5/2) and (— /3/2, 5/2). 


lin. lin. eee ee 
ae en | Open Exploration | [Video | 
1. 


I 
1 zin 
k i š er 
EXAMPLE 3 Finding Minimum Area 
x A rectangular page is to contain 24 square inches of print. The margins at the top and 
bottom of the page are to be 15 inches, and the margins on the left and right are to be 
1 inch (see Figure 3.56). What should the dimensions of the page be so that the least 
Y amount of paper is used? 
+ 5 in 
M Solution Let A be the area to be minimized. 
The quantity to be minimized is area: E : ; 
= (x+ + 
A=G4 3)(y +2). A (x 3)(y 2) Primary equation 
Figure 3.56 The printed area inside the margins is given by 
24 = xy. Secondary equation 


Solving this equation for y produces y = 24/x. Substitution into the primary equation 
produces 


12 
A=(x+ (7 F 2) = 30 + 2x + —. Function of one variable 
X K 


Because x must be positive, you are interested only in values of A for x > 0. To find 
the critical numbers, differentiate with respect to x. 


dA T2 
ae =2- A = 0 =, x2 = 36 
So, the critical numbers are x = +6. You do not have to consider x = — 6 because it 


is outside the domain. The First Derivative Test confirms that A is a minimum when 
x=6. So, y= x = 4 and the dimensions of the page should be x +3 =9 
inches by y + 2 = 6 inches. — 


[Try 1t | [Exploration a | 
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EXAMPLE 4 Finding Minimum Length 


Two posts, one 12 feet high and the other 28 feet high, stand 30 feet apart. They are 
to be stayed by two wires, attached to a single stake, running from ground level to the 
top of each post. Where should the stake be placed to use the least amount of wire? 


Solution Let W be the wire length to be minimized. Using Figure 3.57, you can write 


W=ytz. Primary equation 


In this problem, rather than solving for y in terms of z (or vice versa), you can solve 
for both y and z in terms of a third variable x, as shown in Figure 3.57. From the 
Pythagorean Theorem, you obtain 
x? + 127 = y? 
(30 — x)? + 28? = 2? 


which implies that 


The quantity to be minimized is length. y= J£ + 144 

From the diagram, you can see that x varies 5 

between 0 and 30. z= Vx’ — 60x + 1684. 
Figure 3.57 


So, W is given by 


| = aa | 


= f/x? 4+ 1444 Sx? — 60x + 1684, 0< x< 30. 


Differentiating W with respect to x yields 


dW x x — 30 
dx J2 +144 Sx — 60x + 1684 
By letting dW/dx = 0, you obtain 
x x — 30 

EFIA SX- 60x + 1684 
xV — 60x + 1684 = (30 — x) V + 144 
x(x? — 60x + 1684) = (30 — x)?(x2 + 144) 
x^ — 60x? + 1684x? = x* — 60x? + 1044x? — 8640x + 129,600 

640x? + 8640x — 129,600 = 0 
320(x — 9)(2x + 45) = 0 
x = 9, — 22.5. 


Because x = — 22.5 is not in the domain and 
W(0) ~ 53.04, Ww(9) = 50, and W(30) = 60.31 


you can conclude that the wire should be staked at 9 feet from the 12-foot pole. 


45 


ik 
il 
i 

E 


You can confirm the minimum value of W 

with a graphing utility. 

Figure 3.58 TECHNOLOGY From Example 4, you can see that applied optimization 
problems can involve a lot of algebra. If you have access to a graphing utility, you 
can confirm that x = 9 yields a minimum value of W by graphing 


W = J£ + 1444+ S2 — 60x + 1684 


as shown in Figure 3.58. 
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In each of the first four examples, the extreme value occurred at a critical number. 
Although this happens often, remember that an extreme value can also occur at an 
endpoint of an interval, as shown in Example 5. 


EXAMPLE 5 An Endpoint Maximum 


Four feet of wire is to be used to form a square and a circle. How much of the wire 
should be used for the square and how much should be used for the circle to enclose 
the maximum total area? 


Solution The total area (see Figure 3.59) is given by 


M eee A = (area of square) + (area of circle) 


A=x? 4+ ar’. Primary equation 


A Perimeter: 4x Because the total length of wire is 4 feet, you obtain 


4 = (perimeter of square) + (circumference of circle) 


nn 


4 = 4x + 2ar. 
leet So, r = 2(1 — x)/ r, and by substituting into the primary equation you have 
EE 12 
| oe! 
Circumference: 27r T 
= 
The quantity to be maximized is area: Z 40 — x) 
A=} + ar’. T 
Figure 3.59 1 
= —[(a7 + 4)x? — 8x + 4]. 
T 
The feasible domain is 0 < x < 1 restricted by the square’s perimeter. Because 
dA _2(m+4x-8 
dx T 
the only critical number in (0, 1) is x = 4/(m + 4) = 0.56. So, using 
= EXPLORATION © 
; A(0) = 1.273, A(0.56) = 0.56, and A(1)=1 
What would the answer be if Example 
5 asked for the dimensions needed to you can conclude that the maximum area occurs when x = 0. That is, all the wire is 
enclose the minimum total area? used for the circle. = 


[oore] [Evain] [Epirin] [Espiorationc] 
Let’s review the primary equations developed in the first five examples. As 


applications go, these five examples are fairly simple, and yet the resulting primary 
equations are quite complicated. 


V = 27x -— — W = Vx? + 144 + Vx? — 60x + 1684 
d= JP aF A=“ [(a + 4x? — 8x + 4] 


A=30+ 242 


You must expect that real-life applications often involve equations that are at least as 
complicated as these five. Remember that one of the main goals of this course is to 
learn to use calculus to analyze equations that initially seem formidable. 


Exercises for Section 3.7 


w Experienced writers 


© On-time delivery 


® 100% plagiarism free 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on || to print an enlarged copy of the graph. 


1. Numerical, Graphical, and Analytic Analysis Find two 
positive numbers whose sum is 110 and whose product is a 
maximum. 


(a) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) 


First Second 
Number x | Number Product P 
10 110 — 10 | 10(110 — 10) = 1000 
20 110 — 20 | 20(110 — 20) = 1800 


(b) Use a graphing utility to generate additional rows of the 
table. Use the table to estimate the solution. (Hint: Use the 
table feature of the graphing utility.) 


(c) Write the product P as a function of x. 

(d) Use a graphing utility to graph the function in part (c) and 
estimate the solution from the graph. 

(e) Use calculus to find the critical number of the function in 
part (c). Then find the two numbers. 


2. Numerical, Graphical, and Analytic Analysis An open box 
of maximum volume is to be made from a square piece of 
material, 24 inches on a side, by cutting equal squares from the 
corners and turning up the sides (see figure). 


H+ 24 — 2x ——tH 
x x 


(a) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) Use the table to 
guess the maximum volume. 


Length and 
Height Width Volume 
1 24 — 2(1) | 1[24 — 2(1)P = 484 
2 24 — 2(2) | 2[24 — 2(2) = 800 


(b) Write the volume V as a function of x. 

(c) Use calculus to find the critical number of the function in 
part (b) and find the maximum value. 

(d) Use a graphing utility to graph the function in part (b) and 
verify the maximum volume from the graph. 


In Exercises 3-8, find two positive numbers that satisfy the 
given requirements. 

3. The sum is S and the product is a maximum. 

4. The product is 192 and the sum is a minimum. 


5. The product is 192 and the sum of the first plus three times the 
second is a minimum. 


6. The second number is the reciprocal of the first and the sum is 
a minimum. 


7. The sum of the first and twice the second is 100 and the product 
is a maximum. 


8. The sum of the first number squared and the second is 27 and 
the product is a maximum. 


In Exercises 9 and 10, find the length and width of a rectangle 
that has the given perimeter and a maximum area. 


9. Perimeter: 100 meters 10. Perimeter: P units 


In Exercises 11 and 12, find the length and width of a rectangle 
that has the given area and a minimum perimeter. 


11. Area: 64 square feet 12. Area: A square centimeters 


In Exercises 13-16, find the point on the graph of the function 
that is closest to the given point. 


Function Point Function Point 
13. fx) = Vx (4,0) 14. f@) = Vx-8 (2,0) 
15. f(x) =x (2,4) 16. f(x) = (œ + 12 (5,3) 


17. Chemical Reaction In an autocatalytic chemical reaction, the 
product formed is a catalyst for the reaction. If Q, is the amount 
of the original substance and x is the amount of catalyst formed, 
the rate of chemical reaction is 
dQ 
— = kxX(Q) — x). 

E = Qh — 2) 
For what value of x will the rate of chemical reaction be 
greatest? 


18. Traffic Control On a given day, the flow rate F (cars per 
hour) on a congested roadway is 


v 


F= F 0022 


where v is the speed of the traffic in miles per hour. What speed 
will maximize the flow rate on the road? 


19. Area A farmer plans to fence a rectangular pasture adjacent 
to a river. The pasture must contain 180,000 square meters 
in order to provide enough grass for the herd. What dimen- 
sions would require the least amount of fencing if no fencing is 
needed along the river? 
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20. Maximum Area A rancher has 200 feet of fencing with 
which to enclose two adjacent rectangular corrals (see figure). 
What dimensions should be used so that the enclosed area will 
be a maximum? 


— 
Ta 
2.3 


Figure for 24 Figure for 25 


25. Minimum Length A right triangle is formed in the first 
quadrant by the x- and y-axes and a line through the point (1, 2) 
(see figure). 


21. Maximum Volume (a) Write the length L of the hypotenuse as a function of x. 


Py (b) Use a graphing utility to approximate x graphically such 


(a) Verify that each of the rectangular solids shown in the 
that the length of the hypotenuse is a minimum. 


figure has a surface area of 150 square inches. 


(b) Find the volume of each solid. (c) Find the vertices of the triangle such that its area is a 
(c) Determine the dimensions of a rectangular solid (with a eee 
square base) of maximum volume if its surface area is 150 26. Maximum Area Find the area of the largest isosceles triangle 
square inches. that can be inscribed in a circle of radius 4 (see figure). 


A AA 


(a) Solve by writing the area as a function of h. 


(b) Solve by writing the area as a function of a. 

22. Maximum Volume Determine the dimensions of a rectangular 

solid (with a square base) with maximum volume if its surface 

area is 337.5 square centimeters. 27. Maximum Area A rectangle is bounded by the x-axis and the 

semicircle y = /25 — x? (see figure). What length and width 
should the rectangle have so that its area is a maximum? 


(c) Identify the type of triangle of maximum area. 


23. Maximum Area A Norman window is constructed by 
adjoining a semicircle to the top of an ordinary rectangular 
window (see figure). Find the dimensions of a Norman window 
of maximum area if the total perimeter is 16 feet. 


28. Area Find the dimensions of the largest rectangle that can be 
inscribed in a semicircle of radius r (see Exercise 27). 


29. Area A rectangular page is to contain 30 square inches of 
print. The margins on each side are 1 inch. Find the dimensions 


24. Maximum Area A rectangle is bounded by the x- and y-axes of the page such that the least amount of paper is used. 


and the graph of y = (6 — x)/2 (see figure). What length and 


width should the rectangle have so that its area is a maximum? SU Saree A tectangular page 1s to: Contain 36 square inches of 


print. The margins on each side are to be 5 inches. Find the 
dimensions of the page such that the least amount of paper is 
used. 


31. 


32. 


33. 


Numerical, Graphical, and Analytic Analysis An exercise 
room consists of a rectangle with a semicircle on each end. A 
200-meter running track runs around the outside of the room. 


(a) Draw a figure to represent the problem. Let x and y repre- 
sent the length and width of the rectangle. 


(b) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) Use the table to 
guess the maximum area of the rectangular region. 


Length x Width y Area 
2 2 
10 =(100 — 10) | (10)=(100 — 10) = 573 
T T 
2 2 
20 7, (100 — 20) (20) (100 — 20) ~ 1019 


(c) Write the area A as a function of x. 


(d) Use calculus to find the critical number of the function in 
part (c) and find the maximum value. 

(e) Use a graphing utility to graph the function in part (c) and 
verify the maximum area from the graph. 

Numerical, Graphical, and Analytic Analysis A right circu- 

lar cylinder is to be designed to hold 22 cubic inches of a soft 

drink (approximately 12 fluid ounces). 


(a) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) 


Radius r | Height Surface Area 
22 22 
: 27(0.2)} 0.2 + = 220. 
02 | aap | 27 o F a 
22 22 
4 27(0.4)| 0.4 + ——J] = 111. 
j oar S |o IF] i 


(b) Use a graphing utility to generate additional rows of the 
table. Use the table to estimate the minimum surface area. 
(Hint: Use the table feature of the graphing utility.) 


(c) Write the surface area S as a function of r. 

(d) Use a graphing utility to graph the function in part (c) and 
estimate the minimum surface area from the graph. 

(e) Use calculus to find the critical number of the function in 


part (c) and find dimensions that will yield the minimum 
surface area. 


Maximum Volume A rectangular package to be sent by a 
postal service can have a maximum combined length and girth 
(perimeter of a cross section) of 108 inches (see figure). Find 
the dimensions of the package of maximum volume that can be 
sent. (Assume the cross section is square.) 


ex 


! 
t 


35. 


36. 
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Maxımum Volume X€TC1Se 
package. (The cross section is circular.) 


Maximum Volume Find the volume of the largest right 
circular cone that can be inscribed in a sphere of radius r. 


—s—1 


Maximum Volume Find the volume of the largest right 
circular cylinder that can be inscribed in a sphere of radius r. 


Writing About Concepts 


37. The perimeter of a rectangle is 20 feet. Of all possible 


39. 


40. 


41. 


42. 


43. 


dimensions, the maximum area is 25 square feet when its 
length and width are both 5 feet. Are there dimensions that 
yield a minimum area? Explain. 


. A shampoo bottle is a right circular cylinder. Because the 
surface area of the bottle does not change when it is 
squeezed, is it true that the volume remains the same? 
Explain. 


Minimum Surface Area A solid is formed by adjoining two 
hemispheres to the ends of a right circular cylinder. The total 
volume of the solid is 12 cubic centimeters. Find the radius of 
the cylinder that produces the minimum surface area. 


Minimum Cost An industrial tank of the shape described in 
Exercise 39 must have a volume of 3000 cubic feet. The hemi- 
spherical ends cost twice as much per square foot of surface 
area as the sides. Find the dimensions that will minimize cost. 


Minimum Area The sum of the perimeters of an equilateral 
triangle and a square is 10. Find the dimensions of the triangle 
and the square that produce a minimum total area. 


Maximum Area Twenty feet of wire is to be used to form two 
figures. In each of the following cases, how much wire should 
be used for each figure so that the total enclosed area is 
maximum? 


(a) Equilateral triangle and square 

(b) Square and regular pentagon 

(c) Regular pentagon and regular hexagon 
(d) Regular hexagon and circle 


What can you conclude from this pattern? {Hint: The area 
of a regular polygon with n sides of length x is 
A = (n/4)[cot(a/n)]x?.} 

Beam Strength A wooden beam has a rectangular cross 
section of height A and width w (see figure on the next page). 
The strength S of the beam is directly proportional to the width 
and the square of the height. What are the dimensions of the 
strongest beam that can be cut from a round log of diameter 
24 inches? (Hint: S = kh?w, where k is the proportionality 
constant.) 


226 


44. 


45. 


46. 


47. 


48. 
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b 
x0 | @0 
Figure for 43 Figure for 44 
Minimum Length Two factories are located at the coordi- 


nates (—x, 0) and (x, 0) with their power supply located at 
(0, A) (see figure). Find y such that the total length of power line 
from the power supply to the factories is a minimum. 


Projectile Range The range R of a projectile fired with an 
initial velocity vg at an angle 6 with the horizontal is 


vé sin 20 . . . f 
= ———., where g is the acceleration due to gravity. Find 
8 


the angle 0 such that the range is a maximum. 


Conjecture Consider the functions f(x) =4x? and 


g(x) = 7gx+ — 4x? on the domain [0, 4]. 


(a) Use a graphing utility to graph the functions on the speci- 
fied domain. 


(b) Write the vertical distance d between the functions as a 
function of x and use calculus to find the value of x for 
which d is maximum. 


(c) Find the equations of the tangent lines to the graphs of f 
and g at the critical number found in part (b). Graph the 
tangent lines. What is the relationship between the lines? 


(d) Make a conjecture about the relationship between tangent 
lines to the graphs of two functions at the value of x at 
which the vertical distance between the functions is 
greatest, and prove your conjecture. 


Illumination A light source is located over the center of a 
circular table of diameter 4 feet (see figure). Find the height h 
of the light source such that the illumination 7 at the perimeter 
of the table is maximum if J = k(sin a@)/s*, where s is the slant 
height, œ is the angle at which the light strikes the table, and k 
is a constant. 


Illumination The illumination from a light source is directly 
proportional to the strength of the source and inversely 
proportional to the square of the distance from the source. 
Two light sources of intensities 7, and J, are d units apart. 
What point on the line segment joining the two sources has 
the least illumination? 


50. 


51. 


52. 
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A man 1s ina miles from the nearest 
point on the coast. He is to go to a point Q, located 3 miles 
down the coast and | mile inland (see figure). He can row at 2 
miles per hour and walk at 4 miles per hour. Toward what point 
on the coast should he row in order to reach point Q in the least 
time? 


Minimum Time Consider Exercise 49 if the point Q is on the 
shoreline rather than 1 mile inland. 


(a) Write the travel time T as a function of a. 


(b) Use the result of part (a) to find the minimum time to 
reach Q. 


(c) The man can row at v, miles per hour and walk at v, miles 
per hour. Write the time T as a function of a. Show that the 
critical number of T depends only on v, and v, and not the 
distances. Explain how this result would be more beneficial 
to the man than the result of Exercise 49. 


(d) Describe how to apply the result of part (c) to minimizing 
the cost of constructing a power transmission cable that 
costs c, dollars per mile under water and c, dollars per mile 
over land. 


Minimum Time The conditions are the same as in Exercise 
49 except that the man can row at v, miles per hour and walk at 
v, miles per hour. If 6, and 0, are the magnitudes of the angles, 
show that the man will reach point Q in the least time when 


sin 0, _ sin 0, 

v w 
Minimum Time When light waves, traveling in a transparent 
medium, strike the surface of a second transparent medium, 


they change direction. This change of direction is called 
refraction and is defined by Snell’s Law of Refraction, 


sin 0, _ sin 6, 

Vy YY 
where 0, and 0, are the magnitudes of the angles shown in the 
figure and y; and v, are the velocities of light in the two media. 
Show that this problem is equivalent to that of Exercise 51, and 


that light waves traveling from P to Q follow the path of 
minimum time. 


P 
7 1 
s [i 
EN ; Medium 1 
N 1 
ki Sou 
sa 
y Sai a-x 
D E 
1 ~ 
Medium 2 %, adie h 


53. Sketch the graph of f(x) = 2 —2sinx on the interval 


[0, 77/2]. 
(a) Find the distance from the origin to the y-intercept and the 
distance from the origin to the x-intercept. 


(b) Write the distance d from the origin to a point on the graph 
of f as a function of x. Use your graphing utility to graph 
d and find the minimum distance. 

(c) Use calculus and the zero or root feature of a graphing 


utility to find the value of x that minimizes the function d 
on the interval [0, 7/2]. What is the minimum distance? 


(Submitted by Tim Chapell, Penn Valley Community 
College, Kansas City, MO.) 


54. Minimum Cost An offshore oil well is 2 kilometers off the 


coast. The refinery is 4 kilometers down the coast. Laying pipe 
in the ocean is twice as expensive as on land. What path should 
the pipe follow in order to minimize the cost? 


55. Minimum Force A component is designed to slide a block of 


steel with weight W across a table and into a chute (see 
figure). The motion of the block is resisted by a frictional force 
proportional to its apparent weight. (Let k be the constant of 
proportionality.) Find the minimum force F needed to slide the 
block, and find the corresponding value of 6. (Hint: F cos 0 is 
the force in the direction of motion, and F sin 0 is the amount 
of force tending to lift the block. So, the apparent weight of the 
block is W — F sin 8.) 


56. Maximum Volume A sector with central angle 0 is cut from a 


circle of radius 12 inches (see figure), and the edges of the 
sector are brought together to form a cone. Find the magnitude 
of 0 such that the volume of the cone is a maximum. 


Figure for 56 Figure for 57 


w Experienced writers 


© On-time delivery 


2) 100% plagiarism free 


Vumerical, Graphical, and Analytic Analysis 

sections of an irrigation canal are isosceles trapezoids of which 
three sides are 8 feet long (see figure). Determine the angle of 
elevation 6 of the sides such that the area of the cross section is 
a maximum by completing the following. 


(a) Analytically complete six rows of a table such as the one 
below. (The first two rows are shown.) 


Base 1 Base 2 Altitude Area 


8 8 + 16 cos 10° | 8 sin 10° =22.1 


8 8 + 16 cos 20° | 8 sin 20° =42.5 


(b) Use a graphing utility to generate additional rows of the 
table and estimate the maximum cross-sectional area. 
(Hint: Use the table feature of the graphing utility.) 


(c) Write the cross-sectional area A as a function of 6. 


(d) Use calculus to find the critical number of the function in 
part (c) and find the angle that will yield the maximum 
cross-sectional area. 

(e) Use a graphing utility to graph the function in part (c) and 
verify the maximum cross-sectional area. 


58. Maximum Profit Assume that the amount of money deposited 
in a bank is proportional to the square of the interest rate the bank 
pays on this money. Furthermore, the bank can reinvest this 
money at 12%. Find the interest rate the bank should pay to 
maximize profit. (Use the simple interest formula.) 


59. Minimum Cost The ordering and transportation cost C of the 
components used in manufacturing a product is 


200 x 
t 2 
C 109 ae =) x21 


where C is measured in thousands of dollars and x is the order 
size in hundreds. Find the order size that minimizes the cost. 
(Hint: Use the root feature of a graphing utility.) 


60. Diminishing Returns The profit P (in thousands of dollars) 
for a company spending an amount s (in thousands of dollars) 
on advertising is 


P = —ġs° + 6s? + 400. 


(a) Find the amount of money the company should spend on 
advertising in order to yield a maximum profit. 


(b) The point of diminishing returns is the point at which the 
rate of growth of the profit function begins to decline. Find 
the point of diminishing returns. 


Minimum Distance In Exercises 61-63, consider a fuel distri- 
bution center located at the origin of the rectangular coordinate 
system (units in miles; see figures on next page). The center 
supplies three factories with coordinates (4, 1), (5,6), and 
(10, 3). A trunk line will run from the distribution center along 
the line y = mx, and feeder lines will run to the three factories. 
The objective is to find m such that the lengths of the feeder 
lines are minimized. 
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61. Minimize the sum of the squares of the lengths of vertical 
feeder lines given by 


Sı = (4m — 1)? + (5m — 6)? + (10m — 3)?. 


Find the equation for the trunk line by this method and then 
determine the sum of the lengths of the feeder lines. 


62. Minimize the sum of the absolute values of the lengths of 
vertical feeder lines given by 


S, = |4m — 1| + |5m — 6| + [10m — 3]. 


Find the equation for the trunk line by this method and then 
determine the sum of the lengths of the feeder lines. (Hint: Use 
a graphing utility to graph the function S, and approximate the 
required critical number.) 


8+ (10, 107) 8+ 


(5, 6) y=mx 


Figure for 61 and 62 Figure for 63 


63. Minimize the sum of the perpendicular distances (see Exercises 
85-90 in Section P.2) from the trunk line to the factories 
given by 

|4m — 1| 4 [5m — 6| , [10m — 3| 

m? +1 m+i mH’ 


S3 


Find the equation for the trunk line by this method and then 
determine the sum of the lengths of the feeder lines. (Hint: Use 
a graphing utility to graph the function S} and approximate the 
required critical number.) 


64. Maximum Area Consider a symmetric cross inscribed in a 

circle of radius r (see figure). 

(a) Write the area A of the cross as a function of x and find the 
value of x that maximizes the area. 

(b) Write the area A of the cross as a function of 8 and find the 
value of @ that maximizes the area. 

(c) Show that the critical numbers of parts (a) and (b) yield the 
same maximum area. What is that area? 
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Putnam Exam Challenge 


65. Find the maximum value of f(x) = x? — 3x on the set of all real 
numbers x satisfying x+ + 36 < 13x. Explain your reasoning. 


66. Find the minimum value of 
(x + 1/x)® — (x6 + 1/x®) — 2 
(x + 1/x)3 + œ + 1/x3) 


for x > 0. 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Newton's Method 


(x,, fx) 


— — > 
Sian ee ere ee 
lca cia? 


(x, fx) 


Sh Beek eet ee ey 


(b) 

The x-intercept of the tangent line approxi- 
mates the zero of f. 

Figure 3.60 


NEWTON’S METHOD 


Isaac Newton first described the method for 
approximating the real zeros of a function 
in his text Method of Fluxions. Although 
the book was written in 1671, it was not 
published until 1736. Meanwhile, in 1690, 
Joseph Raphson (1648-1715) published a 
paper describing a method for approximating 
the real zeros of a function that was very 
similar to Newton’s. For this reason, the 
method is often referred to as the Newton- 
Raphson method. 


e Approximate a zero of a function using Newton’s Method. 


Newton’s Method 


In this section you will study a technique for approximating the real zeros of a 
function. The technique is called Newton's Method, and it uses tangent lines to 
approximate the graph of the function near its x-intercepts. 

To see how Newton’s Method works, consider a function f that is continuous on 
the interval [a, b] and differentiable on the interval (a, b). If f(a) and f(b) differ in 
sign, then, by the Intermediate Value Theorem, f must have at least one zero in the 
interval (a, b). Suppose you estimate this zero to occur at 


X= X, First estimate 


as shown in Figure 3.60(a). Newton’s Method is based on the assumption that the 
graph of f and the tangent line at (x,, f(x,)) both cross the x-axis at about the same 
point. Because you can easily calculate the x-intercept for this tangent line, you can 
use it as a second (and, usually, better) estimate for the zero of f. The tangent line 
passes through the point (x,, f(x,)) with a slope of f(x). In point-slope form, the 
equation of the tangent line is therefore 


y = f(x) = fa) E x) 
y = f'e = x) + fæ). 


Letting y = 0 and solving for x produces 


pE f (xı) 
= % , 
f (x) 
So, from the initial estimate x, you obtain a new estimate 
Xp = Xo flr) Second estimate [see Figure 3.60(b)] 
2 1 FA xi) $ g : 
You can improve on x, and calculate yet a third estimate 
x 
X% =X — f 2) Third estimate 
f (x5) 


Repeated application of this process is called Newton’s Method. 


Newton’s Method for Approximating the Zeros of a Function 


Let f(c) = 0, where f is differentiable on an open interval containing c. Then, 

to approximate c, use the following steps. 

1. Make an initial estimate x, that is close to c. (A graph is helpful.) 

2. Determine a new approximation 

Fan) 

F) 

3. If |x, — x, 1| is within the desired accuracy, let x, , , serve as the final approx- 
imation. Otherwise, return to Step 2 and calculate a new approximation. 


Xnt1 © Xy T 


Each successive application of this procedure is called an iteration. 


e 
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NOTE For many functions, just a 
few iterations of Newton’s Method will 
produce approximations having very 
small errors, as shown in Example 1. 


EXAMPLE | Using Newton’s Method 


Calculate three iterations of Newton’s Method to approximate a zero of 
f(x) = x? — 2. Use x; = 1 as the initial guess. 


Solution Because f(x) = x? — 2, you have f(x) = 2x, and the iterative process is 
given by the formula 


Ln) x2 
AES HG ae 
i : The calculations for three iterations are shown in the table. 
Se Te) Te) 
p” n| x fay || tay || ae 
t 1 | 1.000000 | — 1.000000 | 2.000000 | —0.500000 | 1.500000 
2 | 1.500000 0.250000 | 3.000000 0.083333 | 1.416667 
3 | 1.416667 0.006945 | 2.833334 0.002451 | 1.414216 
ees 4 | 1.414216 
Of course, in this case you know that the two zeros of the function are + \/2. To six 


decimal places, /2 = 1.414214. So, after only three iterations of Newton’s Method, 
you have obtained an approximation that is within 0.000002 of an actual root. The first 
iteration of this process is shown in Figure 3.61. 


EXAMPLE 2 Using Newton’s Method 


The first iteration of Newton’s Method 
Figure 3.61 


| Esitable Graph | 


Use Newton’s Method to approximate the zeros of 
f(x) = 2 +27? -—x +1. 


Continue the iterations until two successive approximations differ by less than 0.0001. 


4 Solution Begin by sketching a graph of f, as shown in Figure 3.62. From the graph, 
J5 you can observe that the function has only one zero, which occurs near x = — 1.2. 
MOa 27 Next, differentiate f and form the iterative formula 
f(x,) 2x7 + ee ~~ Xn + 1 
i “n+ ~ %n ce *n 6x,2 + 2x, — 1 
The calculations are shown in the table. 
g Fn) fn) 
2 E n Xn (xn) (xn) Te m = ae 
f i KA Tæ) 
After three iterations of Newton’s Method, 1 | —1.20000 0.18400 5.24000 0.03511 — 1.23511 
the zero of f is approximated to the desired i i i - - 
accuracy. 2 | —1.23511 — 0.00771 5.68276 —0.00136 | —1.23375 
Figure 3.62 
3 | —1.23375 0.00001 5.66533 0.00000 | — 1.23375 
SS a] 


Because two successive approximations differ by less than the required 0.0001, you 
can estimate the zero of f to be — 1.23375. 
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When, as in Examples | and 2, the approximations approach a limit, the sequence 
Xis X2, X3,- . -Xp . . is said to converge. Moreover, if the limit is c, it can be 
shown that c must be a zero of f. 

Newton’s Method does not always yield a convergent sequence. One way it can 
fail to do so is shown in Figure 3.63. Because Newton’s Method involves division by 
f'(x), it is clear that the method will fail if the derivative is zero for any x, in the 
sequence. When you encounter this problem, you can usually overcome it by choosing 
a different value for x,. Another way Newton’s Method can fail is shown in the next 
example. 


> 


Newton's Method fails to converge if f'(x) = 0. 
Figure 3.63 


EXAMPLE 3 An Example in Which Newton’s Method Fails 


The function f(x) = x'/3 is not differentiable at x = 0. Show that Newton’s Method 
fails to converge using x, = 0.1. 


Solution Because f(x) = x7? 3, the iterative formula is 


ny, ltd 
n+1 n (es) 
1/3 
= Ly 1. -2/3 
Xi = 3X 
= —2x,. 
The calculations are shown in the table. This table and Figure 3.64 indicate that x,, 
continues to increase in magnitude as n — oo, and so the limit of the sequence does 
not exist. 
H fn) fn) 
n x ae x 7 Be — ae 
AD |e) Fe) 
1 0.10000 0.46416 1.54720 0.30000 | — 0.20000 
2 | —0.20000 — 0.58480 0.97467 — 0.60000 0.40000 
3 0.40000 0.73681 0.61401 1.20000 | — 0.80000 
Newton’s Method fails to converge for every 4 | —0.80000 — 0.92832 0.38680 — 2.40000 1.60000 
x-value other than the actual zero of f. i i i i i: 
Figure 3.64 n 


NOTE In Example 3, the initial estimate x, = 0.1 fails to produce a convergent sequence. 


Try showing that Newton’s Method also fails for every other choice of x, (other than the 
actual zero). 
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It can be shown that a condition sufficient to produce convergence of Newton’s 
Method to a zero of f is that 


SF) 


rF 


1 Condition for convergence 


on an open interval containing the zero. For instance, in Example 1 this test would 
yield f(x) = x? — 2, f(x) = 2x, f”(x) = 2, and 
FR) F"G)) _ [G2 -29 _ | _ 1 
L f(x) FP 4x? 2 x7 
On the interval (1, 3), this quantity is less than 1 and therefore the convergence of 
Newton’s Method is guaranteed. On the other hand, in Example 3, you have 
f(x) = x3, f(a) = 4x72, f(x) = — 5x75, and 
LAL] _ |x'9(—2/9)G-**) 
[rP (1/9)(x745) 
which is not less than 1 for any value of x, so you cannot conclude that Newton’s 
Method will converge. 


Example 1 


=2 Example 3 


Algebraic Solutions of Polynomial Equations 
The zeros of some functions, such as 
f(x) =r =x =t 


can be found by simple algebraic techniques, such as factoring. The zeros of other 
functions, such as 


fa) =r = xti 


cannot be found by elementary algebraic methods. This particular function has only 
one real zero, and by using more advanced algebraic techniques you can determine the 
zero to be 


we J =J J + /23/3 
6 6 ` 


Because the exact solution is written in terms of square roots and cube roots, it is 
called a solution by radicals. 


NOTE Try approximating the real zero of f(x) = x* — x + 1 and compare your result with 
the exact solution shown above. 


The determination of radical solutions of a polynomial equation is one of the fun- 
damental problems of algebra. The earliest such result is the Quadratic Formula, 
MathBio which dates back at least to Babylonian times. The general formula for the zeros of a 
cubic function was developed much later. In the sixteenth century an Italian mathe- 
matician, Jerome Cardan, published a method for finding radical solutions to cubic 
and quartic equations. Then, for 300 years, the problem of finding a general quintic 


NIELS HENRIK ABEL (1802—1829) 


i 


Evariste GALots (1811-1832) 


formula remained open. Finally, in the nineteenth century, the problem was answered 
independently by two young mathematicians. Niels Henrik Abel, a Norwegian math- 

Although the lives of both Abel and Galois ematician, and Evariste Galois, a French mathematician, proved that it is not possible 
were brief, their work in the fields of analysis to solve a general fifth- (or higher-) degree polynomial equation by radicals. Of 
and abstract algebra was far-reaching. course, you can solve particular fifth-degree equations such as x — 1 = 0, but Abel 


and Galois were able to show that no general radical solution exists. 


Exercises for Section 3.8 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on |Ħ| 


to print an enlarged copy of the graph. 


In Exercises 1-4, complete two iterations of Newton’s Method 
for the function using the given initial guess. 
1. f(x) =x? - 3, x, = 1.7 2. f(x) = 2x7 — 3, x, =1 
3. f(x) = sinx, x, = 3 4. f(x) =tanx, x, =0.1 


In Exercises 5-14, approximate the zero(s) of the function. Use 
Newton’s Method and continue the process until two successive 
approximations differ by less than 0.001. Then find the zero(s) 
using a graphing utility and compare the results. 
5. f= += 1 
7. fx) =3Vx-1-x 8. f(x) =x-2/x4+1 
9. f(x) =x +3 10. f(x) = 1 — 2x3 
11. f(x) = x — 3.92? + 4.79x — 1.881 
12. f(x) = 5x4 — 3x -3 
13. f(x) = x + sin(x + 1) 


6. f(x) =P +x-1 


14. f(x) = xX — cos x 


In Exercises 15-18, apply Newton’s Method to approximate the 
x-value(s) of the indicated point(s) of intersection of the two 
graphs. Continue the process until two successive approxima- 
tions differ by less than 0.001. [Hint: Let h(x) = f(x) — g(x).] 


15. f(x) = 2x +1 
g(x) = /x +4 


16. f(x) =3-x 
g(x) = 1/(? + 1) 


18. f(x) = x? 


g(x) = cos x 


19. Mechanic’s Rule The Mechanic’s Rule for approximating 
Ja, a > 0, is 


1 
Xati a(x, + £), ne NM 2538s ok 


where x, is an approximation of Ja. 


(a) Use Newton’s Method and the function f(x) = x? — a to 
derive the Mechanic’s Rule. 


(b) Use the Mechanic’s Rule to approximate J5 and JI to 
three decimal places. 


20. (a) Use Newton’s Method and the function f(x) = x” — a to 
obtain a general rule for approximating x = 2/a. 


(b) Use the general rule found in part (a) to approximate 4/6 
and ¥/15 to three decimal places. 


In Exercises 21-24, apply Newton’s Method using the given ini- 
tial guess, and explain why the method fails. 


21. y= 23 — 6x? + 6x-1, x, =1 
22. y = 4x3 — 12x? + 12x- 3, x, =3 


> xX > xX 
Figure for 21 Figure for 22 
23. f(x) = =x? + 6x? — 10x + 6, x, =2 
24. f(x) = 2 sinx + cos 2x, x, = a 
y y 
A 
3 EA 
paw 
a ae 
i 
— a S 
w A 3 
Figure for 23 Figure for 24 


Writing About Concepts 


25. In your own words and using a sketch, describe Newton’s 
Method for approximating the zeros of a function. 


26. Under what conditions will Newton’s Method fail? 


Fixed Point In Exercises 27 and 28, approximate the fixed 
point of the function to two decimal places. [A fixed point x, of 
a function f is a value of x such that f(x) = xọ-] 

27. f(x) = cosx 

28. f(x) = cotx, O<x<7 


234 CHAPTER 3 Applications of Differentiation 


29. Writing Consider the function f(x) = x3 — 3x? + 3. 
(a) Use a graphing utility to graph f. 
(b) Use Newton’s Method with x, = 1 as an initial guess. 


(c) Repeat part (b) using x, = Ł as an initial guess and observe 
that the result is different. 


(d) To understand why the results in parts (b) and (c) are 
different, sketch the tangent lines to the graph of f at the 
points (1, f(1)) and (4, f (4)). Find the x-intercept of each tan- 
gent line and compare the intercepts with the first iteration of 
Newton’s Method using the respective initial guesses. 


(e) Write a short paragraph summarizing how Newton’s 
Method works. Use the results of this exercise to describe 
why it is important to select the initial guess carefully. 


30. Writing Repeat the steps in Exercise 29 for the function 
f(x) = sin x with initial guesses of x, = 1.8 and x, = 3. 


31. Use Newton’s Method to show that the equation 
X,41 = %,(2 — ax,) can be used to approximate 1/a if x, is an 
initial guess of the reciprocal of a. Note that this method of 
approximating reciprocals uses only the operations of multipli- 
cation and subtraction. [Hint: Consider f(x) = (1/x) — a.] 


32. Use the result of Exercise 31 to approximate (a) t and (b) t to 
three decimal places. 


In Exercises 33 and 34, approximate the critical number of f on 
the interval (0, 7). Sketch the graph of f, labeling any extrema. 


33. f(x) = xcosx 34. f(x) = xsinx 

In Exercises 35-38, some typical problems from the previous 
sections of this chapter are given. In each case, use Newton’s 
Method to approximate the solution. 


35. Minimum Distance Find the point on the graph of 
f(x) = 4 — x? that is closest to the point (1, 0). 


36. Minimum Distance Find the point on the graph of f(x) = x? 
that is closest to the point (4, —3). 


37. Minimum Time You are in a boat 2 miles from the nearest 
point on the coast (see figure). You are to go to a point Q, which 
is 3 miles down the coast and 1 mile inland. You can row at 
3 miles per hour and walk at 4 miles per hour. Toward what 
point on the coast should you row in order to reach Q in the 
least time? 


Sal ‘io 
t epia & 


38. Medicine The concentration C of a chemical in the blood- 
stream ¢ hours after injection into muscle tissue is given by 
C = (3f? + 1)/(50 + £). When is the concentration greatest? 
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. Advertising Costs A company that produces portab 
players estimates that the profit for selling a particular model is 


P 76x° + 4830x? — 320,000, 0 <x < 60 


where P is the profit in dollars and x is the advertising expense 
in 10,000s of dollars (see figure). According to this model, find 
the smaller of two advertising amounts that yield a profit P of 
$2,500,000. 


P 
A 
© 3,000,000 - an Ra) 
Z 2 
% 2,000,000 -A N & 
= 3 
& 1,000,000 4 E 
S © 
a = 
10 30 50 1 2 3 4 5 
Advertising expense Engine speed 
(in 10,000s of dollars) (in thousands of rpm) 
Figure for 39 Figure for 40 


40. Engine Power The torque produced by a compact automobile 
engine is approximated by the model 


T = 0.808x° — 17.974x? + 71.248x + 110.843, 1<x<5 


where T is the torque in foot-pounds and x is the engine speed in 
thousands of revolutions per minute (see figure). Approximate 
the two engine speeds that yield a torque T of 170 foot-pounds. 


True or False? In Exercises 41-44, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


41. The zeros of f(x) = p(x)/q(x) coincide with the zeros of p(x). 


42. If the coefficients of a polynomial function are all positive, then 
the polynomial has no positive zeros. 

43. If f(x) is a cubic polynomial such that f'(x) is never zero, then 
any initial guess will force Newton’s Method to converge to the 
zero of f. 


44, The roots of //f(x) = 0 coincide with the roots of f(x) = 0. 


45. Tangent Lines The graph of f(x) = —sinx has infinitely 
many tangent lines that pass through the origin. Use Newton’s 
Method to approximate the slope of the tangent line having the 
greatest slope to three decimal places. 

46. Consider the function f(x) = 2x3 — 20x? — 12x — 24. 


(a) Use a graphing utility to determine the number of zeros 
of f. 

(b) Use Newton’s Method with an initial estimate of x, = 2 to 
approximate the zero of f to four decimal places. 


(c) Repeat part (b) using initial estimates of x, = 10 and 
x, = 100. 

(d) Discuss the results of parts (b) and (c). What can you 
conclude? 


Tangent Line Approximation Use a 
graphing utility to graph 


HG) =. 


In the same viewing window, graph 
the tangent line to the graph of f at 
the point (1, 1). Zoom in twice on 

the point of tangency. Does your 
graphing utility distinguish between 
the two graphs? Use the trace feature 
to compare the two graphs. As the 
x-values get closer to 1, what can you 
say about the y-values? 


N Tangent line 


IEIS Sma 


> xX 


Rat 
nia 


The tangent line approximation of f at the 
point (0, 1) 
Figure 3.65 
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Differential 


Understand the concept of a tangent line approximation. 

Compare the value of the differential, dy, with the actual change in y, Ay. 
e Estimate a propagated error using a differential. 

e Find the differential of a function using differentiation formulas. 


Tangent Line Approximations 


Newton’s Method (Section 3.8) is an example of the use of a tangent line to a graph 
to approximate the graph. In this section, you will study other situations in which the 
graph of a function can be approximated by a straight line. 

To begin, consider a function f that is differentiable at c. The equation for the 
tangent line at the point (c, f(c)) is given by 


y — fle) = Fo — o) 
y = flo) + fl — o) 


and is called the tangent line approximation (or linear approximation) of f at c. 
Because c is a constant, y is a linear function of x. Moreover, by restricting the values 
of x to be sufficiently close to c, the values of y can be used as approximations (to any 
desired accuracy) of the values of the function f. In other words, as x > c, the limit 
of y is f(c). 


EXAMPLE | Using a Tangent Line Approximation 


Find the tangent line approximation of 
f(x) = 1 + sinx 


at the point (0, 1). Then use a table to compare the y-values of the linear function with 
those of f(x) on an open interval containing x = 0. 


Solution The derivative of f is 


(x) = COS x. First derivative 
f 


So, the equation of the tangent line to the graph of f at the point (0, 1) is 


y — f0) = FO) — 0) 
y~1=We= 9 
y=1+x. 


Tangent line approximation 


The table compares the values of y given by this linear approximation with the values 
of f(x) near x = 0. Notice that the closer x is to 0, the better the approximation is. This 
conclusion is reinforced by the graph shown in Figure 3.65. 


x =0.5 1 = 0.1 —0.01 0 0.01 0.1 0.5 
f(x) = 1 + sinx | 0.521 | 0.9002 | 0.9900002 | 1 | 1.0099998] 1.0998 | 1.479 
y=1+x 0.5 0.9 0.99 1 1.01 1.1 1.5 


[Esa] e | [Geneeeeea| 
NOTE Be sure you see that this linear approximation of f(x) = 1 + sin x depends on the 


point of tangency. At a different point on the graph of f, you would obtain a different tangent 
line approximation. 
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CKO) bP (Ax 


i f(c + Ax) 
PAO 


1 
1 
1 
1 
i 
c c+ Ax 


Ax 


When Ax is small, Ay = f(e + Ax) — f(c) 
is approximated by f’(c)Ax. 
Figure 3.66 


y=2x—-1 


The change in y, Ay, is approximated by the 
differential of y, dy. 
Figure 3.67 


Differentials 
When the tangent line to the graph of f at the point (c, f(c)) 
y = fle) + fF) = c) 


is used as an approximation of the graph of f, the quantity x — c is called the change 
in x, and is denoted by Ax, as shown in Figure 3.66. When Ax is small, the change in 
y (denoted by Ay) can be approximated as shown. 


Ay = f(c + Ax) — f(c) 
= f(c)Ax 


Tangent line at (c, f(c)) 


Actual change in y 
Approximate change in y 
For such an approximation, the quantity Ax is traditionally denoted by dx, and is 


called the differential of x. The expression f’(x) dx is denoted by dy, and is called the 
differential of y. 


Definition of Differentials 


Let y = f(x) represent a function that is differentiable on an open interval 
containing x. The differential of x (denoted by dx) is any nonzero real number. 
The differential of y (denoted by dy) is 


dy = f'(x) dx. 


| Video _| 
In many types of applications, the differential of y can be used as an approximation of 
the change in y. That is, 


Ay = dy or Ay = f(x)dx. 


EXAMPLE 2 Comparing Ay and dy 


Let y = x?. Find dy when x = 1 and dx = 0.01. Compare this value with Ay for x = 1 
and Ax = 0.01. 


Solution Because y = f(x) = x?, you have f'(x) = 2x, and the differential dy is 
given by 

dy = f'(x) dx = f'(1)(0.01) = 2(0.01) = 0.02. Differential of y 
Now, using Ax = 0.01, the change in y is 

Ay = f(x + Ax) — f(x) = f(1.01) — f(1) = (1.01)? — 1? = 0.0201. 


Figure 3.67 shows the geometric comparison of dy and Ay. Try comparing other 
values of dy and Ay. You will see that the values become closer to each other as dx 
(or Ax) approaches 0. 


[Pry tt | [Exploration] 
In Example 2, the tangent line to the graph of f(x) = x? at x = 1 is 
g(x) = 2x — 1. 


y=2x-1 or Tangent line to the graph of f at x = 1. 


For x-values near 1, this line is close to the graph of f, as shown in Figure 3.67. For 
instance, 


f(1.01) = 1.012 = 1.0201 and g(1.01) = 2(1.01) — 1 = 1.02. 


H 
0.7 


Ball bearing with measured radius that is 
correct to within 0.01 inch 
Figure 3.68 
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Error Propagation 


Physicists and engineers tend to make liberal use of the approximation of Ay by dy. 
One way this occurs in practice is in the estimation of errors propagated by physical 
measuring devices. For example, if you let x represent the measured value of a vari- 
able and let x + Ax represent the exact value, then Ax is the error in measurement. 
Finally, if the measured value x is used to compute another value f(x), the difference 
between f(x + Ax) and f(x) is the propagated error. 


Measurement Propagated 
error error 
Pa A^” 
f(x + Ax) — f(x) = Ay 
——" ~ 
Exact Measured 
value value 


EXAMPLE 3 Estimation of Error 


The radius of a ball bearing is measured to be 0.7 inch, as shown in Figure 3.68. If the 
measurement is correct to within 0.01 inch, estimate the propagated error in the 
volume V of the ball bearing. 


Solution The formula for the volume of a sphere is V = Sar, where r is the radius 
of the sphere. So, you can write 

r= 0.7 Measured radius 
and 

—0.01 < Ar < 0.01. Possible error 


To approximate the propagated error in the volume, differentiate V to obtain 
dV/dr = 4mr? and write 


AV = dV Approximate AV by dV. 
= 4rr° dr 
= 47(0.7) 2(+0.01) Substitute for r and dr. 
=~ +0.06158 cubic inch. 
So, the volume has a propagated error of about 0.06 cubic inch. —a 


ees) A (Eee 
Would you say that the propagated error in Example 3 is large or small? The 
answer is best given in relative terms by comparing dV with V. The ratio 


dV 4ar*dr 
Vv = m Ratio of dV to V 
3dr ms 
Se Simplify. 
r 
3 , 
= — (+0.01) Substitute for dr and r. 
0.7 
= +0.0429 


is called the relative error. The corresponding percent error is approximately 
4.29%. 
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GOTTFRIED WILHELM LEIBNIZ (1646—1716) 


Both Leibniz and Newton are credited with 
creating calculus. It was Leibniz, however, 
who tried to broaden calculus by developing 
rules and formal notation. He often spent days 
choosing an appropriate notation for a new 
concept. 


MathBio 


Applications of Differentiation 
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Calculating Differentials 


Each of the differentiation rules that you studied in Chapter 2 can be written in 
differential form. For example, suppose u and v are differentiable functions of x. By 
the definition of differentials, you have 


du=u’dx and dv= v’dx. 


So, you can write the differential form of the Product Rule as shown below. 


Differential of uv 


d[uv] = <u] dx 


= [uv’ + vu’] dx 
= uv’dx + vu’ dx 
= udv + vdu 


Product Rule 


Differential Formulas 
Let u and v be differentiable functions of x. 


Constant multiple: d|cu] = c du 
Sum or difference: dlu + v| = du + dv 


Product: dluv] = u dv + v du 
. u vdu — u dv 
tent: = 

Quotien a| | ye 


EXAMPLE 4 Finding Differentials 


Function Derivative Differential 
dy 
. y= —=2. = 2. 
ay=x re x dy x dx 
. dy 
b. y = 2 sinx de 7 °O8* dy = 2 cos x dx 
dy . . 
c. y = xcosx de Sin x + cosx dy = (—x sin x + cos x) dx 
_l dy 1 > dx 
ae ae d x? a= x — 


[Try te] [Eplerationa] 

The notation in Example 4 is called the Leibniz notation for derivatives and 
differentials, named after the German mathematician Gottfried Wilhelm Leibniz. The 
beauty of this notation is that it provides an easy way to remember several important 
calculus formulas by making it seem as though the formulas were derived from 
algebraic manipulations of differentials. For instance, in Leibniz notation, the Chain 
Rule 


dy _ dy du 
dx dudx 


would appear to be true because the du’s divide out. Even though this reasoning is 
incorrect, the notation does help one remember the Chain Rule. 


Figure 3.69 
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EXAMPLE 5 Finding the Differential of a Composite Function 


y = f(x) = sin 3x Original function 
f(x) = 3 cos 3x Apply Chain Rule. 
dy = fx) dx = 3 cos 3x dx Differential form 


[Try tt_| [Exploration a | 


EXAMPLE 6 Finding the Differential of a Composite Function 


y=f (x) = (x? + 1) 2 Original function 
1 
fx) = z + 1) (2x) = = 7a Apply Chain Rule. 
dy =f (x) dx = FS dx Differential form 


ee) Eee) ieee 
Differentials can be used to approximate function values. To do this for the function 
given by y = f(x), you use the formula 


f(x + Ax) =f) 2 dy =f) + fa) dx 
which is derived from the approximation Ay = f(x + Ax) — f(x) ~ dy. The key to 


using this formula is to choose a value for x that makes the calculations easier, as 
shown in Example 7. 


EXAMPLE 7 Approximating Function Values 
Use differentials to approximate v 16.5. 
Solution Using f(x) = vx, you can write 
1 
fæ + Ax) ~ f(x) + fa) dx = Vx ia 


Now, choosing x = 16 and dx = 0.5, you obtain the following approximation. 


f(x + Ax) = /16.5 =~ V16 + ir (0.5) =4+ 99 = 4.0625 


A ŻA 
The tangent line approximation to f(x)= /x at x=16 is the line 


g(x) = gx + 2. For x-values near 16, the graphs of f and g are close together, as 
shown in Figure 3.69. For instance, 


1 
f(16.5) = 16.5 = 4.0620 and 9(16.5) = g (16.5) +2 = 4.0625. 
In fact, if you use a graphing utility to zoom in near the point of tangency (16, 4), you 


will see that the two graphs appear to coincide. Notice also that as you move farther 
away from the point of tangency, the linear approximation is less accurate. 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-6, find the equation of the tangent line T to the 
graph of f at the given point. Use this linear approximation to 
complete the table. 


x 1.9 | 1.99 2 2.01 | 2.1 


fœ) 
T(x) 


L f= (2,4) 
SFO =$, (2 z) 


. f(x) =x, (2, 32) 

. fx) = Vx, (2, V2) 

. f(x) = sinx, (2, sin 2) 
. f(x) = csc x, (2, csc 2) 


N 


nun A U 


In Exercises 7—10, use the information to evaluate and compare 
Ay and dy. 


7. y =5x3 x=2 Ax = dx = 0.1 
8. y = 1 — 2x? x=0 Ax = dx = —0.1 
9. y=xt+1 x=-l1 Ax = dx = 0.01 
10. y=2x+1 x=2 Ax = dx = 0.01 


In Exercises 11-20, find the differential dy of the given function. 


11. y = 3x? — 4 12. y = 3x2/3 
+1 
13. y = 14. y= V9- x? 


1 
16. y = Vx + — 
y Jx ie 


17. y = 2x — cot? x 18. y = xsinx 


1 67x — 1 sec?x 
19. y = TE 20. y = 24] 


In Exercises 21-24, use differentials and the graph of f to 
approximate (a) f(1.9) and (b) f(2.04). To print an enlarged 
copy of the graph, select the MathGraph button. 


21. y 


23. y 24. 


In Exercises 25 and 26, use differentials and the graph of g’ to 
approximate (a) g(2.93) and (b) g(3.1) given that g(3) = 8. 


25. 26. y 


27. Area The measurement of the side of a square is found to be 
12 inches, with a possible error of gj inch. Use differentials to 
approximate the possible propagated error in computing the 
area of the square. 


28. Area The measurements of the base and altitude of a triangle 
are found to be 36 and 50 centimeters, respectively. The 
possible error in each measurement is 0.25 centimeter. Use 
differentials to approximate the possible propagated error in 
computing the area of the triangle. 


29. Area The measurement of the radius of the end of a log is 
found to be 14 inches, with a possible error of 1 inch. Use 
differentials to approximate the possible propagated error in 
computing the area of the end of the log. 


30. Volume and Surface Area The measurement of the edge of a 
cube is found to be 12 inches, with a possible error of 0.03 inch. 
Use differentials to approximate the maximum possible propa- 
gated error in computing (a) the volume of the cube and (b) the 
surface area of the cube. 


31. Area The measurement of a side of a square is found to be 15 
centimeters, with a possible error of 0.05 centimeter. 


(a) Approximate the percent error in computing the area of the 
square. 


(b) Estimate the maximum allowable percent error in measur- 
ing the side if the error in computing the area cannot exceed 
2.5%. 


32. Circumference The measurement of the circumference of a 
circle is found to be 56 inches, with a possible error of 1.2 
inches. 


(a) Approximate the percent error in computing the area of the 
circle. 


33. 


34. 


(b) Estimate the maximum allowable percent error in 
measuring the circumference if the error in computing the 
area cannot exceed 3%. 

Volume and Surface Area The radius of a sphere is measured 

to be 6 inches, with a possible error of 0.02 inch. Use differen- 

tials to approximate the maximum possible error in calculating 

(a) the volume of the sphere, (b) the surface area of the sphere, 

and (c) the relative errors in parts (a) and (b). 


Profit The profit P for a company is given by 
P = (500x — x2) — (4x? — 77x + 3000). 


Approximate the change and percent change in profit as 
production changes from x = 115 to x = 120 units. 


Volume In Exercises 35 and 36, the thickness of each shell is 
0.2 centimeter. Use differentials to approximate the volume of 


each shell. 
35. 0.2 cm 36. 0.2 cm 
H 
A 
40 cm 
Y 
_ <-100 cm 
5cm 
37. Pendulum The period of a pendulum is given by 


38. 


39. 


40. 


r= n/t 
g 


where L is the length of the pendulum in feet, g is the acceler- 
ation due to gravity, and T is the time in seconds. The pendu- 
lum has been subjected to an increase in temperature such that 
the length has increased by 5%. 


(a) Find the approximate percent change in the period. 


(b) Using the result in part (a), find the approximate error in 
this pendulum clock in 1 day. 


Ohm’s Law A current of I amperes passes through a resistor 
of R ohms. Ohm’s Law states that the voltage E applied to the 
resistor is E = JR. If the voltage is constant, show that the 
magnitude of the relative error in R caused by a change in J is 
equal in magnitude to the relative error in /. 


Triangle Measurements The measurement of one side of a 
right triangle is found to be 9.5 inches, and the angle opposite 
that side is 26°45’ with a possible error of 15’. 

(a) Approximate the percent error in computing the length of 
the hypotenuse. 

(b) Estimate the maximum allowable percent error in measuring 
the angle if the error in computing the length of the 
hypotenuse cannot exceed 2%. 

Area Approximate the percent error in computing the area of 

the triangle in Exercise 39. 
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rojectile Motion e range K of a projectile 1s 


where vọ is the initial velocity in feet per second and @ is the 
angle of elevation. If vy = 2200 feet per second and @ is 
changed from 10° to 11°, use differentials to approximate the 
change in the range. 


42. Surveying A surveyor standing 50 feet from the base of a 
large tree measures the angle of elevation to the top of the tree 
as 71.5°. How accurately must the angle be measured if the 
percent error in estimating the height of the tree is to be less 
than 6%? 


In Exercises 43-46, use differentials to approximate the value of 
the expression. Compare your answer with that of a calculator. 


43. /99.4 44. 3/26 
45. 4/624 46. (2.99)3 


Writing In Exercises 47 and 48, give a short explanation of 
why the approximation is valid. 


47. /4.02 ~ 2 + 5(0.02) 48. tan 0.05 = 0 + 1(0.05) 
In Exercises 49-52, verify the tangent line approximation of the 


function at the given point. Then use a graphing utility to graph 
the function and its approximation in the same viewing window. 


Function Approximation Point 
49. f(x) = Jx +4 y=2+ A (0, 2) 
s0. f(a) = VE y=i+t (1.1) 
2 2 
51. f(x) = tan x y=x (0, 0) 
1 
52. f(x) = 7 y=l1lt+x (0, 1) 


Writing About Concepts 


53. Describe the change in accuracy of dy as an approximation 
for Ay when Ax is decreased. 


54. When using differentials, what is meant by the terms 
propagated error, relative error, and percent error? 


True or False? In Exercises 55-58, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 
55. If y = x + c, then dy = dx. 
56. If y = ax + b, then Ay/Ax = dy/dx. 
57. If y is differentiable, then Jim, (Ay — dy) = 0. 

x 


58. If y = f(x), f is increasing and differentiable, and Ax > 0, 
then Ay 2 dy. 


242 CHAPTER 3 Applications of Differentiation 


Review Exercises for Chapter 3 


w Experienced writers 
© On-time delivery 
® 100% plagiarism free 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on || to print an enlarged copy of the graph. 


1. Give the definition of a critical number, and graph a function f 
showing the different types of critical numbers. 


2. Consider the odd function f that is continuous and differen- 
tiable and has the functional values shown in the table. 


x -5 | -4 | -1 | 0 2 3 6 
fæl 1 3 2 o | -1 | -4| 0 


(a) Determine f (4). 
(b) Determine f(—3). 
(c) Plot the points and make a possible sketch of the graph of f 


on the interval [—6, 6]. What is the smallest number of 
critical points in the interval? Explain. 


(d) Does there exist at least one real number c in the interval 
(—6, 6) where f(c) = — 1? Explain. 
(e) Is it possible that lim f(x) does not exist? Explain. 
x> 


(f) Is it necessary that f'(x) exists at x = 2? Explain. 


In Exercises 3 and 4, find the absolute extrema of the function 
on the closed interval. Use a graphing utility to graph the func- 
tion over the given interval to confirm your results. 


3. g(x) = 2x + 5cosx, [0,27] 4. f(x) = [0,2] 


x 
Je +1? 
In Exercises 5 and 6, determine whether Rolle’s Theorem can be 
applied to f on the closed interval [a, b]. If Rolle’s Theorem can 
be applied, find all values of c in the open interval (a, b) such 
that f(c) = 0. 


5. f(x) = (x — 2)(x + 3}, [-3, 2] 
6. f(x) = |x — 2| — 2, [0,4] 


7. Consider the function f(x) = 3 — |x — 4]. 
(a) Graph the function and verify that f(1) = f(7). 


(b) Note that f(x) is not equal to zero for any x in [1, 7]. 
Explain why this does not contradict Rolle’s Theorem. 


8. Can the Mean Value Theorem be applied to the function 
f(x) = 1/x? on the interval [—2, 1]? Explain. 


In Exercises 9-12, find the point(s) guaranteed by the Mean 
Value Theorem for the closed interval [a, b]. 


9. f(x) = x23, [1,8] 10. f) = L [1,4] 


T 7 


11. f(x) = x — cos x, |-2 Z| 12. f(x) = /x — 2x, [0,4] 


13. For the function f(x) = Ax? + Bx + C, determine the value of c 
guaranteed by the Mean Value Theorem on the interval [x,, x3]. 


14. Demonstrate the result of Exercise 13 for f(x) = 2x? — 3x + 1 
on the interval [0, 4]. 


In Exercises 15-18, find the critical numbers (if any) and the 
open intervals on which the function is increasing or decreasing. 
15. f(x) = (x — 1)?(x — 3) 

16. g(x) = (x + 1) 

17. A(x) = Vx- 3), x>0 

18. f(x) = sinx + cosx, [0,27] 


In Exercises 19 and 20, use the First Derivative Test to find any 
relative extrema of the function. Use a graphing utility to verify 
your results. 


19. h(t) = zt — 8t 


20. g(x) = 3 sin( = = i), [0, 4] 


21. Harmonic Motion The height of an object attached to a spring 
is given by the harmonic equation 


y= 5 cos 12t = Í sin 12t 


where y is measured in inches and ż¢ is measured in seconds. 


(a) Calculate the height and velocity of the object when 
t = m/8 second. 


(b) Show that the maximum displacement of the object is Š 
inch. 


(c) Find the period P of y. Also, find the frequency f (number 
of oscillations per second) if f = 1/P. 


22. Writing The general equation giving the height of an oscillat- 
ing object attached to a spring is 


k k 
y = Asin jee J 
m m 


where k is the spring constant and m is the mass of the object. 


(a) Show that the maximum displacement of the object is 
VA? + B?. 


(b) Show that the object oscillates with a frequency of 


In Exercises 23 and 24, determine the points of inflection and 
discuss the concavity of the graph of the function. 


23. f(x) =x+cosx, [0,27] 
24. f(x) = (x + 2)%(x — 4) 


In Exercises 25 and 26, use the Second Derivative Test to find all 
relative extrema. 


25. g(x) = 2x?(1 — x?) 
26. h(t) =t- 4vt+1 


Think About It Yn Exercises 27 and 28, sketch the graph of a 
function f having the given characteristics. 
27. f(0) = f(6) = 0 

fQH=FO) =0 

f(x) > Oifx < 3 

f(x) > Oif3 <x <5 

f(x) < Oifx > 5 

fo) < Oifx< 30rx> 4 

fœ) > Oif3 <x <4 
28. f(0) = 4, f(6) = 0 

f(x) < Oifx <2o0rx>4 

f'(2) does not exist. 

f(4) =0 

fo) > 0if2 <x <4 

f(x) < 0 ifx #2 


29. Writing A newspaper headline states that “The rate of growth 
of the national deficit is decreasing.” What does this mean? What 
does it imply about the graph of the deficit as a function of time? 


30. Inventory Cost The cost of inventory depends on the ordering 
and storage costs according to the inventory model 


c= (Blr 


Determine the order size that will minimize the cost, assuming 
that sales occur at a constant rate, Q is the number of units sold 
per year, r is the cost of storing one unit for 1 year, s is the cost 
of placing an order, and x is the number of units per order. 


31. Modeling Data Outlays for national defense D (in billions of 
dollars) for selected years from 1970 through 1999 are shown 
in the table, where ¢ is time in years, with t = 0 corresponding 
to 1970. (Source: U.S. Office of Management and Budget) 


t 0 5 10 15 20 


D| 90.4 103.1 | 155.1 | 279.0 | 328.3 


t 25 26 27 28 29 


D| 309.9 | 302.7 | 309.8 | 310.3 | 320.2 


(a) Use the regression capabilities of a graphing utility to fit a 
model of the form 


D =at +b +ct?+dt+e 
to the data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) For the years shown in the table, when does the model 
indicate that the outlay for national defense is at a maxi- 
mum? When is it at a minimum? 


(d) For the years shown in the table, when does the model 
indicate that the outlay for national defense is increasing at 
the greatest rate? 
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sales S (in thousands of dollars) of a product over a period of 
7 years, as shown in the table, where f is the time in years, with 
t = 7 corresponding to 1997. 


t 7 8 9 10 11 12 13 


S| 5.4 6.9 11.5 15.5 | 19.0 | 22.0 | 23.6 


(a) Use the regression capabilities of a graphing utility to find 
a model of the form S = at? + bt? + ct + d for the data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Use calculus to find the time t when sales were increasing 
at the greatest rate. 


(d) Do you think the model would be accurate for predicting 
future sales? Explain. 


In Exercises 33-40, find the limit. 


2x? 


x 
33. lim paS te lin gag 
. 3x? . al HOE & 
E ane x + 5 36. a7 — 2x 
aq, Gn 38. ia 
xX—300 x x3 00 Jx + 4 
. 6x 
39. lim ————— 40. lim A 
x>—œ X + cosx x»—co 2 sin x 


In Exercises 41-44, find any vertical and horizontal asymptotes 
of the graph of the function. Use a graphing utility to verify 
your results. 


41. h(x) = ali 42. g(x) = =, 
3 3x 
43. f(x) = T = 2 44, f= eee 


In Exercises 45-48, use a graphing utility to graph the function. 
Use the graph to approximate any relative extrema or 
asymptotes. 
45. f(x) = x? + E 46. f(x) = |x? — 3x? + 2x| 

a. 


7 
e 48. g(x) = = — 4 cos x + cos 2x 


47. f(x) = 


In Exercises 49-66, analyze and sketch the graph of the 
function. 


49. f(x) = 4x — x? 50. f(x) = 4x3 — x4 
51. f(x) = x/16 — x? 52, f(x) = (x2 — 4) 


53. f(x) = (x — 1}(x — 3)? 54. f(x) = (x = 3)(x + 2)3 
55. f(x) = x(x + 33 56. f(x) = E — a + 1)?/3 
57. f(x) => a 58. f(x) = 
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4 
59. f(x) = EF 
#2 
60. f(x) = ee 
61. f(xy) =x txt 2 
1 
es 
62. f(x) = x : 
63. f(x) = |x? — 9| 
64. f(x) = |x — 1] + |x - 3| 


65 


66 


67. 


68. 


69. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


. f(x) = x + cos x, O<x<27 


. f(x) = 1o sin mx — sin 27x), -l<x<l 


Find the maximum and minimum points on the graph of 


x? + 4y? — 2x — loy + 13 =0 
(a) without using calculus. 
(b) using calculus. 


Consider the function f(x) = x” for positive integer values of n. 


(a) For what values of n does the function have a relative 
minimum at the origin? 


(b) For what values of n does the function have a point of 
inflection at the origin? 


Distance At noon, ship A is 100 kilometers due east of ship 
B. Ship A is sailing west at 12 kilometers per hour, and ship B 
is sailing south at 10 kilometers per hour. At what time will the 
ships be nearest to each other, and what will this distance be? 


Maximum Area Find the dimensions of the rectangle of 
maximum area, with sides parallel to the coordinate axes, that 
can be inscribed in the ellipse given by 


2, 2 


ae 


144 * 16 


Minimum Length A right triangle in the first quadrant has 
the coordinate axes as sides, and the hypotenuse passes through 
the point (1, 8). Find the vertices of the triangle such that the 
length of the hypotenuse is minimum. 


Minimum Length The wall of a building is to be braced by a 
beam that must pass over a parallel fence 5 feet high and 4 feet 
from the building. Find the length of the shortest beam that can 
be used. 


Maximum Area Three sides of a trapezoid have the same 
length s. Of all such possible trapezoids, show that the one of 
maximum area has a fourth side of length 2s. 


Maximum Area Show that the greatest area of any rectangle 
inscribed in a triangle is one-half that of the triangle. 


Distance Find the length of the longest pipe that can be car- 
ried level around a right-angle corner at the intersection of two 
corridors of widths 4 feet and 6 feet. (Do not use trigonometry.) 


Distance Rework Exercise 75, given corridors of widths a 
meters and b meters. 
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. Distance allway of width 6 feet meets a hallway of widt 
9 feet at right angles. Find the length of the longest pipe that 
can be carried level around this corner. [Hint: If L is the length 
of the pipe, show that 


L = 6csc 0 4 9 eso( 3 o) 


where 0 is the angle between the pipe and the wall of the 
narrower hallway. ] 


78. Length Rework Exercise 77, given that one hallway is of 
width a meters and the other is of width b meters. Show that the 
result is the same as in Exercise 76. 


Minimum Cost In Exercises 79 and 80, find the speed v, in 
miles per hour, that will minimize costs on a 110-mile delivery 
trip. The cost per hour for fuel is C dollars, and the driver is 
paid W dollars per hour. (Assume there are no costs other than 
wages and fuel.) 

v? v? 


79. Fuel cost: C = 600 80. Fuel cost: C = 500 


Driver: W = $5 Driver: W = $7.50 


In Exercises 81 and 82, use Newton’s Method to approximate 
any real zeros of the function accurate to three decimal places. 
Use the zero or root feature of a graphing utility to verify your 
results. 


81. f(x) = x3 — 3x — 1 
82. f(x) =x + 2x4 1 


In Exercises 83 and 84, use Newton’s Method to approximate, to 
three decimal places, the x-value(s) of the point(s) of intersection 
of the equations. Use a graphing utility to verify your results. 
83. y = x* 
y=xt+3 


84. y = sin 7x 


y=1-x 


In Exercises 85 and 86, find the differential dy. 
85. y = x(1 — cos x) 


86. y = /36—- x? 


87. Surface Area and Volume The diameter of a sphere is 
measured to be 18 centimeters, with a maximum possible error 
of 0.05 centimeter. Use differentials to approximate the possible 
propagated error and percent error in calculating the surface area 
and the volume of the sphere. 


88. Demand Function A company finds that the demand for its 
commodity is 


1 
pai= 4° 


If x changes from 7 to 8, find and compare the values of Ap 
and dp. 
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| PS. | Problem Solving 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 


1. Graph the fourth-degree polynomial p(x) = x* + ax? + 1 for 8. (a) Let V = x°. Find dV and AV. Show that for small values of 


various values of the constant a. 

(a) Determine the values of a for which p has exactly one 
relative minimum. 

(b) Determine the values of a for which p has exactly one 
relative maximum. 

(c) Determine the values of a for which p has exactly two 
relative minima. 

(d) Show that the graph of p cannot have exactly two relative 
extrema. 

. (a) Graph the fourth-degree polynomial p(x) = ax* — 6x? for 

a = —3, —2, — 1, 0, 1, 2, and 3. For what values of the con- 

stant a does p have a relative minimum or relative maximum? 


(b) Show that p has a relative maximum for all values of the 
constant a. 

(c) Determine analytically the values of a for which p has a 
relative minimum. 

(d) Let (x, y) = (x, p(x)) be a relative extremum of p. Show that 
(x, y) lies on the graph of y = — 3x7. Verify this result graph- 
ically by graphing y = —3x? together with the seven curves 
from part (a). 


. Let f(x) = A + x°. Determine all values of the constant c such 
that f has a relative minimum, but no relative maximum. 
. (a) Let f(x) = ax? + bx + c, a + 0, be a quadratic polynomial. 
How many points of inflection does the graph of f have? 
(b) Let f(x) = ax? + bx? + cx + d, a + 0, be a cubic polyno- 
mial. How many points of inflection does the graph of f have? 
(c) Suppose the function y = f(x) satisfies the equation 
dy ` 


d = (1 = z) where k and L are positive constants. 
x 


Show that the graph of f has a point of inflection at the point 
L . ses reer 
where y = 2 (This equation is called the logistic differen- 


tial equation.) 


. Prove Darboux’s Theorem: Let f be differentiable on the closed 
interval [a,b] such that f(a) = y; and f(b) = y,. If d lies 
between y; and y,, then there exists c in (a,b) such that 
fo) =d. 

. Let f and g be functions that are continuous on [a, b] and 
differentiable on (a,b). Prove that if f(a) = g(a) and 
g'(x) > f(x) for all x in (a, b), then g(b) > f(b). 

. Prove the following Extended Mean Value Theorem. If f and 
f’ are continuous on the closed interval [a, b], and if f” exists in 
the open interval (a, b), then there exists a number c in (a, b) 
such that 


Mb) = fla) + Fla ~ a) + 5/10 ~ a? 


x, the difference AV — dV is very small in the sense that 
there exists € such that AV — dV = eAx, where e->0 as 
Ax->0. 


(b) Generalize this result by showing that if y = f(x) is a 
differentiable function, then Ay — dy = eAx, where e>0 
as Ax 0. 


9. The amount of illumination of a surface is proportional to the 
intensity of the light source, inversely proportional to the 
square of the distance from the light source, and proportional to 
sin 0, where 0 is the angle at which the light strikes the surface. 
A rectangular room measures 10 feet by 24 feet, with a 10-foot 
ceiling. Determine the height at which the light should be 
placed to allow the corners of the floor to receive as much light 
as possible. 


10. Consider a room in the shape of a cube, 4 meters on each side. 


A bug at point P wants to walk to point Q at the opposite 
corner, as shown in the figure. Use calculus to determine the 
shortest path. Can you solve the problem without calculus? 


11. The line joining P and Q crosses the two parallel lines, as 


shown in the figure. The point R is d units from P. How far 
from Q should the point S be chosen so that the sum of the areas 
of the two shaded triangles is a minimum? So that the sum is a 
maximum? 


S Q 
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12. 


13. 


14. 


15. 


16. 


17. 
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The figures show a rectangle, a circle, and a semicircle 
inscribed in a triangle bounded by the coordinate axes and the 
first-quadrant portion of the line with intercepts (3,0) and 
(0, 4). Find the dimensions of each inscribed figure such that its 
area is maximum. State whether calculus was helpful in finding 
the required dimensions. Explain your reasoning. 


(a) Prove that lim x? = oo. 
#00 


1 
5) =0. 


(c) Let L be a real number. Prove that if lim f(x) = L, then 
x00 


(b) Prove that tim ( 


Find the point on the graph of y = z (see figure) where 


1l+x 


the tangent line has the greatest slope, and the point where the 
tangent line has the least slope. 


(a) Let x be a positive number. Use the table feature of a 
graphing utility to verify that /1 + x < 5x +1. 


(b) Use the Mean Value Theorem to prove that 
s/he bx + 1 for all positive real numbers x. 


(a) Let x be a positive number. Use the table feature of a graph- 
ing utility to verify that sin x < x. 


(b) Use the Mean Value Theorem to prove that sin x < x for all 
positive real numbers x. 


The police department must determine the speed limit on a 
bridge such that the flow rate of cars is maximum per unit time. 
The greater the speed limit, the farther apart the cars must be in 
order to keep a safe stopping distance. Experimental data on 
the stopping distance d (in meters) for various speeds v (in kilo- 
meters per hour) are shown in the table. 


v | 20 | 40 60 80 100 


d | 5.1 | 13.7 | 27.2 | 44.2 | 66.4 


18. 


19. 
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(a) Convert the speeds v in the table to the speeds s in meters 
per second. Use the regression capabilities of a graphing 
utility to find a model of the form d(s) = as? + bs + c for 
the data. 


(b) Consider two consecutive vehicles of average length 5.5 
meters, traveling at a safe speed on the bridge. Let T be the 
difference between the times (in seconds) when the front 
bumpers of the vehicles pass a given point on the bridge. 
Verify that this difference in times is given by 

ats) , 55, 


S S 


(c) Use a graphing utility to graph the function T and estimate 
the speed s that minimizes the time between vehicles. 


(d) Use calculus to determine the speed that minimizes T. What 
is the minimum value of T? Convert the required speed to 
kilometers per hour. 


(e) Find the optimal distance between vehicles for the posted 
speed limit determined in part (d). 


A legal-sized sheet of paper (8.5 inches by 14 inches) is folded 
so that corner P touches the opposite 14 inch edge at R. (Note: 


PO = JC- £.) 


S bN 8.5 in. 


2x3 
2x — 8.5 
(b) What is the domain of C? 


(c) Determine the x-value that minimizes C. 


(a) Show that C? = 


(d) Determine the minimum length C. 

The polynomial P(x) = cy + c,(x — a) + c,(x — a)? is the 
quadratic approximation of the function f at (a,f(a)) if 
P(a) = f(a), Pa) = f(a), and P”(a) = f”(a). 


(a) Find the quadratic approximation of 


fo) 


~ x41 


at (0, 0). 
(b) Use a graphing utility to graph P and f in the same viewing 
window. 
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Section 4.1 Antiderivatives and Indefinite Integration 


e Write the general solution of a differential equation. 
e Use indefinite integral notation for antiderivatives. 
e Use basic integration rules to find antiderivatives. 

e Find a particular solution of a differential equation. 


Antiderivatives 


Suppose you were asked to find a function F whose derivative is f(x) = 3x”. From 
your knowledge of derivatives, you would probably say that 


Finding Antiderivatives For each 
derivative, describe the original 


function F. d 
2a F(x) = x? because a! = 3x7, 
a. F(x) = 
bee te) The function F is an antiderivative of f. 
@ Je) = x2 
1 
d. F’(x) = zZ Definition of an Antiderivative 
FQ) 1 A function F is an antiderivative of f on an interval J if F’(x) = f(x) for all x in 7. 

e. X = Sa 

X 


What strategy did you use to find F? 
Note that F is called an antiderivative of f, rather than the antiderivative of f. To 
see why, observe that 


REx) =x F(x) =x- 5, and F,(x) = x? + 97 


are all antiderivatives of f(x) = 3x2. In fact, for any constant C, the function given by 
F(x) = x? + C is an antiderivative of f. 


THEOREM 4.1 Representation of Antiderivatives 


If F is an antiderivative of f on an interval J, then G is an antiderivative of f 
on the interval J if and only if G is of the form G(x) = F(x) + C, for all x in J 
where C is a constant. 


Proof The proof of Theorem 4.1 in one direction is straightforward. That is, if 
G(x) = F(x) + C, F(x) = f(x), and C is a constant, then 


C= TFG) + C] =F) +0 = f(x). 


To prove this theorem in the other direction, assume that G is an antiderivative of f. 
Define a function H such that 


H(x) = G(x) — F(x). 


If H is not constant on the interval Z, there must exist a and b (a < b) in the interval 
such that H(a) # H(b). Moreover, because H is differentiable on (a, b), you can apply 
the Mean Value Theorem to conclude that there exists some c in (a, b) such that 


_ H(b) = Hla) 
b-a ` 

Because H(b) + H(a), it follows that Hc) # 0. However, because G (c) = F(c), you 

know that Hc) = Gc) — Fc) = 0, which contradicts the fact that H’(c) oe 


Consequently, you can conclude that H(x) is a constant, C. So, G(x) — F(x) 
and it follows that G(x) = F(x) + C. 


Hc) 


> x 


Functions of the form y = 2x + C 
Figure 4.1 


| Esitabe Graph | 
[Video _| 


NOTE In this text, the notation 
J f(x) dx = F(x) + C means that F is 
an antiderivative of fon an interval. 
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Using Theorem 4.1, you can represent the entire family of antiderivatives of a 
function by adding a constant to a known antiderivative. For example, knowing that 
D,[x?] = 2x, you can represent the family of all antiderivatives of f(x) = 2x by 


G(x) HVP?+C Family of all antiderivatives of f(x) = 2x 


where C is a constant. The constant C is called the constant of integration. The 
family of functions represented by G is the general antiderivative of f, and 
G(x) = x? + C is the general solution of the differential equation 


G (x) = 2x. Differential equation 


A differential equation in x and y is an equation that involves x, y, and 
derivatives of y. For instance, y’ = 3x and y’ = x? + 1 are examples of differential 
equations. 


EXAMPLE | Solving a Differential Equation 


Find the general solution of the differential equation y’ = 2. 
Solution To begin, you need to find a function whose derivative is 2. One such 
function is 

y = 2x. 2x is an antiderivative of 2. 


Now, you can use Theorem 4.1 to conclude that the general solution of the differential 
equation is 


y=2x+C. General solution 


The graphs of several functions of the form y = 2x + C are shown in Figure 4.1. 


[Try te | [Exploration a] 


Notation for Antiderivatives 


When solving a differential equation of the form 


d 


T = f(x) 


it is convenient to write it in the equivalent differential form 
dy = f(x)dx. 


The operation of finding all solutions of this equation is called antidifferentiation (or 
indefinite integration) and is denoted by an integral sign f. The general solution is 
denoted by 


Variable of Constant of 
integration integration 


| | 


y= [jad = ra) + c 
| 


Integrand 


The expression [f(x) dx is read as the antiderivative of f with respect to x. So, the 
differential dx serves to identify x as the variable of integration. The term indefinite 
integral is a synonym for antiderivative. 
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Basic Integration Rules 


The inverse nature of integration and differentiation can be verified by substituting 
F(x) for f(x) in the indefinite integration definition to obtain 


Í F(x) dx = F(x) + C. Integration is the “inverse” of differentiation. 


Moreover, if f f(x) dx = F(x) + C, then 


Differentiation is the “inverse” of integration. 


£){ 109 al = 109 


These two equations allow you to obtain integration formulas directly from 
differentiation formulas, as shown in the following summary. 


Basic Integration Rules 


Differentiation Formula Integration Formula 

d 

Fe [c]=0 Odx =C 

d 

a kl = & fea=u+c 

d 4 

4 eps] = ky) [ero ar = efroran 

d : , 

af) + sl] a) + go [ure ON [reo dx + ow dx 
d n| = il n = ee = 
ane TNA f ao re A n#—\1 Power Rule 
@ pes ; 

z in] = cosx feos xax = sinx + c 

d f : 

g Leos x] = —sinx [sinxar = -cosx + c 

d = ye) 2 = 

g tan x] = sec*x sec“x dx = tanx + C 

d 

zg [Sec x] = sec x tan x fsecxtanxar = secx + C 
d 

z eot] = —csce?x [esexa = —cotx + C 

d 

zese] = = CSC xX cot x [ese reotxdr = (Re r E 


NOTE Note that the Power Rule for Integration has the restriction that n # —1. The 
evaluation of f1/x dx must wait until the introduction of the natural logarithm function in 
Chapter 5. 
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EXAMPLE 2 Applying the Basic Integration Rules 


Describe the antiderivatives of 3x. 


Solution 3x dx = 3 i x dx Constant Multiple Rule 
= JE dx Rewrite x as x!. 
x2 
= > +C Power Rule (n = 1) 
3 os eos 
= 5% +C Simplify. 


So, the antiderivatives of 3x are of the form 3x2 + C, where C is any constant. 


[Try te ] [Exploration] 
When indefinite integrals are evaluated, a strict application of the basic integration 


rules tends to produce complicated constants of integration. For instance, in Example 2, 
you could have written 


x? cor 
3x dx = 3|xdx = 3 7 +e = 5% + 3C. 


However, because C represents any constant, it is both cumbersome and unnecessary 
to write 3C as the constant of integration. So, 3x2 + 3C is written in the simpler form, 
224 C. 

In Example 2, note that the general pattern of integration is similar to that of 
differentiation. 


Original integral (> Rewrite (| > Integrate æ> Simplify 


TECHNOLOGY Some EXAMPLE 3 Rewriting Before Integrating 
software programs, such as Derive, 
Maple, Mathcad, Mathematica, and Original Integral Rewrite Integrate Simplify 
the TI-89, are capable of performing 1 y2 1 
integration symbolically. If you have a. f P dx f x? dx 2 +C =a HC 
arcess to sien a symbolic integration ee? 
utility, try using it to evaluate the b. f Jx dx f 1/2 dx — +C 23/2 + C 
indefinite integrals in Example 3. 3/2 3 

c. [2sinxax 2| sina 2(—cos x) + C —2cosx +C 


a] 
[try re_] [Eoia] [onen o] (IMMESN) 
Remember that you can check your answer to an antidifferentiation problem by 


differentiating. For instance, in Example 3(b), you can check that ay 32 + C is the 
correct antiderivative by differentiating the answer to obtain 


2 2\/3 
p> 2 4 c| = GG) 1/2 = Jx. Use differentiation to check antiderivative. 
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The basic integration rules listed earlier in this section allow you to integrate any 


polynomial function, as shown in Example 4. 


EXAMPLE 4 


a. fæ- fra 


=x + C 
x dx + frac 


tG twt 


X 


x2 
5 
2 
=z eee 


The second line in the solution is usually omitted. 


5 3 2 
c. fe- setna) - E) +C 


5 3 2 


EXAMPLE 5 Rewriting Before Integrating 


a dx = Ie + =) dx 
= [ov ae Uae 


x32 V2 
=% + + 
3/2 ` 1/2 c 


ETON. 


= 2 Jax + 3) +C 


Integrating Polynomial Functions 


Integrand is understood to be 1. 


Integrate. 


Integrate. 


C=C,+G 


Integrate. 


Simplify. 


Rewrite as two fractions. 


Rewrite with fractional 
exponents. 


Integrate. 


Simplify. 


NOTE When integrating quotients, do not integrate the numerator and denominator 
separately. This is no more valid in integration than it is in differentiation. For instance, in 


Example 5, be sure you understand that 


SQ + 1) dx 


1 
2X txt C 


x+1 2 
dx x(x + 3) + C is not the same as 
Z zví ) 


EXAMPLE 6 Rewriting Before Integrating 


sin x 1 sin x 
| FO N \( Jax 
cos? x cos x/\cos x 
= [sec xtanxd 
= secx + C 


[Try tt | [Exploration a | 


S Je dx 


7 fxVx + Cy” 


Rewrite as a product. 


Rewrite using trigonometric 
identities. 


Integrate. 


4 
C=4 
3 
C=3 
2 
C=2 
1 
2 C=1 
-2 AA 2 
C=0 
-1 
C=-1 
-2 
C=-2 
-3 
C=-3 
= C=-4 


PEE =e C 


The particular solution that satisfies 
the initial condition F(2) = 4 is 
F(x) = 8 — x - 2. 

Figure 4.2 


The particular solution that satisfies 
the initial condition F(1) = 0 is 
F(x) = —(1/x) + 1.x > 0. 
Figure 4.3 


(2, 4) 


w Experienced writers 


© On-time delivery 


® 100% plagiarism free 


Initial Conditions and Particular Solutions 


You have already seen that the equation y = f f(x)dx has many solutions (each 
differing from the others by a constant). This means that the graphs of any two 
antiderivatives of f are vertical translations of each other. For example, Figure 4.2 
shows the graphs of several antiderivatives of the form 

y= (3x2 - Idx =P -x4+C General solution 
for various integer values of C. Each of these antiderivatives is a solution of the 
differential equation 


Toz- 


In many applications of integration, you are given enough information to 
determine a particular solution. To do this, you need only know the value of 
y = F(x) for one value of x. This information is called an initial condition. For 
example, in Figure 4.2, only one curve passes through the point (2, 4). To find this 
curve, you can use the following information. 


F(x) =e-x+C 
F(2) =4 


General solution 


Initial condition 


By using the initial condition in the general solution, you can determine that 
F(2) = 8 — 2 + C = 4, which implies that C = —2. So, you obtain 


F(x) = 8 -— x - 2. 


Particular solution 


EXAMPLE 7 Finding a Particular Solution 


Find the general solution of 


and find the particular solution that satisfies the initial condition F(1) = 0. 


Solution To find the general solution, integrate to obtain 


ra) = [a FO) = JF(a)ak 
= x~? dx Rewrite as a power. 
= MS +C Integrate. 
= 1 +C, x>0 General solution 


Using the initial condition F(1) = 0, you can solve for C as follows. 


Fl) =-Ż+c=0 = c=1 


So, the particular solution, as shown in Figure 4.3, is 


1 
F(x) = -— + 1, 


x > 0. Particular solution 
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So far in this section you have been using x as the variable of integration. In 
applications, it is often convenient to use a different variable. For instance, in the 
following example involving time, the variable of integration is f. 
EXAMPLE 8 Solving a Vertical Motion Problem 
A ball is thrown upward with an initial velocity of 64 feet per second from an initial 
height of 80 feet. 
a. Find the position function giving the height s as a function of the time t. 
b. When does the ball hit the ground? 
Solution 
a. Lett = 0 represent the initial time. The two given initial conditions can be written 
as follows. 
s(0) = 80 Initial height is 80 feet. 
s(t) =—16t? + 64t + 80 
i s(0) = 64 Initial velocity is 64 feet per second. 
150 + t=2 ; . ; 
o aa Using —32 feet per second per second as the acceleration due to gravity, you can 
Bot og” `s t=3 write 
vot steal ` ; 
uo+ 4 \ s(t) = —32 
_ 100+ ` 7 ” 
F oot ` s(t) = | s(t) dt = | —32dt = -32t + Cı. 
= 80 +o or 
Z 70+ ` Using the initial velocity, you obtain s’(0) = 64 = —32(0) + Cı, which implies 
6 60 F i that Cı = 64. Next, by integrating s'(f), you obtain 
50 + i 
il s(t) = [roa = [co + 64) dt = —16f + 64t + Co. 
20 + 1 
10 + t=5^ Using the initial height, you obtain 
— | 
1 2 3 4 5 


s(0) = 80 = —16(0°) + 64(0) + C2 
which implies that C2 = 80. So, the position function is 


s(t) = —16£ + 64t + 80. 


Time (in seconds) 


Height of a ball at time t 
Figure 4.4 


f 


See Figure 4.4. 


Using the position function found in part (a), you can find the time that the ball hits 
the ground by solving the equation s(t) = 0. 


s(t) = — 16? + 64t + 80 = 0 
—16(f + 1)(t-— 5) =0 
t=-1,5 


Because ¢ must be positive, you can conclude that the ball hits the ground 
5 seconds after it was thrown. 


[Try te] [Explration | 
Example 8 shows how to use calculus to analyze vertical motion problems in 
which the acceleration is determined by a gravitational force. You can use a similar 


strategy to analyze other linear motion problems (vertical or horizontal) in which the 


acceleration (or deceleration) is the result of some other force, as you will see in 
Exercises 77—86. 


NOTE In Example 8, note that the 
position function has the form 


s(t) = Set? + vot + So 


where g = —32, vo is the initial velocity, 
and so is the initial height, as presented 
in Section 2.2. 
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Before you begin the exercise set, be sure you realize that one of the most 
important steps in integration is rewriting the integrand in a form that fits the basic 
integration rules. To illustrate this point further, here are some additional examples. 


Original Integral Rewrite Integrate Simplify 
2 2| x712 dx (=) +C 4x12 + C 
Je dx xX 1/2 X 
Pr P 1 2 
(£ + 1)}dt (tt + 2t? + 1) dt zt43)tt+C zita tit 
2+3 4 x (: ) 1 3 
iai = + ea, s + 
z dx E ) dx ae ee C a C 
1/3 4/3 3 
3 -4 43 — 4y%1/3 Lo (5) i 27/3 — 2,4/3 
[vc ) dx fe x3) dx 7/3 4/3 C 5x 3x 


Exercises for Section 4.| 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-4, verify the statement by showing that the 
derivative of the right side equals the integrand of the left side. 


3. fe 2)(x + 2)dx = ix? — 4x + C 


2 24 
a [E gy = 2 +3) 4 
3/2 3/x 


In Exercises 5-8, find the general solution of the differential 
equation and check the result by differentiation. 


dy _ 45 dr _ 
5. Fae 6. a6 T 
dy _ an2 dy _ 5-3 
i 8.7 x 


In Exercises 9-14, complete the table. 


Original Integral Rewrite Integrate Simplify 


9. [x dx 
1 
10 pu 


1 
11. |a 
E - 
12. [uc + 3) dx 


1 
13. ls dx 


i 
14, le dx 


In Exercises 15-34, find the indefinite integral and check the 
result by differentiation. 


15. forse 16. f6 -9a 
17. fæ- 3x?) dx 18. [ae + e - 1) dx 
19. fe+» dx 20. fe-a+a dx 
1 
21. | (3/2 + 2x + 1) dx 22. [(ve Ja 
fi l 2/x 
23. [ea 24. [ws + I) dx 
1 1 
25. [ia 26. [ia 
ePtxtl x Oe = 3 
27. [Ha 28. [a 


29. fe + 1)(3x — 2) dx 30. fee — 1P’dt 


31. Í YA dy 32. Í (1 + 32) dt 


33. fa 34. f dt 


In Exercises 35-42, find the indefinite integral and check the 
result by differentiation. 


35. fe sinx + 3 cos x) dx 36. fe — sin f) dt 
37. [a — esc t cot t) dt 38. fos sec? 6) d0 
39. [ove 0 — sin 6) d0 40. [sc y(tan y — sec y) dy 


E cos x 
41. [an y+ 1) dy 42. e cos? x 
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In Exercises 43—46, the graph of the derivative of a function is 
given. Sketch the graphs of two functions that have the given 
derivative. (There is more than one correct answer.) To print an 
enlarged copy of the graph, select the MathGraph button. 


43. y 44, 
A F 
1+ 
H S aa x 
2 -1 1 
-1 + 
-2 + 
45. y 46. y 
A A , 
2+ a 
1+ 
T t H > x 
2 =l 1 2 
-1 + 
-2 -+ 


In Exercises 47 and 48, find the equation for y, given the deriv- 
ative and the indicated point on the curve. 


m l eni 48. 2 = 


dx de 2(x =~ 1) 


Slope Fields In Exercises 49-52, a differential equation, a 
point, and a slope field are given. A slope field (or direction field) 
consists of line segments with slopes given by the differential 
equation. These line segments give a visual perspective of the 
slopes of the solutions of the differential equation. (a) Sketch 
two approximate solutions of the differential equation on the 
slope field, one of which passes through the indicated point. (To 
print an enlarged copy of the graph, select the MathGraph 
button.) (b) Use integration to find the particular solution of the 
differential equation and use a graphing utility to graph the 
solution. Compare the result with the sketches in part (a). 
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49, Z ==x-1, (4,2) 50. 2 = 2 
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Slope Fields In Exercises 53 and 54, (a) use a graphing utility 
to graph a slope field for the differential equation, (b) use 
integration and the given point to find the particular solution of 
the differential equation, and (c) graph the solution and the 
slope field in the same viewing window. 


53, Z = 2x, (-2, -2) 


dy _ 
rs 54. 7 2./x, (4, 12) 


In Exercises 55-62, solve the differential equation. 


55. f(x) = 4x, f(0) = 6 56. g(x) = 6x*, (0) = -1 
57. hÀ = 88 + 5,h(1) = —4 58, f(s) = 6s — 883, f(2) = 3 
59. f(x) = 2, f(2) = 5, f(2) = 10 

60. f(x) = x’, FO) = 6, f0) =3 

61. f"(x) = x37, F(4) = 2, f0) = 0 

62. f(x) = sin x, f(0) = 1, f() = 6 


63. Tree Growth An evergreen nursery usually sells a certain 
shrub after 6 years of growth and shaping. The growth rate 
during those 6 years is approximated by dh/dt = 1.5t + 5, 
where ¢ is the time in years and h is the height in centimeters. 
The seedlings are 12 centimeters tall when planted (t = 0). 

(a) Find the height after t years. 
(b) How tall are the shrubs when they are sold? 

64. Population Growth The rate of growth dP/dt of a population 
of bacteria is proportional to the square root of t, where P is the 
population size and ż is the time in days (0 < t£ < 10). That is, 
dP/dt = k/t. The initial size of the population is 500. After 


1 day the population has grown to 600. Estimate the population 
after 7 days. 


Writing About Concepts 


65. Use the graph of f’ shown in the figure to answer the 
following, given that f(0) = —4. 


(a) Approximate the slope of f at x = 4. Explain. 

(b) Is it possible that f(2) = — 1? Explain. 

(c) Is f(5) — f(4) > 0? Explain. 

(d) Approximate the value of x where f is maximum. 
Explain. 


(e) Approximate any intervals in which the graph of f is 
concave upward and any intervals in which it is 
concave downward. Approximate the x-coordinates of 
any points of inflection. 


Approximate the x-coordinate of the minimum of f”(x). 


Sketch an approximate graph of f. To print an enlarged 
copy of the graph, select the MathGraph button. 


Figure for 65 Figure for 66 


. The graphs of f and f’ each pass through the origin. Use the 
graph of f” shown in the figure to sketch the graphs of f 
and f’. To print an enlarged copy of the graph, select the 
MathGraph button. 


Vertical Motion In Exercises 67-70, use a(t) = —32 feet per 
second per second as the acceleration due to gravity. (Neglect 
air resistance.) 


67. A ball is thrown vertically upward from a height of 6 feet with an 
initial velocity of 60 feet per second. How high will the ball go? 


68. Show that the height above the ground of an object thrown 


upward from a point sy feet above the ground with an initial 
velocity of vy feet per second is given by the function 


f(t) = —16t? + vot + 59. 


69. With what initial velocity must an object be thrown upward 
(from ground level) to reach the top of the Washington 
Monument (approximately 550 feet)? 


70. A balloon, rising vertically with a velocity of 16 feet per 
second, releases a sandbag at the instant it is 64 feet above the 
ground. 

(a) How many seconds after its release will the bag strike the 
ground? 


(b) At what velocity will it hit the ground? 
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Vertical Motion In Exercises , use alt .8 meters 
per second per second as the acceleration due to gravity. 
(Neglect air resistance.) 


71. Show that the height above the ground of an object thrown 
upward from a point sọ meters above the ground with an initial 
velocity of vy meters per second is given by the function 


f(t) = —4.917 + vot + so 


72. The Grand Canyon is 1800 meters deep at its deepest point. A 
rock is dropped from the rim above this point. Write the height 
of the rock as a function of the time ft in seconds. How long will 
it take the rock to hit the canyon floor? 


73. A baseball is thrown upward from a height of 2 meters with 
an initial velocity of 10 meters per second. Determine its 
maximum height. 


74, With what initial velocity must an object be thrown upward (from 
a height of 2 meters) to reach a maximum height of 200 meters? 


75. Lunar Gravity On the moon, the acceleration due to gravity 
is — 1.6 meters per second per second. A stone is dropped from 
a cliff on the moon and hits the surface of the moon 20 seconds 
later. How far did it fall? What was its velocity at impact? 


76. Escape Velocity The minimum velocity required for an object 
to escape Earth’s gravitational pull is obtained from the 
solution of the equation 


[rav=-om] 5a 


where v is the velocity of the object projected from Earth, y is 
the distance from the center of Earth, G is the gravitational 
constant, and M is the mass of Earth. Show that v and y are 
related by the equation 


1 1 
waved 2am(2 i) 


where vg is the initial velocity of the object and R is the radius 
of Earth. 


Rectilinear Motion Yn Exercises 77-80, consider a particle 
moving along the x-axis where x(t) is the position of the particle 
at time ź¢, x (0) is its velocity, and x”(¢) is its acceleration. 
77. x(t) = Ë — 6 + 9% — 2, O<r<5 

(a) Find the velocity and acceleration of the particle. 


(b) Find the open t-intervals on which the particle is moving to 
the right. 


(c) Find the velocity of the particle when the acceleration is 0. 


78. Repeat Exercise 77 for the position function 
x(t) = (t — 1)(t — 3), O<t<5. 


79. A particle moves along the x-axis at a velocity of v(t) = 1/ Vt, 
t > 0. At time ¢ = 1, its position is x = 4. Find the acceleration 
and position functions for the particle. 


CHAPTER 4 Integration 


80. A particle, initially at rest, moves along the x-axis such that its 


acceleration at time t > 0 is given by a(t) = cos t. At the time 
t = 0, its position is x = 3. 

(a) Find the velocity and position functions for the particle. 
(b) Find the values of t for which the particle is at rest. 


81. Acceleration The maker of an automobile advertises that it 


takes 13 seconds to accelerate from 25 kilometers per hour to 
80 kilometers per hour. Assuming constant acceleration, 
compute the following. 


(a) The acceleration in meters per second per second 


(b) The distance the car travels during the 13 seconds 


82. Deceleration A car traveling at 45 miles per hour is brought 


to a stop, at constant deceleration, 132 feet from where the 
brakes are applied. 


(a) How far has the car moved when its speed has been reduced 
to 30 miles per hour? 


(b) How far has the car moved when its speed has been reduced 
to 15 miles per hour? 


(c) Draw the real number line from 0 to 132, and plot the points 
found in parts (a) and (b). What can you conclude? 


83. Acceleration At the instant the traffic light turns green, a car 


that has been waiting at an intersection starts with a constant 
acceleration of 6 feet per second per second. At the same 
instant, a truck traveling with a constant velocity of 30 feet per 
second passes the car. 


(a) How far beyond its starting point will the car pass the truck? 


(b) How fast will the car be traveling when it passes the truck? 


84. Modeling Data The table shows the velocities (in miles per 


hour) of two cars on an entrance ramp to an interstate highway. 
The time ¢ is in seconds. 


t 0 5 10 15 | 20 | 25 | 30 


vy,| O |25] 7 16 | 29 | 45 | 65 


v,| 0 21 | 38 | 51 | 60 | 64 | 65 


(a) Rewrite the table converting miles per hour to feet per 
second. 

(b) Use the regression capabilities of a graphing utility to find 
quadratic models for the data in part (a). 


(c) Approximate the distance traveled by each car during the 
30 seconds. Explain the difference in the distances. 


85. Acceleration Assume that a fully loaded plane starting from 


rest has a constant acceleration while moving down a runway. 
The plane requires 0.7 mile of runway and a speed of 160 miles 
per hour in order to lift off. What is the plane’s acceleration? 


86. Airplane Separation ‘Two airplanes are in a straight-line 


landing pattern and, according to FAA regulations, must keep 
at least a three-mile separation. Airplane A is 10 miles from 
touchdown and is gradually decreasing its speed from 150 
miles per hour to a landing speed of 100 miles per hour. 
Airplane B is 17 miles from touchdown and is gradually 
decreasing its speed from 250 miles per hour to a landing speed 
of 115 miles per hour. 
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Assuming the deceleration of each airplane 1s constant, find 
the position functions s, and s, for airplane A and airplane 
B. Let t = 0 represent the times when the airplanes are 10 
and 17 miles from the airport. 


(b) Use a graphing utility to graph the position functions. 


(c) Find a formula for the magnitude of the distance d between 
the two airplanes as a function of t. Use a graphing utility 
to graph d. Is d < 3 for some time prior to the landing of 
airplane A? If so, find that time. 


True or False? In Exercises 87—92, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


87. 


88. 


89. 


90. 
91. 
92. 


93. 


94. 


95. 


96. 


Each antiderivative of an nth-degree polynomial function is an 
(n + 1)th-degree polynomial function. 


If p(x) is a polynomial function, then p has exactly one 
antiderivative whose graph contains the origin. 


If F(x) and G(x) are antiderivatives of f(x), then 
F(x) = G(x) + C. 

If f(x) = g(x), then fg(x)dx = f(x) + C. 

Sf)gla)dx = Sf(x)dx fg(x)dx 


The antiderivative of f(x) is unique. 


Find a function f such that the graph of f has a horizontal 
tangent at (2, 0) and f”(x) = 2x. 


The graph of f’ is shown. Sketch the graph of f given that f is 
continuous and f(0) = 1. 


1,0sx<2 


If f(x) = ie eer f is continuous, and f(1) = 3, 


find f. Is f differentiable at x = 2? 

Let s(x) and c(x) be two functions satisfying s(x) = c(x) and 
c(x) = —s(x) for all x. If s(0) = 0 and c(0) = 1, prove that 
[s@)P + [e@)P = 1. 


Putnam Exam Challenge 


97. 


Suppose f and g are nonconstant, differentiable, real-valued 
functions on R. Furthermore, suppose that for each pair of 
real numbers x and y, f(x + y) = ffy) — g(x)g(y) and 
g(x + y) = f(x)g(y) + g@) f(y). If f0) = 0, prove that 
(f(x)? + (g(x))? = 1 for all x. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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E Aree 


e Use sigma notation to write and evaluate a sum. 
Understand the concept of area. 

e Approximate the area of a plane region. 

Find the area of a plane region using limits. 


Sigma Notation 


In the preceding section, you studied antidifferentiation. In this section, you will look 
further into a problem introduced in Section |.1—that of finding the area of a region 
in the plane. At first glance, these two ideas may seem unrelated, but you will discover 
in Section 4.4 that they are closely related by an extremely important theorem called 
the Fundamental Theorem of Calculus. 

This section begins by introducing a concise notation for sums. This notation is 
called sigma notation because it uses the uppercase Greek letter sigma, written as È. 


Sigma Notation 


The sum of n terms 4}, 45, 43,. . ., a, is written as 


n 
Sa a, +a, +a, +> 2-46 
i=1 


n 


where 7 is the index of summation, a, is the ith term of the sum, and the 
upper and lower bounds of summation are n and 1. 


NOTE The upper and lower bounds must be constant with respect to the index of summation. 
However, the lower bound doesn’t have to be 1. Any integer less than or equal to the upper 
bound is legitimate. 


EXAMPLE | Examples of Sigma Notation 


i=1+2+3+4+5+6 


§ 
Ma 


ll 
= 


(i+1)=1+2+3+4+5+6 


= 
Mae 


ll 
(= 


P =3+48+5++0++7 


Sa 
ll 
w 


Me 


i 


(+1) =A(P 41) 222+ 14-0 + (n? + 1) 


tos 
i 
i a 


= 
M: 
ale 


fx) Ax = fe) Ax + f(x) Axe o + fle) Ax 


iah 


ll 
=. 


FOR FURTHER INFORMATION For a 
geometric interpretation of summation 


formulas; see the article; “Looking at From parts (a) and (b), notice that the same sum can be represented in different ways 


i 2 using sigma notation. — 
5 k and ` k? Geometrically” by Eric 
l = 


| Try tt | 
Hegblom in Mathematics Teacher. Lory 1_| 


= Although any variable can be used as the index of summation i, j, and k are often 
MathArticle used. Notice in Example 1 that the index of summation does not appear in the terms 


of the expanded sum. 
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The following properties of summation can be derived using the associative and 
THE SUM OF THE First 100 INTEGERS commutative properties of addition and the distributive property of addition over 
Carl Friedrich Gauss’s (1777-1855) teacher multiplication. (In the first property, k is a constant.) 
asked him to add all the integers from | to n n 
100. When Gauss returned with the correct 1. > ka, = ky. a; 
answer after only a few moments, the teacher i=l i=l 
could only look at him in astounded silence. n < a 
. +b) = a+ 
This is what Gauss did: 2 2 bi) xe De 
ap Bap Bap cee sp 10) The next theorem lists some useful formulas for sums of powers. A proof of this 
LOO eee o aae l theorem is given in Appendix A. 
HO se O se iM se eee se il(Oil 
m, 101 _ 5050 
THEOREM 4.2 Summation Formulas 
This is generalized by Theorem 4.2, where 
109 100(101 1 5 2 5 ea 
- dc=cn > — 
Si = WO) 550, i=1 i=1 2 
t=1 
3, n 2 = n(n + 1)(2n + 1) 4. 5o _ n(n + 1)? 
= 6 =) 4 
EXAMPLE 2 Evaluating a Sum 
nit 
Evaluate 5 z2 for n = 10, 100, 1000, and 10,000. 
= 
Solution Applying Theorem 4.2, you can write 
nit 1 
> 7) = mae + 1) Factor constant 1/n? out of sum. 
1 n . n 
= Xi ga >, 1 Write as two sums. 
MeN aE 
[e +a] Apply Th 4.2 
=|= +n ae 
Ritl nt+3 v| 2 eae mere 
w 2 nm è 2n 
í=1 1 |n? + 3n 
=r a Simplify. 
10 0.65000 n 2 
100 0.51500 ft #3. Simpli 
= Zn implify. 
1,000 0.50150 
10,000 0.50015 Now you can evaluate the sum by substituting the appropriate values of n, as shown 
in the table at the left. = 


In the table, note that the sum appears to approach a limit as n increases. Although 
the discussion of limits at infinity in Section 3.5 applies to a variable x, where x can 
be any real number, many of the same results hold true for limits involving the 


variable n, where n is restricted to positive integer values. So, to find the limit of 
(n + 3)/2n as n approaches infinity, you can write 


> nt3 1 
lim =>: 


n= 2n 2 
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Area 


In Euclidean geometry, the simplest type of plane region is a rectangle. Although 
people often say that the formula for the area of a rectangle is A = bh, as shown in 
Figure 4.5, it is actually more proper to say that this is the definition of the area of a 
b rectangle. 

Rectangle: A = bh From this definition, you can develop formulas for the areas of many other plane 
Figure 4.5 regions. For example, to determine the area of a triangle, you can form a rectangle 
whose area is twice that of the triangle, as shown in Figure 4.6. Once you know 
how to find the area of a triangle, you can determine the area of any polygon by 
subdividing the polygon into triangular regions, as shown in Figure 4.7. 


b 


Triangle: A = tbh 
Figure 4.6 


Parallelogram Hexagon Polygon 
Figure 4.7 


Finding the areas of regions other than polygons is more difficult. The ancient 
ARCHIMEDES (287-212 B.C.) Greeks were able to determine formulas for the areas of some general regions 
Archimedes used the method of exhaustion to (principally those bounded by conics) by the exhaustion method. The clearest 
derive formulas for the areas of ellipses, description of this method was given by Archimedes. Essentially, the method is a 
parabolic segments, and sectors of a spiral. limiting process in which the area is squeezed between two polygons—one inscribed 

He is considered to have been the greatest in the region and one circumscribed about the region. 
SIS GaI De NE en NY For instance, in Figure 4.8 the area of a circular region is approximated by an 
n-sided inscribed polygon and an n-sided circumscribed polygon. For each value of n 
the area of the inscribed polygon is less than the area of the circle, and the area of the 

jathBio : : : : é 
circumscribed polygon is greater than the area of the circle. Moreover, as n increases, 
the areas of both polygons become better and better approximations of the area of 
the circle. 


n=6 


FOR FURTHER INFORMATION For an 

alternative development of the formula for 
the area of a circle, see the article “Proof . 
Without Words: Area of a Disk is mR?” Figure 4.8 


by Russell Jay Hendel in Mathematics =e eee! 
Magazine. 


| Matharticle | A process that is similar to that used by Archimedes to determine the area of a 
plane region is used in the remaining examples in this section. 


The exhaustion method for finding the area of a circular region 
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The Area of a Plane Region 


Recall from Section 1.1 that the origins of calculus are connected to two classic 
problems: the tangent line problem and the area problem. Example 3 begins the 
investigation of the area problem. 


EXAMPLE 3 Approximating the Area of a Plane Region 


l Use the five rectangles in Figure 4.9(a) and (b) to find two approximations of the area 
‘ Foes of the region lying between the graph of 
f(x) = -x? +5 

4 = 

and the x-axis between x = 0 and x = 2. 
3 + 

Solution 
2 ss 


a. The right endpoints of the five intervals are 2i, where i = 1, 2, 3, 4, 5. The width 
of each rectangle is A and the height of each rectangle can be obtained by evaluating 
f at the right endpoint of each interval. 


j [o z] É t E ‘| E | E =| 
SILE SF LESILE SP LS’ 5 


(a) The area of the parabolic region is greater t t i t t 
than the area of the rectangles. 


Evaluate f at the right endpoints of these intervals. 


y The sum of the areas of the five rectangles is 
A 
5 Height Width 
SS E a 
4 ER 5 5 2 
7 2i\ {2 2i 2 162 
= llz/= —-(>] +5||7] = +e = 648. 
3+ 3(5) (5) >>| G IG) 25 
Because each of the five rectangles lies inside the parabolic region, you can 
25 conclude that the area of the parabolic region is greater than 6.48. 
it b. The left endpoints of the five intervals are (i — 1), where i = 1, 2,3, 4,5. The 
width of each rectangle is 2 and the height of each rectangle can be obtained by 
: y r n evaluating f at the left endpoint of each interval. 
5 5 5 5 E 
Height Width 
(b) The area of the parabolic region is less Å— ee 
than the area of the rectangles. 5 2j > P 2 > 2 202 
ren 0-8-2) Dga 
3S) - 3 5) = 35 808 


Because the parabolic region lies within the union of the five rectangular regions, 
you can conclude that the area of the parabolic region is less than 8.08. 


By combining the results in parts (a) and (b), you can conclude that 
6.48 < (Area of region) < 8.08. 


Ee) eee] (eee Cie] 
NOTE By increasing the number of rectangles used in Example 3, you can obtain closer and 


closer approximations of the area of the region. For instance, using 25 rectangles of width x 
each, you can conclude that 


7.17 < (Area of region) < 7.49. 


The region under a curve 
Figure 4.10 


The interval [a, b] is divided into n 
=q 


subintervals of width Ax = 


Figure 4.11 
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Upper and Lower Sums 


The procedure used in Example 3 can be generalized as follows. Consider a plane 
region bounded above by the graph of a nonnegative, continuous function y = f(x), as 
shown in Figure 4.10. The region is bounded below by the x-axis, and the left and right 
boundaries of the region are the vertical lines x = a and x = b. 

To approximate the area of the region, begin by subdividing the interval [a, b] into 
n subintervals, each of width Ax = (b — a)/n, as shown in Figure 4.11. The 
endpoints of the intervals are as follows. 


a= Xo xy X xX, =b 


a + 0(Ax) < a + 1(Ax) < a + 2(Ax) < ++ + < a + n(Ax) 


Because f is continuous, the Extreme Value Theorem guarantees the existence of a 
minimum and a maximum value of f(x) in each subinterval. 


f(m;) = Minimum value of f(x) in ith subinterval 
f(M,) = Maximum value of f(x) in ith subinterval 


Next, define an inscribed rectangle lying inside the ith subregion and a 
circumscribed rectangle extending outside the ith subregion. The height of the ith 
inscribed rectangle is f(m,) and the height of the ith circumscribed rectangle is f(M,). 
For each i, the area of the inscribed rectangle is less than or equal to the area of the 
circumscribed rectangle. 


= of inscribed 


Area of o 
rectangle 


rectangle 


) = fm) Ax < fM) Ax = 


The sum of the areas of the inscribed rectangles is called a lower sum, and the sum 
of the areas of the circumscribed rectangles is called an upper sum. 


n 
Lower sum = s(n) = > f(m;) Ax Area of inscribed rectangles 
i=1 


n 
Upper sum = S$ (n) = > f(M s) Ax Area of circumscribed rectangles 
i=1 


From Figure 4.12, you can see that the lower sum s(n) is less than or equal to the upper 
sum S(n). Moreover, the actual area of the region lies between these two sums. 


s(n) < (Area of region) < S(n) 


y 
i y=f(x) A : y=foo 
s(n) S(n) 
a b * a b a 
Area of inscribed rectangles Area of region Area of circumscribed 
is less than area of region. rectangles is greater than 
area of region. 
Figure 4.12 


As n increases, both the lower sum s(n) and the upper sum S(n) become closer to the 
actual area of the region. View the animation to see this. 


[Animation | 
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O= 


Circumscribed rectangles 
Figure 4.13 


| Editate Graph | 
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EXAMPLE 4 Finding Upper and Lower Sums for a Region 


Find the upper and lower sums for the region bounded by the graph of f(x) = x? and 
the x-axis between x = 0 and x = 2. 


Solution To begin, partition the interval [0, 2] into n subintervals, each of width 


b-a 2-0 2 


n n n 


Ax 


Figure 4.13 shows the endpoints of the subintervals and several inscribed and 
circumscribed rectangles. Because f is increasing on the interval [0, 2], the minimum 
value on each subinterval occurs at the left endpoint, and the maximum value occurs 
at the right endpoint. 


Left Endpoints Right Endpoints 


u,=0+i(2) = 
n 


n 


n 


m,=0+(i- (2) 2(i — 1) 


á n 


Using the left endpoints, the lower sum is 
g n | 2(i — 1)]|/2 
sn) = Í fm) ax = $ | —](2) 
= =| 


$27) 
Gje = 2 +1) 


II 
Ms 


ll 
m 


z ($2 -23i+ $1) 
M \i=1 iZ 1 
8 Jn(n + 1)(2n + 1) | a|% + 2| " 
n> 6 2 ý 
= S (2n — 3n? + n) 
84,4 | 
= 3 n aar ower sum 


Using the right endpoints, the upper sum is 


o. 


M: 


ll 
ml 


S(n) = > f(M,) Ax = 


II 
iM: 
—— 
=|& 
Me 

N 
DEN 
3 [N 
SS 


ll 
mn 


II 
Ms 
aS 
RA oo 
i 

~ 

N 


o0 


_ [£ + Dn + 2] 


= 
w 


4 
= 3 en + 3n? + n) 


4 4 
= 3 oo EE Upper sum 


n 3n? 
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Example 4 illustrates some important things about lower and upper sums. First, 
notice that for any value of n, the lower sum is less than (or equal to) the upper sum. 


For the region given in Example 4, 8 4 4 8 4 4 
evaluate the lower sum s(n) == —-——+ Kn at a S(n) 
3 n m 3 n 3n 
8 4 4 . F ; 
s(n) = an SF oe Second, the difference between these two sums lessens as n increases. In fact, if you 


take the limits as n > oo, both the upper sum and the lower sum approach 3. 
and the upper sum 


lim s(n) = lim (3 + a ) ? Li limit 

= = = ower sum limi 
S(n) = 8 a ote noo n>00 \3 n 3n? 3 i 

3 m Be 
li li 4 1 4 8 PT 
for n = 10, 100, and 1000. Use your ee S(n) = N3 = a 32) 3 Upper sum limit 
results to determine the area of the 
region. The next theorem shows that the equivalence of the limits (as n —> co) of the upper 
g q 


and lower sums is not mere coincidence. It is true for all functions that are continuous 
and nonnegative on the closed interval [a, b]. The proof of this theorem is best left to 
a course in advanced calculus. 


THEOREM 4.3 Limits of the Lower and Upper Sums 


Let f be continuous and nonnegative on the interval [a, b]. The limits as n > 00 
of both the lower and upper sums exist and are equal to each other. That is, 
n 
lim s(n) = lim 5 f(m,) Ax 
noo n—-oo i=] 
n 


lim Y f(M,) Ax 
1 


noo # 


= lim S(n) 


noo 


where Ax = (b — a)/n and f(m,) and f(M,) are the minimum and maximum 
values of f on the subinterval. 


Because the same limit is attained for both the minimum value f(m,) and the 
maximum value f(M,), it follows from the Squeeze Theorem (Theorem 1.8) that the 
choice of x in the ith subinterval does not affect the limit. This means that you are free 
to choose an arbitrary x-value in the ith subinterval, as in the following definition of 
the area of a region in the plane. 


Definition of the Area of a Region in the Plane 


Let f be continuous and nonnegative on the interval [a, b]. The area of the 
region bounded by the graph of f, the x-axis, and the vertical lines x = a and 
x = bis 


n 
Area = lim È f(c,)Ax, x1 S c 
n= i=1 


The width of the ith subinterval is 
Ax = x; — Xiop where Ax = (b — a)/n (see Figure 4.14). 


Figure 4.14 
| Video _| 
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EXAMPLE 5 Finding Area by the Limit Definition 
A Find the area of the region bounded by the graph f(x) = x3, the x-axis, and the vertical 


lines x = 0 and x = 1, as shown in Figure 4.15. 


d, 1) 


Solution Begin by noting that f is continuous and nonnegative on the interval [0, 1]. 
Next, partition the interval [0,1] into n subintervals, each of width Ax = 1/n. 
According to the definition of area, you can choose any x-value in the ith subinterval. 
For this example, the right endpoints c; = i/n are convenient. 


n 7\3 1 i 
Area = m $) Ax = m 3) (2) Right endpoints: c; = F 
_ i 1 n eA 
The area of the region bounded by the (graph = m niĉ X 
of f, the x-axis, x = 0, and x = 1isį. E 
Figure 4.15 BETA 1 [n?n + 1)? 
nro ní 4 
[en] mitted) 
noo \4 2n 4n? 
-1 
4 
The area of the region is ie 
[myi] [EsplorationA 
y 
A EXAMPLE 6 Finding Area by the Limit Definition 
ij Pe ee Find the area of the region bounded by the graph of f(x) = 4 — x?, the x-axis, and the 


vertical lines x = 1 and x = 2, as shown in Figure 4.16. 


Solution The function f is continuous and nonnegative on the interval [1, 2], and so 
begin by partitioning the interval into n subintervals, each of width Ax = 1/n. 
Choosing the right endpoint 


2+ i 
c;=at+iAx=1+ z Right endpoints 
n 
i+ of each subinterval, you obtain 
Area = lim $ fc) = lim >|4 = (1 F i) 
noo n> AF) n n 
2 e 2i P\/A 
-a a a),) 
The area of the region bounded by the graph : 1 Dearie 12. 
of f, the x-axis, x = 1, and x = 2is}. eS n a3 E aul T 432) 
Figure 4.16 = ae = 
a = jim |3- (1+1) - ($+ +5) 
1 
=3-1-- 
3 
-5 
3 
The area of the region is 5, — 
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The last example in this section looks at a region that is bounded by the y-axis 
(rather than by the x-axis). 


EXAMPLE7 A Region Bounded by the y-axis 


4 Find the area of the region bounded by the graph of f(y) = y? and the y-axis for 
0 < y < 1, as shown in Figure 4.17. 


Solution When f is a continuous, nonnegative function of y, you still can use the 
1 ad, ) same basic procedure shown in Examples 5 and 6. Begin by partitioning the interval 
[0, 1] into n subintervals, each of width Ay = 1/n. Then, using the upper endpoints 
c; = i/n, you obtain 


. n . n i 2 1 ; 
fo) =y? Area = jim > f(c;) Ay = m 2 (4) Upper endpoints: c; = = 
1 n 
= lim 4:2 
ł pg n0 eee 
(0, 0) 1 i 1 E + 1)(2n + 2| 
= lim 
The area of the region bounded by the graph n>% n? 6 
of f and the y-axis for 0 < y < Lis 1 1 1 1 
Figure 4.17 = lim ( + 7 + +) 
3 
The area of the region is 5. — 
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Exercises for Section 4.2 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-6, find the sum. Use the summation capabilities 13 E (1 \"(3) [2 (1 2)"1(3) 


of a graphing utility to verify your result. n 


= e- 


n n 


S 


(2i + 1) 2. 


Ma 
Meo 


1. 


ll 

> 
I 

w 


a 1 5 1 
3 ` e+] 4 È In Exercises 15-20, use the properties of summation and 
wi T Theorem 4.2 to evaluate the sum. Use the summation capabili- 
5 5 c 6 5 [i — 1)? + (i+ 1)] ties of a graphing utility to verify your result. 
k=1 i=l 20 15 
i , i , 15. X,2i 16. X (2i — 3) 
In Exercises 7-14, use sigma notation to write the sum. = = 
20 10 
TE de a oy E. 17. Say 18. X (i? — 1) 
"3(1) © 3(2) 36) 39) * 
Poe om LER: ae ee E 19. X i= 1) 20. X i(i? + 1) 
1+1 1+2 1+3` "1415 i=) a 
9, sli) f 3| f |3(2) f 3| kewaa 13(2) f J Ay In Exercises 21 and 22, use the summation capabilities of a 
8 8 8 graphing utility to evaluate the sum. Then use the properties of 
(7) | be ed [i () | summation and Theorem 4.2 to verify the sum. 
4 4 


F + «LC -C) mae 
Aa ea calc aaea 
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In Exercises 23-26, bound the area of the shaded region by n Exercises 35-38%, use the summation formulas to rewrite the 
approximating the upper and lower sums. Use rectangles of expression without the summation notation. Use the result to 
width 1. find the sum for n = 10, 100, 1000, and 10,000. 
23. 21 +1 2 Aj + 
j 35. X mS 
j=) 1 jar 
n 6k(k — 1) n Ai>(i — 1) 
37. D 38. 2 


k=1 i=l 


In Exercises 39-44, find a formula for the sum of n terms. Use 
the formula to find the limit as n > oo. 


39. lim X É 40. lim S (22) 
i=1 


no 1 n nwo n n 
25. n a 2i\7/2 
$ tye 2 * x 4l i 4 
41. lim » 2 (Gi — 1) 42. tim. $ (1 zi) (2) 


n ; n ;\3 
43. lim (i + £\(2) 44. lim $h + z) (£) 
noo n now & 


i=1 


45. Numerical Reasoning Consider a triangle of area 2 bounded 
by the graphs of y = x, y = 0, and x = 2. 


(a) Sketch the region. 
(b) Divide the interval [0, 2] into n subintervals of equal width 


In Exercises 27-30, use upper and lower sums to approximate and show that the endpoints are 
the area of the region using the given number of subintervals (of 2 2 2 
x 0< I5] <: <(n-1)|=]< n= 
equal width). n n 
n f 2 2 
27. y= Vx 28. y= /x +2 (c) Show that s(n) = Sh »(2)|(2) 
i=1 
af. e212 
(d) Show that S(n) = X fil =} |{ =]. 
1 AL \n/ d\n 
(e) Complete the table. [_ 7]. |... | ~ |... 1 
n 5 10 50 | 100 
s(n) 
a S(n) 
(f) Show that lim s(n) = lim S(n) = 2. 
29. yr 30. y= 1 — x2 n= n= 
46. Numerical Reasoning Consider a trapezoid of area 4 bounded 
y y by the graphs of y = x, y = 0, x = 1, and x = 3. 
{ i (a) Sketch the region. 
{ie i (b) Divide the interval [1, 3] into n subintervals of equal width 
and show that the endpoints are 
l 2 2 2 
t<i?) <i + (n D) <1 + af ) 
t t =z n n n 
1 2 H d a Nive 
(c) Show that s(n) = S| + (i D J ) 
= nj \\n 
In Exercises 31—34, find the limit of s(n) as n > 00. (d) Show that S(a) = 5 [i ; (B8). 
= I 
81 n(n + =) ae 
31. r |=. —— ; 
s(n) A | a (e) Complete the table Fs 5 i0 50 | 100 
+ + 
32. s(n) = | a 1)(2n 2| v 
n 6 
S(n) 
_ 18|na(n+ 1) _ Ifntn + 1) 
33. s(n) = 2 je l 34. s(n) = = lee 


(f) Show that lim s(n) = lim S(n) = 4. 


In Exercises 47—56, use the limit process to find the area of the 
region between the graph of the function and the x-axis over the 
given interval. Sketch the region. 


47. y= —2x+3, [0,1] 48. y=3x— 4, [2,5] 
49. y=x? +2, [0,1] 50. y=x? +1, [0,3] 
51. y=16- x, [1,3] 52.y=1-x%, [iA] 
53. y= 64 — x?, [1,4] 54. y= 2x- x, [0,1] 
55. y= p= [F1] 56. y=x?— x, [-1,0] 


In Exercises 57-62, use the limit process to find the area of the 
region between the graph of the function and the y-axis over the 
given y-interval. Sketch the region. 


57. f(y) =3y,0<y<2 58. g(y) =3y,2sy <4 
59. f(y) =y, 0<y<3 60. f(y) =4y-y,1sys2 
61. g(y) = 4 — yl < y < 3 62. hly) =y» +1,1 <y<2 


In Exercises 63-66, use the Midpoint Rule 


_< Xi + Xii 
Area = 2 f ( 5 Jax 
with n = 4 to approximate the area of the region bounded 
by the graph of the function and the x-axis over the given inter- 
val. 


63. f(x) =x? +3, [0,2] 64. f(x) =x? + 4x, [0,4] 


65. f(x) = tan x, [o, z] 66. f(x) = sin x, [o, z 


Programming Write a program for a graphing utility to 
approximate areas by using the Midpoint Rule. Assume that the 
function is positive over the given interval and the subintervals 
are of equal width. In Exercises 67-70, use the program to 
approximate the area of the region between the graph of the func- 
tion and the x-axis over the given interval, and complete the table. 


n 4 8 12 | 16 | 20 


Approximate Area 


68. f(x) = $ [2, 6] 


67. f(x) = Vx, [0, 4] x2 + N 


69. f(x) = tan( =) [1, 3] 70. f(x) = cos Vx, [0,2] 


Writing About Concepts 


Approximation In Exercises 71 and 72, determine which 
value best approximates the area of the region between the 
x-axis and the graph of the function over the given interval. 
(Make your selection on the basis of a sketch of the region 
and not by performing calculations.) 


71. f(x) =4-x?, [0,2] 
(a) -2 (b)6 (c) 10 (d3 (e) 8 
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Writing About Concepts (continued) 


. f(x) = sin a [0, 4] 


(b) 1 


(a) 3 (c) -2 (d)8 (e) 6 


. In your own words and using appropriate figures, describe 
the methods of upper sums and lower sums in approximating 
the area of a region. 


. Give the definition of the area of a region in the plane. 


75. Graphical Reasoning Consider the region bounded by the 
graphs of 


8x 
xt 


f(x) = 


x = 0, x = 4, and y = 0, as shown in the figure. To print an 
enlarged copy of the graph, select the MathGraph button. 


(a) Redraw the figure, and complete and shade the rectangles 
representing the lower sum when n = 4. Find this lower sum. 


(b) Redraw the figure, and complete and shade the rectangles 
representing the upper sum when n = 4. Find this upper 
sum. 


(c) Redraw the figure, and complete and shade the rectangles 
whose heights are determined by the functional values at 
the midpoint of each subinterval when n = 4. Find this sum 
using the Midpoint Rule. 


(d) Verify the following formulas for approximating the area of 
the region using n subintervals of equal width. 


Lower sum: s(n) = Dy [e T D$] (a) 
Upper sum: sin) = $ y |04] (4) 


i=1 


-dooi -Š plf; 14/4 
Midpoint Rule: M(n) = Salli 1) J ($) 
(e) Use a graphing utility and the formulas in part (d) to 
complete the table. 


n 4 8 20 | 100 | 200 
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(f) Explain why s(n) increases and S(n) decreases for 
increasing values of n, as shown in the table in part (e). 


76. Monte Carlo Method The following computer program 
approximates the area of the region under the graph of a mono- 
tonic function and above the x-axis between x = a and x = b. 
Run the program for a = 0 and b = 7/2 for several values of 
N2. Explain why the Monte Carlo Method works. [Adaptation 
of Monte Carlo Method program from James M. Sconyers, 
“Approximation of Area Under a Curve; MATHEMATICS 
TEACHER 77, no. 2 (February 1984). Copyright © 1984 by 
the National Council of Teachers of Mathematics. Reprinted 
with permission.] 


10 DEF FNF(X)=SIN(X) 

20 A=0 

30 B=n/2 

40 PRINT “Input Number of Random Points” 
50 INPUT N2 

60 N1=0 


70 IF FNF(A)>FNE(B) 
YMAX=FNF(B) 


80 FOR I=1 TO N2 

90 X=A+(B-A)*RND(1) 
100 Y=YMAX*RND(1) 
110 IF Y>=FNF(X) THEN GOTO 130 
120 NI=N1+1 
130 NEXTI 
140 AREA=(N1/N2)*(B-A)*YMAX 
150 PRINT “Approximate Area:”; AREA 
160 END 


THEN YMAX=FNF(A) ELSE 


True or False? In Exercises 77 and 78, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


77. The sum of the first n positive integers is n(n + 1)/2. 


78. If f is continuous and nonnegative on [a, b], then the limits as 
noo of its lower sum s(n) and upper sum S(n) both exist and 
are equal. 


79. Writing Use the figure to write a short paragraph explaining 
why the formula 1 +2+--+--+n= sn(n + 1) is valid for 
all positive integers n. 


bk Ik ke ae 
kk kk kk 
kb ok ok ok 
kk kK k k 
kkk Ik Kk 
kK kk kb 


Figure for 79 Figure for 80 
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80. Graphical Reasoning Consider an n-sided regular polygon 
inscribed in a circle of radius r. Join the vertices of the polygon to 
the center of the circle, forming n congruent triangles (see figure). 


(a) Determine the central angle 6 in terms of n. 
(b) Show that the area of each triangle is Sr? sin 6. 


(c) Let A, be the sum of the areas of the n triangles. Find 


lim A,,. 
noo 


81. Modeling Data The table lists the measurements of a lot 
bounded by a stream and two straight roads that meet at right 
angles, where x and y are measured in feet (see figure). 


38 0 50 | 100 | 150 | 200 | 250 | 300 


y | 450 | 362 | 305 | 268 | 245 | 156 | 0 


(a) Use the regression capabilities of a graphing utility to find 
a model of the form y = ax? + bx? + cx + d. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Use the model in part (a) to estimate the area of the lot. 


y 


Road 


450 
360 4 Stream 
: D 
270 +- : 
: pl 
180 + 
: Road 
90 + 
: : | nis even. 
+—_}+—_+—_ +} x 
50 100 150 200 250 300 
Figure for 81 Figure for 82 


82. Building Blocks A child places n cubic building blocks in a 
row to form the base of a triangular design (see figure). Each 
successive row contains two fewer blocks than the preceding 
row. Find a formula for the number of blocks used in the 
design. (Hint: The number of building blocks in the design 
depends on whether n is odd or even.) 


83. Prove each formula by mathematical induction. (You may need 
to review the method of proof by induction from a precalculus 


text.) 
(a) S2i = n(n + 1) 
A 
Aa  w(n + 1)? 
(b) a == a - 


Putnam Exam Challenge 


84. A dart, thrown at random, hits a square target. Assuming that 
any two parts of the target of equal area are equally likely to be 
hit, find the probability that the point hit is nearer to the center 
than to any edge. Write your answer in the form (a/b + c) /d, 
where a, b, c, and d are positive integers. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


Section 4.3 Riemann Sums and Definite Integrals 


? fa= ve 


The subintervals do not have equal widths. 


Figure 4.18 


| Estab Gran 


d, 1) 


The area of the region bounded by 

the graph of x = y? and the y-axis for 
O<y< lish. 

Figure 4.19 
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e Understand the definition of a Riemann sum. 
e Evaluate a definite integral using limits. 
e Evaluate a definite integral using properties of definite integrals. 


Riemann Sums 


In the definition of area given in Section 4.2, the partitions have subintervals of equal 
width. This was done only for computational convenience. The following example 
shows that it is not necessary to have subintervals of equal width. 


EXAMPLE | A Partition with Subintervals of Unequal Widths 


Consider the region bounded by the graph of f(x) = vx and the x-axis for 
0 < x < 1, as shown in Figure 4.18. Evaluate the limit 


lim È f(c) Ax; 


where c; is the right endpoint of the partition given by c; = i?/n? and Ax; is the width 
of the ith interval. 


Solution The width of the ith interval is given by 


“2 1X2 
N a 
i—i? +2i-—1 
72 
_ 2-1, 
ne 


ia “| (2 + DOn + ») 7 nin = 2) 


[Try te] [Bploratona] 

From Example 7 in Section 4.2, you know that the region shown in Figure 4.19 
has an area of i. Because the square bounded by 0 < x < 1 and O < y < 1 has an 
area of 1, you can conclude that the area of the region shown in Figure 4.18 has an 
area of Z, This agrees with the limit found in Example 1, even though that example 
used a partition having subintervals of unequal widths. The reason this particular 


partition gave the proper area is that as n increases, the width of the largest subinterval 
approaches zero. This is a key feature of the development of definite integrals. 
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In the preceding section, the limit of a sum was used to define the area of a region 

GEORG FRIEDRICH BERNHARD RIEMANN in the plane. Finding area by this means is only one of many applications involving 

(1826-1866) the limit of a sum. A similar approach can be used to determine quantities as diverse 

German mathematician Riemann did his most as arc lengths, average values, centroids, volumes, work, and surface areas. The 

famous work in the areas of non-Euclidean following definition is named after Georg Friedrich Bernhard Riemann. Although the 

geometry, differential equations, and number definite integral had been defined and used long before the time of Riemann, he 


theory. It was Riemann’s results in physics and 
mathematics that formed the structure on 
which Einstein’s theory of general relativity 
is based. 


MathBio 


generalized the concept to cover a broader category of functions. 

In the following definition of a Riemann sum, note that the function f has no 
restrictions other than being defined on the interval [a, b]. (In the preceding section, 
the function f was assumed to be continuous and nonnegative because we were 
dealing with the area under a curve.) 


Definition of a Riemann Sum 


Let f be defined on the closed interval [a, b], and let A be a partition of [a, b] 
given by 


=n < Xp <_< SH KH, SHB 


where Ax; is the width of the ith subinterval. If c, is any point in the ith sub- 
interval, then the sum 


X fei) Ax;, X- GSX 
is called a Riemann sum of f for the partition A. 
Video _| 
NOTE The sums in Section 4.2 are examples of Riemann sums, but there are more general 
Riemann sums than those covered there. 


The width of the largest subinterval of a partition A is the norm of the partition 
and is denoted by ||Al|. If every subinterval is of equal width, the partition is regular 
and the norm is denoted by 


In = a 


IAJ = Ax = 


Regular partition 


For a general partition, the norm is related to the number of subintervals of [a, b] in 
the following way. 


<n General partition 


So, the number of subintervals in a partition approaches infinity as the norm of the 
partition approaches 0. That is, ||A|]| —> 0 implies that n > 00. 
The converse of this statement is not true. For example, let A, be the partition of 


z1 
lali= 5 the interval [0, 1] given by 
Li | | | = 1 1 1 1 1 
ojl I l l 0s Sa St So << 3G 
8 4 > 2 2 8 4 2 


As shown in Figure 4.20, for any positive value of n, the norm of the partition A, is L, 
n— co does not imply that || A || — 0. So, letting n approach infinity does not force ||A|| to approach 0. In a regular partition, 
Figure 4.20 however, the statements ||A|| — 0 and n > œo are equivalent. 
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Definite Integrals 


To define the definite integral, consider the following limit. 


Ato Xe Vas 


To say that this limit exists means that for e > O there exists a 6 > 0 such that for 
every partition with ||Al| < 6 it follows that 


(This must be true for any choice of c, in the ith subinterval of A.) 


FOR FURTHER INFORMATION For Definition of a Definite Integral 
insight into the history of the definite 
integral, see the article “The Evolution 
of Integration” by A. Shenitzer and J. : 

Steprans in The American Mathematical | Aim, > f(e 


Monthly. 
exists (as described above), then f is integrable on [a, b] and the limit is 


lim È FC) Ax - [swa 


If f is defined on the closed interval [a, b] and the limit 


la> 


The limit is called the definite integral of f from a to b. The number a is the 
lower limit of integration, and the number b is the upper limit of integration. 


It is not a coincidence that the notation for definite integrals is similar to that used 
for indefinite integrals. You will see why in the next section when the Fundamental 
Theorem of Calculus is introduced. For now it is important to see that definite 
integrals and indefinite integrals are different identities. A definite integral is a 
number, whereas an indefinite integral is a family of functions. 

A sufficient condition for a function f to be integrable on [a, b] is that it is 
continuous on [a, b]. A proof of this theorem is beyond the scope of this text. 


THEOREM 4.4 Continuity Implies Integrability 


If a function f is continuous on the closed interval [a, b], then f is integrable 
on [a, b]. 


The Converse of Theorem 4.4 Is the converse of Theorem 4.4 true? That is, if a 
function is integrable, does it have to be continuous? Explain your reasoning and 
give examples. 

Describe the relationships among continuity, differentiability, and integrability. 
Which is the strongest condition? Which is the weakest? Which conditions imply 
other conditions? 
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EXAMPLE 2 Evaluating a Definite Integral as a Limit 


1 
Evaluate the definite integral f 


2x dx. 
2 


Solution The function f(x) = 2x is integrable on the interval [—2, 1] because it is 
continuous on [—2, 1]. Moreover, the definition of integrability implies that any par- 
tition whose norm approaches 0 can be used to determine the limit. For computational 
convenience, define A by subdividing [— 2, 1] into n subintervals of equal width 

y fy sige = 


A n n 


Choosing c; as the right endpoint of each subinterval produces 
c =a + i(Ax) = -2+ Ë. 


So, the definite integral is given by 


1 n 
Í ae = dm, dS) Ax; 


= lim Xe) Ax 


Because the definite integral is negative, it = lim (- 12+9+ 2) 
n 


does not represent the area of the region. 
Figure 4.21 


[e] [Try te] [Eroina] [e a] 
Because the definite integral in Example 2 is negative, it does not represent the 
area of the region shown in Figure 4.21. Definite integrals can be positive, negative, 


y or zero. For a definite integral to be interpreted as an area (as defined in Section 4.2), 
A the function f must be continuous and nonnegative on [a, b], as stated in the following 
f theorem. (The proof of this theorem is straightforward—you simply use the definition 


of area given in Section 4.2.) 


THEOREM 4.5 The Definite Integral as the Area of a Region 


If f is continuous and nonnegative on the closed interval [a, b], then the area of 
=x the region bounded by the graph of f, the x-axis, and the vertical lines x = a 
and x = b is given by 


a b 


You can use a definite integral to find the P 

area of the region bounded by the graph of Area = i f(x) dx. 
f, the x-axis, x = a, and x = b. s 
Figure 4.22 (See Figure 4.22.) 


y Jfœ)=4x- x? 


4 

Area = Í (4x — x?) dx 
0 

Figure 4.23 


NOTE The variable of integration in 
a definite integral is sometimes called 
a dummy variable because it can be 
replaced by any other variable without 
changing the value of the integral. For 
instance, the definite integrals 


[otra 


and 


[err 


have the same value. 
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As an example of Theorem 4.5, consider the region bounded by the graph of 
f(x) = 4x — x? 


and the x-axis, as shown in Figure 4.23. Because f is continuous and nonnegative on 
the closed interval [0, 4], the area of the region is 


4 
Area = f (4x — x?) dx. 
0 
A straightforward technique for evaluating a definite integral such as this will be 
discussed in Section 4.4. For now, however, you can evaluate a definite integral in two 
ways—you can use the limit definition or you can check to see whether the definite 
integral represents the area of a common geometric region such as a rectangle, triangle, 
or semicircle. 


EXAMPLE 3 Areas of Common Geometric Figures 


Sketch the region corresponding to each definite integral. Then evaluate each integral 
using a geometric formula. 


3 3 2 
a. f 4 dx b. f (x + 2) dx c. f V4 — x? dx 
1 0 -2 


Solution A sketch of each region is shown in Figure 4.24. 


a. This region is a rectangle of height 4 and width 2. 


3 
f 4 dx = (Area of rectangle) = 4(2) = 8 
1 


b. This region is a trapezoid with an altitude of 3 and parallel bases of lengths 2 and 
5. The formula for the area of a trapezoid is $h(b, + b,). 


3 
f (x + 2) dx = (Area of trapezoid) = 53) +5) = + 
0 


c. This region is a semicircle of radius 2. The formula for the area of a semicircle is 


1 
amr. 


2 
f V4 — x? dx = (Area of semicircle) = 52) = 20 
-2 


3 J@=4 | PO i 
4+ 5 4+ 
‘lll i all f@= V4-x7 

3 
i 2 
1+ 1 ee 
i x x 
1 2 3 4 12 3 4 5 -2 -1 1 2 

(a) (b) (c) 
Ea Eee A 
Figure 4.24 m 


[Try te | [Exploration A] 
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Properties of Definite Integrals 


The definition of the definite integral of f on the interval [a, b] specifies that a < b. 
Now, however, it is convenient to extend the definition to cover cases in which a = b 
ora > b. Geometrically, the following two definitions seem reasonable. For instance, 
it makes sense to define the area of a region of zero width and finite height to be 0. 


Definitions of Two Special Definite Integrals 


1. If f is defined at x = a, then we define f f(x) dx = 0. 


a b 
2. If f is integrable on [a, b], then we define f f(x) dx = = f f(x) dx. 
b 


a 


EXAMPLE 4 Evaluating Definite Integrals 


a. Because the sine function is defined at x = m, and the upper and lower limits of 
integration are equal, you can write 


Í sin x dx = 0. 


T 


b. The integral f(x + 2) dx is the same as that given in Example 3(b) except that the 
upper and lower limits are interchanged. Because the integral in Example 3(b) has 
a value of A you can write 


f e+aa=-f +ga -A 


The editable graph feature below allows you to edit the graph of a function. 


y b, 
i Pioa C 
wo d 
C U [Geaieeeee] 
In Figure 4.25, the larger region can be divided at x = c into two subregions 
whose intersection is a line segment. Because the line segment has zero area, it 


f 
I 
1 
I 
1 
I 
1 
I 
1 
1 > xX 
(A 


ú b follows that the area of the larger region is equal to the sum of the areas of the two 
— m— smaller regions. 
[F dx + Pro dx 
Figure 4.25 THEOREM 4.6 Additive Interval Property 


If f is integrable on the three closed intervals determined by a, b, and c, then 


[roa f soat f roa 


EXAMPLE 5 Using the Additive Interval Property 


1 0 1 
f |x| dx = f —xdx + f x dx Theorem 4.6 
-1 =j 0 


Area of a triangle 
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Because the definite integral is defined as the limit of a sum, it inherits the 
properties of summation given at the top of page 260. 


THEOREM 4.7 Properties of Definite Integrals 


If f and g are integrable on [a, b] and k is a constant, then the functions of kf 
and f + g are integrable on [a, b], and 


1. | oasa f(x) dx 


2. Í "i F) E g] dx = Í ' f(x) dx + Í Í g(x) dx. 


Note that Property 2 of Theorem 4.7 can be extended to cover any finite number of 
functions. For example, 


b b 


g(x) dx + f h(x) dx. 


a 


[ ‘TOs Ole Í " FO) de + f 


a 


EXAMPLE 6 Evaluation of a Definite Integral 


3 
Evaluate f (—x? + 4x — 3) dx using each of the following values. 
1 


3 3 3 
l an= S f xdx = 4, f dx= 2 
1 3 1 1 


Solution 


[etuaan] a | trac + | (—3) dx 


3 3 3 
-| var +4 ax ~ 3] a 
1 1 1 


-(%) + 4(4) — 3(2) 


y 
A 
_4 
£ ~ 3 i] 
m —— E) 
~~ M å Eee 
If f and g are continuous on the closed interval [a, b] and 


0 < f(x) < g(x) 


z p fora < x < b, the following properties are true. First, the area of the region bounded 

i A by the graph of f and the x-axis (between a and b) must be nonnegative. Second, this 
Í fio dr < Í ax) dx area must be less than or equal to the area of the region bounded by the graph of g and 
a a the x-axis (between a and b), as shown in Figure 4.26. These two results are generalized 


Figure 4.26 in Theorem 4.8. (A proof of this theorem is given in Appendix A.) 
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THEOREM 4.8 Preservation of Inequality 


1. If f is integrable and nonnegative on the closed interval [a, b], then 


0< [ rove 


2. If f and g are integrable on the closed interval [a, b] and f(x) < g(x) for 
every x in [a, b], then 


[roas] g(x) dx. 
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Exercises for Section 4.3 
The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
P 


Click on to print an enlarged copy of the graph. 


In Exercises 1 and 2, use Example 1 as a model to evaluate the In Exercises 13-22, set up a definite integral that yields the area 
limit of the region. (Do not evaluate the integral.) 

lim ¥' f(c,) Ax, 13. f(x) =3 14. f(x) =4—- 2x 

no i=l 7 


over the region bounded by the graphs of the equations. 
1. fi) = Vx, y=0, x=0, x=3 

(Hint: Let c; = 3i7/n?.) 
2. fy =x, y=0, x=0, x= 1 


(Hint: Let c; = i?/n?.) 
>x 
3 
In Exercises 3-8, evaluate the definite integral by the limit 
definition. 
10 3 
3. Í 6 dx 4. Í x dx 
4 =A 
1 3 
5. Í X dx 6. Í 3x? dx 
=j 1 
2 2 
7. Í (x? + 1) dx 8. (3x2 + 2) dx 
1 =] 
|x 
In Exercises 9-12, write the limit as a definite integral on the 3 
interval [a, b], where c; is any point in the ith subinterval. 
Limit Interval 
n y 
9. lim X, (3c; + 10) Ax; [-1, 5] 1 
Al|>0 j=) 
n 2 pA e 
10. lim X, 6c;(4 — c;)? Ax; [0, 4] 
Al—=0 f=) 
11. lim ` Vc? + 4Ax; [0, 3] y- 6U~ 
Al|>0 j=) 
: “(3 |x 
12. lim (3) Ax, 1,3 =e = 
Also > 2 i [ ] 1 1 


19. f(x) = sinx 20. f(x) = tanx 


y y 
A A 
dee 1+ 
x t t > xX 
a m T T 
2 4 2 
21. g(y) =y? 22. f(y) = (y — 2) 
x y 
A 
Ao 
cee 
2 
14 
> XxX t + ł >X 
1 3 4 


In Exercises 23-32, sketch the region whose area is given by the 
definite integral. Then use a geometric formula to evaluate the 
integral (a > 0,r > 0). 


3 a 
23. Í 4 dx 24. Í 4 dx 
S a 
25. Í xdx 26. Í = dx 
0 0 2 
2 8 
27. Í (2x + 5) dx 28. Í (8 — x) dx 
0 0 
1 a 
29. (1 = |x|) dx 30. (a — |x|) dx 
=i =å 
3 r 
31. V9 — x dx 32. Vr? — x? dx 
=3 =F 


In Exercises 33-40, evaluate the integral using the following 
values. 


4 4 4 
[sae = 0, [rar =6, [jae=2 
2 2 2 


2 
33. Í xdx 
4 


2 
34. [= dx 
4 
35. fira 


4 
36. Í 15 dx 


37. Í a — 8) dx 


A 
38. Í (x3 + 4) dx 


41. 


42. 


43. 


44. 


45. 


46. 
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Q 
= 

ro} 

= 

a wn 

pe 

GJ 
S 
ll 


10 and L f(x) dx = 3, evaluate 
5 


7 0 
(a) | f(x) dx (b) Í f(x) dx. 
0 5 
5 5 
© | roa @ | aar 
5 0 
Given [reo dx = 4 and [re dx = —1, evaluate 
0 3 


6 3 
ü Í jia (b) Í fle) de: 
0 6 


3 6 
(c) Í f(x) dx. (d) Í =5f(x) dx. 
3 3 


Given f° f(x)dx = 10 and L g(x) dx = —2, evaluate 
2 2 


6 6 
@ Í O + gold O) Í Lela) — F(a)] a. 


6 6 
(c) Í 2g(x) dx. (d) Í 3f (x) dx. 
2 2 
Given f f(x) dx = 0 and | ' f(x) dx = 5, evaluate 
-1 0 


0 


a) | f (x) dx. (b) Í f(x) dx — [ f(x) dx. 


1 
(c) 3f(x) dx. 


=j 


1 
(d) Í 3f (x) dx. 
0 


Use the table of values to find lower and upper estimates of 


10 

Í f (x) dx. 
0 

Assume that f is a decreasing function. 
x 0 2 4 6 8 10 
fœ) | 32 24 12 =4 | —20 | =36 


Use the table of values to estimate 
6 

Í f(x) dx. 
0 


Use three equal subintervals and the (a) left endpoints, (b) right 
endpoints, and (c) midpoints. If f is an increasing function, 
how does each estimate compare with the actual value? Explain 
your reasoning. 


a 0 1 2 3 4 5 6 


f(x) | -6] 0 8 18 | 30 | 50 | 80 
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47. Think About It The graph of f consists of line segments and 


48. 


49. 


a semicircle, as shown in the figure. Evaluate each definite 
integral by using geometric formulas. 


A (4, 2) 


(-4,-1) 


6 
(b) Í fx) dx 
2 


2 
(a) Í F(x) dx 
0 


© | fora @ f fea 


6 6 
© | mola O | Le + 2a 

-4 —4 
Think About It The graph of f consists of line segments, as 
shown in the figure. Evaluate each definite integral by using 
geometric formulas. 


3 F (3,2) (4,2) 


silt (8, -2) 
aa 
1 4 
a | ea © | 3.40) a 
0 3 
7 11 
(c) | f(x) dx (d) Í f(x) dx 
A am 
(e) f(x) dx 


(f) | f(x) dx 
4 


Think About It Consider the function f that is continuous on 
the interval [—5, 5] and for which 


f f(x) dx = 4. 


Evaluate each integral. 


5 
© [ [ray + 2a 
0 
3 
(b) Í f(x + 2) dx 
-2 
5 
(c) Í f(x) dx (f is even.) 
-5 


5 
(d) Í f(x) dx (f is odd.) 
-5 
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. Think Abou A function f 1s defined below. Use geometric 
formulas to find fe f(x) dx. 
4, x<4 
fa) = 
x x24 


In Exercises 51 and 52, use the figure to fill in the blank with 
the symbol <, >, or =. 


> xX 


————a 
cy a per ae | 
23 4 5 6 


. The interval [1, 5] is partitioned into n subintervals of equal 
width Ax, and x; is the left endpoint of the ith subinterval. 


> sls) Ax Í fa) de 


. The interval [1, 5] is partitioned into n subintervals of equal 
width Ax, and x; is the right endpoint of the ith subinterval. 


Í f(x) dx 


$ f(x;) Ax 


. Determine whether the function f(x) = is integrable 


on the interval [3, 5]. Explain. 


. Give an example of a function that is integrable on the 
interval [—1, 1], but not continuous on [— 1, 1]. 


In Exercises 55-58, determine which value best approximates 
the definite integral. Make your selection on the basis of a 
sketch. 


4 
55. Í Jx dx 
0 


(a) 5 (b) —3 (c) 10 (d) 2 (e) 8 


1/2 
56. Í 4 cos mx dx 
0 


@)4 $ (© 16 (d) 2m  (e)-6 


1 
57. Í 2 sin mx dx 
0 


(a6 Oi ©4 f 


58. fo + Sx) dx 


(a) —3 (b) 9 (c) 27 (d) 3 


Programming Write a program for your graphing utility to 


approximate a definite integral using the Riemann sum 


$ Me) Ax; 


where the subintervals are of equal width. The output should 
give three approximations of the integral where c; is the left- 
hand endpoint L(n), midpoint M(n), and right-hand endpoint 


R(n) of each subinterval. In Exercises 59-62, use the program 
to approximate the definite integral and complete the table. 
n 4 8 12 16 20 
L(n) 
R(n) 
3 3 5 
59. Í x/3 —xdx 60. Í A dx 
0 op werd 


61 


True or False? 


1/2 3 
š Í sin? x dx 62. Í x sin x dx 
0 0 


In Exercises 63-68, determine whether the 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


63 


6 


A 


65. 


66. 


67. 


68. 


69. 


b b b 
| [f(x) ssa | f(x) ax | a(x) dx 


f MOE | Í ES af Í w a| 


If the norm of a partition approaches zero, then the number of 
subintervals approaches infinity. 


If f is increasing on [a, b], then the minimum value of f(x) on 
[a, b] is f(a). 


The value of 


b 
Í f(x)dx 


must be positive. 


The value of 


f 


is 0. 


sin (x?) dx 


Find the Riemann sum for 


f(x) = x? + 3x 


over the interval [0, 8], where x) = 0, x, = 1, x» = 3, x3 = 7, 


and x, = 8, and where c, = 1, c, = 2, c3 = 5, andc, = 8. 


70. 


71. 


72. 


73. 


74. 


75. 


76. 


77. 
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Figure for 69 Figure for 70 


Find the Riemann sum for f(x) = sinx over the interval 
[0,27], where x) = 0, x, = 7/4, x, = 7/3, x, = m, and 
X, = 2a, and where c, = 7/6, cy = 7/3, c, = 27/3, and 
C4 = 37/2. 


b 2_ 2 
Prove that | xdx = 4 7 a 
b 3. 3 
Prove that if x dx = b 3 g 
Think About It Determine whether the Dirichlet function 


1, xis rational 


0, xis irrational 


w] 


is integrable on the interval [0, 1]. Explain. 


Suppose the function f is defined on [0, 1], as shown in the 
figure. 


0, x=0 
x)= j1 
fa) = O<x<l 
x 
y 
A 
5.0-- 
40+ 
30- 
2.0 + 
1.0 + 
+-—}+—@—_}—_+—_|—__ > x 
-0.5 | 05 1.0 1.5 2.0 


Show that J, f(x) dx does not exist. Why doesn’t this contradict 
Theorem 4.4? 


Find the constants a and b that maximize the value of 
b 
Í (1 — x?) dx. 


Explain your reasoning. 
2 
Evaluate, if possible, the integral | [x] dx. 
0 
Determine 


P 3? +++ +4 


: 1 
lim = 
noo N 


[12 4 n?| 


by using an appropriate Riemann sum. 
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Section 4.4 The Fundamental Theorem of Calculus 


Evaluate a definite integral using the Fundamental Theorem of Calculus. 
Understand and use the Mean Value Theorem for Integrals. 

Find the average value of a function over a closed interval. 

Understand and use the Second Fundamental Theorem of Calculus. 


The Fundamental Theorem of Calculus 


You have now been introduced to the two major branches of calculus: differential 
calculus (introduced with the tangent line problem) and integral calculus (introduced 
with the area problem). At this point, these two problems might seem unrelated—but 


Integration and Antidifferentiation 
Throughout this chapter, you have been 
using the integral sign to denote an 


antiderivative (a family of functions) there is a very close connection. The connection was discovered independently by 

and a definite integral (a number). Isaac Newton and Gottfried Leibniz and is stated in a theorem that is appropriately 
called the Fundamental Theorem of Calculus. 

Antidifferentiation: I f(x) dx Informally, the theorem states that differentiation and (definite) integration are 


inverse operations, in the same sense that division and multiplication are inverse 
operations. To see how Newton and Leibniz might have anticipated this relationship, 
consider the approximations shown in Figure 4.27. The slope of the tangent line was 
defined using the quotient Ay/Ax (the slope of the secant line). Similarly, the area of 


b 
Definite integration: Í f(x) dx 


The use of this same symbol for both 


operations makes it appear that they a region under a curve was defined using the product AyAx (the area of a rectangle). 
are related. In the early work with So, at least in the primitive approximation stage, the operations of differentiation and 
calculus, however, it was not known definite integration appear to have an inverse relationship in the same sense that 
that the two operations were related. division and multiplication are inverse operations. The Fundamental Theorem of 
Do you think the symbol f was first Calculus states that the limit processes (used to define the derivative and definite 
applied to antidifferentiation or to integral) preserve this inverse relationship. 


definite integration? Explain your 
reasoning. (Hint: The symbol was 
first used by Leibniz and was derived 
from the letter S.) 


Tangent Area of 
line region 
under 
curve 
Sock Sie ie 7 
Slope = Ax Area = AyAx Area = AyAx 
(a) Differentiation (b) Definite integration 


Differentiation and definite integration have an “inverse” relationship. 
Figure 4.27 


THEOREM 4.9 The Fundamental Theorem of Calculus 


If a function f is continuous on the closed interval [a, b] and F is an antideriva- 
tive of f on the interval [a, b], then 


f f(x)dx = F(b) — F(a). 


| Video | 
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Proof The key to the proof is in writing the difference F(b) — F(a) in a convenient 
form. Let A be the following partition of [a, b]. 


Aa=X% < XS Xs t+ SH, < KH D 
By pairwise subtraction and addition of like terms, you can write 


F(b) — F(a) = F(x,) — F(x,_,) + Flp) — + - + — Fl) + F@,) — FQ) 


n 


p > Ft) Peal: 


a=} 


By the Mean Value Theorem, you know that there exists a number c; in the ith subin- 
terval such that 
F(x) — F(x) 


Fc) = P ; 
iT Xi- 


Because F’(c;) = f(c;), you can let Ax; = x; — x;_, and obtain 
F(b) — Fla) = X fle) Ax, 
i=1 


This important equation tells you that by applying the Mean Value Theorem you can 
always find a collection of c,’s such that the constant F(b) — F(a) is a Riemann sum 
of f on [a, b]. Taking the limit (as ||A|| — 0) produces 


F(b) an F(a) = f f(x) dx. eT 


The following guidelines can help you understand the use of the Fundamental 
Theorem of Calculus. 


Guidelines for Using the Fundamental Theorem of Calculus 


1. Provided you can find an antiderivative of f, you now have a way to evaluate 
a definite integral without having to use the limit of a sum. 


2. When applying the Fundamental Theorem of Calculus, the following notation 
is convenient. 


[iwas = ro] 
l = F(b) — F(a) 


b 
a 


For instance, to evaluate f? x° dx, you can write 


5 473 4 4 
34, % ee ee ee 
[ sa | j 7 7 Zi 20. 


3. It is not necessary to include a constant of integration C in the antiderivative 
because 


[se de = | Fe) + all 


SEO) Cl a) S E 
= F(b) — F(a). 


b 
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EXAMPLE | Evaluating a Definite Integral 
Evaluate each definite integral. 

2 4 7/4 
a. f (x? — 3) dx b. [ava c. Í sec? x dx 

1 ji 0 
Solution 

2 3 2 

2L = - ($-6)- (4-3) =-2 
a. Í (x? — 3) dx E ax] (3 6 3 3 3 
3/24 
b f J/xdr= afa Y2 dx = [55]. = 2(4)7/2 — 2(1) = 14 

1/4 1/4 
ef sec? x dx = tan a| =1-0=1 

0 0 
[Try te] [Elerion] [orero ] [maa 
EXAMPLE 2 A Definite Integral Involving Absolute Value 

2 
y bee Evaluate | |2x — 1| dx. 
y 0 


Solution Using Figure 4.28 and the definition of absolute value, you can rewrite the 
integrand as shown. 


z-i (2x-1), x< 
2x — 1, x2 


From this, you can rewrite the integral in two parts. 


2 1/2 2 
f 2x- ijas = | -æ -Dars | (2x — 1) dx 
0 0 1 


NI= NIE 


> x /2 
1/2 2 
C2 k= |e a x + Ei g | 
(ye Qt) ys | i P 
The definite integral of y on [0, 2] is $. = ( LSN 3) ~(0+0) 4+ 4-92)— (3 2 z) = 
Figure 4.28 4 2 (RIEA ) 4 2 2 
Coye] [Erna] 
EXAMPLE 3 Using the Fundamental Theorem to Find Area 
Find the area of the region bounded by the graph of y = 2x? — 3x + 2, the x-axis, 
and the vertical lines x = 0 and x = 2, as shown in Figure 4.29. 
Solution Note that y > 0 on the interval [0, 2]. 
2 
Area = Í (2x2 = Sak 2) dx Integrate between x = 0 and x = 2. 
0 
3 2 2 
= [= — ar + 2x| Find antiderivative. 
| | | Ps oa 3 2 0 
i 2 3 4 16 
={—-6+4]-(0-0+0) Apply Fundamental Theorem. 
The area of the region bounded by the graph 3 
of y, the x-axis, x = 0, and x = 2 is £. -2 Pae 
Figure 4.29 sey N 


fle) 
a z b =x 
Mean value rectangle: 
b 
fob = a) = Í f(x) dx 
Figure 4.30 
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The Mean Value Theorem for Integrals 


In Section 4.2, you saw that the area of a region under a curve is greater than the area 
of an inscribed rectangle and less than the area of a circumscribed rectangle. The 
Mean Value Theorem for Integrals states that somewhere “between” the inscribed and 
circumscribed rectangles there is a rectangle whose area is precisely equal to the area 
of the region under the curve, as shown in Figure 4.30. 


THEOREM 4.10 Mean Value Theorem for Integrals 


If f is continuous on the closed interval [a, b], then there exists a number c in 
the closed interval [a, b] such that 


Í F(x) dx = f(c\(b — a). 


Proof 


Case 1: If f is constant on the interval [a, b], the theorem is clearly valid because c 
can be any point in [a, b]. 

Case 2: If f is not constant on [a, b], then, by the Extreme Value Theorem, you can 
choose f(m) and f(M) to be the minimum and maximum values of f on [a, b]. 
Because f(m) < f(x) < f(M) for all x in [a, b], you can apply Theorem 4.8 to write 
the following. 


> 
3 
S 
IA 


b b 
f f(x) dx < f f(M) dx See Figure 4.31. 


Sy 
~ 
= 
~ 
> 
| 
a 
a” 
a 


f f(x)dx < f(M)(b — a) 


fin) <= fl) de < san 


From the third inequality, you can apply the Intermediate Value Theorem to conclude 
that there exists some c in [a, b] such that 


1 b b 
pan Í f(x)dx or f(b — a) = Í f(x) dx. 


f(c) = 


fim) { 


a b a b a b 
Inscribed rectangle Mean value rectangle Circumscribed rectangle 
(less than actual area) (equal to actual area) (greater than actual area) 
b b b 
[ f(m) dx = f(m)(b — a) [ f(x) dx Í f(M) dx = f(M)(b — a) 
Figure 4.31 —— 


NOTE Notice that Theorem 4.10 does not specify how to determine c. It merely guarantees 
the existence of at least one number c in the interval. 
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Average Value of a Function 


y The value of f(c) given in the Mean Value Theorem for Integrals is called the average 
value of f on the interval [a, b]. 


> 


Average value 


Definition of the Average Value of a Function on an Interval 


If f is integrable on the closed interval [a, b], then the average value of f on 
the interval is 


A >xXx 
l b 
= —— d. 
Average valie b—a Í Ha) a NOTE Notice in Figure 4.32 that the area of the region under the graph of f is equal to the 
Figure 4.32 area of the rectangle whose height is the average value. 
To see why the average value of f is defined in this way, suppose that you 
partition [a, b] into n subintervals of equal width Ax = (b — a)/n. If c; is any point in 
the ith subinterval, the arithmetic average (or mean) of the function values at the c,’s 
is given by 
1 
a, = Lf ley) + fle) eee g + f(c,)]. Average of f(c,),. . ..f(c,) 
By multiplying and dividing by (b — a), you can write the average as 
12 b-a 1 g b-a 
a= 1S Headly 2) = pag Staal 
1 n 
= FF - f(g) Ax. 
Finally, taking the limit as n— oo produces the average value of f on the interval 
[a, b], as given in the definition above. 
This development of the average value of a function on an interval is only one 
of many practical uses of definite integrals to represent summation processes. In 
Chapter 7, you will study other applications, such as volume, arc length, centers of 
mass, and work. 
EXAMPLE 4 Finding the Average Value of a Function 
y 
Find the average value of f(x) = 3x? — 2x on the interval [1, 4]. 
ral (4, 40) 
Solution Th lue is given b 
sal PROS oluti e average value is given by 
ral (x) dx -if (3x? — 2x) dx 
1 4 
10 + Average = G = J 
value = 16 1 
a, 1) 1 48 
j 7 i j = 3164 16 — (1 - 1)] = 35 16. 
Figure 4.33 (See Figure 4.33.) m 


The first person to fly at a speed greater 
than the speed of sound was Charles 
Yeager. On October 14, 1947, flying in 
an X-/ rocket plane at an altitude of 
12.2 kilometers, Yeager was clocked at 
295.9 meters per second. If Yeager had 
been flying at an altitude under 11.275 
kilometers, his speed of 295.9 meters per 
second would not have“broken the sound 
barrier.” 


[Video _| 
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EXAMPLE 5 The Speed of Sound 


At different altitudes in Earth’s atmosphere, sound travels at different speeds. The 
speed of sound s(x) (in meters per second) can be modeled by 


—4x + 341, 0<x<11.5 
295, 11.5 < x < 22 

s(x) = 23x + 278.5, 22 < x < 32 
3x + 254.5, 32 < x < 50 
—3y + 404.5, 50 < x < 80 


where x is the altitude in kilometers (see Figure 4.34). What is the average speed of 
sound over the interval [0, 80]? 


Solution Begin by integrating s(x) over the interval [0, 80]. To do this, you can 
break the integral into five parts. 


11.5 11.5 11.5 
f s(x) dx = [ (—4x + 341) dx = | -2 + 341x = 3657 
0 0 0 


1.5 15 11.5 


22 22 22 
f s(x) dx = f (295) dx = [295x = 3097.5 
1 1 


32 32 32 
f s(x) dx = Í (3x + 278.5) dx = [e + 2785x] = 2987.5 
2: 


22 


50 50 50 
Í s(x) dx = f (3x + 254.5) dx = ES + 254.5x] = 5688 
3 32 
80 


80 
f s(x) dx = [ (—3x + 404.5) dx = |- + ao4.sx| = 9210 
50 5 


50 


By adding the values of the five integrals, you have 
80 
f s(x) dx = 24,640. 
0 
So, the average speed of sound from an altitude of 0 kilometers to an altitude of 


80 kilometers is 


ea 24,640 
Average speed = 80 |, s(x) dx = 30 


= 308 meters per second. 


Speed of sound (in m/sec) 


Altitude (in km) 


Speed of sound depends on altitude. 
Figure 4.34 = 


[try te | [Bpteratona 


w Experienced writers 


© On-time delivery 


288 CHAPTER 4 Integration 
(@) 100% plagiarism free 
The Second Fundamental Theorem of Calculus 
Earlier you saw that the definite integral of f on the interval [a, b] was defined using 
the constant b as the upper limit of integration and x as the variable of integration. 
However, a slightly different situation may arise in which the variable x is used as the 
upper limit of integration. To avoid the confusion of using x in two different ways, t 
is temporarily used as the variable of integration. (Remember that the definite integral 
is not a function of its variable of integration.) 
The Definite Integral as a Number The Definite Integral as a Function of x 
7 $ 
f f(x)dx F(x) = f f(t) dt 
a a 
i fisa A fisa 
Constant function of x. Constant function of t. 
EXAMPLE 6 The Definite Integral as a Function 
= EXPLORATION | 
Use a graphing utility to graph the Evaluate the function 
function x 
2 F(x) = f cos t dt 
F(x) = [ cos t dt g 
Q at x = 0, 17/6, 77/4, 7/3, and 7/2. 
for 0 < x < m. Do you recognize this 
graph? Explain. Solution You could evaluate five different definite integrals, one for each of the 
given upper limits. However, it is much simpler to fix x (as a constant) temporarily 
to obtain 


a x 
Í cos t dt = sin 1 = sin x — sin 0 = sin x. 
0 0 


Now, using F(x) = sin x, you can obtain the results shown in Figure 4.35. 


F(x) = Í cos f dt is the area under the curve f(t) = cos t from 0 to x. 
0 


Figure 4.35 ee] 
[oyi] [Eorann] 

You can think of the function F(x) as accumulating the area under the curve 

f(t) = cos t from t = 0 to t = x. For x = 0, the area is 0 and F(0) = 0. For x = 7/2, 

F(2/2) = 1 gives the accumulated area under the cosine curve on the entire interval 


[0, 7/2]. This interpretation of an integral as an accumulation function is used often 
in applications of integration. 
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In Example 6, note that the derivative of F is the original integrand (with only the 
variable changed). That is, 


x 


Z IFW] = < [sinx] = T cos rar| = COs x. 


This result is generalized in the following theorem, called the Second Fundamental 
Theorem of Calculus. 


THEOREM 4.11 The Second Fundamental Theorem of Calculus 


If f is continuous on an open interval / containing a, then, for every x in the 
interval, 


al Í FO ar| = f(x), 


Proof Begin by defining F as 


F(x) = f “side 


Then, by the definition of the derivative, you can write 


Fa) = gin, a 
= Jim Hf f(t) dt — fro ar| 
= Jim, zf f(t) dt + [10 a| 


= malf vo arl, 


x 


From the Mean Value Theorem for Integrals (assuming Ax > 0), you know there 
exists a number c in the interval [x, x + Ax] such that the integral in the expression 
above is equal to f(c) Ax. Moreover, because x < c < x + Ax, it follows that c> x 
as Ax 0. So, you obtain 


Fa) = li 
Ax E äm, flo) 


i = f(x). 


A similar argument can be made for Ax < 0. os 


| 

5 
= 
| — 
= 

wy 
© 
> 
ta] 
nna 


fO 
A 


fœ 


NOTE Using the area model for definite integrals, you can view the approximation 


x+ Ax 


f(x) Ax = Í f(t) dt 


x 


x x+Ax ' 
x+ Ax 
f(x) Ax = Í f(t) dt as saying that the area of the rectangle of height f(x) and width Ax is approximately equal to 
x the area of the region lying between the graph of f and the x-axis on the interval [x, x + Ax], 
Figure 4.36 as shown in Figure 4.36. 
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Note that the Second Fundamental Theorem of Calculus tells you that if a func- 
tion is continuous, you can be sure that it has an antiderivative. This antiderivative 
need not, however, be an elementary function. (Recall the discussion of elementary 
functions in Section P.3.) 


EXAMPLE 7 Using the Second Fundamental Theorem of Calculus 
Evaluate - f VP #1 ar| 
dx | Jo 


Solution Note that f(t) = Vt? + 1 is continuous on the entire real line. So, using 
the Second Fundamental Theorem of Calculus, you can write 


all VEF d| = JET, 
0 


The differentiation shown in Example 7 is a straightforward application of the 
Second Fundamental Theorem of Calculus. The next example shows how this theorem 
can be combined with the Chain Rule to find the derivative of a function. 


fees) [ee] ee] |e 
(ead 
EXAMPLE 8 Using the Second Fundamental Theorem of Calculus 


Find the derivative of F(x) = i cos t dt. 
a/2 


Solution Using u = x°, you can apply the Second Fundamental Theorem of 
Calculus with the Chain Rule as shown. 


F (x) = du Tx Chain Rule 
d du 
= zu] T Definition of T 
al (* du pe 
= cos t dt |— Substitute cos t dt for F(x). 
du T/2 dx 7/2 
d j du i 
=. cos t dt |— Substitute u for x°. 
dul Ja/2 dx 
= (cos u) (3x 2) Apply Second Fundamental Theorem of Calculus. 
= (cos x3) (3x?) Rewrite as function of x. "S 


[Try te | [Bxooration 
Because the integrand in Example 8 is easily integrated, you can verify the 
derivative as follows. 
i i. ; _ 7 ‘ 
F(x) = f cos tdt = sin | = sin x? — sin > = (sin x3) — 1 
/2 


T, Tm/2 


In this form, you can apply the Power Rule to verify that the derivative is the same as 
that obtained in Example 8. 


F(x) = (cos x3)(3x?) 


Exercises for Section 4.4 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 
Graphical Reasoning In Exercises 1-4, use a graphing utility 


to graph the integrand. Use the graph to determine whether the 
definite integral is positive, negative, or zero. 


ml ax 2. | cos x dx 
0 


0 
2 2 

3. Í xvx? + 1dx 4. xJ/2 = xdx 
-2 =2 


In Exercises 5-26, evaluate the definite integral of the algebraic 
function. Use a graphing utility to verify your result. 


1 7 
5; Í 2x dx 6. Í 3 dv 
0 2 


0 5 
7. (x — 2) dx 8. Í (—3v + 4) dv 
2 


=l 


1 3 
9, (t? — 2) dt 10. Í (3x2 + 5x — 4) dx 
= Al 
11. Í (2t — 1)? dt 12. (£ — 9t) dt 
0 =] 
2 = 
13. Í (3 - 1) ax 14. Í (u - 4) du 
i \x E u 
ta _ 2 [ 5 
15. du 16. vdv 
1 Ju ~3 
1 8 2 
17. Í (/t — 2) at 18. Í = dx 
= 1 
1 2 
1s. | xa vx gy 20. | (2 —1)/tdt 
o 3 o 
0 =1 y= x2 
21. t13 — 42/3) dt 22. d 
f ) p 27% 
3 4 
23. Í |2x — 3| dx 24. Í (3 — |x — 3]) de 
0 1 


3 4 
25. Í |x? — 4| dx 26. Í |x? — 4x + 3| dx 
0 0 


In Exercises 27-32, evaluate the definite integral of the trigono- 
metric function. Use a graphing utility to verify your result. 


27. Í (1 + sin x) dx 
0 


m/44 _ oso 
28. Í y 
0 cos“ 6 


17/6 
29. Í sec? x dx 
—1/6 


m/2 
30. Í (2 — csc? x) dx 


a/4 


a/3 
31. Í 4 sec 0 tan 0 d0 


=q/3 


m/2 
32. Í (2t + cos t) dt 


—1/2 


In Exercises 33—38, determine the area of the given region. 


33. y=x— x? 34. y=1-— x4 
y y 


ale 


37. y = cosx 38. y =x + sinx 
y y 
A A 
4+ 
1 34 
a 


1+ 


AIA 
NIA 
Nia 


In Exercises 39—42, find the area of the region bounded by the 
graphs of the equations. 


39. y= 32 +1, x=0, x=2, y=0 
40. y=1+ ¥x, x=0, x=8, y=0 
4l. y= +x, x=2, y=0 42. y= —-x?4+ 3x, y=0 


In Exercises 43-46, find the value(s) of c guaranteed by the 
Mean Value Theorem for Integrals for the function over the 
given interval. 


43. f(x) =x —2V/x, [0,2] 44. f(x) = =. [1,3] 


45. f(x) = 2 sec?x, [—7/4, 7/4] 
46. f(x) = cosx, [-— 7/3, 7/3] 


In Exercises 47-50, find the average value of the function over 
the given interval and all values of x in the interval for which the 
function equals its average value. 


47. f(x) =4—2x2, [-2,2] 48. #0) = Aer [1,3] 


49. f(x) = sinx, [0, 7] 50. f(x) = cosx, [0, 7/2] 
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51. Velocity The graph shows the velocity, in feet per second, of 
a car accelerating from rest. Use the graph to estimate the 
distance the car travels in 8 seconds. 


Velocity (in feet per second) 
Velocity (in feet per second) 


HHHH HHA: 
4 8 12 16 20 1 2 3 4 5 
Time (in seconds) Time (in seconds) 
Figure for 51 Figure for 52 


52. Velocity The graph shows the velocity of a car as soon as the 
driver applies the brakes. Use the graph to estimate how far the 
car travels before it comes to a stop. 


Writing About Concepts 


. State the Fundamental Theorem of Calculus. 
. The graph of f is shown in the figure. 
(a) Evaluate J} f(x) dx. 
(b) Determine the average value of f on the interval [1, 7]. 


(c) Determine the answers to parts (a) and (b) if the graph 
is translated two units upward. 


Figure for 54 Figure for 55-60 


In Exercises 55-60, use the graph of f shown in the figure. 
The shaded region A has an area of 1.5, and fE f(x) dx = 3.5. 
Use this information to fill in the blanks. 


2 6 
55. Í f(x) dx = 56. Í f(x) dx = 
0 2 


57. f |f(x)| dx = 


58. f —2f(x)dx = 


59. [ [2 + f(x)] dx = 


60. The average value of f over the interval [0, 6] is 


62. 


63. 


64. 


65. 
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press is proportional to the square of sec x, where x is the 
distance (in meters) that the cylinder is extended in its cycle. 
The domain of F is [0, 7/3], and F(0) = 500. 


(a) Find F as a function of x. 


(b) Find the average force exerted by the press over the interval 
[0, 7/3]. 

Blood Flow The velocity v of the flow of blood at a distance 

r from the central axis of an artery of radius R is 


v = k(R? — r?) 


where k is the constant of proportionality. Find the average rate 
of flow of blood along a radius of the artery. (Use 0 and R as 
the limits of integration.) 


Respiratory Cycle The volume V in liters of air in the lungs 
during a five-second respiratory cycle is approximated by the 
model 


V = 0.1729r + 0.15221? — 0.037485 
where ¢ is the time in seconds. Approximate the average volume 
of air in the lungs during one cycle. 


Average Sales A company fits a model to the monthly sales 
data of a seasonal product. The model is 


t . {at 
= +t 1.8+ 0. = fs 
S(t) 4 1.8 + 0.5 snl 6 ) O<r< 24 


where S is sales (in thousands) and ż is time in months. 


(a) Use a graphing utility to graph f(t) = 0.5 sin(at/6) for 
O < t < 24. Use the graph to explain why the average 
value of f(t) is 0 over the interval. 


(b) Use a graphing utility to graph S(t) and the line 
g(t) = t/4 + 1.8 in the same viewing window. Use the 
graph and the result of part (a) to explain why g is called 
the trend line. 


Modeling Data An experimental vehicle is tested on a 
straight track. It starts from rest, and its velocity v (meters per 
second) is recorded in the table every 10 seconds for 1 minute. 


t O | 10 | 20 | 30 | 40 | 50 | 60 


v 0 5 | 21 | 40 | 62 | 78 | 83 


(a) Use a graphing utility to find a model of the form 
v = at? + bt? + ct + d for the data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Use the Fundamental Theorem of Calculus to approximate 
the distance traveled by the vehicle during the test. 


66. Modeling Data A department store manager wants to 
estimate the number of customers that enter the store from noon 
until closing at 9 P.M. The table shows the number of customers 
N entering the store during a randomly selected minute each 
hour from ¢ — 1 to ¢, with £ = 0 corresponding to noon. 


t 1 2 3 4 5 6 7 8 9 


N| 6 7 9 12 | 15 | 14 | 11] 7 2 


(a) Draw a histogram of the data. 

(b) Estimate the total number of customers entering the store 
between noon and 9 P.M. 

(c) Use the regression capabilities of a graphing utility to find 
a model of the form M(t) = at? + bt? + ct + d for the 
data. 


(d) Use a graphing utility to plot the data and graph the model. 


(e) Use a graphing utility to evaluate f? N(t) dt, and use the 
result to estimate the number of customers entering the 
store between noon and 9 P.M. Compare this with your 
answer in part (b). 

(f) Estimate the average number of customers entering the 
store per minute between 3 P.M. and 7 P.M. 


In Exercises 67-72, find F as a function of x and evaluate it at 
x=2,x =5,andx = 8. 


67. F(x) = ie (t — 5) dt 68. F(x) = | (8 + 2t — 2) dt 


69. F(x) = I ody 70. F(x) = f-za 
1 2 


x 


71. F(x) = f cos 0 d0 72. F(x) = i sin 0d0 
1 0 


73. Let g(x) = Jo f(t) dt, where f is a function whose graph is 
shown. 


(a) Estimate g(0), g(2), (4), 2(6), and g(8). 
(b) Find the largest open interval on which g is increasing. Find 
the largest open interval on which g is decreasing. 


(c) Identify any extrema of g. 
(d) Sketch a rough graph of g. 


oy y 
A 
6+ 44 
5+ 3- 
4 24 
3+ 1+ 


24 
f= 


4 
zgd 


| >t -2-4 

-|-+ 1 ie Ee dese w f -34 Ea 

PE E ee er E a4 shits 
Figure for 73 Figure for 74 


74. Let g(x) = f(t) dt, where f is a function whose graph is 
shown. 


(a) Estimate g(0), g(2), (4), (6), and g(8). 
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ind the largest open interval on which g 1s increasing. 
the largest open interval on which g is decreasing. 


(c) Identify any extrema of g. 
(d) Sketch a rough graph of g. 


In Exercises 75-80, (a) integrate to find F as a function of x and 
(b) demonstrate the Second Fundamental Theorem of Calculus 
by differentiating the result in part (a). 


x 


76. F(x) = Í (02 + 1) dt 


0 


75. F(x) = f (t+ 2) dt 


x 


77, FG) = Í "that 78. F(x) = Í Ji dt 
8 4 


79. F(x) -Í sec? t dt 


a/4 


80. F(x) = Í sec f tan t dt 


a/3 


In Exercises 81-86, use the Second Fundamental Theorem of 
Calculus to find F(x). 


81. F(x) = Í "(2-2 at 82. F(x) = Í T i 


,?+1 


83. F(x) = Í “FF 1d 84. Fl) = Í Sidt 


x 


85. F(x) -Í t cos t dt 86. F(x) = [ sec? t dt 
0 0 


In Exercises 87-92, find F(x). 


87. F(x) = [oo +1)dt 88. F(x) = f Pdt 


x =x 


89. F(x) = V/tdt 90. F(x) = Í Za 


0 2 


91. F(x) = Í sin £? dt 92. F(x) = Í "sin 0? d0 
0 0 


93. Graphical Analysis Approximate the graph of g on the 
interval 0 < x < 4, where g(x) = fọ f(t) dt. Identify the 
x-coordinate of an extremum of g. To print an enlarged copy of 
the graph, select the MathGraph button. 


94. Use the graph of the function f shown in the figure on the next 
page and the function g defined by g(x) = Jo f(A dt. 


(a) Complete the table. 


x 1 2 3 | 4 5 | 6 7 8 9 | 10 


g(x) 
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(b) Plot the points from the table in part (a) and graph g. 
(c) Where does g have its minimum? Explain. 
(d) Where does g have a maximum? Explain. 


(e) On what interval does g increase at the greatest rate? 


Explain. 
(f) Identify the zeros of g. 
y 
A 
ail j 
+ —— 
es 
SS 
SS at 
AL 2 4 6 8 10 
-2 + —_—_—e 
gl 


95. Cost The total cost C (in dollars) of purchasing and main- 
taining a piece of equipment for x years is 


C(x) = so00( 25 + Jl 1/4 at) 


0 
(a) Perform the integration to write C as a function of x. 
(b) Find C(1), C(5), and C(10). 

96. Area The area A between the graph of the function 
g(t) = 4 — 4/t? and the taxis over the interval [1, x] is 


A= Í j (4 = 2) dt. 


(a) Find the horizontal asymptote of the graph of g. 


(b) Integrate to find A as a function of x. Does the graph of A 
have a horizontal asymptote? Explain. 


Rectilinear Motion In Exercises 97-99, consider a particle 
moving along the x-axis where x(t) is the position of the particle 
at time ¢, x (t) is its velocity, and f? |x‘(¢)|dt is the distance the 
particle travels in the interval of time. 


97. The position function is given by x(t) =  — 617 + 9t — 2, 
O <t < 5. Find the total distance the particle travels in 5 units 
of time. 


98. Repeat Exercise 97 for the position function given by 
x(t) = (t — 1)(t— 3),0 <t < 5. 
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99, A particle moves along the x-axis with velocity v(t) = 1/1, 
t > 0. At time ¢ = 1, its position is x = 4. Find the total 
distance traveled by the particle on the interval 1 < £ < 4. 


100. Buffon’s Needle Experiment A horizontal plane is ruled 
with parallel lines 2 inches apart. A two-inch needle is tossed 
randomly onto the plane. The probability that the needle will 
touch a line is 


1/2 
p=2| sin 6 d0 
T Jo 


where @ is the acute angle between the needle and any one of 
the parallel lines. Find this probability. 


True or False? In Exercises 101 and 102, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


101. If F(x) = Gx) on the interval [a, b], then 
F(b) — F(a) = G(b) — G(a). 


102. If f is continuous on [a, b], then f is integrable on [a, b]. 


103. Find the Error Describe why the statement is incorrect. 


d v(x) 
104. Prove that ral f(t) a = f(v(x))v (x) — f(ulx))u’ (x). 
u(x) 


105. Show that the function 


1/x 1 x 1 
fo) = [ Pa [ane 


is constant for x > 0. 


106. Let G(x) = Í i [s Í f (oat| ds, where f is continuous for all 
o L Jo 


real ż. Find (a) G(0), (b) G“(0), (c) G”(x), and (d) G”(0). 


Section 4.5 Integration by Substitution 


NOTE The statement of Theorem 4.12 


doesn’t tell how to distinguish between 
f(g(x)) and g(x) in the integrand. As you 
become more experienced at integration, 
your skill in doing this will increase. Of 
course, part of the key is familiarity with 
derivatives. 


S = There are several tech- 
niques for applying substitution, each 
differing slightly from the others. 
However, you should remember that the 
goal is the same with every technique— 
you are trying to find an antiderivative 
of the integrand. 
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e Use pattern recognition to find an indefinite integral. 

e Use a change of variables to find an indefinite integral. 

Use the General Power Rule for Integration to find an indefinite integral. 
e Use a change of variables to evaluate a definite integral. 

Evaluate a definite integral involving an even or odd function. 


Pattern Recognition 


In this section you will study techniques for integrating composite functions. The 
discussion is split into two parts—pattern recognition and change of variables. Both 
techniques involve a u-substitution. With pattern recognition you perform the 
substitution mentally, and with change of variables you write the substitution steps. 

The role of substitution in integration is comparable to the role of the Chain Rule 
in differentiation. Recall that for differentiable functions given by y = F(u) and 
u = g(x), the Chain Rule states that 


d ; ; 
ay EEO) = Fea). 
IX 
From the definition of an antiderivative, it follows that 
[Fe a= Plato) + c 


= F(u) + C. 


These results are summarized in the following theorem. 


THEOREM 4.12 Antidifferentiation of a Composite Function 


Let g be a function whose range is an interval J, and let f be a function that is 
continuous on 1. If g is differentiable on its domain and F is an antiderivative 
of f on I, then 


fewo dx = F(g(x)) + C. 


If u = g(x), then du = g'(x) dx and 


fro du = F(u) + C. 


Recognizing Patterns The integrand in each of the following integrals fits the 
pattern f(g(x))g'(x). Identify the pattern and use the result to evaluate the integral. 


a. fou + 1)4dx b. [reve + 1 dx C f satana + 3) dx 


The next three integrals are similar to the first three. Show how you can multiply 
and divide by a constant to evaluate these integrals. 


d. þe + 1)* dx e. [eve + 1 dx f. f sec? x(tan x + 3) dx 
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Examples 1 and 2 show how to apply Theorem 4.12 directly, by recognizing the 
presence of f(g(x)) and g(x). Note that the composite function in the integrand has an 
outside function f and an inside function g. Moreover, the derivative g'(x) is present 
as a factor of the integrand. 


Outside function 


[reog dx = F(g(x)) + C 


Derivative of 
inside function 


Inside function 


EXAMPLE | Recognizing the f (g(x))g'(x) Pattern 


Find fe + 1)?(2x) dx. 


Solution Letting g(x) = x? + 1, you obtain 
g(x) = 2x 
and 


Agta) = fle + 1) = Ge 1}. 


TECHNOLOGY Try using From this, you can recognize that the integrand follows the f(g(x))g(x) pattern. Using 
a computer algebra system, such the Power Rule for Integration and Theorem 4.12, you can write 
as Maple, Derive, Mathematica, , 
Mathcad, or the TI-89, to solve the Flat) g'o) 
en 


integrals given in Examples 1 and 2. 5 5 _ les 3 
Do you obtain the same antideriva- (x? + 1)?(2x) dx = 3 Get IP he. 


tives that are listed in the examples? , . oe 1 . 
Try using the Chain Rule to check that the derivative of 3(x? + 1)? + C is the 


integrand of the original integral. 
C [ascea 
EXAMPLE 2. Recognizing the f(g(x))g (x) Pattern 


Find | cos 5x dx. 


Solution Letting g(x) = 5x, you obtain 
ex) = 5 
and 


f(g(x)) = f(5x) = cos 5x. 


From this, you can recognize that the integrand follows the f(g(x))g’(x) pattern. Using 
the Cosine Rule for Integration and Theorem 4.12, you can write 


f (g(x) g) 
[SS 
(cos 5x)(5) dx = sin 5x + C. 


You can check this by differentiating sin 5x + C to obtain the original integrand. 


[_ Try 1t | [Exploration | 
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The integrands in Examples 1 and 2 fit the f(g(x))g’(x) pattern exactly—you only 
had to recognize the pattern. You can extend this technique considerably with the 
Constant Multiple Rule 


frw dx = K| 400 dx. 


Many integrands contain the essential part (the variable part) of g(x) but are missing 
a constant multiple. In such cases, you can multiply and divide by the necessary 
constant multiple, as shown in Example 3. 


EXAMPLE 3 Multiplying and Dividing by a Constant 
Find fre + 1)? dx. 


Solution This is similar to the integral given in Example 1, except that the integrand 
is missing a factor of 2. Recognizing that 2x is the derivative of x? + 1, you can let 
g(x) = x? + 1 and supply the 2x as follows. 


| x(x? + 1} dx = f (x? + 1)? (Se dx Multiply and divide by 2. 
f(g) 2'0) 

1 p= iS 

=3 Í (x? + 1)? (2x) dx Constant Multiple Rule 
1] (x? + =] 
H 3 C Integrate 
1 

Sa C D se Simplify. 


M å ee 
In practice, most people would not write as many steps as are shown in Example 
3. For instance, you could evaluate the integral by simply writing 


þe + 1}? dx = 5 foe + 1)? 2x dx 


eD, e 


=2@+ T+C, 


NOTE Be sure you see that the Constant Multiple Rule applies only to constants. You cannot 
multiply and divide by a variable and then move the variable outside the integral sign. For 
instance, 


[l 2 + 12 dx + + Í (x2 + 122 dx. 


After all, if it were legitimate to move variable quantities outside the integral sign, you could 
move the entire integrand out and simplify the whole process. But the result would be incorrect. 
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S » Because integration is 
iradis more difficult than differentiation, 
you should always check your answer to 
an integration problem by differentiating. 
For instance, in Example 4 you should 
differentiate 4(2x — 1)3/2 + C to verify 
that you obtain the original integrand. 
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Change of Variables 


With a formal change of variables, you completely rewrite the integral in terms of u 
and du (or any other convenient variable). Although this procedure can involve more 
written steps than the pattern recognition illustrated in Examples | to 3, it is useful for 
complicated integrands. The change of variable technique uses the Leibniz notation 
for the differential. That is, if u = g(x), then du = g'(x) dx, and the integral in 


Theorem 4.12 takes the form 


[roe ac = [109 a 


EXAMPLE 4 Change of Variables 


Find [vz = ldx. 


F(u) + C. 


Solution First, let u be the inner function, u = 2x — 1. Then calculate the differential 
du to be du = 2 dx. Now, using /2x — 1 = Vu and dx = du/2, substitute to obtain 


[mre fat 


1 
= Ie 


= 3 (2x — 1)3/2 + C. 


[ Try 1t | [Exploration a | 


EXAMPLE 5 Change of Variables 


Find [va = Idx 


Integral in terms of u 


Constant Multiple Rule 


Antiderivative in terms of u 


Simplify. 


Antiderivative in terms of x 


Solution As in the previous example, let u = 2x — 1 and obtain dx = du/2. 
Because the integrand contains a factor of x, you must also solve for x in terms of u, 


as shown. 


“w= 2-1 wD 


Now, using substitution, you obtain 


x = (u + 1)/2 


2 


fva -la= {e = t) u!/2 (# 
1 
= foe? + u'/2) du 


5/2 3/2 
-4{5+S pe 


4\5/2 3/2 
1 5/2 

= a 
= i0 — (2x — 1) 


2 


Solve for x in terms of u. 


= (Ox — 1P}2 +C. 


£ P When making a change 
of variables, be sure that your answer is 
written using the same variables as in 
the original integrand. For instance, in 
Example 6, you should not leave your 
answer as 


lê +C 


but rather, replace u by sin 3x. 
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To complete the change of variables in Example 5, you solved for x in terms of 
u. Sometimes this is very difficult. Fortunately it is not always necessary, as shown in 
the next example. 


EXAMPLE 6 Change of Variables 


Find sin? 3x cos 3x dx. 


Solution Because sin? 3x = (sin 3x)?, you can let u = sin 3x. Then 
du = (cos 3x)(3) dx. 
Now, because cos 3x dx is part of the original integral, you can write 


K = cos 3x dx. 


Substituting u and du/3 in the original integral yields 


[sw 3x cos 3x dx = fe% 


(£) 
=-(4]+ 
q: E 
= 5 sin? 3x + C 
= g sin’ 3x : 


You can check this by differentiating. 


L |T sin ax] = (Z)ayisin 3020s 396) 


= sin? 3x cos 3x 


Because differentiation produces the original integrand, you know that you have 
obtained the correct antiderivative. = 


[Try te ] [Elerion] 
The steps used for integration by substitution are summarized in the following 
guidelines. 


Guidelines for Making a Change of Variables 

1. Choose a substitution u = g(x). Usually, it is best to choose the inner part of 
a composite function, such as a quantity raised to a power. 
Compute du = g'(x) dx. 
Rewrite the integral in terms of the variable u. 


2 

3. 

4. Find the resulting integral in terms of u. 

5. Replace u by g(x) to obtain an antiderivative in terms of x. 
6. 


Check your answer by differentiating. 
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Suppose you were asked to find one 
of the following integrals. Which one 
would you choose? Explain your 
reasoning. 


a. [veria or 
[ever ta 


b. | tan(3x) sec?(3x) dx or 


I tan(3x) dx 
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The General Power Rule for Integration 


One of the most common u-substitutions involves quantities in the integrand that are 
raised to a power. Because of the importance of this type of substitution, it is given a 
special name—the General Power Rule for Integration. A proof of this rule follows 
directly from the (simple) Power Rule for Integration, together with Theorem 4.12. 


THEOREM 4.13 The General Power Rule for Integration 


If g is a differentiable function of x, then 


Lele) dx iiig 


mor n#-—l1. 


Equivalently, if u = g(x), then 


yrtl 
n du = -+ -1, 
u” du zF] G n+-l1 


EXAMPLE 7 Substitution and the General Power Rule 


us du w/5 
4 Gx = 1p 
a. |3(3x — 1) dx = | Bx — 1)4(3) dx = 5 +C 
u! du u?/2 


2 + 2 
’ ox I(x? + x) dx = [oe sores pas EE Ç 
u!/2 du u?/2/(3/2) 
a, A 
(x3 — 2)3/2 2 
e | 3x2 V2 — 2 dx = | (x3 — 2)!/2(3x2) dx = JA +C= 30 =3p C 
a du wt/(-1) 
p ——— EER 
= 2)\-2 (1 — 2x?) 1 
Ma _ afte . 
a [Se dx = fo 2x?) =? (— 4x) dx = C=-75+C 
u? du 3/3 
—S 
e. a a x sin x dx = jor cue = -Cos x) ve 


Some integrals whose integrands involve quantities raised to powers cannot be 
found by the General Power Rule. Consider the two integrals 


re + 1)?dx and [oe + 1) dx. 


The substitution u = x? + 1 works in the first integral but not in the second. In the 
second, the substitution fails because the integrand lacks the factor x needed for du. 
Fortunately, for this particular integral, you can expand the integrand as 
(x? + 1)? = x + 2x? + 1 and use the (simple) Power Rule to integrate each term. 
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Change of Variables for Definite Integrals 


When using u-substitution with a definite integral, it is often convenient to determine 
the limits of integration for the variable u rather than to convert the antiderivative back 
to the variable x and evaluate at the original limits. This change of variables is stated 
explicitly in the next theorem. The proof follows from Theorem 4.12 combined with 
the Fundamental Theorem of Calculus. 


THEOREM 4.14 Change of Variables for Definite Integrals 


If the function u = g(x) has a continuous derivative on the closed interval [a, b] 
and f is continuous on the range of g, then 


gb) 


Í f(g())g(x) dx = flu) du. 


g(a) 


EXAMPLE 8 Change of Variables 


1 


Evaluate f x(x2 + 1} dx. 


0 


Solution To evaluate this integral, let u = x? + 1. Then, you obtain 
u =x +1 => du = 2x dx. 

Before substituting, determine the new upper and lower limits of integration. 
Lower Limit Upper Limit 


When x = 0, u= 0? +1=1. When x = 1, u= 1? +1 =2. 


Now, you can substitute to obtain 


[erpai S Epad a 


(x? + 1)3(2x) dx Integration limits for x 


Bosan 


w du Integration limits for u 


1 1 
=3(4-4) 
_ 15, 

8 


Try rewriting the antiderivative Hut/ 4) in terms of the variable x and evaluate the 
definite integral at the original limits of integration, as shown. 


‘eal |= + aa 
2.44, 2 4 0 
1 1 15 
{- 3) = 
Notice that you obtain the same result. a 
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y 
A 
5 pe ia 
4 fees 
3+ ae 
2 2x- | 
27 5 
d, a | (s. 5) 
i+ 
t t t t t >x 
-1 1 2 3 5 


The region before substitution has an area 
of 3. 


Figure 4.37 

fu) 2+1 

1  FM=FS 

5+ (3, 5) 
7 i 

3-44 

2+ 

ad, 1) 

1+ 

i e 
-1 1 2 3 4 = 5 
-1+ 


The region after substitution has an area 
of £ 
Figure 4.38 
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EXAMPLE 9 Change of Variables 


Evaluate A 


? f oh 
, J/2x-1 
Solution To evaluate this integral, let u = /2x — 1. Then, you obtain 


u = 2x — 1 


u + 1=2x 
Taa | 
2 =X 
udu = dx. Differentiate each side. 


Before substituting, determine the new upper and lower limits of integration. 


Lower Limit Upper Limit 
Whenx = 1, u= J/2-1=1. When x = 5, u = Y10—- 1 =3. 


Now, substitute to obtain 
5 3 
x 1/u + t) 
dx = d 
f Jael” | a T i 
3 
= | (u2 + 1) du 
1 
1f ue | 
=—|—+ 
i why 


1 1 
= — + Peter 
Ho 3 3 i) 


=. 


3 SS 
ae) Eee) (ee 
Geometrically, you can interpret the equation 


x `u 

Í ai dx | 7 du 
to mean that the two different regions shown in Figures 4.37 and 4.38 have the same 
area. 

When evaluating definite integrals by substitution, it is possible for the upper 
limit of integration of the u-variable form to be smaller than the lower limit. If this 
happens, don’t rearrange the limits. Simply evaluate as usual. For example, after 
substituting u = v 1 — x in the integral 


1 
Í xX(1 — x)! dx 
0 


you obtain u = V1 — 1 = 0 when x = 1, and u = V1 — 0 = 1 when x = 0. So, 
the correct u-variable form of this integral is 


o 
-2f (1 — w?)?u? du. 
1 


Even function 


Odd function 
Figure 4.39 


f(x) = sin? x cos x + sin x cos x 


Because f is an odd function, 


1/2 
f(x) dx = 0. 
7/2 
Figure 4.40 


| Estab Graph 
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Integration of Even and Odd Functions 


Even with a change of variables, integration can be difficult. Occasionally, you can 
simplify the evaluation of a definite integral (over an interval that is symmetric about 
the y-axis or about the origin) by recognizing the integrand to be an even or odd 
function (see Figure 4.39). 


THEOREM 4.15 Integration of Even and Odd Functions 


Let f be integrable on the closed interval [—a, a]. 


1. If f is an even function, then f f(x) dx = 2 Í f(x) dx. 
=g 0 


2. If f is an odd function, then Í f(x) dx = 0. 


Proof Because f is even, you know that f(x) = f(—x). Using Theorem 4.12 with 
the substitution u = —.x produces 


[roa = f roca = -f pee du = [10 du = frw dk 


Finally, using Theorem 4.6, you obtain 


F f(x) dx = is f(x) dx + f f(x) dx 
_ [roe + [noe = 2 [nae 


This proves the first property. The proof of the second property is left to you (see 
Exercise 133). es 


EXAMPLE I0 Integration of an Odd Function 


a/2 
Evaluate | (sin? x cos x + sin x cos x) dx. 
—n/2 


Solution Letting f(x) = sin? x cos x + sin x cos x produces 


fx) 


sin3(—x) cos(—x) + sin(—x) cos(— x) 


= —sin? x cos x — sin x cos x = — f(x). 


So, f is an odd function, and because f is symmetric about the origin over 
[— 7/2, 7/2], you can apply Theorem 4.15 to conclude that 


m/2 
Í (sin? x cos x + sin x cos x) dx = 0. 
—T/2 — 


m (Exeter 
NOTE From Figure 4.40 you can see that the two regions on either side of the y-axis have the 


same area. However, because one lies below the x-axis and one lies above it, integration 
produces a cancellation effect. (More will be said about this in Section 7.1.) 
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Exercises for Section 4.5 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-6, complete the table by identifying u and du for 
the integral. 


[recone dx u = g(x) du = g(x) dx 
1. [ow + 1)?(10x) dx 
2: Jove + ldx 
x 
3. | —=— d. 
Í Jx +1 i 
4. j sec 2x tan 2x dx 
5. fima sec? x dx 
6. Í COST dy 
sin? x 


In Exercises 7—34, find the indefinite integral and check the 
result by differentiation. 


T; fo + 2x)*(2) dx 8. [oe — 9)3(2x) dx 


9. [v — x? (—2x) dx 10. [va — 2x?)(—4x) dx 


11. [rc + 3)? dx 12. fee + 5)4 dx 
13. [ree — 1)*dx 14, [row + 3P dx 
15. [ve +2dt 16. [eva + 5dt 


17. fs 31 — x? dx 18. | WVW + 2 du 


19. u- A 20. Ut” 
x x? 
21. a+” 22. esos dx 
3 
23. | La 24. | + —a& 
<f 1 = x2 Sl x 
1/4 Sel 
25. fl + E) (5) dt 26. ie + r dx 
1 1 
27. | —=d 28. | —=d. 
lz a l . 
x? + 3x+7 t+ 2e 
29. | ————_d. 30. dt 
Ss . | vt 


31. fe(:-2)a 32. 


33. Í (9 — y) Vy dy 34. Í 2my(8 — y3/?) dy 


N 
== 
Fi 
ws 
oe 
AR 
S|- 
Mi 
a 
~ 


In Exercises 35-38, solve the differential equation. 


dy 4x 
35. = 4x 4 

dx V16 — x? 
36, 2 = 0 

“de SL +33 

dy _ x+1 
4: dx (x2 + 2x — 3)? 
38. dy _ 2 -—4 

dx Sx? = 8x +1 


Slope Fields In Exercises 39-42, a differential equation, a 
point, and a slope field are given. A slope field consists of line 
segments with slopes given by the differential equation. These line 
segments give a visual perspective of the directions of the 
solutions of the differential equation. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the given point. (To print an enlarged copy 
of the graph, select the MathGraph button.) (b) Use integration 
to find the particular solution of the differential equation and use 
a graphing utility to graph the solution. Compare the result with 
the sketches in part (a). 


d dy 
39. Z = 4- x 40. = = x°(x3 — 1)? 
dx dx 
(2, 2) (1, 0) 
y y 
A A 
SNe ee PS | / 2+-—- | 
oe S EEL | /-+t-- | 
=A Vee Se ee p fwsewr = ] 
-ASS i pees | 
ee ee ae ——— | 4 
a ee LF ee ee eee a 
+--+ #—} x M e eee 
2yvvN+77/ 7/2 i @ ee 1 
CRETA | aan] 
dy dy 
41. = = x cos x? 42. — = —2 sec(2x) tan(2x 
= 7 (2x) tan(2x) 
(0, 1) (0, —1) 
bi y 
A A 
EVAR eee ery HN a ws | Lap a ley pH 
CURE ee ae Te se ee Ppa Pee a E 
Be Ree fo Pets Let foe 
CL SLAPS AAR PE A See Ree a 
CRESPPRROAAS BE HEA Sel) ee ff Pee fee Ea 
me heh TA eg Ne 
=H a HHH HHH 
KERETE TAREE E Se a a a OO Ne a LSA 
ssh ter i, kN Ui a (ha 
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In Exercises 43-56, find the indefinite integral. 


43. Í T sin TX dx 
45. Í sin 2x dx 

1 1 
47. ra cos y dé 
49. Í sin 2x cos 2x dx 
50. [sca — x) tan(1 — x) dx 
51. [an x sec? x dx 

2 

53. Í SSO dy 

cot? x 


55. Í cot? x dx 


44. Í 4x3 sin xt dx 
46. | cos 6x dx 


48. f sin x? dx 


52. Í vtan x sec? x dx 


54. E dx 


coSs x 


56. [ew (3) dx 


In Exercises 57-62, find an equation for the function f that has 
the given derivative and whose graph passes through the given 


point. 


Derivative 


57. f(x) = cos 3 
58. f(x) = msec ax tan Tx 


59. f(x) = sin 4x 


60. f(x) = sec?(2x) 


61. f(x) = 2x(4x? — 10)? 
62. f(x) = —2x/8 — x? 


Point 
(0, 3) 


(3,1) 


(2, 10) 
(2,7) 


In Exercises 63-70, find the indefinite integral by the method 


shown in Example 5. 


63. [verze 
65. fev —xdx 
xe = Il 
67. | ————=- d. 
2x = 1 7 
—x 
69. | ————— d 
la = x 


64. [va 1 dx 
66. fe + 1I)J/2 —xdx 


2x + 1 


yera 
70. [ia 


68 


dx 


In Exercises 71-82, evaluate the definite integral. Use a graphing 


utility to verify your result. 


1 
71. Í x(x? + 1} dx 


=1 


2 
73. [eve + ldx 
1 


4 
72: Í x?(x3 + 8)? dx 


TA 


1 
74. Í xvi = x2 dx 
0 
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° 1 x 
J5 | eea 76. | a a 
osar osie 


9 2. 
1 
7. | — d 78. | «344+ Z dx 
| Vx (1+ Vx)? f 


79. fo =I 2 =d 


a/2 
81. Í cos (=) dx 
0 3 


a/2 
82. Í (x + cos x) dx 
1/3 


3 
x 
80. | — = d. 
| wae 


Differential Equations In Exercises 83-86, the graph of a 
function f is shown. Use the differential equation and the given 
point to find an equation of the function. 


83. am 18x2(2x3 + 1)? 84. a 
dx dx 
y 
7 
é f 
5 
YTO, 4) 
2 
1 H 
| ++ =6-5-4-3=2—1 
-4-3-2 12 3 4 
dy 
86. ce 
-3-2-1 


In Exercises 87-92, find the area of the region. Use a graphing 
utility to verify your result. 


7 6 
87. Í xJV¥x+1dx 88. Í x? Y¥x + 2 dx 
0 -2 
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89. y = 2 sin x + sin 2x 


90. y = sinx + cos 2x 


a/4 
92. Í csc 2x cot 2x dx 


m/12 


ool 
aly 


ala 
AIS 


In Exercises 93-98, use a graphing utility to evaluate the 
integral. Graph the region whose area is given by the definite 
integral. 


4 2 
x 
93. | ~——— d. 94. 3Y/x+2d 
eee i [> — 


7 
95. Í xvx — 3 dx 
3 


: 6 
97. Í (o+ cos 8) d0 
ò 6 


Writing In Exercises 99 and 100, find the indefinite integral in 
two ways. Explain any difference in the forms of the answers. 


5 
96. Í x? Vx — 1 dx 
1 


m/2 
98. Í sin 2x dx 
0 


99, Jo — 1? dx 


100. [sn x cos x dx 


In Exercises 101-104, evaluate the integral using the properties 
of even and odd functions as an aid. 


2 2 

101. Í x?’ (x? + 1) dx 102. Í x(x? + 1} dx 
=9) —2 
1/2 a/2 

103. Í sin? x cos x dx 104. Í sin x cos x dx 
=a = T/2 


105. Use f2 x? dx = È to evaluate each definite integral without 
using the Fundamental Theorem of Calculus. 


0 2 
(a) Í x? dx (b) Í x? dx 
=2 -2 


2 0 
(c) Í —x? dx (d) Í 3x? dx 
0 -2 
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. Use the symmetry of the graphs of the sine and cosine 
functions as an aid in evaluating each definite integral. 


a/4 m/4 
(a) sin x dx (b) cos x dx 
= r/4 = 7/4 
m/2 Tm/2 
(c) cos x dx (d) sin x cos x dx 
=qr/2 —r/2 


In Exercises 107 and 108, write the integral as the sum of the 
integral of an odd function and the integral of an even function. 
Use this simplification to evaluate the integral. 


4 7 
107. Í (x3 + 6x2 — 2x — 3)dx 108. Í (sin 3x + cos 3x) dx 
i =r 


Writing About Concepts 
109. Describe why 


[x — x?) dx + fe du 


where u = 5 — x?. 
110. Without integrating, explain why 


2 
x(x? + 1)? dx = 0. 


111. Cash Flow The rate of disbursement dQ/dt of a 2 million 
dollar federal grant is proportional to the square of 100 — t. 
Time f is measured in days (0 < t < 100), and Q is the 
amount that remains to be disbursed. Find the amount that 
remains to be disbursed after 50 days. Assume that all the 
money will be disbursed in 100 days. 


112. Depreciation The rate of depreciation dV/dt of a machine is 
inversely proportional to the square of t + 1, where V is the 
value of the machine ż years after it was purchased. The initial 
value of the machine was $500,000, and its value decreased 
$100,000 in the first year. Estimate its value after 
4 years. 


113. Rainfall The normal monthly rainfall at the Seattle-Tacoma 
airport can be approximated by the model 


R = 3.121 + 2.399 sin(0.524t + 1.377) 


where R is measured in inches and ż is the time in months, 
with t = 1 corresponding to January. (Source: U.S. National 
Oceanic and Atmospheric Administration) 


(a) Determine the extrema of the function over a one-year 
period. 

(b) Use integration to approximate the normal annual rainfall. 
(Hint: Integrate over the interval [0, 12].) 


(c) Approximate the average monthly rainfall during the 
months of October, November, and December. 


114. Sales The sales § (in thousands of units) of a seasonal 
product are given by the model 


S = 74.50 + 43.75 sin 


where ¢ is the time in months, with t = 1 corresponding to 
January. Find the average sales for each time period. 


(a) The first quarter (0 < t < 3) 
(b) The second quarter (3 < t < 6) 
(c) The entire year (0 < t < 12) 
115. Water Supply A model for the flow rate of water at a pump- 


ing station on a given day is 


i NTE | j mt 
RA = 53 47 sin( 6 7 36) + 9 cos H 8.9) 
where 0 < ¢ < 24. R is the flow rate in thousands of gallons 


per hour, and ¢ is the time in hours. 


(a) Use a graphing utility to graph the rate function and 
approximate the maximum flow rate at the pumping 
station. 


(b) Approximate the total volume of water pumped in 1 day. 


116. Electricity The oscillating current in an electrical circuit is 
I = 2 sin(607t) + cos(1207t) 


where / is measured in amperes and ¢ is measured in seconds. 


Find the average current for each time interval. 
(a) O<t<a 


(b) OS t< x 


()O0<t<% 


A 
IA 


IA 
IA 


Probability Yn Exercises 117 and 118, the function 
f(x) = kx”(1 — x)”, 0<x<1 


where n > 0, m > 0, and k is a constant, can be used to repre- 
sent various probability distributions. If k is chosen such that 


[roa 


the probability that x will fall between a and b (0 <a < b < 1) 


1S 
b 
Pay= | fade 


117. The probability that a person will remember between a% and 
b% of material learned in an experiment is 


b 
P= BA =x dx 


where x represents the percent remembered. (See figure.) 


(a) For a randomly chosen individual, what is the probability 
that he or she will recall between 50% and 75% of the 
material? 


118. 


119. 
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What ıs the median percent recall? That 1s, for what value 
of b is it true that the probability of recalling 0 to b is 0.5? 


+—+—_ 
abos 10 15 
Figure for 117 


The probability that ore samples taken from a region contain 
between a% and b% iron is 


b 
Pa -Í Ta — x)’ dx 


where x represents the percent of iron. (See figure.) What is 
the probability that a sample will contain between 


(a) 0% and 25% iron? 
(b) 50% and 100% iron? 


Temperature The temperature in degrees Fahrenheit in a 
house is 


se ._| a(t — 8) 
fi 72 + 12 sinf 2 l 


where ¢ is time in hours, with t = 0 representing midnight. 
The hourly cost of cooling a house is $0.10 per degree. 


(a) Find the cost C of cooling the house if its thermostat is set 
at 72°F by evaluating the integral 


an (t — 8) 
C=01 Í [72 + 12 sin Z T n| dt. (See figure.) 
8 


Temperature (in °F) 


Time (in hours) 
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(b) Find the savings from resetting the thermostat to 78°F by 
evaluating the integral 


18 
c=o1f [z2 + 12 sin TCZ 8) 78] ar 
1 


0 


(See figure.) 


T 


84 
78 
72 
66 
60 Ps 


1 í 
I i) 
! sles 
1 1 
l i} 


Temperature (in °F) 


Thermostat setting: 78° ee 
I 

tee ee ee t 

2 4 6 8 10 12 14 16 18 20 22 24 


Time (in hours) 


120. Manufacturing A manufacturer of fertilizer finds that 
national sales of fertilizer follow the seasonal pattern 


= . 2n(t — = 
F= 100.000f 1 + sin ~ga 


where F is measured in pounds and ¢ represents the time in 
days, with ¢ = 1 corresponding to January 1. The manufacturer 
wants to set up a schedule to produce a uniform amount of 
fertilizer each day. What should this amount be? 


121. Graphical Analysis Consider the functions f and g, where 
t 
f(x) = 6sinxcos?x and g(t) = [o dx. 
0 


(a) Use a graphing utility to graph f and g in the same 
viewing window. 


(b) Explain why g is nonnegative. 


(c) Identify the points on the graph of g that correspond to the 
extrema of f. 

(d) Does each of the zeros of f correspond to an extremum of 
g? Explain. 


(e) Consider the function 
t 
h(t) = Í f(x) dx. 
m/2 


Use a graphing utility to graph h. What is the relationship 


between g and h? Verify your conjecture. 
ia Find im SS 


n> tæ F1 n 


definite integral over the interval [0, 1]. 


by evaluating an appropriate 


123. (a) Show that fj x2(1 — x)5 dx = fọ x5(1 — x)? dx. 
(b) Show that fọ x“(1 — x)? dx = fy (1 — x)! dx. 
124. (a) Show that ig sin? x dx = i cos? x dx. 


. 2 ; 
(b) Show that i sin” x dx = ic cos” x dx, where n is a 
positive integer. 


wv Experienced writers 


© On-time delivery 


® 100% plagiarism free 


rue or False? In Exercises , determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


125. fo + 1)? dx = {2x + 1} + C 


126. [roe + 1) dx = telie +x) +C 


10 10 
127. Í (ax? + bx? + cx + d) dx = of (bx? + d) dx 
0 


=10 


b b+2r 
128. Í sin x dx = Í sin x dx 


129. asin xeos xar = —cos 2x + C 
130. [ssw 2x cos 2x dx = $sin? 2x + C 


131. Assume that f is continuous everywhere and that c is a 
constant. Show that 


cb b 
Í f(x) dx = ef f(cx) dx. 
132. (a) Verify that sin u — u cos u + C = fu sin u du. 


(b) Use part (a) to show that je sin\/x dx = 27. 
133. Complete the proof of Theorem 4.15. 


134. Show that if f is continuous on the entire real number line, 


then 

b b+h 
Í f(x + h) dx = f(x) dx. 

a ath 

Putnam Exam Challenge 
135. If dp, a,,. . ., a, are real numbers satisfying 

ec a E 

i” 2° i 
show that the equation ay + ajx + a,x? +- ++ a,x" =0 


has at least one real zero. 


136. Find all the continuous positive functions f(x), for0 < x < 1, 
such that 


1 
Í f(x)x2 dx = a? 
0 


where a is a real number. 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


Section 4.6 Numerical Integration 


> xX 


Xy=a x X X, x4=b 


The area of the region can be approximated 


using four trapezoids. 
Figure 4.41 


- 


The area of the first trapezoid is 


£o) + f) |(b = 4 l 
i tae I í | 
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e Approximate a definite integral using the Trapezoidal Rule. 
e Approximate a definite integral using Simpson’s Rule. 
e Analyze the approximate errors in the Trapezoidal Rule and Simpson’s Rule. 


The Trapezoidal Rule 


Some elementary functions simply do not have antiderivatives that are elementary 
functions. For example, there is no elementary function that has any of the following 
functions as its derivative. 


cos 
Sx/1 — x, Jx cos x, = J1 — x3, sin x2 


If you need to evaluate a definite integral involving a function whose antiderivative 
cannot be found, the Fundamental Theorem of Calculus cannot be applied, and you 
must resort to an approximation technique. Two such techniques are described in this 
section. 

One way to approximate a definite integral is to use n trapezoids, as shown in 
Figure 4.41. In the development of this method, assume that f is continuous and 
positive on the interval [a, b]. So, the definite integral 


Í f(x) dx 


represents the area of the region bounded by the graph of f and the x-axis, from x = a 
to x = b. First, partition the interval [a,b] into n subintervals, each of width 
Ax = (b — a)/n, such that 

A=X% <x <%,<- ++ <x, =D. 


Then form a trapezoid for each subinterval (see Figure 4.42). The area of the ith 
trapezoid is 


Area of ith trapezoid = eae Ff (xi) (° = a), 


n 


This implies that the sum of the areas of the n trapezoids is 


= (Arw + f(x,) + fx) +F o a + £6,)] 


= (= 2) BAEN) + 2f(x,) + 2f) +-- > + 2f +f] 


n 


Letting Ax = (b — a)/n, you can take the limit as n — co to obtain 


lim (=) E ES METETE rS T 


= Jim [He = fen Ax + > Fes) ax] 
= im LOSON- iy $ ferjan 


-0+ [ aax 


The result is summarized in the following theorem. 
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THEOREM 4.16 The Trapezoidal Rule 
Let f be continuous on [a, b]. The Trapezoidal Rule for approximating 
f° f(x) dx is given by 
b 
b-a 
f FO de= EZEN + 27m) + 2flea) + # 2Flay 1) + P05) 
Moreover, as n — 00, the right-hand side approaches f? f(x) dx 
NOTE Observe that the coefficients in the Trapezoidal Rule have the following pattern. 
1222 ...2 2 1 
EXAMPLE | Approximation with the Trapezoidal Rule 
y Use the Trapezoidal Rule to approximate 
A 


y=sinx a 
sin x dx. 
0 


Compare the results for n = 4 and n = 8, as shown in Figure 4.43. 


ay Solution When n = 4, Ax = 7/4, and you obtain 


ud T 3m T m 
4 2 4 T 3T 
sin x dx ~ =(sin0 + 2 sin Z + 2 sin Z +2sin— + sinr 
0 8 4 2 4 


Four subintervals 


+ 
= 20+ yapaa Vi+0) - Tt S 1 256, 
y=sinx When n = 8, Ax = 7/8, and you obtain 


Í sin xde = (sino + 2sin Z + 2 sin Z + 2 sin $ + 2sin 5 


7 
+ 2sin 2 4 2 sin = + 2 sin + sin 7) 


T T T >x 
T n m n SK m monr 
8 4 8 2 8 4 8 3T 
Z(2 +2/24+ 4 sin Z + 4 sin) = 1.974. 
Eight subintervals ~ 16 8 8 
Trapezoidal approximations For this particular integral, you could have found an antiderivative and determined that 
Figure 4.43 the exact area of the region is 2. 


[try re | [ree] [Beis] (aes) 
TECHNOLOGY Most graphing utilities and computer algebra systems have 
built-in programs that can be used to approximate the value of a definite integral. 
Try using such a program to approximate the integral in Example 1. How close is 
your approximation? 

When you use such a program, you need to be aware of its limitations. Often, 
you are given no indication of the degree of accuracy of the approximation. Other 
times, you may be given an approximation that is completely wrong. For instance, 
try using a built-in numerical integration program to evaluate 

2 
La 


E 


Your calculator should give an error message. Does yours? 
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It is interesting to compare the Trapezoidal Rule with the Midpoint Rule given in 
Section 4.2 (Exercises 63—66). For the Trapezoidal Rule, you average the function 
values at the endpoints of the subintervals, but for the Midpoint Rule you take the 
function values of the subinterval midpoints. 


b n + 
f(x) ) dx = = Ss (A = ) Ax Midpoint Rule 


i=1 


b 
f f(x ) dx = 3) (ea) Ax Trapezoidal Rule 


i=l 


NOTE There are two important points that should be made concerning the Trapezoidal Rule 
(or the Midpoint Rule). First, the approximation tends to become more accurate as n increases. 
For instance, in Example 1, if n = 16, the Trapezoidal Rule yields an approximation of 1.994. 
Second, although you could have used the Fundamental Theorem to evaluate the integral in 
Example 1, this theorem cannot be used to evaluate an integral as simple as fọ sin x? dx because 
sin x? has no elementary antiderivative. Yet, the Trapezoidal Rule can be applied easily to this 
integral. 


Simpson’s Rule 


One way to view the trapezoidal approximation of a definite integral is to say that on 
each subinterval you approximate f by a first-degree polynomial. In Simpson’s Rule, 
named after the English mathematician Thomas Simpson (1710-1761), you take this 
procedure one step further and approximate f by second-degree polynomials. 

Before presenting Simpson’s Rule, we list a theorem for evaluating integrals of 
polynomials of degree 2 (or less). 


THEOREM 4.17 Integral of p(x) = Ax? + Bx + C 
If p(x) = Ax? + Bx + C, then 


[roa Apo + H) + 00] 


Proof 


[roa] (Ax? + Bx + C) dx 


_ AW = a) | BYP = a) 
3 2 


= (=) [2A(a2 + ab + Bb?) + 3B(b + a) + 6C] 


+ C(b — a) 


By expansion and collection of terms, the expression inside the brackets becomes 


+ a\’ + 
(Aa? + Ba + ©) + al (244) + o(24) +c] + ae + Br +0 
———— ee ————————— 


pla) i (2 + +) p(b) 


and you can write 


i R= (Aho +e) + vw] __ 
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To develop Simpson’s Rule for approximating a definite integral, you again 
partition the interval [a, b] into n subintervals, each of width Ax = (b — a)/n. This 
time, however, n is required to be even, and the subintervals are grouped in pairs such 
that 


A= XxX <%yS XS HX, Sy << SH, SH, HD. 
a — 
[xo x2] ERA Pesa 


On each (double) subinterval [x,_,, x;], you can approximate f by a polynomial p of 
degree less than or equal to 2. (See Exercise 55.) For example, on the subinterval 
[xo X2], choose the polynomial of least degree passing through the points 
(Xo Yo), (Xp yı), and (x5, y»), as shown in Figure 4.44. Now, using p as an approxima- 
tion of f on this subinterval, you have, by Theorem 4.17, 


| "d dx = Í Ee dx [w aa fe ee 3 E [eco t ap) i pts) 
Á = AO o ya 
6 


+0 


Figure 4.44 + 4p(x,) + p(x)] 


= ZE Aao) + 4f) + foal) 


Repeating this procedure on the entire interval [a, b] produces the following theorem. 


THEOREM 4.18 Simpson’s Rule (n is even) 
Let f be continuous on [a, b]. Simpson’s Rule for approximating f? f(x) dx is 
b 
b = 
f F dx = S o) + 4 f(x) + 2f) + 4f(%3) H 
+ 4 f (x,—1) + F(X) |. 


Moreover, as n —> co, the right-hand side approaches f? f(x) dx. 


NOTE Observe that the coefficients in Simpson’s Rule have the following pattern. 


142424...4241 


In Example 1, the Trapezoidal Rule was used to estimate fọ sin x dx. In the next 
example, Simpson’s Rule is applied to the same integral. 


EXAMPLE 2 Approximation with Simpson’s Rule 


NOTE In Example 1, the Trapezoidal Use Simpson’s Rule to approximate 
Rule with n = 8 approximated JẸ sin x dx mn 

as 1.974. In Example 2, Simpson’s Rule f sin x dx. 

with n = 8 gave an approximation of 0 

2.0003. The antiderivative would produce 


the true value of 2. Compare the results for n = 4 and n = 8. 


Solution When n = 4, you have 


sin x dx ~ (sno + 4 sin Z + 2 sin Z + isn + sin m) = 2.005. 
6 12 4 2 4 


T 


When n = 8, you have | sinx dx ~ 2.0003. 


0 E 


TECHNOLOGY Ifyou have 
access to a computer algebra system, 
use it to evaluate the definite integral 
in Example 3. You should obtain a 
value of 


[vi H x? dx = H2 - nâ ; /Z2)] 


= 1.14779. 


(“In” represents the natural logarithmic 
function, which you will study in 
Section 5.1.) 


=< 


1 
1.144 < Í J1 + dx < 1.164 
0 


Figure 4.45 


| Estab Gran | 
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Error Analysis 


If you must use an approximation technique, it is important to know how accurate you 
can expect the approximation to be. The following theorem, which is listed without 
proof, gives the formulas for estimating the errors involved in the use of Simpson’s 
Rule and the Trapezoidal Rule. 


THEOREM 4.19 Errors in the Trapezoidal Rule and Simpson’s Rule 


If f has a continuous second derivative on [a, b], then the error E in approxi- 
mating J’ f j dx by the Trapezoidal Rule is 


(b -a 


< 
a oe 


ioe Iœ], a<x<b. Trapezoidal Rule 

Moreover, if f has a continuous fourth derivative on [a, b], then the error E in 
ae b . ; . 

o 7 f(x) dx by Simpson’s Rule is 


(b = a) 


oe T 


u Ow ]|], a<sx<b. Simpson’s Rule 


Theorem 4.19 states that the errors generated by the Trapezoidal Rule and 
Simpson’s Rule have upper bounds dependent on the extreme values of f”(x) and 
f(x) in the interval [a, b]. Furthermore, these errors can be made arbitrarily small 
by increasing n, provided that f”and f® are continuous and therefore bounded in 


la, b]. 


EXAMPLE 3 The Approximate Error in the Trapezoidal Rule 


Determine a value of n such that the Trapezoidal Rule will approximate the value of 

i JV 1 + x? dx with an error that is less than 0.01. 

Solution Begin by letting f(x) = V1 + x? and finding the second derivative of f. 
f(x) =x + and fx) = (1 + x2) 


The maximum value of | f”(x)| on the interval [0, 1] is | f”(0)| = 1. So, by Theorem 
4.19, you can write 


0- A == pe 1 
Lis ol P a) ee 


E < 


To obtain an error E that is less than 0.01, you must choose n such that 
1/(12n?) < 1/100. 
100 


100 < 122 => nz yŒ ~2.89 


So, you can choose n = 3 (because n must be greater than or equal to 2.89) and apply 
the Trapezoidal Rule, as shown in Figure 4.45, to obtain 


[ Fea irea Pr2/it+ ETES 
~ 1.154. 


So, with an error no larger than 0.01, you know that 


1 
1.144 < f V1 + x* dx < 1.164. 
0 
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Exercises for Section 4.6 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


to approximate the value of the definite integral for the given 
value of n. Round your answer to four decimal places and com- 
pare the results with the exact value of the definite integral. 


2 L fy 
L [eae n=4 2 Í (5 +1) ae n=4 
0 2 


In Exercises 1-10, use the Trapezoidal Rule and Simpson’s Rule m j GEN | 
25. dx 26. | —v dx 
axti > &— I 


T 1 
27. Í cos x dx 28. Í sin(ax) dx 
0 0 


; o In Exercises 29-34, use the error formulas in Theorem 4.19 to 
3 Adie fa 4 i te. Het find n such that the error in the approximation of the definite 
“Jo , “J, integral is less than 0.00001 using (a) the Trapezoidal Rule and 
2 8 (b) Simpson’s Rule. 
5. i wedx, n=8 6. Í ¥Yxdx, n=8 i : 
0 0 
9 3 29. Í Li 30. Í i+ dx 
7. Jx dx, n=8 8. Í (4- x?)dx, n=4 A * o 
4 1 mm | 
2 1 2 31. Í Vx + 2 dx 32. sak 
9. ds, n=4 10. xJ/x2+ 1dx, n=4 0 1 vx 
i (x + 1) . 1 7/2 
33. Í cos(mx) dx 34. Í sin x dx 
0 0 


In Exercises 11-20, approximate the definite integral using the 
Trapezoidal Rule and Simpson’s Rule with n = 4. Compare + 


: og , , In Exercises 35-38, use a computer algebra system and the 
these results with the approximation of the integral using a 


error formulas to find n such that the error in the approxima- 


graphing utility. 


2 
11. Í J1 4+ x3 dx 
0 


2 
1 
12. —— dx 
f J14+x 


tion of the definite integral is less than 0.00001 using (a) the 
Trapezoidal Rule and (b) Simpson’s Rule. 


2 
35. Í J1+xdx 
0 


2 
36. Í (x + 1)? dx 
0 


1 
13. | Jx JI — xdx 
0 


V 1/2 
15. Í cos x? dx 
0 


11 
n. | sin x? dx 
1 


14. Í Jx sin x dx 
a/2 
Va/4 
16. Í tan x? dx 
0 


m/2 
is. | V1 + cos?x dx 
0 


1 1 
37. Í tan x? dx 38. Í sin x? dx 
0 0 


39. Approximate the area of the shaded region using (a) the 
Trapezoidal Rule and (b) Simpson’s Rule with n = 4. 


y y 
1/4 wt 
19. Í x tan x dx + 
0 8+ 
a sin x, -0 él 
20. | fx) dx, f(ix)=4 * + : 
0 1, x=0 A jii : 
ee 2+ 
Writing About Concepts i Tan t an ee 4 re i : i P 
21. If the function f is concave upward on the interval [a, b], Figure for 39 Figure for 40 


will the Trapezoidal Rule yield a result greater than or less 
than J? f(x) dx? Explain. 


40. Approximate the area of the shaded region using (a) the 


. The Trapezoidal Rule and Simpson’s Rule yield approxi- Ab Trapezoidal Rule and (b) Simpson’s Rule with n = 8. 


mations of a definite integral iE f(x) dx based on polyno- 
mial approximations of f. What degree polynomial is used 
for each? 


41. Programming Write a program for a graphing utility to 
approximate a definite integral using the Trapezoidal Rule and 
Simpson’s Rule. Start with the program written in Section 4.3, 
Exercises 59-62, and note that the Trapezoidal Rule can be 
written as T(n) = 5[L(n) + R(n)] and Simpson’s Rule can be 
written as 


S(n) = 3[T(n/2) + 2M(n/2)]. 
[Recall that L(n), M(n), and R(n) represent the Riemann sums 


using the left-hand endpoints, midpoints, and right-hand 
endpoints of subintervals of equal width.] 


In Exercises 23-28, use the error formulas in Theorem 4.19 to 
estimate the error in approximating the integral, with n = 4, 
using (a) the Trapezoidal Rule and (b) Simpson’s Rule. 


2 3 
23. Í x dx 24. Í (2x + 3) dx 
0 1 


Programming In Exercises 42—44, use the program in Exercise 
41 to approximate the definite integral and complete the table. 


n L(n) | M(n) | R(n) | T(n) | S(n) 


4 1 4 
a | J2 + 3x2 dx a. f J1 — 2 dx uf sin \/x dx 
0 0 


0 


45. Area Use Simpson’s Rule with n = 14 to approximate the 
area of the region bounded by the graphs of y = \/xcos x, 
y =0,x = 0, and x = 7/2. 


46. Circumference The elliptic integral 
m/2 - 
s3 /1 — $ sin? 0 d0 
0 


gives the circumference of an ellipse. Use Simpson’s Rule with 
n = 8 to approximate the circumference. 

47. Work To determine the size of the motor required to operate 
a press, a company must know the amount of work done when 
the press moves an object linearly 5 feet. The variable force to 
move the object is 


F(x) = 100x/125 = 3 


where F is given in pounds and x gives the position of the unit 
in feet. Use Simpson’s Rule with n = 12 to approximate the 
work W (in foot-pounds) done through one cycle if 


w= f roa 


48. The table lists several measurements gathered in an experiment 
to approximate an unknown continuous function y = f(x). 


(a) Approximate the integral f? f(x) dx using the Trapezoidal 
Rule and Simpson’s Rule. 


x | 0.00 | 0.25 | 0.50 | 0.75 | 1.00 


y | 4.32 | 4.36 | 4.58 | 5.79 | 6.14 


x | 1.25 1.50 | 1.75 | 2.00 


y | 7.25 | 7.64 | 8.08 | 8.14 


(b) Use a graphing utility to find a model of the form 
y = ax? + bx? + cx + d for the data. Integrate the result- 
ing polynomial over [0,2] and compare the result with 
part (a). 
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Approximation o, 
Rule with n = 6 to approximate 7 using the given equation. (In 
Section 5.7, you will be able to evaluate the integral using 
inverse trigonometric functions.) 


1/2 6 1 4 
49. = — d. 50. = d 
T Í Toa ba T Í Ip Ix 


Area In Exercises 51 and 52, use the Trapezoidal Rule to 
estimate the number of square meters of land in a lot where x 
and y are measured in meters, as shown in the figures. The land 
is bounded by a stream and two straight roads that meet at right 
angles. 


51. x y 
0 | 125 150 + Road 
100 | 125 Stream 
200 | 120 100 F 
300 | 112 
400 90 50 5 Road 
500 90 
600 95 mies HHH x 
700 88 200 400 600 800 1000 
800 75 
900 35 
1000 0 
52. x y y 
0 75 Stream 
10 | 81 4 
20 84 
30 76 
40 67 
50 68 
60 69 
70 T2 
80 68 
90 56 
100 42 
110 23 
120 0 


53. Prove that Simpson’s Rule is exact when approximating the 
integral of a cubic polynomial function, and demonstrate the 
result for fj x3 dx, n = 2. 


54. Use Simpson’s Rule with n = 10 and a computer algebra 
system to approximate f in the integral equation 


t 
Í sin Jx dx = 2) 
0 


55. Prove that you can find a polynomial p(x) = Ax? + Bx + C 
that passes through any three points (x,,y,), (%>, y2), and 
(x3, y3), where the x,’s are distinct. 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on || to print an enlarged copy of the graph. 


In Exercises 1 and 2, use the graph of f’ to sketch a graph of 
f. To print an enlarged copy of the graph, select the MathGraph 
button. 


I 6» 2. 9 


> xX 


In Exercises 3-8, find the indefinite integral. 


s |+- Da 
2 
4. | == d: 
i i 
3 
J h 
x 


3 P 24 
s [PFs 


x 


N4 


; fo — 3 sin x) dx 


of 


k fo cos x — 2 sec? x) dx 


9. Find the particular solution of the differential equation 
f'(x) = —2x whose graph passes through the point (— 1, 1). 
10. Find the particular solution of the differential equation 
f(x) = 6(x — 1) whose graph passes through the point (2, 1) 
and is tangent to the line 3x — y — 5 = 0 at that point. 


Slope Fields In Exercises 11 and 12, a differential equation, a 
point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the given point. (To print an enlarged copy 
of the graph, select the MathGraph button.) (b) Use integration 
to find the particular solution of the differential equation and 
use a graphing utility to graph the solution. 


= Yola 
2x— 4, (4, —2) 12. T72 2x, (6,2) 


11. 


y 
A 
LANNY 
j, A Fie le \N=—77 P 
ANELA oP PES ISANNANNNNNA=ZSII TT 
VVRANNAH24// 7711 AIC LEE ame bes 
p PN ræ 
RAN ARRE 
YAO A NO ee eh IZFSNNNNANSZ IIIA 
Doge a BNN 
VILANS SeA Ad E aie aes 
TPANNAANNNNA=ZLLI TT 
aN Ser ee Rae Dd AA RT ee 
IAES SSAA Heee iH r 
LLL NS LE LEE SIZFSSAANANSSA Z ALLT 
i os 1 ZEN AAAS E 
S64 NSS r PP Sg YANSA AASS 77117 


13. Velocity and Acceleration An airplane taking off from a 
runway travels 3600 feet before lifting off. The airplane starts 
from rest, moves with constant acceleration, and makes the run 
in 30 seconds. With what speed does it lift off? 


14. Velocity and Acceleration The speed of a car traveling in a 
straight line is reduced from 45 to 30 miles per hour in a 
distance of 264 feet. Find the distance in which the car can be 
brought to rest from 30 miles per hour, assuming the same 
constant deceleration. 


15. Velocity and Acceleration A ball is thrown vertically upward 
from ground level with an initial velocity of 96 feet per second. 


(a) How long will it take the ball to rise to its maximum height? 
(b) What is the maximum height? 


(c) When is the velocity of the ball one-half the initial 
velocity? 


(d) What is the height of the ball when its velocity is one-half 
the initial velocity? 


16. Velocity and Acceleration Repeat Exercise 15 for an initial 
velocity of 40 meters per second. 


In Exercises 17-20, use sigma notation to write the sum. 


ot ae ee eee E. 
"4(1) ° 4(2) © 4) | " A(8) 
4g PO? EL 399 ..y IED 

2(1) a) 208) 2(12) 
a T eR) 
20. a(2 | 4) preia 3n(2 ! mt 


In Exercises 21-24, use the properties of summation and 
Theorem 4.2 to evaluate the sum. 


20 


21. S 3i 22. X (4i - 1) 


i=l t=l 


20 12 
23. X G+ 1? 24. X i(i? — 1) 
i=1 


i=1 


25. Write in sigma notation (a) the sum of the first ten positive odd 
integers, (b) the sum of the cubes of the first n positive integers, 


and(c)6+ 10+ 14 + 18+-.--++ 42. 
26. Evaluate each sum for x, = 2, x, 1, x; = 5, x, = 3, and 
x; = 7. 
1 Sl 
(a) 32% (b) > X 


5 5 
(c) X (2x; — x7) (d) SG =a) 
= E 


In Exercises 27 and 28, use upper and lower sums to approxi- 
mate the area of the region using the indicated number of subin- 
tervals of equal width. 


10 


27. y= 28. y = 9 — ix? 


x? + 1 


In Exercises 29-32, use the limit process to find the area of the 
region between the graph of the function and the x-axis over the 
given interval. Sketch the region. 

29. y=6--x, [0,4] 
31. y=5-— x, [-2,1] 


30. y= x? + 3, [0,2] 
32. y= 5x3, [2, 4] 


33. Use the limit process to find the area of the region bounded by 
x = 5y — y?, x = 0, y = 2, andy = 5. 


34. Consider the region bounded by y = mx, y = 0,x = 0, and 

x=b. 

(a) Find the upper and lower sums to approximate the area of 
the region when Ax = b/4. 

(b) Find the upper and lower sums to approximate the area of 
the region when Ax = b/n. 

(c) Find the area of the region by letting n approach infinity in 
both sums in part (b). Show that in each case you obtain the 
formula for the area of a triangle. 


In Exercises 35 and 36, write the limit as a definite integral on 
the interval [a, b], where c; is any point in the ith subinterval. 


Limit Interval 
35. ae bs (2c; — 3) Ax; [4, 6] 
36. lim, $ 3¢(9 = c?) Ax, [1,3] 
a> e 


In Exercises 37 and 38, set up a definite integral that yields the 
area of the region. (Do not evaluate the integral.) 


37. f(x) = 3x+6 38. f(x) =9 — x 


y y 


n Exercises 39 and 40, sketc 


e region whose area Is given Dy 
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the definite integral. Then use a geometric formula to evaluate 


the integral. 


=) 
39. f6 = |x — 5]) dx 
0 


6 
41. Given Í f(x) dx = 10 and | 
2 


2 


4 
40. Í V16 — x? dx 
-4 


6 
g(x) dx = 3, evaluate 


@ | O + abide O | Cre ~ ela 


© [ Pre) - sera. @ [57 ax 


3 6 
42. Given Í f(x) dx = 4 and Í f(x)dx = —1, evaluate 
0 3 


© [ro ax 
0 


4 
(c) Í f(x) dx. 
4 


3 
(b) Í f(x) dx. 
6 


6 
(d) Í — 10 f(x) dx. 
3 


In Exercises 43-50, use the Fundamental Theorem of Calculus 


to evaluate the definite integral. 


4 
43. Í (2 + x) dx 
0 
1 
45. Í (4P — 2t) dt 
=i 
9 
47. Í x/x dx 
4 


30/4 
49. Í sin ð d0 
0 


1 
44. Í (t? + 2) dt 
=] 


2 
46. Í (x4 + 2x? — 5) dx 
-2 
2 


1 1 
48. | (4 = 4) dx 


m/4 
50. Í sec? t dt 
—7/4 


In Exercises 51-56, sketch the graph of the region whose area is 
given by the integral, and find the area. 


3 

51. Í (2x — 1) dx 
‘3 

53. Í (x2 — 9) dx 
3 


1 
55. Í (x — x3) dx 
0 


2 
52. Í (x + 4) dx 
a 
54. Í (—x2 + x + 2) dx 
=i 


56. [ Jx(1 — x) dx 


In Exercises 57 and 58, determine the area of the given region. 


57. y = sinx 


y 


58. y = x + cosx 
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In Exercises 59 and 60, sketch the region bounded by the graphs 
of the equations, and determine its area. 


4 
om T y=0, x=1, x=9 


T 
3 


60. y = sec? x, y=0, x=0, x= 


In Exercises 61 and 62, find the average value of the function 
over the given interval. Find the values of x at which the 
function assumes its average value, and graph the function. 


61. f) =- [4.9] 62. f(x) =x, [0,2] 


In Exercises 63—66, use the Second Fundamental Theorem of 
Calculus to find F(x). 


x 


63. FO) = [ eT R a 64. FO) = | 
0 1 


66. F(x) = Í csc? t dt 


0 


1 
pit 


65. F(x) = Í (t? + 3t + 2)dt 
-3 
In Exercises 67-80, find the indefinite integral. 


1\2 
68. fei) dx 
x 


67. fe + 1} dx 


2 
69. ls dx 70. fev X + 3dx 
_ 2,2)4 — x*t3 
7A; ro 3x2)4 dx 72. G2 + Gx F dx 
73. Í sin? x cos x dx 74. Í x sin 3x? dx 
75. ee 76. |<= a 
`J A= cos 6 ` J Ssin x 


77. i tan” x sec? x dx, n#—l1 78. i sec 2x tan 2x dx 


79. fo + sec mx)? secmx tanaxdx 80. [oe a csc? ada 


In Exercises 81-88, evaluate the definite integral. Use a 
graphing utility to verify your result. 


2 1 
81. Í x(x? — 4) dx 82. Í Læ + 1)3 dx 
0 


3 6 
s. | -a sa | ax 
o Vl+x 3 3Vx2-8 
1 0 
85. 27] (y+ 1)V1 -ydy 86. 2m] w/x t+ 1dx 
0 -1 


T 7 1/4 
87. Í cos = dx 88. Í sin 2x dx 
0 2 = 7/4 


Slope Fields In Exercises 89 and 90, a differential equation, a 
point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the given point. (To print an enlarged 
copy of the graph, select the MathGraph button.) 
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ential equation and use a graphing utility to graph the solution. 


d d 1 
89. Z = x s9- x, (0,-4) 90. os = — =x sin(x”), (0, 0) 


dx 2 
y y 
A A 
Sh Roser et FmN 272 BPN NEN 
SN eee A E ia 4o-N24 2-4 -N NINN 
aU TN eee eS Fai AS] -Syn Ze 
etl OS Dh sea a CR St ae Aa AAS PEN 
es a Jat Pea ae Pea 
BNLAN eo eS His Aaa yy Fee S 
SA eee et foe fp aft 
=N ENNE A ee hd ee E 
SUN Net a S ee ee E 
NON Se e S PEN AP SRSA 
SUVA Sere Le S Pas, 6 gem E E N 
SUVA Nee A fie fo See tes eS 
—-\VAMO@s/ Ill- FrN 24 eS ENN IN 


In Exercises 91 and 92, find the area of the region. Use a 
graphing utility to verify your result. 


9 m/2 
91. Í yr lax 92. Í [cos x + sin(2x)] dx 
1 0 


93. Fuel Cost Gasoline is increasing in price according to the 
equation p = 1.20 + 0.04t, where p is the dollar price per 
gallon and f is the time in years, with f = 0 representing 1990. 
An automobile is driven 15,000 miles a year and gets M miles 
per gallon. The annual fuel cost is 


1 t+1 
C= 5,000 

M t 
Estimate the annual fuel cost in (a) 2000 and (b) 2005. 


94. Respiratory Cycle After exercising for a few minutes, a 
person has a respiratory cycle for which the rate of air intake is 


pdt. 


. Wt 
= 1.7 a 
v 5 sin 7 


Find the volume, in liters, of air inhaled during one cycle by 
integrating the function over the interval [0, 2]. 


In Exercises 95—98, use the Trapezoidal Rule and Simpson’s Rule 
with n = 4, and use the integration capabilities of a graphing 
utility, to approximate the definite integral. Compare the results. 


2 1 1 x3/2 
95. 5 dx 96. 5 dx 
T lex o3-x 


Tm/2 T 
97. Í Jx cos x dx 98. Í V1 + sin? x dx 
0 0 


| PS. | Problem Solving 


w Experienced writers 


© On-time delivery 


® 100% plagiarism free 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 


1. Let L(x) -Í * dt x>0. 
1 


(a) Find L(1). 
(b) Find L’(x) and L’(1). 
Pe (c) Use a graphing utility to approximate the value of x (to three 
decimal places) for which L(x) = 1. 
(d) Prove that L(x,x,) = L(x,) + L(x) for all positive values of 
xX, and x. 


x 


Fe 2. Let F(x) = Í sin £? dt. 


2 
(a) Use a graphing utility to complete the table. 


x 0 1.0 1.5 1.9 2.0 
F(x) 
x 2.1 2:5 3.0 4.0 5.0 
F(x) 


1 E eee : 
(b) Let G(x) = 5 Fe) rer i sin £? dt. Use a graphing 


utility to complete the table and estimate lim G(x). 
x> 


ae 1.9 1.95 1.99 2.01 2:1 
G(x) 


(c) Use the definition of the derivative to find the exact value of 
the limit lim G(x). 
K>. 


Ae In Exercises 3 and 4, (a) write the area under the graph of the 
given function defined on the given interval as a limit. Then use 
a computer algebra system to (b) evaluate the sum in part 
(a), and (c) evaluate the limit using the result of part (b). 


3. y=xt -— 49 4+ 4x7, [0, 2] 


( Hine $ a n(n + 1)(2n 4 Der? + 3n ) 


1 
4. y= 525+ 205, [0,2] 
wW(n + 1)?(2n? + 2n — D) 


Hint: i5 


5. The Fresnel function S is defined by the integral 


S(x) = f sin( Z£) dt. 


2 
(a) Graph the function y = sn( Z on the interval [0, 3]. 


(b) Use the graph in part (a) to sketch the graph of S on the 
interval [0, 3]. 


(c) Locate all relative extrema of S on the interval (0, 3). 


(d) Locate all points of inflection of S on the interval (0, 3). 


. The Two-Point Gaussian Quadrature Approximation for f is 


pand) 


1 
(a) Use this formula to approximate Í cos x dx. Find the error 
of the approximation. ot 
1 


r . 1 
(b) Use this formula to approximate l lee dx. 


(c) Prove that the Two-Point Gaussian Quadrature Approxi- 
mation is exact for all polynomials of degree 3 or less. 


. Archimedes showed that the area of a parabolic arch is equal to Z 


the product of the base and the height (see figure). 


b ———— 


(a) Graph the parabolic arch bounded by y = 9 — x? and the 
x-axis. Use an appropriate integral to find the area A. 


(b) Find the base and height of the arch and verify Archimedes’ 
formula. 


(c) Prove Archimedes’ formula for a general parabola. 


. Galileo Galilei (1564—1642) stated the following proposition 


concerning falling objects: 


The time in which any space is traversed by a uniformly 
accelerating body is equal to the time in which that same 
space would be traversed by the same body moving at a 
uniform speed whose value is the mean of the highest 
speed of the accelerating body and the speed just before 
acceleration began. 


Use the techniques of this chapter to verify this proposition. 


. The graph of the function f consists of the three line segments 


joining the points (0, 0), (2, —2), (6, 2), and (8, 3). The function 
F is defined by the integral 


F(x) = i O dt. 


(a) Sketch the graph of f. 
(b) Complete the table. 


x (0) 1 2 3 4 5 6 7 8 
F(x) 


(c) Find the extrema of F on the interval [0, 8]. 


(d) Determine all points of inflection of F on the interval (0, 8). 
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10. A car is traveling in a straight line for 1 hour. Its velocity v in 
miles per hour at six-minute intervals is shown in the table. 


t (hours) 0 0.1 0.2 0.3 0.4 0.5 


v (mi/h) 0 10 20 40 60 50 


t(hours) | 0.6 0.7 0.8 0.9 1.0 


v (mi/h) 40 35 40 50 65 


(a) Produce a reasonable graph of the velocity function v by 
graphing these points and connecting them with a smooth 
curve. 


(b) Find the open intervals over which the acceleration a is 
positive. 


(c) Find the average acceleration of the car (in miles per hour 
squared) over the interval [0, 0.4]. 


(d) What does the integral fọv(t) dt signify? Approximate this 
integral using the Trapezoidal Rule with five subintervals. 


(e) Approximate the acceleration at t = 0.8. 


Prove | f(x — t) dt = LU fo) av) dt. 


12. Prove [ fof) dx = AFP - LAP). 
13. Use an appropriate Riemann sum to evaluate the limit 


VI+ V2 + V3 +--+ Vn 


n372 


11. 


= 


lim 


noe 


14. Use an appropriate Riemann sum to evaluate the limit 


P+ 243 +.. +n 
- ; 


lim 
n= n 


15. Suppose that f is integrable on [a, b] and O < m < f(x) < M 
for all x in the interval [a, b]. Prove that 


mla — b) < [ro dx < M(b — a). 


1 
Use this result to estimate í V1 + x4 dx. 
0 


16. Let f be continuous on the interval [0,5] where 
f(x) + f(b — x) # 0 on [0, b]. 
f(x) nal 


o f(a) + f(b -= x) 2 


(a) Show that 


(b) Use the result in part (a) to evaluate 
1 
sin x 
aa a ae 
i sin (1 — x) + sinx . 
(c) Use the result in part (a) to evaluate 


[wae 


17. 


18. 


19. 


20. 
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Verify that 


$e n(n + ue + 1) 


by showing the following. 
(a) (1 + ò} — P = 3243141 


(b) (n + 1)3 SiG +3i+ 1) +1 
i=1 


n(n + 1)(2n + 1) 


© $r = r 
= 


Prove that if f is a continuous function on a closed interval 
[a, b], then 


Í f(x) dx 


Let 


i= [roa 


< l [f(x)| dx. 


where f is shown in the figure. Let L(n) and R(n) represent the 
Riemann sums using the left-hand endpoints and right-hand 
endpoints of n subintervals of equal width. (Assume n is even.) 
Let T(n) and S(n) be the corresponding values of the 
Trapezoidal Rule and Simpson’s Rule. 


(a) For any n, list L(n), R(n), T(n), and J in increasing order. 
(b) Approximate S(4). 


The sine integral function 
t 
Si(x) = [= sin 


: : ; F . sint . 
is often used in engineering. The function f(t) = =_ 8 not 


defined at t = 0, but its limit is 1 as ż— 0. So, define f(0) = 1. 
Then f is continuous everywhere. 

(a) Use a graphing utility to graph Si(x). 

(b) At what values of x does Si(x) have relative maxima? 


(c) Find the coordinates of the first inflection point where 
x > 0. 


(d) Decide whether Si(x) has any horizontal asymptotes. If so, 
identify each. 
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The Natural Logarithmic Function: Differentiation 


e Develop and use properties of the natural logarithmic function. 
e Understand the definition of the number e. 
e Find derivatives of functions involving the natural logarithmic function. 


The Natural Logarithmic Function 
JOHN NAPIER (1550—1617) 


Logarithms were invented by the Scottish Recall that the General Power Rule 


mathematician John Napier. Although he xrtl 
did not introduce the natural logarithmic Í x” dx = nti +C, n#-1 General Power Rule 
function, it is sometimes called the Napierian 
logarithm. has an important disclaimer—it doesn’t apply when n = — 1. Consequently, you have 
not yet found an antiderivative for the function f(x) = 1/x. In this section, you will 
SL) use the Second Fundamental Theorem of Calculus to define such a function. This 
antiderivative is a function that you have not encountered previously in the text. It is 


neither algebraic nor trigonometric, but falls into a new class of functions called 
logarithmic functions. This particular function is the natural logarithmic function. 


Definition of the Natural Logarithmic Function 


The natural logarithmic function is defined by 
"i 
Inx = —dt, x>0. 
1 É 


The domain of the natural logarithmic function is the set of all positive real 
numbers. 


[History] [ Video | 
From the definition, you can see that In x is positive for x > 1 and negative for 


0 < x < 1, as shown in Figure 5.1. Moreover, In(1) = 0, because the upper and lower 
limits of integration are equal when x = 1. 


4+ 
y=! 
3+ 
*1 

él Ifx<1, f tar<o. 

1+ 
' i 
If x > 1, thenInx > 0. If 0 < x < 1,thenInx < 0. 


Figure 5.1 


Graphing the Natural Logarithmic Function Using only the definition of the 
natural logarithmic function, sketch a graph of the function. Explain your 
reasoning. 


: 1 
Each small line segment has a slope of T 
Figure 5.2 


NOTE Slope fields can be helpful 

in getting a visual perspective of the 
directions of the solutions of a differen- 
tial equation. 


The natural logarithmic function is increasing, 
and its graph is concave downward. 
Figure 5.3 


LOGARITHMS 


Napier coined the term logarithm, from 

the two Greek words logos (or ratio) and 
arithmos (or number), to describe the theory 
that he spent 20 years developing and that first 
appeared in the book Mirifici Logarithmorum 
canonis descriptio (A Description of the 
Marvelous Rule of Logarithms). 
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To sketch the graph of y = In x, you can think of the natural logarithmic function 
as an antiderivative given by the differential equation 


Figure 5.2 is a computer-generated graph, called a slope (or direction) field, showing 
small line segments of slope 1/x. The graph of y = In x is the solution that passes 
through the point (1, 0). You will study slope fields in Section 6.1. 

The following theorem lists some basic properties of the natural logarithmic 
function. 


THEOREM 5.1 Properties of the Natural Logarithmic Function 
The natural logarithmic function has the following properties. 

1. The domain is (0, oo) and the range is (— oo, 00). 

2. The function is continuous, increasing, and one-to-one. 


3. The graph is concave downward. 


Proof The domain of f(x) = In x is (0, co) by definition. Moreover, the function is 
continuous because it is differentiable. It is increasing because its derivative 


1 
f' a First derivative 
x 
is positive for x > 0, as shown in Figure 5.3. It is concave downward because 
WN 1 . .. 
T (x) TA. Second derivative 
Xx 


is negative for x > 0. The proof that f is one-to-one is left as an exercise (see Exercise 
111). The following limits imply that its range is the entire real line. 


lim Inx = —oo and lim In x = 90 
x 30+ x7 0O 
Verification of these two limits is given in Appendix A. a] 


Using the definition of the natural logarithmic function, you can prove several 
important properties involving operations with natural logarithms. If you are already 
familiar with logarithms, you will recognize that these properties are characteristic of 
all logarithms. 


THEOREM 5.2 Logarithmic Properties 


If a and b are positive numbers and n is rational, then the following properties 
are true. 


1. In(1) = 0 
2. In(ab) = Ina + Inb 


3. Inla") = nlna 


4. (2) = ]na — lnb 
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Proof The first property has already been discussed. The proof of the second 
property follows from the fact that two antiderivatives of the same function differ at 
most by a constant. From the Second Fundamental Theorem of Calculus and the 
definition of the natural logarithmic function, you know that 


d d|{*1 1 
z” x] al ; dt T 


So, consider the two derivatives 


d a 
paasi 1 = — 
dina = 4 =} 
and 

d 1 1 

“[Ina + Inxs] =0+-= 4. 

z” a+lnx]=0 
Because In(ax) and (In a + In x) are both antiderivatives of 1/x, they must differ at 
most by a constant. 


In(ax) = Ina + Inx + C 


By letting x = 1, you can see that C = 0. The third property can be proved similarly 
by comparing the derivatives of In(x”) and n Inx. Finally, using the second and third 
properties, you can prove the fourth property. 


(2) = In[a(b7 Y] = Ina + In(d-!) = 1n a — 1n b 


Example 1 shows how logarithmic properties can be used to expand logarithmic 
expressions. 


EXAMPLE | Expanding Logarithmic Expressions 


10 
. n—=1n10-1 P 4 
Foon : a. in 9 n 10 n9 roperty 
b. In./3x + 2 = In(3x + 2) 1/2 Rewrite with rational exponent. 
1 
= 2 In(3x + 2) Property 3 
-5 5 Z 
c i = In(6x) — In 5 Repaid 
=1n6+ Inx — In5 Property 2 
59 (x? + 3)? 
AT 2 Oe 3/,2 
d. In aq In(x? + 3)? — In(x3/x? + 1) 
5 Eee = 2 In(x? + 3) — [Inx + Inx? + 1)"3] 
= 2 In(x? + 3) — In x — In(x? + 1)'73 
1 
= 2 ln(x? + 3) — In x — = ln(x? + 1) 
[try re] Ena 
5 When using the properties of logarithms to rewrite logarithmic functions, you must 
Figure 5.4 check to see whether the domain of the rewritten function is the same as the domain of 


the original. For instance, the domain of f(x) = In x? is all real numbers except x = 0, 
and the domain of g(x) = 2 In x is all positive real numbers. (See Figure 5.4.) 


w Experienced writers 


© On-time delivery 


® 100% plagiarism free 


The Number e 


It is likely that you have studied logarithms in an algebra course. There, without the 
benefit of calculus, logarithms would have been defined in terms of a base number. 
For example, common logarithms have a base of 10 and therefore log,,10 = 1. (You 
will learn more about this in Section 5.5.) 

The base for the natural logarithm is defined using the fact that the natural 
logarithmic function is continuous, is one-to-one, and has a range of (— oo, co). So, 
there must be a unique real number x such that In x = 1, as shown in Figure 5.5. This 
H mt number is denoted by the letter e. It can be shown that e is irrational and has the 
following decimal approximation. 


e = 2.12 


e is the base for the natural logarithm e = 2.71828182846 
because Ine = 1. 
Figure 5.5 


Definition of e 


The letter e denotes the positive real number such that 


me= | fee 7, 
1 É 


FOR FURTHER INFORMATION To learn more about the number e, see the article 
“Unexpected Occurrences of the Number e” by Harris S. Shultz and Bill Leonard in Mathematics 
Magazine. 


MathArticle 


$ Meee (e2) Once you know that In e = 1, you can use logarithmic properties to evaluate the 
natural logarithms of several other numbers. For example, by using the property 


In(e”) = nlne 
= n(1) 


aes (3 


you can evaluate In(e”) for various values of n, as shown in the table and in Figure 5.6. 


If x = e”, then In x = n. 1 
Figure 5.6 ob e? 


The logarithms shown in the table above are convenient because the x-values are 
integer powers of e. Most logarithmic expressions are, however, best evaluated with a 
calculator. 


= 0.050 5° 0.135 La 0.368 | e = 1 | e = 2.718 | e? ~ 7.389 


EXAMPLE 2 Evaluating Natural Logarithmic Expressions 


a. In 2 = 0.693 
b. In 32 = 3.466 
c. In 0.1 =~ — 2.303 E] 
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= EXPLORATION | 
Use a graphing utility to graph 


and 
d 
y» = fin) 


in the same viewing window, in 
which 0.1 <x <5 and -2<y< 8. 
Explain why the graphs appear to be 
identical. 
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The Derivative of the Natural Logarithmic Function 


The derivative of the natural logarithmic function is given in Theorem 5.3. The first 
part of the theorem follows from the definition of the natural logarithmic function as 
an antiderivative. The second part of the theorem is simply the Chain Rule version of 
the first part. 


THEOREM 5.3 Derivative of the Natural Logarithmic Function 


Let u be a differentiable function of x. 


d 
1. ain = x>0 


| Video | 


EXAMPLE 3 Differentiation of Logarithmic Functions 


d 1 
2 g” u] = 7 = 


a ine] pai 

b Zime + =“ pyrr 

e {final = (4 [In as + (in nad Li) Product Rule 
= (4) + on) =1+I1nx 

d. [lin 9] = 30n)? [in x] Chain Rule 


Napier used logarithmic properties to simplify calculations involving products, 
quotients, and powers. Of course, given the availability of calculators, there is now 
little need for this particular application of logarithms. However, there is great value 
in using logarithmic properties to simplify differentiation involving products, 
quotients, and powers. 


EXAMPLE 4 Logarithmic Properties as Aids to Differentiation 


= ]nvx + 1. 


Differentiate f(x) 
Solution Because 

f(x) = InJ/x + 1 = In(x + 1) = sin (x + 1) Rewrite before differentiating. 
you can write 


P(x) = (4 z) ~ a iy 


Differentiate. 
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EXAMPLE 5 Logarithmic Properties as Aids to Differentiation 


: . x(x? + 1)? 
Differentiate f(x) = In ~=. 
F(x) a 
Solution 
2 +1 2 
f (x) = In Write original function. 
1 
= Inx + 2In@? + 1) - 3 In(2x3 — 1) Rewrite before differentiating. 
1 2x Tf 6x? ) 
+i = + — à r i 
f (x) í (5 4 z) A 28 = 4 Differentiate 
1 4x 3x? ae 
x etl 2-1 ey CEES 


NOTE In Examples 4 and 5, be sure you see the benefit of applying logarithmic properties 
before differentiating. Consider, for instance, the difficulty of direct differentiation of the 
function given in Example 5. 


On occasion, it is convenient to use logarithms as aids in differentiating 
nonlogarithmic functions. This procedure is called logarithmic differentiation. 


EXAMPLE 6 Logarithmic Differentiation 


Find the derivative of 
_@-2 
Vx2 +7 
Solution Note that y > 0 for all x # 2. So, In y is defined. Begin by taking the 


natural logarithm of each side of the equation. Then apply logarithmic properties and 
differentiate implicitly. Finally, solve for y’. 


(«= 2) 


x #2. 


y= Ser x#2 Write original equation. 
lny = In t-a Take natural log of each side. 
VFI 
Iny = 2 ln(x — 2) — 5 In(x? + 1) Logarithmic properties 
A = |- 7 ;) = aa -) Differentiate. 
2 x a 
= x? = ak Simplify. 
, 2 x ; 
y =Z- z) Solve for y’. 
(x — 2)? [ x2 +2x4+2 / 
= ae = Doe rf 5 | Substitute for y. 
(x — 2)(x? + 2x + 2) a 
= G2 z WEE Simplify. 
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The editable graph feature below allows you to edit the graph of a function. 


| Etitable Graph | 
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Because the natural logarithm is undefined for negative numbers, you will often 
encounter expressions of the form 1n|u|. The following theorem states that you can 
differentiate functions of the form y = In|u| as if the absolute value sign were not 
present. 


THEOREM 5.4 Derivative Involving Absolute Value 


If u is a differentiable function of x such that u # 0, then 


/ 


d u 
zll] = 


Proof If u > 0, then |u| = u, and the result follows from Theorem 5.3. If u < 0, 
then |u| = —u, and you have 

d d 

A tnlul) = Zf) 


—u’ 


=u 
_ u 


u n 


EXAMPLE 7 Derivative Involving Absolute Value 


Find the derivative of 


f(x) = In|cos x]. 


Solution Using Theorem 5.4, let u = cos x and write 


d u’ d nu’ 
—|In|cos x| | = — —T[In|u|] = — 
glos] = y gelez 
—sin x 
= u = cosx 
cos x 
= — tan x. Simplify. 


[Try te] [Exploration] 
The editable graph feature below allows you to edit the graph of a function. 
pe 


EXAMPLE 8 Finding Relative Extrema 


>< 


y = In (x? + 2x + 3) 


Locate the relative extrema of 


y = In(x? + 2x + 3). 


Relati ini A : sale p 
elative minimum Solution Differentiating y, you obtain 


ae dy 2x + 2 


-2 -1 = ; 
dx x +2x+3 
The derivative of y changes from negative to Because dy/dx = 0 when x = —1, you can apply the First Derivative Test and 
positive atx = — 1. conclude that the point (— 1, In 2) is a relative minimum. Because there are no other 
Figure 5.7 critical points, it follows that this is the only relative extremum (see Figure 5.7). 


| Esitable Graph | 
[Try 1t | [Exploration a | 
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The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


1. Complete the table below. Use a graphing utility and Simpson’s 
Rule with n = 10 to approximate the integral J; (1/7) dt. 


x 0.5 | 1.5 2 2.5 3 35| 4 


| "að dt 


2. (a) Plot the points generated in Exercise 1 and connect them 
with a smooth curve. Compare the result with the graph of 

y= lx. 
(b) Use a graphing utility to graph y= fi(1/f dt for 
0.2 <x <4. Compare the result with the graph of 

y= lnx. 


In Exercises 3-6, use a graphing utility to evaluate the 
logarithm by (a) using the natural logarithm key and (b) using 
the integration capabilities to evaluate the integral J; (1/f) dt. 

3. In 45 4. In 8.3 

5. In 0.8 6. In 0.6 


In Exercises 7-10, match the function with its graph. [The 
graphs are labeled (a), (b), (c), and (d).] 


(a) o» (b) 
A 
2 is 
1 fois 
=l i 
=2 bal 
3 + h 
(c) y (qa) v 
2 
1 + 
oe 
2 ea GR 
2+ 34 
7. f(x) =Inx +2 8. f(x) = -lnx 


9. f(x) = In(x — 1) 10. f(x) = —In(—x) 


In Exercises 11-16, sketch the graph of the function and state its 
domain. 

11. f(x) = 3Inx 12. f(x) = —2Inx 

13. f(x) = In 2x 14. f(x) = In|x| 

15. f(x) = In(x — 1) 16. g(x) =24+Inx 


In Exercises 17 and 18, use the properties of logarithms to 
approximate the indicated logarithms, given that In 2 = 0.6931 
and In 3 = 1.0986. 

17. (a) n6 (b)n (c)in81 (d) INV 

18. (a) In0.25 (b) In24 (c) nẹł12 (d) n4 


In Exercises 19-28, use the properties of logarithms to expand 
the logarithmic expression. 


19. In§ 20. In/23 
21. no 22. In(xyz) 
23. In /a2 +1 24. Ina — 1 
25. nS i 26. In(3e2) 
27. In 2(z — 1)? 28. In 


In Exercises 29-34, write the expression as a logarithm of a 
single quantity. 

29. In(x — 2) — In(x + 2) 30. 3Inx + 2Iny —4Inz 
31. H2 In(x + 3) + Inx — In(x? — 1)] 

32. 2[In x — In(x + 1) — In(x — 1)] 

33. 21n3 — $In(x? + 1) 

34. iin? + 1) — In(x + 1) — Inf — 1)] 


In Exercises 35 and 36, (a) verify that f = g by using a graphing 
utility to graph f and g in the same viewing window. (b) Then 
verify that f = g algebraically. 

x2 
P 
36. f(x) = Invx(x? + 1), g(x) = iiin x + In(x? + 1)] 


35. f(x) = In x>0, g(x) =2Inx—In4 


In Exercises 37—40, find the limit. 


37. lim In(x — 3) 38. lim In(6 — x) 


39. lim Infx2(3 — 40. lim In—= 
Jim Inf — x)] ie Ieee 


In Exercises 41-44, find an equation of the tangent line to the 
graph of the logarithmic function at the point (1, 0). 


41. y = lnx? 42. y = ln x? 


y y 
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43. y = Inx? 44. y = In x? 


In Exercises 45-70, find the derivative of the function. 


45. g(x) = In x? 46. h(x) = In(2x? + 1) 
47. y = (Inx)* 48. y= xlnx 
49. y = In(x /x? — 1) 50. y = Invx? — 4 
x 2x 
51. f(x) = m>) 52. f(x) = m(- + -) 
Int Int 
53. g(t) S J 54. h(t) = T 
55. y = In(In x?) 56. y = In(In x) 


x+1 /x — 1 
Ty= = m3 
57. y= ln i 58. y = In 1 


59. f(x) = n=) 60. f(x) = In(x + J4 + x?) 


61. y - In(x + /x? 4 1) 
VP? +4 1, (24+ Se +4 
62. y 7 In 
2x 4 x 
63. y = In|sin x| 64. y = In|csc x| 
cos x 
y = n .y= + 
65. y = ln ae a 66. y = In|sec x + tan x| 
=> + i 
67. y= nf 68. y = In/2 + cos? x 
2 + sinx 


In (2x) 


In x 
69. f(x) = Í (t+ 1) dt 70. g(x) = Í (t? + 3) dt 


2 1 


In Exercises 71-76, (a) find an equation of the tangent line to the 
graph of f at the given point, (b) use a graphing utility to graph 
the function and its tangent line at the point, and (c) use the 
derivative feature of a graphing utility to confirm your results. 
71. f(x) = 3x? — Inx, (1,3) 

72. fix) = 4- x? — mx + 1), (0,4) 


73. f(x) =InJ/1 + sin? x, (z mn /3) 


74. f(x) = sin(2x) In(x?), (1, 0) 
75. f(x) =xInx, (1,0) 


76. f(x) = st In(x?),  (—1, 0) 


In Exercises 77 and 78, use implicit differentiation to find dy/dx. 


77. x7 —3Iny+ y? = 10 
78. Inxy + 5x = 30 


In Exercises 79 and 80, use implicit differentiation to find an 
equation of the tangent line to the graph at the given point. 


79. x+y- 1= h +y), (1,0) 
80. y? + In(xy) = 2, (e, 1) 
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the differential equation. 


Function Differential Equation 


81. y = 2Inx +3 xy” + y’=0 
82. y = xInx — 4x xty—xy’=0 


In Exercises 83-88, locate any relative extrema and inflection 
points. Use a graphing utility to confirm your results. 


2 


83. y=% -Inx 84. y=x-— lnx 


2 
Inx 
85. y = xInx 86. y = -> 
z = 21a 
87. y inn 88. y xing 


Linear and Quadratic Approximations In Exercises 89 and 90, 
use a graphing utility to graph the function. Then graph 


P(x) = f0) + f(D - 1) 
and 
P(x) = f) + f'e - 1) + Sf" - 1)? 


in the same viewing window. Compare the values of f, P,, and 
P, and their first derivatives at x = 1. 


89. f(x) = Inx 90. f(x) = xInx 


In Exercises 91 and 92, use Newton’s Method to approximate, to 
three decimal places, the x-coordinate of the point of intersec- 
tion of the graphs of the two equations. Use a graphing utility to 
verify your result. 


91. y=Inx, y= -x 92. y=Inx, y=3-x 


In Exercises 93-98, use logarithmic differentiation to find dy/dx. 


93. y= xvx — 1 94. y = V(x — I — 2)(x — 3) 
_ x2/3x — 2 _ , 

an aa Oe 96. y= ed 
_ x(x — 1)°/? _ & + )@ + 2) 

y= Vxt1 si (x — 1) — 2) 


Writing About Concepts 


99. In your own words, state the properties of the natural 
logarithmic function. 


100. Define the base for the natural logarithmic function. 


101. Let f be a function that is positive and differentiable on 
the entire real line. Let g(x) = In f(x). 


(a) If g is increasing, must f be increasing? Explain. 


(b) If the graph of f is concave upward, must the graph of 
g be concave upward? Explain. 


Writing About Concepts (continued) 


102. Consider the function f(x) = x — 2Inx on [1, 3]. 


(a) Explain why Rolle’s Theorem (Section 3.2) does not 
apply. 


(b) Do you think the conclusion of Rolle’s Theorem is 
true for f? Explain. 


True or False? In Exercises 103 and 104, determine whether 
the statement is true or false. If it is false, explain why or give 
an example that shows it is false. 


103. 


In(x + 25) = Inx + In 25 


104. If y = In m, then y’ = 1/7. 


105. 


106. 


107. 


Home Mortgage The term t (in years) of a $120,000 home 
mortgage at 10% interest can be approximated by 


5.315 


"67908 ing 7 


where x is the monthly payment in dollars. 

(a) Use a graphing utility to graph the model. 

(b) Use the model to approximate the term of a home mortgage 
for which the monthly payment is $1167.41. What is the 
total amount paid? 

(c) Use the model to approximate the term of a home mortgage 


for which the monthly payment is $1068.45. What is the 
total amount paid? 


(d) Find the instantaneous rate of change of t with respect to 
x when x = 1167.41 and x = 1068.45. 


(e) Write a short paragraph describing the benefit of the 
higher monthly payment. 


Sound Intensity The relationship between the number of 
decibels 8 and the intensity of a sound / in watts per 
centimeter squared is 


I 
B= 10 liogo}. 


Use the properties of logarithms to write the formula in 
simpler form, and determine the number of decibels of a 
sound with an intensity of 107 !° watts per square centimeter. 


Modeling Data The table shows the temperature T (°F) at 
which water boils at selected pressures p (pounds per square 
inch). (Source: Standard Handbook of Mechanical Engineers) 


p 5 10 14.696 (1 atm) 20 

T | 162.24° | 193.21° 212.00° 227.96° 

P 30 40 60 80 100 
T | 250.33° | 267.25° | 292.71° | 312.03° | 327.81° 


A model that approximates the data is 


T = 87.97 + 34.96 In p + 7.91 Vp. 


108. 


109. 


110. 


111. 
112. 
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a) Use a graphing utility to plot the data and grap 


(b) Find the rate of change of T with respect to p when 
p = 10 and p = 70. 

(c) Use a graphing utility to graph T’. Find im T(p) and 
interpret the result in the context of the problem. 

Modeling Data The atmospheric pressure decreases with 

increasing altitude. At sea level, the average air pressure is one 

atmosphere (1.033227 kilograms per square centimeter). The 


table shows the pressures p (in atmospheres) at selected 
altitudes h (in kilometers). 


h| 0 5 10 15 20 25 


p| 1 | 0.55 0.25 | 0.12 | 0.06 | 0.02 


(a) Use a graphing utility to find a model of the form 
p =a + bln h for the data. Explain why the result is an 
error message. 


(b) Use a graphing utility to find the logarithmic model 
h = a + bln p for the data. 


(c) Use a graphing utility to plot the data and graph the model. 
(d) Use the model to estimate the altitude when p = 0.75. 
(e) Use the model to estimate the pressure when h = 13. 


(£) Use the model to find the rate of change of pressure when 
h = 5 and h = 20. Interpret the results. 

Tractrix A person walking along a dock drags a boat by a 

10-meter rope. The boat travels along a path known as a 

tractrix (see figure). The equation of this path is 


10 + V100 — x? 
10 In P 


100 — x?. 


(a) Use a graphing utility to graph the function. 
(b) What is the slope of this path when x = 5 and x = 9? 
(c) What does the slope of the path approach as x— 10? 


10+ h . 
` Tractrix 
\ 
` 
a= A 
s 
f . 
s 
* x 
© ł `s o> i 
5 10 


Conjecture Use a graphing utility to graph f and g in the 
same viewing window and determine which is increasing at 
the greater rate for large values of x. What can you conclude 
about the rate of growth of the natural logarithmic function? 


@) f@)=Inx, ga) = Vx b) fa) =x, 2G) = Vx 
Prove that the natural logarithmic function is one-to-one. 
(a) Use a graphing utility to graph y = /x — 4 In x. 


(b) Use the graph to identify any relative minima and 
inflection points. 


(c) Use calculus to verify your answer to part (b). 
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Integrating Rational Functions 
Early in Chapter 4, you learned rules 
that allowed you to integrate any 
polynomial function. The Log Rule 
presented in this section goes a long 
way toward enabling you to integrate 
rational functions. For instance, each 
of the following functions can be 
integrated with the Log Rule. 


2 

= Example 1 
1 

eee] Example 2 

F = 1 Example 3 

3h? se il 

= are Example 4(a) 

gear il 

AE Example 4(c) 
1 

LA Example 4(d) 

ge te gee Il 

os Example 5 
De 

@+1) Example 6 


There are still some rational functions 
that cannot be integrated using the 
Log Rule. Give examples of these 


functions, and explain your reasoning. 
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The Natural Logarithmic Function: Integration 


e Use the Log Rule for Integration to integrate a rational function. 
e Integrate trigonometric functions. 


Log Rule for Integration 
The differentiation rules 
1 


d 
anil ae 


d u’ 
and q ”l”l] a 


that you studied in the preceding section produce the following integration rule. 


THEOREM 5.5 Log Rule for Integration 


Let u be a differentiable function of x. 


i; fi ax- mp +ë 
x 


[Video | |Video _| 


Because du = u’ dx, the second formula can also be written as 


2. fiau = In|u| + C 


Alternative form of Log Rule 


[ea = In|u| + C. 


EXAMPLE | Using the Log Rule for Integration 
2 1 
— dx = 2| — dx Constant Multiple Rule 
X X 
=2 In|x| +C Log Rule for Integration 
= In(x?) + C Property of logarithms 


Because x? cannot be negative, the absolute value is unnecessary in the final form of 
the antiderivative. 


[try te | [Eplerations] 
EXAMPLE 2 Using the Log Rule with a Change of Variables 


. 1 
Find fz — g% 


Solution If you let u = 4x — 1, then du = 4 dx. 


1 if/ 1 
[He (r)a 


Multiply and divide by 4. 

Substitute: u = 4x — 1. 
1 

= — lnju| + C 
E tna 


Apply Log Rule. 


1 
= ri In|4x = 1| +C Back-substitute. 


> xX 


3 
x 
Area = [a dx 


The area of the region bounded by the graph 
of y, the x-axis, and x = 3 is 4 In 10. 
Figure 5.8 


| _Enitanie Gran 
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Example 3 uses the alternative form of the Log Rule. To apply this rule, look for 
quotients in which the numerator is the derivative of the denominator. 


EXAMPLE 3 Finding Area with the Log Rule 


Find the area of the region bounded by the graph of 


ae: 
x +1 


y 
the x-axis, and the line x = 3. 


Solution From Figure 5.8, you can see that the area of the region is given by the 
definite integral 


? x 
[ae 


If you let u = x? + 1, then u’ = 2x. To apply the Log Rule, multiply and divide by 2 
as shown. 


3 3 
x 1 2% 
dx = 
[a x Sa 


= moe $ 1) 


Multiply and divide by 2. 
3 


fea = In|u| + C 
0 u 


= (in 10 — In 1) 


1 
=5ln 10 


= 1.151 
[try te] [Bpteations] 


EXAMPLE 4 Recognizing Quotient Forms of the Log Rule 


Inl =0 


24 ] 
a. [2 dx = In|x3 + x| + C wee Ps 
KOE 
2 
b. [z= * dx = Inļtan x| + C u = tan x 
tan x 
x+1 1{ 2x+2 
= =a 
e [jH a 5 | a u=x* + 2x 
1 
= z Inia? +2x| +C 
1 1 3 
. = = 2 
. [eae ace 2 


= 5 In]3x + 2| +C 


m (Seay (ee) 
With antiderivatives involving logarithms, it is easy to obtain forms that look 


quite different but are still equivalent. For instance, which of the following are 
equivalent to the antiderivative listed in Example 4(d)? 


In|(3x + 2)¥3| + C, 5 In|x + 2| +C, Inh3x+2| +C 
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access to a computer algebra system, 


If you have 


use it to find the indefinite integrals in 
Examples 5 and 6. How does the form 
of the antiderivative that it gives you 
compare with that given in Examples 
5 and 6? 
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Integrals to which the Log Rule can be applied often appear in disguised form. 
For instance, if a rational function has a numerator of degree greater than or equal to 
that of the denominator, division may reveal a form to which you can apply the Log 
Rule. This is shown in Example 5. 


EXAMPLE 5 Using Long Division Before Integrating 


Solution Begin by using long division to rewrite the integrand. 


1 
xX+x+l = et+1)x224+2x41 
x2+1 x? +1 


x 


=> i+ 


Now, you can integrate to obtain 


x+xt1 x 
[ie fite 


Rewrite using long division. 


Rewrite as two integrals. 


Integrate. 


Check this result by differentiating to obtain the original integrand. 
[Ene] l GE] 
The next example gives another instance in which the use of the Log Rule is 


disguised. In this case, a change of variables helps you recognize the Log Rule. 


EXAMPLE 6 Change of Variables with the Log Rule 


€ 2x 
Find iF +1 dx. 


Solution If you let u = x + 1, then du = dx and x = u — 1. 


2x _ {2= 1) 
iF + 1p dx f 2 du 


Substitute. 

Rewrite as two fractions. 
Rewrite as two integrals. 
Integrate. 

Simplify. 


er ears 
u 


2 
=2 In|x + 1| + ——+C Back-substitute. 


x+1 


Check this result by differentiating to obtain the original integrand. 


[P Keep in mind that you 

can check your answer to an integration 
problem by differentiating the answer. 
For instance, in Example 7, the derivative 
of y = In|Inx| + Cis y’ = 1/(x 1n x). 
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As you study the methods shown in Examples 5 and 6, be aware that both 
methods involve rewriting a disguised integrand so that it fits one or more of the basic 
integration formulas. Throughout the remaining sections of Chapter 5 and in Chapter 
8, much time will be devoted to integration techniques. To master these techniques, 
you must recognize the “form-fitting” nature of integration. In this sense, integration 
is not nearly as straightforward as differentiation. Differentiation takes the form 


“Here is the question; what is the answer?” 
Integration is more like 
“Here is the answer; what is the question?” 


The following are guidelines you can use for integration. 


Guidelines for Integration 


1. Learn a basic list of integration formulas. (Including those given in this 
section, you now have 12 formulas: the Power Rule, the Log Rule, and ten 
trigonometric rules. By the end of Section 5.7, this list will have expanded to 
20 basic rules.) 


2. Find an integration formula that resembles all or part of the integrand, and, 
by trial and error, find a choice of u that will make the integrand conform to 
the formula. 


3. If you cannot find a u-substitution that works, try altering the integrand. You 
might try a trigonometric identity, multiplication and division by the same 
quantity, or addition and subtraction of the same quantity. Be creative. 

4. If you have access to computer software that will find antiderivatives 
symbolically, use it. 


EXAMPLE 7 u-Substitution and the Log Rule 


Solve the differential equation Mah 
dx xlnx 


Solution The solution can be written as an indefinite integral. 


1 
2— E 


Because the integrand is a quotient whose denominator is raised to the first power, you 
should try the Log Rule. There are three basic choices for u. The choices u = x and 
u = x ln x fail to fit the u’/u form of the Log Rule. However, the third choice does fit. 
Letting u = In x produces u’ = 1/x, and you obtain the following. 


1 1/x 
dx = dx Divide numerator and denominator by x. 
xlnx In x 
u r 
E f dx Substitute: u = In x. 
u 
= In|u| +C Apply Log Rule. 
= In|In x| + C Back-substitute. 
So, the solution is y = In|In x| + C. = 


[Try te | [Exploration a | 
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Integrals of Trigonometric Functions 


In Section 4.1, you looked at six trigonometric integration rules—the six that corre- 
spond directly to differentiation rules. With the Log Rule, you can now complete the 
set of basic trigonometric integration formulas. 


EXAMPLE 8 Using a Trigonometric Identity 


Find | tan x dx. 


Solution This integral does not seem to fit any formulas on our basic list. However, 
by using a trigonometric identity, you obtain 


sin x 
fin x dx = f dx 
cos x 


Knowing that D,[cos x] = —sin x, you can let u = cos x and write 


Í tan x dx = — f ——— dx Trigonometric identity 


Substitute: u = cos x. 


II 
| 
— 
SIS 
= 


= —In|u| +C Apply Log Rule. 
= —In|cos x| + C. Back-substitute. = 

Ltry it | | Exploration A | 
Example 8 uses a trigonometric identity to derive an integration rule for the 


tangent function. The next example takes a rather unusual step (multiplying and 
dividing by the same quantity) to derive an integration rule for the secant function. 


EXAMPLE 9 Derivation of the Secant Formula 


Find | sec x dx. 
Solution Consider the following procedure. 
sec x + tan x 
sec x dx = | secx secz t tana) dx 
sec x + tan x 
sec? x + sec x tan x 
sec x + tan x 


Letting u be the denominator of this quotient produces 


u = secx + tanx [> u’=secxtanx + sec?x. 


So, you can conclude that 


sec? x + sec x tan x A 
sec x dx = dx Rewrite integrand. 


sec x + tan x 


A 
u 
= iF dx Substitute: u = sec x + tan x. 
u 
= In|u| +C Apply Log Rule. 
= In|sec x + tan x| +C. Back-substitute. eE] 


NOTE Using trigonometric identities 
and properties of logarithms, you could 
rewrite these six integration rules in 
other forms. For instance, you could 
write 


[eso au = In|csc u — cot u| + C. 


(See Exercises 83-86.) 


pA lie 
f(x) = tan x 


Average value = 0.441 


Figure 5.9 
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With the results of Examples 8 and 9, you now have integration formulas for 
sin x, cos x, tan x, and sec x. All six trigonometric rules are summarized below. 


Integrals of the Six Basic Trigonometric Functions 


[sinudu=cosu + c [eosudu = sinu + c 


[anu = —In|cos u| + C feotuau = In|sinu| + C 


l 
| 


[secu du = In|secu + tan u| + C fescuau = =en + cotu| - C 


EXAMPLE I0 Integrating Trigonometric Functions 


m/4 
Evaluate f V1 + tan? x dx. 
0 


Solution Using 1 + tan?.x = sec? x, you can write 


1/4 1/4 
f 4/1 Fara | vsec? x dx 
0 0 
1/4 
-Í sec x dx secx > Ofor0 < x< F 
0 


7/4 


= In|sec x + tana | 
0 


=In(/2+1)-Inl 
~ 0.881. 


[rryme | [Eporaiona] 
The editable graph feature below allows you to edit the graph of a function. 
ce 


EXAMPLE II Finding an Average Value 


Find the average value of f(x) = tan x on the interval [o, zl. 
Solution 
1 1/4 1 b 
Average value = lr/4 —0 A tan x dx Average value = PE Í , f (x) dx 


4 1/4 
=a tan x dx Simplify. 
T Jo 


= tj- In|cos x lle $ Integrate. 


= 0.441 


The average value is about 0.441, as shown in Figure 5.9. m 


[ Try re | [Exploration a | 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| 


to print an enlarged copy of the graph. 


In Exercises 1-24, find the indefinite integral. 


1. fa 2: W 
x x 
3 l dx 4 dx 
“Txt “Jx-—5 
1 
5. lee 6. [aise 
x x? 
1 [ate s | 3 dx 
x7 -4 x 
9, Í x dx 10. Da" 
a 2x+3 x(x + 2) 
ih [3 + 3x2 + 9x ay Me fz + 3x2 — 4 dy 
x2 — 3x+2 2x2 + Tx — 3 
KP BRAS x? — 6x — 20 
15. ae dx 16. a dx 
xt+x-4 x3 — 3x7 +4x-9 
ue Í gaa. jé Í rr 
(In x)? 1 
19. |“ ax 20. | aay a 
21 =a, 22 cA cii 
Jari” JP + x17) 
2x x(x — 2) 
23. fe EEE dx 24. f EE dx 


In Exercises 25-28, find the indefinite integral by u-substitution. 


(Hint: Let u be the denominator of the integrand.) 


1 1 
25. | —— =d. 26. | —— = d. 
i [ane Í +A 
3 
27. Í = oa 28. Í i y 
gras a= 
In Exercises 29-36, find the indefinite integral. 
cos 0 
29. Í — d0 30. fion 50 d0 
sin 0 
31. fes 2x dx 32. [swe : dx 


cos t 
i | 1+ sine“ 
34. Í Set h 
cot tr 
35. i ae y 
secx — 1 


36. [ec t + tan t) dt 


tan x 


dx 


In Exercises 37-40, solve the differential equation. Use a 
graphing utility to graph three solutions, one of which passes 
through the given point. 


dy_ 3 dy_ 2x 

37, 2 =>, (1,0) 38. =a 4) 
ds 

39, 2 = tan 20, (0, 2) 
dr sec? t 

a dt tant+I’ (7, 4) 


41. Determine the function f if f(x) = Z, fQ) =1, 


fa)=1,x>0. 


4 = 
g p aas 


42. Determine the function f if f(x) 


f'2) =0,x > 1. 


Slope Fields In Exercises 43-46, a differential equation, a 
point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the given point. (b) Use integration to find 
the particular solution of the differential equation and use a 
graphing utility to graph the solution. Compare the result with 
the sketches in part (a). To print an enlarged copy of the graph, 
select the MathGraph button. 


dy 1 dy Inx 
43. — = ——, (0,1 44,—=—, (1,-2 
dx xb 2 (0, 1) dx x ( ) 
Ba y 
A 
l73me-—-—-—---- - ki \- eee KKK 
a Ae ed N oe eee KH KK 
A a od 2 md 
ee id \ oe KH KH Ke 
| / 7-H - - 1 Lea eS eS 
EE E el eh ce ll cel \ oA KK KH KH ee 
ef ff x 
SILA p E ea ee A \-------- 5 
WREE ded \ oe eH HH ee 
EEE EE \oe ee eee ee 
| A eid \@--------—- 
A ae Gee \ oe ee eo ee ee 
| PEZA EE HH RK a ee 
d 1 d 
5. 145 (1, 4) 46. T> = sec x, (0, 1) 
y y 
A A 
ALIESSSSSSSSSS A EPEA A 
RESALES PELE | 
SL LL FS SL SLA SLL \ see eroreteres77 fil 
FELL LL ELE LES NS th ictus ating di IN 
DEEL a | 
GELS LL LLL ILLS VAseeeedeeseys di 
Seok eee eae TAT x 
EPLELEPECEL x PARRER p x 
Hirita OT 
LKL LIL LFS LLL by ee 
VEEL ALLELES is aaa 
TLEFELLLLEAL oe A 
DEP LLID SL LLL LISA oper decor ey | 


In Exercises 47—54, evaluate the definite integral. Use a graphing 
utility to verify your result. 


t 5 ai 

47. [= 1% 48. | He 
e aja 2 e2 

ga, | CE ie 50. Í E 
1 a e XInx 
29 1 

p y= 1 

51. f rar dx 52. Ee 1” 
? 1 — cos 0 oe 

53. Í ——— dé 54. Í (csc 20 — cot 26)? d0 
ı O-—siné 01 


In Exercises 55-60, use a computer algebra system to find or 
evaluate the integral. 


1 1- Vx 
55. | ——— = dx 56. d 
Í 1+ Vx Í EA” 
2 
s7. | am 58. Í X k 
=l eS 1 
me 7/4 Sin? x — cos? x 
59. Í (csc x — sin x) dx 60. Í —— 
m/4 _a/A cos x 


In Exercises 61-64, find F(x). 


61. F (x) -Í Lar 62. F(x) -Í tan t dt 
1 0 
3x 


63. F(x) = Í * at 64. F(x) = Í 


1 1 


x2 


tg 
t 


Approximation In Exercises 65 and 66, determine which value 
best approximates the area of the region between the x-axis and 
the graph of the function over the given interval. (Make your 
selection on the basis of a sketch of the region and not by 
performing any calculations.) 


65. f(x) =secx, [0,1] 
(a)6 b) -6 (c)$ (125 (e)3 
2% 
Pty 
(a)3 (7 @-2 @5 @1 


66. f(x) = [0, 4] 


Area In Exercises 67-70, find the area of the given region. Use 
a graphing utility to verify your result. 


4 2 
OS 68. y = -na 
y y 
A A 
L Pai 
4+ 
dia 34 
pels 
aes 2+ 


e 
l 
N 
FI 
anak 
vh 
vi 
hg 
= 
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sin x 
9 y=t 70. y = — 
62. y oe 0y 1+ cosx 


EIES i E ERNATEN 


Area In Exercises 71-74, find the area of the region bounded 
by the graphs of the equations. Use a graphing utility to verify 
your result. 


Za 
7. y=* 7 eee eee 


72. y ; l,x=4y=0 


73. y E 2.9 a 


74. y = 2x — tan(0.3x), x = 1,x =4,y=0 


Numerical Integration In Exercises 75-78, use the Trapezoidal 
Rule and Simpson’s Rule to approximate the value of the 
definite integral. Let n = 4 and round your answer to four 
decimal places. Use a graphing utility to verify your result. 


6 
77. Í In x dx 
2 


a/3 
78. Í sec x dx 
= r/3 


Writing About Concepts 


In Exercises 79-82, state the integration formula you would 
use to perform the integration. Do not integrate. 
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In Exercises 83-86, show that the two formulas are equivalent. 


83. fonzar = —In|cos x| + C 
tan x dx = In|sec x| + C 


84. |cotxdx = In|sin x| + C 


cot x dx = —In|csc x| + C 


85. | sec x dx = In|sec x + tan x| + C 


sec xdx = —In|secx — tan x| + C 


86. 


csc x dx In|cse x + cotx| + C 


esc x dx = In|cse x — cot x| + C 


ee Å ee ee 


In Exercises 87-90, find the average value of the function over 
the given interval. 


_ 4a +) 


8 
87. f(x) = Pr [2, 4] 88. f(x) P [2, 4] 
y y 
A 
oh abs 
6 = 
5 a 
4 Al 
3 ya EN 
2 = 
1 H H 
H= LT 
-4-3-2-1 yt 
l 
89. f(x) = = [1, e] 90. f(x) = sec T [0, 2] 
91. Population Growth A population of bacteria is changing at a 
rate of 
dP _ __3000 
dt 1+0.25t 


where f is the time in days. The initial population (when t = 0) 
is 1000. Write an equation that gives the population at any time 
t, and find the population when t = 3 days. 


92. Heat Transfer Find the time required for an object to cool 
from 300°F to 250°F by evaluating 


1 300 
t= £ l dT 
In2J,5) T— 100 


where f is time in minutes. 
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. Average Price equation for a product 1s 


_ 90,000 
P = 400 + 3x 


Find the average price p on the interval 40 < x < 50. 


94. Sales The rate of change in sales S is inversely proportional 
to time t (t > 1) measured in weeks. Find S as a function of t 
if sales after 2 and 4 weeks are 200 units and 300 units, 
respectively. 


95. Orthogonal Trajectory 
(a) Use a graphing utility to graph the equation 
2x? — y? = 8. 
(b) Evaluate the integral to find y? in terms of x. 
y? = e S0» dx 
For a particular value of the constant of integration, graph 
the result in the same viewing window used in part (a). 


(c) Verify that the tangents to the graphs of parts (a) and (b) 
are perpendicular at the points of intersection. 


96. Graph the function 


xt- 1 


f(x) = 
for k = 1, 0.5, and 0.1 on [0, 10]. Find jim fil). 


True or False? In Exercises 97-100, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 

97. (In x)! = X(n x) 

98. fln xdx = (1/x) + C 


99, fi dx= ilen, c#0 


—] 


100. | Lax =| inf] =In2-Inl =In2 
=i 


101. Graph the function 


fo) ==> 


on the interval [0, 00). 

(a) Find the area bounded by the graph of f and the line 
y= 3X. 

(b) Determine the values of the slope m such that the line 
y = mx and the graph of f enclose a finite region. 


(c) Calculate the area of this region as a function of m. 


102. Prove that the function 
2x 1 
F (x) = Í T dt 


is constant on the interval (0, 00). 


Section 5.3 


Domain of f = range of f~! 
Domain of f! = range of f 
Figure 5.10 


Finding Inverse Functions Explain 
how to “undo” each of the following 

functions. Then use your explanation 
to write the inverse function of f. 


AL jG) = «= 8 
b. f(x) = 6x 
ef) =3 

GL jG) = Br + 2D 
G iG) = x8 


f. f(x) = 4 — 2) 


Use a graphing utility to graph each 
function and its inverse function in 
the same “square” viewing window. 
What observation can you make 
about each pair of graphs? 
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e Verify that one function is the inverse function of another function. 
e Determine whether a function has an inverse function. 
e Find the derivative of an inverse function. 


Inverse Functions 


Recall from Section P.3 that a function can be represented by a set of ordered pairs. 
For instance, the function f(x) = x + 3 from A = {1, 2,3, 4} to B = {4, 5, 6, 7} can 
be written as 


f: 10, 4), (2, 5), (3, 6), (4, 7)}. 


By interchanging the first and second coordinates of each ordered pair, you can form 
the inverse function of f. This function is denoted by f~!. It is a function from B to 
A, and can be written as 


f: {(4, 1, 65, 2), (6, 3), (7, 4)3. 


Note that the domain of f is equal to the range of f~', and vice versa, as shown in 
Figure 5.10. The functions f and f~! have the effect of “undoing” each other. That is, 
when you form the composition of f with f~! or the composition of f~! with f, you 
obtain the identity function. 


fF @) =x and ff) =x 


Definition of Inverse Function 

A function g is the inverse function of the function f if 
f(g(x)) = x for each x in the domain of g 

and 
g(f(x)) = x for each x in the domain of f. 


The function g is denoted by f~! (read “f inverse”). 


NOTE Although the notation used to denote an inverse function resembles exponential 
notation, it is a different use of — 1 as a superscript. That is, in general, f~!(x) # 1/f(x). 


Here are some important observations about inverse functions. 


1. If g is the inverse function of f, then f is the inverse function of g. 


2. The domain of f~! is equal to the range of f, and the range of f~! is equal to the 
domain of f. 


3. A function need not have an inverse function, but if it does, the inverse function is 
unique (see Exercise 99). 


You can think of f~! as undoing what has been done by f. For example, subtrac- 
tion can be used to undo addition, and division can be used to undo multiplication. 
Use the definition of an inverse function to check the following. 


f(x) =xte and f-'(x) =x — c are inverse functions of each other. 


f(x) = cx and f(x) = A c #0, are inverse functions of each other. 
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EXAMPLE | Verifying Inverse Functions 


Show that the functions are inverse functions of each other. 


f(x) = 2x3 - 1 and g(x) = .3/ — 


Solution Because the domains and ranges of both f and g consist of all real 
numbers, you can conclude that both composite functions exist for all x. The 
composition of f with g is given by 


=x+1-1 
=x. 
The composition of g with f is given by 
(2x3 — 1) + 1 
elf) = fF 
_ 8 
2 
= 3/8 
=x. 
f and g are inverse functions of each other. Because f(g(x)) = x and g(f(x)) = x, you can conclude that f and g are inverse 
Figure 5.11 functions of each other (see -l 5. n 


In Example 1, try comparing the functions f and g verbally. 


For f: First cube x, then multiply by 2, then subtract 1. 
For g: First add 1, then divide by 2, then take the cube root. 


Do you see the “undoing pattern”? 


In Figure 5.11, the graphs of f and g = f~! appear to be mirror images of each 
other with respect to the line y = x. The graph of f~! is a reflection of the graph of f 
in the line y = x. This idea is generalized in the following theorem. 


THEOREM 5.6 Reflective Property of Inverse Functions 


The graph of f contains the point (a, b) if and only if the graph of f~! contains 
the point (b, a). 


Proof If (a, b) is on the graph of f, then f(a) = b and you can write 


i =1(b) = f!(f(a)) = a. 

The graph of f~! isa reflection of the FE) = Fa) 

graph of f in the line y = x. So, (b, a) is on the graph of f~!, as shown in Figure 5.12. A similar argument will 
Figure 5.12 prove the theorem in the other direction. — 


Technology | | Technology | 
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7 7E Existence of an Inverse Function 
y=fa 


Not every function has an inverse function, and Theorem 5.6 suggests a graphical test 
for those that do—the Horizontal Line Test for an inverse function. This test states that 
a function f has an inverse function if and only if every horizontal line intersects the 
graph of f at most once (see Figure 5.13). The following theorem formally states why 
the horizontal line test is valid. (Recall from Section 3.3 that a function is strictly 
= monotonic if it is either increasing on its entire domain or decreasing on its entire 
domain.) 


fla) = fb) 


b 


G beSeone cae 


If a horizontal line intersects the graph of f 


twice, then f is not one-to-one. 
Figure 5.13 THEOREM 5.7 The Existence of an Inverse Function 


1. A function has an inverse function if and only if it is one-to-one. 


2. If f is strictly monotonic on its entire domain, then it is one-to-one and 
therefore has an inverse function. 


Proof To prove the second part of the theorem, recall from Section P.3 that f is 
one-to-one if for x, and x, in its domain 


fœ) = f(x) => x4 =x 
The contrapositive of this implication is logically equivalent and states that 
“Ex E f) +f). 


Now, choose x, and x, in the domain of f. If x, # x,, then, because f is strictly 
monotonic, it follows that either 


Fx) < fœ) or f) 2 fœ). 


In either case, f(x,) # f(x). So, f is one-to-one on the interval. The proof of the first 
part of the theorem is left as an exercise (see Exercise 100). — 


EXAMPLE 2 The Existence of an Inverse Function 


Which of the functions has an inverse function? 


a fx) =x +x- 1 b JQ =x3-—x4+1 


(a) Because f is increasing over its entire 


one ; oe Solution 
domain, it has an inverse function. 


a. From the graph of f shown in Figure 5.14(a), it appears that f is increasing over 
its entire domain. To verify this, note that the derivative, f(x) = 3x? + 1, is 


positive for all real values of x. So, f is strictly monotonic and it must have an 
inverse function. 
b. From the graph of f shown in Figure 5.14(b), you can see that the function does 
not pass the horizontal line test. In other words, it is not one-to-one. For instance, 
f has the same value when x = — 1, 0, and 1. 
f(-1) =f) =f) = 1 Not one-to-one 
So, by Theorem 5.7, f does not have an inverse function. —== 
[try te] [Erra] 
(b) Because f is not one-to-one, it does not NOTE Often it is easier to prove that a function has an inverse function than to find the 
have an inverse function. inverse function. For instance, it would be difficult algebraically to find the inverse function of 


Figure 5.14 the function in Example 2(a). 
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re 


The domain of f~', [0, co), is the range 
of f. 
Figure 5.15 


[aie 
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The following guidelines suggest a procedure for finding an inverse function. 


Guidelines for Finding an Inverse Function 

1. Use Theorem 5.7 to determine whether the function given by y = f(x) has 
an inverse function. 

. Solve for x as a function of y: x = g(y) = f(y). 

. Interchange x and y. The resulting equation is y = f—!(x). 

. Define the domain of f~! to be the range of f. 

. Verify that f(f(x)) = x and f(f(x)) = x. 


nan A U N 


EXAMPLE 3 Finding an Inverse Function 


Find the inverse function of 


f(x) = V2x — 3. 


Solution The function has an inverse function because it is increasing on its entire 
domain (see Figure 5.15). To find an equation for the inverse function, let y = f(x) 
and solve for x in terms of y. 


JV2x -3=y Let y = f(x). 


2x — 3 = y? Square each side. 
y2 +3 
x= Solve for x. 
2 
fe 3 
y= 7 Interchange x and y. 
2 
x7 + 3 
f(x) = 7 Replace y by f'(x). 


The domain of f~! is the range of f, which is [0, 00). You can verify this result as 
shown. 


O = yA) -n x20 


2 
2, 
TOR =} aoe Sy x23 


[Try 1t | [Exploration | 


NOTE Remember that any letter can be used to represent the independent variable. So, 


ph ee 
POs 
ro -7 
Oe 


all represent the same function. 


(-%,-1) f(x) = sin x 
f is one-to-one on the interval 
[- 7/2, 1/2]. 
Figure 5.16 


| fstab Graph 


Graph the inverse functions 


PO ae 
and 


eG) = 
Calculate the slope of f at (1, 1), 
(2, 8), and (3, 27), and the slope of g 
at (1, 1), (8, 2), and (27, 3). What do 
you observe? What happens at (0, 0)? 
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Theorem 5.7 is useful in the following type of problem. Suppose you are given a 
function that is not one-to-one on its domain. By restricting the domain to an interval 
on which the function is strictly monotonic, you can conclude that the new function is 
one-to-one on the restricted domain. 


EXAMPLE 4 Testing Whether a Function Is One-to-One 


Show that the sine function 
f(x) = sin x 


is not one-to-one on the entire real line. Then show that [— 7/2, 7/2] is the largest 
interval, centered at the origin, for which f is strictly monotonic. 


Solution It is clear that f is not one-to-one, because many different x-values yield 
the same y-value. For instance, 
sin(0) = 0 = sin(z). 
Moreover, f is increasing on the open interval (— 77/2, 7/2), because its derivative 
f(x) = cos x 


is positive there. Finally, because the left and right endpoints correspond to relative 
extrema of the sine function, you can conclude that f is increasing on the closed 
interval [— 7/2, 7/2] and that in any larger interval the function is not strictly mono- 
tonic (see Figure 5.16). ——-, 


[Try tt | [Exploration] [Open Exxioration | 
Derivative of an Inverse Function 


The next two theorems discuss the derivative of an inverse function. The reasonableness 
of Theorem 5.8 follows from the reflective property of inverse functions as shown in 
Figure 5.12. Proofs of the two theorems are given in Appendix A. 


THEOREM 5.8 Continuity and Differentiability of Inverse Functions 


Let f be a function whose domain is an interval /. If f has an inverse function, 
then the following statements are true. 

1. If f is continuous on its domain, then f~! is continuous on its domain. 

2. If f is increasing on its domain, then f~! is increasing on its domain. 

3. If f is decreasing on its domain, then f~! is decreasing on its domain. 

4. If f is differentiable at c and f(c) # 0, then f~! is differentiable at f(c). 


THEOREM 5.9 The Derivative of an Inverse Function 


Let f be a function that is differentiable on an interval Z. If f has an inverse 
function g, then g is differentiable at any x for which f(g(x)) # 0. Moreover, 


xy) - —1 , 
& (x) Pe) f'(g(x)) # 0. 
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The graphs of the inverse functions f and 
f= have reciprocal slopes at points (a, b) 
and (b, a). 

Figure 5.17 


At (0, 0), the derivative of f is 0, and the 
derivative of f~! does not exist. 
Figure 5.18 


|_Esitable Graph | 
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EXAMPLE 5 Evaluating the Derivative of an Inverse Function 


Let f(x) = ix +x-1, 
a. What is the value of f—'(x) when x = 3? 
b. What is the value of (f~')’(x) when x = 3? 


Solution Notice that f is one-to-one and therefore has an inverse function. 


a. Because f(x) = 3 when x = 2, you know that f1(3) = 2. 


b. Because the function f is differentiable and has an inverse function, you can apply 
Theorem 5.9 (with g = f~!) to write 


1 1 
FEG FD) 
Moreover, using f(x) = 3x2 + 1, you can conclude that 


ie 1 I = 
NOs TE 


[try te] [Eoterationa] [Exploration 6) <a 
In Example 5, note that at the point (2, 3) the slope of the graph of f is 4 and at 


the point (3, 2) the slope of the graph of f~! is 1 (see Figure 5.17). This reciprocal 
relationship (which follows from Theorem 5.9) can be written as shown below. 


B) = 


If y = g(x) = f'(x), then f(y) = x and f(y) = a y eom 5.9 says that 


yae 1 = SNS 1 
£ dx fe) fO) (dx/dy)’ 
dy 1 

So, S 


EXAMPLE 6 Graphs of Inverse Functions Have Reciprocal Slopes 
Let f(x) = x? (for x = 0) and let f(x) = vx. Show that the slopes of the graphs of 
f and f`! are reciprocals at each of the following points. 


a. (2,4) and (4,2) b. (3, 9) and (9, 3) 


Solution The derivatives of f and f~! are given by 

l 

2x 

a. At (2, 4), the slope of the graph of f is f’(2) = 2(2) = 4. At (4, 2), the slope of the 
graph of f~! is 


FQ) = 2x ad (Yo) = 


ae 1 1 1 
(FA) 2/4 22) 4 


b. At (3, 9), the slope of the graph of f is f’(3) = 2(3) = 6. At (9, 3), the slope of the 
graph of f~! is 


1 1 1 
“yo : 
ey) 2/9 2X3) 6 
So, in both cases, the slopes are reciprocals, as shown in Figure 5.18. —a 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 
In Exercises 1-8, show that f and g are inverse functions (a) 


analytically and (b) graphically. 


1. f(x) = 5x + 1, g(x) = (x — 1)/5 


2. f(x) = 3 — 4x, g(x) = (3 — x)/4 

3. f(x) = 3°, g(x) = Ix 

4. f@) =1—- x3, g(x) = Sl—x 

5. f(x) = Vx — 4, g(x) =x? +4, x20 

6. f(x) = 16—x?, x20, g(x) = /16 — x 

7. f(x) = 1/x, g(x) = 1/x 

8. fo) =, x20, atx) ===, O0<x<l 


In Exercises 9-12, match the graph of the function with the 
graph of its inverse function. [The graphs of the inverse func- 
tions are labeled (a), (b), (c), and (d).] 


(a) (b) 


3-2-1 112 3 


(c) y (d) y 


In Exercises 13-16, use the Horizontal Line Test to determine 
whether the function is one-to-one on its entire domain and 
therefore has an inverse function. To print an enlarged copy of 
the graph, select the MathGraph button. 


13. f(x) =3x+6 14. f(x) = 5x — 3 


x 


OF 6 a4 2 
. x? 
15. f(0) = sin 0 16. f(x) = Baa 
y y 
n A 


In Exercises 17-22, use a graphing utility to graph the function. 
Determine whether the function is one-to-one on its entire 
domain. 


17. h(s) = , -3 18. g(t) = oT 
19. f(x) = Inx 20. f(x) = 5xV/x- 1 


21. g(x) = (x + 5)3 22. h(x) = |x + 4| — |x — 4| 
In Exercises 23-28, use the derivative to determine whether the 
function is strictly monotonic on its entire domain and therefore 
has an inverse function. 


24. f(x) = cos ae 


23. f(x) = In(x — 3) z 


4 
25. f(x) = A = 2x? 26. f(x) = x3 — 6x? + 12x 


27. f(x) =2-—x—- x3 28. f(x) =(x+ a+b 


In Exercises 29-36, find the inverse function of f. Graph (by 
hand) f and f~. Describe the relationship between the graphs. 


29. f(x) = 2x — 3 30. f(x) = 3x 
31. f(x) =x 32. f(x) =x- 1 
33. f(x) = Vx 34. f(x) =x?, x20 


35. f(x) = V4—x7, x 
36. f(x) = Vx? — 4, x 


V IV 
N oO 
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In Exercises 37-42, find the inverse function of f. Use a 
graphing utility to graph f and f~ in the same viewing window. 
Describe the relationship between the graphs. 

37. f(x) = Y¥x —1 38. f(x) = 33/2x - 1 

39. f(x) =x, x 20 40. f(x) = x35 


41. f(x) = FS 42. f(x) =~ - 2 


In Exercises 43 and 44, use the graph of the function f to 
complete the table and sketch the graph of f—!. To print an 
enlarged copy of the graph, select the MathGraph button. 


43. 


7) fa) 


45. Cost You need 50 pounds of two commodities costing $1.25 
and $1.60 per pound. 


(a) Verify that the total cost is y = 1.25x + 1.60(50 — x), 
where x is the number of pounds of the less expensive 
commodity. 


(b) Find the inverse function of the cost function. What does 
each variable represent in the inverse function? 


(c) Use the context of the problem to determine the domain of 
the inverse function. 


(d) Determine the number of pounds of the less expensive 
commodity purchased if the total cost is $73. 


46. Temperature The formula C= (F — 32), where 
F > —459.6, represents Celsius temperature C as a function 
of Fahrenheit temperature F. 


(a) Find the inverse function of C. 
(b) What does the inverse function represent? 
(c) Determine the domain of the inverse function. 


(d) The temperature is 22°C. What is the corresponding 
temperature in degrees Fahrenheit? 


In Exercises 47-52, show that f is strictly monotonic on the 
given interval and therefore has an inverse function on that 


interval. 
47. f(x) = (x — 4)?, [4,00) 48. f(x) = |x + 2], [-2, 00) 


49. fa) =, (,00) 


50. f(x) = cotx, (0, 7) 


51. f(x) = cosx, [0, a] 52. f(x) = sec x, [o, z) 


2 
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n Exercises 53 and 54, find the inverse function of f over the 
given interval. Use a graphing utility to graph f and f~ in the 
same viewing window. Describe the relationship between the 
graphs. 


3 


X (=2,2) 54. f(x) =2- Z> (0, 10) 


x2- 4 


53. f(x) = 


Graphical Reasoning In Exercises 55-58, (a) use a graphing 
utility to graph the function, (b) use the drawing feature of 
a graphing utility to draw the inverse function of the function, 
and (c) determine whether the graph of the inverse relation is an 
inverse function. Explain your reasoning. 


55. f(x) =x tx+4 56. h(x) =xV/4 — x? 


3x? Ax 
57. 8) = 3G 58. f(x) = usa 


In Exercises 59-62, determine whether the function is one-to- 
one. If it is, find its inverse function. 


59. f(x) = /x —2 60. f(x) = -3 
6l. f@) =| = 2|, x= 2 62. f(x) =axt+b, a #0 


In Exercises 63-66, delete part of the domain so that the 
function that remains is one-to-one. Find the inverse function of 
the remaining function and give the domain of the inverse 
function. (Note: There is more than one correct answer.) 


63. fiz) = (x = 3)? 64. f(x) = 16 — x4 
y y 

54 

4-4 

34 

2-4 

14 


>x 


-5 -4 -3 -2 -1 12345 


Think About It In Exercises 67-70, decide whether the func- 
tion has an inverse function. If so, what is the inverse function? 


67. g(t) is the volume of water that has passed through a water line 
t minutes after a control valve is opened. 


68. h(t) is the height of the tide t hours after midnight, where 
O<st< 24. 


69. C(t) is the cost of a long distance call lasting t minutes. 


70. A(r) is the area of a circle of radius r. 


In Exercises 71-76, find (f~!)(a) for the function f and the 
given real number a. 


71. fx) =x +2x-1, a=2 
a 


72. f(x) = 505 + 2x3), a= -11 
; T T 1 
= z = 
73. f(x) = sin x, 7 SxS 5 053 
74. f(x) = cos 2x, 0 Sue, a=1 
75. fo) =r-$ a=6 76. f(x) = vx- 4, a=2 


In Exercises 77-80, (a) find the domains of f and f~, (b) find 
the ranges of f and f~, (c) graph f and f~, and (d) show that 
the slopes of the graphs of f and f~ are reciprocals at the given 
points. 


Functions Point 
77. f(x) = x3 G, ‘) 
Fa) = Ax (s2) 
78. f(x) = 3 — 4x (1, -1) 
fq) = 24 (-1,1) 
79. f(x) = /x—4 (5, 1) 
f'@ =x+7+4, x20 (1, 5) 
80. fs) = 5, x20 (1,2) 


PQ) = J —* 2,1) 


In Exercises 81 and 82, find dy/dx at the given point for the 
equation. 


81. x = y? — 7y? +2, (—4,1) 82. x =2In(y? - 3), (0,4) 


In Exercises 83-86, use the functions f(x) = ix — 3 and 
g(x) = x? to find the given value. 


83. (f-! eg" ')(1) 
85. (ff ')(6) 


84. (g-! f~'!)(—3) 

86. (g-'° g"!)(—4) 

In Exercises 87-90, use the functions f(x) =x +4 and 
g(x) = 2x — 5 to find the given function. 


87. g lof! 
89. (fg)! 


88. flog! 
90. (gf)! 


Writing About Concepts 


91. Describe how to find the inverse function of a one-to-one 
function given by an equation in x and y. Give an example. 


92. Describe the relationship between the graph of a function 
and the graph of its inverse function. 
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Writing About Concepts (continued) 


95. 


96. 


97. 


98. 
99. 


100. 


In Exercises 93 and 94, the derivative of the function has 
the same sign for all x in its domain, but the function is not 
one-to-one. Explain. 


93. f(x) = tanx 


94. f(x) = = 7 


Think About It The function f(x) = k(2 — x — x?) is 
one-to-one and f~!(3) = —2. Find k. 


(a) Show that f(x) = 2x3 + 3x? — 36x is not one-to-one on 
(— œ, 00). 

(b) Determine the greatest value c such that f is one-to-one 
on (—c, c). 

Let f and g be one-to-one functions. Prove that (a) f° g is 

one-to-one and (b) (f° g) (x) = (87! of ~)(x). 

Prove that if f has an inverse function, then (f~!)~! = f. 

Prove that if a function has an inverse function, then the 

inverse function is unique. 

Prove that a function has an inverse function if and only if it 

is one-to-one. 


True or False? Yn Exercises 101-104, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


101. 
102. 


103. 
104. 


105. 


106. 


107. 


108. 


109. 


If f is an even function, then f~! exists. 

If the inverse function of f exists, then the y-intercept of f is 
an x-intercept of f~ !. 

If f(x) = x” where n is odd, then f~! exists. 

There exists no function f such that f = f~!. 


Is the converse of the second part of Theorem 5.7 true? That 
is, if a function is one-to-one (and therefore has an inverse 
function), then must the function be strictly monotonic? If so, 
prove it. If not, give a counterexample. 


Let f be twice-differentiable and one-to-one on an open 
interval J. Show that its inverse function g satisfies 
_ fg) 

EAGEN 


If f is increasing and concave downward, what is the 
concavity of f~! = g? 


g(x) = 


If f(x) = Í asa find (=) (0). 


Show that f(x) = Í V1 + dt is one-to-one and find 
2 
(f) 0). 
=2 
Let y = = Show that y is its own inverse function. What 


can you conclude about the graph of f? Explain. 
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The inverse function of the natural logarithmic 
function is the natural exponential function. 
Figure 5.19 


THE NUMBER e 


The symbol e was first used by mathematician 
Leonhard Euler to represent the base of 
natural logarithms in a letter to another 
mathematician, Christian Goldbach, in 1731. 
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Exponential Functions: Differentiation and Integration 


e Develop properties of the natural exponential function. 
e Differentiate natural exponential functions. 
e Integrate natural exponential functions. 


The Natural Exponential Function 


The function f(x) = In x is increasing on its entire domain, and therefore it has an 
inverse function f~!. The domain of f~! is the set of all reals, and the range is the set 
of positive reals, as shown in Figure 5.19. So, for any real number x, 


FE) = In[ fo! @)] = x. x is any real number. 


If x happens to be rational, then 


In(e*) = xIne = x(1) = x. x is a rational number. 


Because the natural logarithmic function is one-to-one, you can conclude that f~!(x) 
and e* agree for rational values of x. The following definition extends the meaning of 
e* to include all real values of x. 


Definition of the Natural Exponential Function 


The inverse function of the natural logarithmic function f(x) = In x is called 
the natural exponential function and is denoted by 


Pia) =e 
That is, 
y=e* if and only if x = lny. 


The inverse relationship between the natural logarithmic function and the natural 
exponential function can be summarized as follows. 


in) = x and Ge = x Inverse relationship 


EXAMPLE | Solving Exponential Equations 


Solve 7 = e**!. 


Solution You can convert from exponential form to logarithmic form by taking the 
natural logarithim of each side of the equation. 


7 =e! Write original equation. 
In 7 = In(e**!) Take natural logarithm of each side. 
In7=x+1 Apply inverse property. 
—-1l+In7=x Solve for x. 
0.946 ~ x Use a calculator. 
Check this solution in the original equation. — 
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EXAMPLE 2. Solving a Logarithmic Equation 


Solve In(2x — 3) = 5. 


Solution To convert from logarithmic form to exponential form, you can exponen- 
tiate each side of the logarithmic equation. 


In(2x = 3) =5 Write original equation. 
eln(x—3) = @5 Exponentiate each side. 
2x -3=6 Apply inverse property. 
x= 5(e5 + 3) Solve for x. 
x ~= 75.707 Use a calculator. 


i 


cm 

The editable graph feature below allows you to edit the graph of a function. 
Ey) 

The familiar rules for operating with rational exponents can be extended to the 
natural exponential function, as shown in the following theorem. 


THEOREM 5.10 Operations with Exponential Functions 
Let a and b be any real numbers. 
a+b 


1. ee =e 


e 
2. pme 
e 


Proof To prove Property 1, you can write 
In(efe?) = In(e*) + In(e’) 
=a+b 
= In(e**?). 
Because the natural logarithmic function is one-to-one, you can conclude that 


ete? = eatb. 


The proof of the second property is left to you (see Exercise 129). — 


In Section 5.3, you learned that an inverse function f~! shares many properties 
The natural exponential function is increasing, with f. So, the natural exponential function inherits the following properties from the 
and its graph is concave upward. natural logarithmic function (see Figure 5.20). 

Figure 5.20 


Properties of the Natural Exponential Function 


1. The domain of f(x) = e* is (— oo, œo), and the range is (0, 00). 


2. The function f(x) = e* is continuous, increasing, and one-to-one on its entire 
domain. 


3. The graph of f(x) = e* is concave upward on its entire domain. 


lim e* = 0 and lim e* = co 
x——0O x00 
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FOR FURTHER INFORMATION To find 
out about derivatives of exponential 
functions of order 1/2, see the article 

“A Child’s Garden of Fractional 
Derivatives” by Marcia Kleinz and 
Thomas J. Osler in The College 
Mathematics Journal. 


MathArticle 


1, =e!) 
Relative minimum 


The derivative of f changes from negative to 
positive atx = — 1. 
Figure 5.21 
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Derivatives of Exponential Functions 


One of the most intriguing (and useful) characteristics of the natural exponential func- 
tion is that it is its own derivative. In other words, it is a solution to the differential 
equation y’ = y. This result is stated in the next theorem. 


THEOREM 5.I! Derivative of the Natural Exponential Function 


Let u be a differentiable function of x. 
d 

1. —[e*] = e 
re [e*] =e 


d u — „du 
2. gels a 


Proof To prove Property 1, use the fact that In e* = x, and differentiate each side of 
the equation. 


Ine* =x Definition of exponential function 
p! 


d i , TORNE: 
a È a |. iiferentiate each side with respect to x. 
z” x] [x] Differentiate each side with tt 
l d 
——le] =] 
sa] 
d 
gE = er 
The derivative of e” follows from the Chain Rule. 


NOTE You can interpret this theorem geometrically by saying that the slope of the graph of 
f(x) = e* at any point (x, e*) is equal to the y-coordinate of the point. 


EXAMPLE 3 Differentiating Exponential Functions 


a. a = at = Jg% v= e=1 
dis = ont _ cae oie 7 = 
dx 


EXAMPLE 4 Locating Relative Extrema 


Find the relative extrema of f(x) = xe*. 


Solution The derivative of f is given by 


f(x) = x(e*) + e*(1) Product Rule 
= e(x + 1). 
Because e* is never 0, the derivative is 0 only when x = — 1. Moreover, by the First 


Derivative Test, you can determine that this corresponds to a relative minimum, as 
shown in Figure 5.21. Because the derivative f(x) = e*(x + 1) is defined for all x, 
there are no other critical points. 
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EXAMPLE 5 The Standard Normal Probability Density Function 


Show that the standard normal probability density function 
= e72 


f(a) = Jan 


has points of inflection when x = +1. 


Solution To locate possible points of inflection, find the x-values for which the 
second derivative is 0. 


Write original function. 


First derivative 


—xeWr/? +(- 1)e™=?/2] Product Rule 


en 
f (x) = Jaa x)( 
1 ary ON eee 
= te = 1) 


So, f’(x) = 0 when x = +1, and you can apply the techniques of Chapter 3 to 
conclude that these values yield the two points of inflection shown in Figure 5.22. 


E a [pee] 
NOTE The general form of a normal probability density function (whose mean is 0) is 
given by 


Second derivative 


l 
I= ar 


T 


e 7*2 


where ø is the standard deviation (ø is the lowercase Greek letter sigma). This “bell-shaped 
curve” has points of inflection when x = +o. 


EXAMPLE 6 Shares Traded 


The number y of shares traded (in millions) on the New York Stock Exchange from 
1990 through 2002 can be modeled by 


y = 36,663¢0-1902 
where t represents the year, with £ = O corresponding to 1990. At what rate was the 
number of shares traded changing in 1998? (Source: New York Stock Exchange, Inc.) 
Solution The derivative of the given model is 


y’ = (0.1902)(36,663)e9 1902" 
= 6973e0- 19020, 


By evaluating the derivative when tf = 8, you can conclude that the rate of change in 
1998 was about 


31,933 million shares per year. 


The graph of this model is shown in Figure 5.23. 
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Integrals of Exponential Functions 


Each differentiation formula in Theorem 5.11 has a corresponding integration formula. 


THEOREM 5.12 Integration Rules for Exponential Functions 


Let u be a differentiable function of x. 


n feaw=ese 2. ferdu=er+e 


EXAMPLE 7 Integrating Exponential Functions 


Find et! dx. 


Solution If you let u = 3x + 1, then du = 3 dx. 


1 
| extldy = 3 Í e%™*+1(3) dx Multiply and divide by 3. 
1 
= 3 e" du Substitute: u = 3x + 1. 
1 
= 37 +C Apply Exponential Rule. 
_ e?x t1 


=; +C Back-substitute. 
NOTE In Example 7, the missing constant factor 3 was introduced to create du = 3 dx. 


However, remember that you cannot introduce a missing variable factor in the integrand. For 
instance, 


=x? 1 =x? 

fe arife (x dx). 

EXAMPLE 8 Integrating Exponential Functions 
Find f 5xe™® dx. 


Solution If you let u = —x?, then du = —2x dx or x dx = —du/2. 


f seas = fsa dx) Regroup integrand. 


= fse (-#) Substitute: u = —x?. 


Constant Multiple Rule 


ll 

| 
aA NIU 
UU 

a 

z 

a 

S 


i 
| 
| 

a 

+ 

Q 


Apply Exponential Rule. 


Í 
| 
| 
a 
= 
J 
+ 
a 


Back-substitute. 
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EXAMPLE 9 Integrating Exponential Functions 


gr du 
ma 
el/x 
a a= -| e!"|-- | dx pa 
= —e!*+ C 
g" du 


b. [sina eax = ~ fessin xan) u = cos x 


= =e 4+ C 
[try te] [Explorations] 
EXAMPLE I0 Finding Areas Bounded by Exponential Functions 


Evaluate each definite integral. 


1 1 x 0 
a. f e™* dx b. Í l dx c. Í [e* cos(e”)] dx 
0 o l+e 4 


Solution 
1 1 
a. f e™ dx = -e=] See Figure 5.24(a). 
0 0 
= -e7 =(-1) 
fae 
e 
= 0.632 
1 gx 1 
b. [ dx = In(1 + e)| See Figure 5.24(b). 
0 1+ e* 0 
= ]n(1 + e) — In2 
= 0.620 
0 0 
c. Í [e*cos(e*)| dx = site’ See Figure 5.24(c). 
=f =ł 


= sin 1 — sin(e') 
0.482 


t 


>< 


Figure 5.24 oT) 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-14, solve for x accurate to three decimal places. 


1. e@*=4 2. em = 12 

3. eX = 12 4. 4e* = 83 

5. 9 — 2e*=7 6. —6 + 3e* = 8 
7. 50e~* = 30 8. 200e~* = 15 
9. Inx =2 10. In x? = 10 
11. In(x — 3) =2 12. In4dx= 1 
13. n/x+2=1 14. ln(x — 2)? = 12 


In Exercises 15-18, sketch the graph of the function. 


15. y = e™* 16. y= Sex 
17. y = e7 18. y = e? 


19. Use a graphing utility to graph f(x) = e* and the given function 
in the same viewing window. How are the two graphs related? 


(a) g(x) =e? (b) ha) = ie O glx) e3 


20. Use a graphing utility to graph the function. Use the graph to 
determine any asymptotes of the function. 


(a) f(x) = a as 


e —0.5x 


8 
() s(x) = 7 or 


In Exercises 21-24, match the equation with the correct graph. 
Assume that a and C are positive real numbers. [The graphs are 
labeled (a), (b), (c), and (d).] 


(a) y (b) y 


(c) y (d) 
A 
2 
m 
—2 -=l 1 
-1 d 
21. y = Ce% 22. 
23. y = C(1 — e*) 24. y= c 


In Exercises 25-28, illustrate that the functions are inverses of 
each other by graphing both functions on the same set of coor- 
dinate axes. 


25. f(x) = e” 26. f(x) =e 
g(x) = InV/x g(x) = Inxs 

27. f(xy) =e —-1 28. f(x) = er"! 
g(x) = In(x + 1) e(x) = 1+ Inx 


29. Graphical Analysis Use a graphing utility to graph 


fa) = (1 T esy and g(x) = e?5 


in the same viewing window. What is the relationship between 
f and g as x co? 


30. Conjecture Use the result of Exercise 29 to make a conjec- 
ture about the value of 


as X00. 


In Exercises 31 and 32, compare the given number with the 
number e. Is the number less than or greater than e? 


(See Exercise 30.) 


1 1,000,000 
a. (1+ 12) 


1,000,000 
1 1 1 1 1 1 


32. 141+5+ 6+ 547 120 720 5040 


In Exercises 33 and 34, find an equation of the tangent line to 
the graph of the function at the point (0, 1). 


33. (a) y = e* (b) y=e* 


SEC 


In Exercises 35-48, find the derivative. 


35. f(x) = e* 36. y = e” 
37. y = ev* 38. y = x°e* 
39. g(t) = (e™ + e')’ 40. g(t) = e73’ 
+ X 
41. y = In(1 + e”*) 42. y= in(t — z) 
2 e-—@* 
43. y= ae 44. y = —— 
45. y = e*(sinx + cos x) 46. y = In e* 
In x 2x 
47. F(x) = Í cos e'dt 48. F(x) = Í In(t + 1) dt 
T 0 


In Exercises 49-56, find an equation of the tangent line to the 
graph of the function at the given point. 


49. f(x) = e!=*, (1,1) 50. y = e=, (2,1) 
51. y = In(e*), (—2,4) 52, y= in (0, 0) 


53. y = xe" — 2xe* + 2e*, (l,e) 
54. y = xe* — e*, (1,0) 


55. f(x) =e *Inx, (1,0) 56. f(x) = eInx, (1,0) 


In Exercises 57 and 58, use implicit differentiation to find dy/dx. 


57. xe? = 10x + 3y = 0 58. e® +x? — y? = 10 


In Exercises 59 and 60, find an equation of the tangent line to 
the graph of the function at the given point. 


59. xe” + ye” = 1, (0,1) 60. 1 + Inxy = e=, (1,1) 


In Exercises 61 and 62, find the second derivative of the 
function. + 


61. f(x) = (3 + 2x)e™?* 62. g(x) = /x + e*lnx 


In Exercises 63 and 64, show that the function y = f(x) is a 
solution of the differential equation. 
63. y= e*(cos 2x + sin Zx) fo 
y"— dy’ + 3y = 0 
64. y = e*(3 cos 2x — 4 sin 2x) 
y”— 2y’ + Sy = 0 


In Exercises 65-72, find the extrema and the points of inflection 
(if any exist) of the function. Use a graphing utility to graph the 
function and confirm your results. 


_ atp pege _ ex — e-* 
65. f(x) = —; 6.50) = 
67. g(x) = l eo -2)7/2 68. g) = en e-3)7/2 
T 
69. f(x) = x e™ 70. f(x) = xe™ 


71. e(t) = 1 + (2 + te~ 72. f(x) = —2 + e3(4 = 2x) 
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. Area Find the area of the largest rectangle that can be 
inscribed under the curve y = e™* in the first and second 
quadrants. 


74. Area Perform the following steps to find the maximum area 
of the rectangle shown in the figure. 
(a) Solve for c in the equation f(c) = f(c + x). 
(b) Use the result in part (a) to write the area A as a function of 
x. [Hint: A = xf(c)] 


(c) Use a graphing utility to graph the area function. Use the 
graph to approximate the dimensions of the rectangle of 
maximum area. Determine the maximum area. 


(d 


ar 


Use a graphing utility to graph the expression for c found 
in part (a). Use the graph to approximate 

lim c and lim c. 

x07 x00 

Use this result to describe the changes in dimensions and 
position of the rectangle for 0 < x < o0. 


75. Verify that the function 


L 


TIF ae a> 0, b->0, L>0 


y 


increases at a maximum rate when y = L/2. 


2 


76. Writing Consider the function f(x) = (=e 


(a) Use a graphing utility to graph f. 

(b) Write a short paragraph explaining why the graph has a 
horizontal asymptote at y = 1 and why the function has a 
nonremovable discontinuity at x = 0. 


77. Find a point on the graph of the function f(x) = e™ such that 
the tangent line to the graph at that point passes through the 
origin. Use a graphing utility to graph f and the tangent line in 
the same viewing window. 

78. Find the point on the graph of y = e~* where the normal line to 
the curve passes through the origin. (Use Newton’s Method or 
the zero or root feature of a graphing utility.) 


79. Depreciation The value V of an item ¢ years after it is 
purchased is V = 15,000e706286 0 < ¢ < 10. 


(a) Use a graphing utility to graph the function. 

(b) Find the rate of change of V with respect to t when t = 1 
and t = 5. 

(c) Use a graphing utility to graph the tangent line to the 
function when t = 1 andt = 5. 
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80. 


81. 


82. 
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Harmonic Motion The displacement from equilibrium of a 
mass oscillating on the end of a spring suspended from a 
ceiling is 

y = 1.56e~°?' cos 4.9t 


where y is the displacement in feet and f is the time in seconds. 
Use a graphing utility to graph the displacement function on the 
interval [0, 10]. Find a value of t past which the displacement 
is less than 3 inches from equilibrium. 


Modeling Data A meteorologist measures the atmospheric 
pressure P (in kilograms per square meter) at altitude h (in 
kilometers). The data are shown below. 


h 0 5 10 15 20 


P | 10,332 | 5583 2376 1240 517 


(a) Use a graphing utility to plot the points (h, In P). Use the 
regression capabilities of the graphing utility to find a linear 
model for the revised data points. 


(b) The line in part (a) has the form 
InP = ah + b. 


Write the equation in exponential form. 


(c) Use a graphing utility to plot the original data and graph the 
exponential model in part (b). 

(d) Find the rate of change of the pressure when h = 5 and 
h = 18. 

Modeling Data The table lists the approximate value V of 

a mid-sized sedan for the years 1997 through 2003. The variable 

t represents the time in years, with t = 7 corresponding to 1997. 


t 7 8 9 10 


V | $17,040 | $14,590 | $12,845 | $10,995 


t 11 12 13 
V | $9,220 | $8,095 $6,835 


(a) Use a computer algebra system to find linear and quadratic 
models for the data. Plot the data and graph the models. 


(b) What does the slope represent in the linear model in 
part (a)? 

(c) Use a computer algebra system to fit an exponential model 
to the data. 


(d) Determine the horizontal asymptote of the exponential 
model found in part (c). Interpret its meaning in the context 
of the problem. 


(e) Find the rate of decrease in the value of the sedan when 
t = 8 and ż = 12 using the exponential model. 


inear and Quadratic 


pproximations 
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use a graphing utility to graph the function. Then graph 


P(x) = f(0) + f(O)& — 0) 


and 


P(x) = f(0) + f (Ox — 0) + 50) — 0)? 


in the same viewing window. Compare the values of f, P,, and 
P, and their first derivatives at x = 0. 


83. f(x) = e*/? 


84. f(x) =e? 


In Exercises 85-98, find the indefinite integral. 


85. [eo dx 
Pee 

87. dx 
fjs- 

e* 

89. f F ze 

91. fev — edx 
ro Í ete a 


ex — e™ 


95, [252 ax 


e% 


97. fe tan(e™*) dx 


86. [a dx 


1/x? 
88. Í dx 


x? 


a 
2e* — 2e-* 
94. (e+e? F e~)? dx 
2L x + 
96. l —— 


98. [me dx 


In Exercises 99-106, evaluate the definite integral. Use a 
graphing utility to verify your result. 


1 
99, Í e dy 
0 


1 
101. Í xe-* dx 
0 


3 e3/* 
103. | Sax 
1 X 


1/2 
105. Í eint x cos mx dx 
0 


4 
100. Í e°™* dx 
3 


102. x? eX /? dx 
J2 


104. xe /2) dx 


L 
| 


1/2 
106. Í ese 2X sec 2x tan 2x dx 


7/3 


Differential Equations In Exercises 107 and 108, solve the 


differential equation. 


dY spe 
107. oa xe 


Differential Equations Yn Exercises 109 and 110, find the 
particular solution that satisfies the initial conditions. 


109. f(x) = 5(e* + e~), 
f0) = 1,f(0) = 0 


110. fx) = sin x + e**, 
fO =)=, 
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Slope Fields In Exercises 111 and 112, a differential equation, : 
a point, and a slope field are given. (a) Sketch two approximate a 
solutions of the differential equation on the slope field, one of Í e'dt => Í 
which passes through the given point. (b) Use integration to find 0 

the particular solution of the differential equation and use a Perform this integration to derive the inequality e" > 1 + x 
graphing utility to graph the solution. Compare the result with for x > 0. 

the sketches in part (a). To print an enlarged copy of the graph, fy 
select the MathGraph button. 


0 


122. Modeling Data A valve on a storage tank is opened for 4 
hours to release a chemical in a manufacturing process. The 


dy ; dy X 3 flow rate R (in liters per hour) at time ¢ (in hours) is given in 
aY _ nn ,-x/2 aY _ ,,-0.2x eS 
111. dx 2e-/?, (0, 1) 112. Pe x (0 z) ihe table: 
y y 
A t 0 1 2 3 4 
AE a de ae aad ea NANNN Qe 7 7 a 
ls sf feer--—— NNN ANNN ESSA SS FO 
ae z lie reed R | 425 | 240 | 118 | 71 | 36 
=SaNA NN ES SZ eS 
LAO OLE eS meu AN Aol 7 Pe 
VIA ee--—— NNNNNSH A raaa 
/ RH i aia ete NNNNNN A444 42 -— 7 Use th i biliti f hi tility to find 
AAs ERARA BCS ae (a) se the regression capabilities of a graphing utility to fin 
LLU E hasan a <n ee, a linear model for the points (7, In R). Write the resulting 
A ph catiteiaa) SSSSSSS £275 555= equation of the form In R = at + b in exponential form. 
Veen ee (b) Use a graphing utility to plot the data and graph the 
exponential model. 
Area In Exercises 113-116, find the area of the region bounded (c) Use the definite integral to approximate the number of 
by the graphs of the equations. Use a graphing utility to graph the liters of chemical released during the 4 hours. 
region and verify your result. 
113. y= e% y =0,x=0,x=5 Writing About Concepts 
114. y=e*,y=0,x=a,x=b . In your own words, state the properties of the natural 
115. y = xe*7/4,y = 0,x =0,x = V6 exponential function. 
116. y = e% +2,y=0,x=0,x=2 . Describe the relationship between the graphs of 
f(x) = Inx and g(x) = e*. 
Numerical Integration In Exercises 117 and 118, approximate . Is there a function f such that f(x) = f(x)? If so, identify it. 
the integral using the Midpoint Rule, the Trapezoidal Rule, and . Without integrating, state the integration formula you can 
Simpson’s Rule with n = 12. Use a graphing utility to verify use to integrate each of the following. 


your results. 


4 (a) Í a T% (b) þe dx 
117. Í Vx e* dx $ 
0 


2 
ue: [ aes Ay 127. Find, to three decimal places, the value of x such that e~* = x. 
(Use Newton’s Method or the zero or root feature of a 
119. Probability A car battery has an average lifetime of 48 graphing utility.) 
months with a standard deviation of 6 months. The battery 128. Find the value of a such that the area bounded by y = e ~~, the 


lives are normally distributed. The probability that a given 
battery will last between 48 months and 60 months is 


60 129. Prove that am et 2, 
0.0665 Í 0.01390 48)" dt, e” 
4 


8 


. > 8 
X-axis, x = —a, and x = ais 3. 


: : ee , > 130. Let f(x) = ix 
Use the integration capabilities of a graphing utility to approx- x 


imate the integral. Interpret the resulting probability. (a) Graph f on (0, co) and show that f is strictly decreasing 
120. Probability The median waiting time (in minutes) for people on (e, 00). 
waiting for service in a convenience store is given by the (b) Show that ife < A < B, then A? > B^. 


solution of the equation 


i 1 
—0.3r =- 
Í 0.3e dt > 


0 


(c) Use part (b) to show that e7 > 7°. 


Solve the equation. 
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Section 5.5 Bases Other Than e and Applications 
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c) 
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The half-life of carbon-14 is about 5715 
years. 
Figure 5.25 
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e Define exponential functions that have bases other than e. 
e Differentiate and integrate exponential functions that have bases other than e. 
e Use exponential functions to model compound interest and exponential growth. 


Bases Other than e 


The base of the natural exponential function is e. This “natural” base can be used to 
assign a meaning to a general base a. 


Definition of Exponential Function to Base a 


If a is a positive real number (a # 1) and x is any real number, then the 
exponential function to the base a is denoted by a* and is defined by 


a= e% a)x, 


Ifa = 1, then y = 1* = 1 is a constant function. 


These functions obey the usual laws of exponents. For instance, here are some 
familiar properties. 


1. a’ = 1 2. a*aY = a*t 
a* 

3. "y = qaq% 4. (a = q? 
d’ 


When modeling the half-life of a radioactive sample, it is convenient to use 5 as 
the base of the exponential model. 


EXAMPLE I Radioactive Half-Life Model 


The half-life of carbon-14 is about 5715 years. A sample contains 1 gram of carbon- 14. 
How much will be present in 10,000 years? 


Solution Let t = 0 represent the present time and let y represent the amount (in 
grams) of carbon-14 in the sample. Using a base of 5, you can model y by the 
equation 


1 t/5715 
r 


Notice that when tf = 5715, the amount is reduced to half of the original amount. 


1 5715/5715 1 
y= (3) E 2 gram 


When t = 11,430, the amount is reduced to a quarter of the original amount, and so 
on. To find the amount of carbon-14 after 10,000 years, substitute 10,000 for t. 


1 10,000/5715 
»=(;) 


= 0.30 gram 


The graph of y is shown in Figure 5.25. = 
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Logarithmic functions to bases other than e can be defined in much the same way 
as exponential functions to other bases are defined. 


NOTE In precalculus, you learned that 
log, x is the value to which a must be Definition of Logarithmic Function to Base a 
raised to produce x. This agrees with the 


definition given here because If a is a positive real number (a + 1) and x is any positive real number, then the 


logarithmic function to the base a is denoted by log, x and is defined as 
q!°SaX = qQ{i/in a)in x 


1 
= In a\(1/ln a)ln x lo x= — In Xx. 
(e ) Ba Ina 


=e (In a/In a)ln x 


= elnx 
Logarithmic functions to the base a have properties similar to those of the 
Xs : : . . é 
natural logarithmic function given in Theorem 5.2. 
1. log, 1 = 0 Log of 1 
2. log, xy = log, x + log, y Log of a product 
3. log, x” = nlog, x Log of a power 
x 
4. log, — = log, x — log, y Log of a quotient 
y 


From the definitions of the exponential and logarithmic functions to the base a, it 
follows that f(x) = a* and g(x) = log, x are inverse functions of each other. 


Properties of Inverse Functions 
1. y = a“ if and only if x = log, y 
2. a8 = x, forx > 0 


3. log, a* = x, forall x 


The logarithmic function to the base 10 is called the common logarithmic 
function. So, for common logarithms, y = 10* if and only if x = logy, y. 


EXAMPLE 2 Bases Other Than e 


Solve for x in each equation. 


= 1 
a. 3 = 3I b. loga x = —4 
Solution 
a. To solve this equation, you can b. To solve this equation, you can apply 
apply the logarithmic function to the the exponential function to the base 2 
base 3 to each side of the equation. to each side of the equation. 
3x = L loga x = —4 
81 Jlogsx = 9-4 
1 1 
log; 3* = log, 81 arr 
x = log, 374 l 
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Differentiation and Integration 


To differentiate exponential and logarithmic functions to other bases, you have three 
options: (1) use the definitions of a* and log, x and differentiate using the rules for the 
natural exponential and logarithmic functions, (2) use logarithmic differentiation, or 
(3) use the following differentiation rules for bases other than e. 


THEOREM 5.13 Derivatives for Bases Other Than e 


Let a be a positive real number (a # 1) and let u be a differentiable function of x. 


d x — X d u — „lu 
1. att ] = (In aja 2. alt ] (In aja ax 

d 1 d 1 du 
2: dx [log, x] = (In a)x 4: dx [log, u] = (In a)u dx 


__Video_| 
Proof By definition, at = e™®*, So, you can prove the first rule by letting 
u = (ln a)x and differentiating with base e to obtain 
d d du 
= axl == a — pa (In a)x (J = (l x 
ge] ale J=e aoe (In a) = (Ina)a 
To prove the third rule, you can write 
d d| 1 1 /1 1 
— f] = it = = A 
dx. oga x] are a nx] Ina (2) (In a)x 


The second and fourth rules are simply the Chain Rule versions of the first and third 


rules. 


NOTE These differentiation rules are similar to those for the natural exponential function and 
natural logarithmic function. In fact, they differ only by the constant factors In a and 1/In a. 
This points out one reason why, for calculus, e is the most convenient base. 


EXAMPLE 3 Differentiating Functions to Other Bases 


Find the derivative of each function. 
ay=2* 
b. y = 2 


c€. y = logy cos x 
Solution 


ao < ir] = (In 2)2* 


b. y'= L i2] = (In 2)23*(3) = (3 In 2)2% 


Try i 2% as 8* and differentiating to see that you obtain the same result. 


—sin x 1 
(In 10)cosx ~ In 10 


Pa 


c. y £ [logo cos x] = 


tan x 


NOTE Be sure you see that there is no 
simple differentiation rule for calculating 
the derivative of y = x’. In general, if 

y = u(x)”, you need to use logarithmic 
differentiation. 
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Occasionally, an integrand involves an exponential function to a base other than 
e. When this occurs, there are two options: (1) convert to base e using the formula 
a* = en and then integrate, or (2) integrate directly, using the integration formula 


fea = (“Ja ar (€ 
Ina 


(which follows from Theorem 5.13). 


EXAMPLE 4 Integrating an Exponential Function to Another Base 


Find f 2* dx. 


Solution 


fra- + 


In2 —— 
[Try te | [Exploration a] 
When the Power Rule, D, [x"] = nx"~!, was introduced in Chapter 2, the 


exponent n was required to be a rational number. Now the rule is extended to cover 
any real value of n. Try to prove this theorem using logarithmic differentiation. 


THEOREM 5.14 The Power Rule for Real Exponents 
Let n be any real number and let u be a differentiable function of x. 


d a| = A=] 
1. k” | = nx 


dy a. 1 du 
2. aye] nu 


The next example compares the derivatives of four types of functions. Each 
function uses a different differentiation formula, depending on whether the base and 
exponent are constants or variables. 


EXAMPLE 5 Comparing Variables and Constants 


d 
a. zle =0 Constant Rule 
d X x > 
b. LE ] =e Exponential Rule 
d S 
Cc. nel = ex? Power Rule 
da. y=x* Logarithmic differentiation 
Iny = Inx* 


lny =xInx 


y a() (aay ising 


X 
y'= y(1 + Inx) = x*(1 + Inx) a] 


| Tryrt | [Exploration a | 
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Applications of Exponential Functions 


7 A Suppose P dollars is deposited in an account at an annual interest rate r (in decimal 
form). If interest accumulates in the account, what is the balance in the account at the 
1 | $1080.00 end of 1 year? The answer depends on the number of times n the interest is 
2 $1081.60 compounded according to the formula 
4 | $1082.43 A= P(t z ry 
n 
12 | $1083.00 
For instance, the result for a deposit of $1000 at 8% interest compounded n times a 
365 | $1083.28 year is shown in the upper table at the left. 


As n increases, the balance A approaches a limit. To develop this limit, use 
the following theorem. To test the reasonableness of this theorem, try evaluating 
[(x + 1)/xF for several values of x, as shown in the lower table at the left. (A proof 
of this theorem is given in Appendix A.) 


x ( ih "y THEOREM 5.15 A Limit Involving e 
x 
z 1 i IEN 
10 2.59374 lim (1 + ) = lim ( ) =e 
X00 x x00 £ 


100 2.70481 
1000 2.71692 


Now, let’s take another look at the formula for the balance A in an account in 


10,000 2.71815 which the interest is compounded n times per year. By taking the limit as n approaches 
infinity, you obtain 
100,000 | 2.71827 
1,000,000 2.71828 A= lim P(t F z) Take limit as n > o0. 
n—=> 00 
1 n/r]r 
= P lim | 1 + — l Rewrite. 
n= n/r 
. ji X Ir 
= Pi lim (1 F= Let x = n/r. Then x— o0 as n— o0. 
x—> 00 xX 
= Pe’. Apply Theorem 5.15. 


This limit produces the balance after | year of continuous compounding. So, for a 
deposit of $1000 at 8% interest compounded continuously, the balance at the end of 
1 year would be 


A = 1000e%%8 
$1083.29. 


t 


These results are summarized below. 


Summary of Compound Interest Formulas 


Let P = amount of deposit, t = number of years, A = balance after t years, 
r = annual interest rate (decimal form), and n = number of compoundings per 
year. 


nt 
1. Compounded n times per year: A = P(1 F z) 
n 


2. Compounded continuously: A = Pe” 


Account balance (in dollars) 
> 


>t 


Ce --+-- 


Time (in years) 
The balance in a savings account grows 


exponentially. 
Figure 5.26 


yaa 
O 


Weight of culture (in grams) 


12345678910 


Time (in hours) 


The limit of the weight of the culture as 
t— œ is 1.25 grams. 
Figure 5.27 


| Etitable srah | 
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EXAMPLE 6 Comparing Continuous and Quarterly Compounding 
A deposit of $2500 is made in an account that pays an annual interest rate of 5%. 
Find the balance in the account at the end of 5 years if the interest is compounded (a) 
quarterly, (b) monthly, and (c) continuously. 


Solution 


Compounded quarterly 


nt 4(5) 
a. A= P(1 $ z) = 2soo(1 4 ons) 


4 
= 2500(1.0125)29 


= $3205.09 
nt 12(5) 
b. A = (1 + z) = 2500(1 +P 20) Compounded monthly 
= 2500(1.0041667)° 
= $3208.40 
c. A = Pe” = 2500[e9S)] Compounded continuously 


= 2500e°> ~ $3210.06 


Figure 5.26 shows how the balance increases over the five-year period. Notice that the 
scale used in the figure does not graphically distinguish among the three types of 
exponential growth in (a), (b), and (c). 


[ Tryre | ([Explorationa | [open Exploration | 
EXAMPLE 7 Bacterial Culture Growth 


A bacterial culture is growing according to the logistic growth function 


1.25 


an r 
Y= Te 0250" 170 


where y is the weight of the culture in grams and ¢ is the time in hours. Find the weight 
of the culture after (a) 0 hours, (b) 1 hour, and (c) 10 hours. (d) What is the limit as t 
approaches infinity? 


Solution 
1.25 
a. Whent = 0, y= 1+ 0.25¢e~ 9-40) 
= | gram. 
1.25 
b. Whent=1, y= 1 + 025e 040) 
= 1.071 grams. 
1.25 


c. Whent = 10, y= 1 + 0.25e-04(10) 


= 1.244 grams. 


d. Finally, taking the limit as ¢ approaches infinity, you obtain 
1.25 1.25 


paleo [49 °° ee 
The graph of the function is shown in Figure 5.27. = 


[Try 1t_| [Exploration a | 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
P 


Click on to print an enlarged copy of the graph. 


In Exercises 1-4, evaluate the expression without using a 
calculator. 


1. log, $ 2. log, 9 
1 
3. log, | 4. log, 


In Exercises 5-8, write the exponential equation as a logarithmic 
equation or vice versa. 


5. (a) 27 =8 6. (a) 2773 =9 
(b) 3-1 =3 (b) 163/4 = 8 
7. (a) logio 0.01 = —2 8. (a) log} = —2 


(b) logy; 8 = —3 (b) 4912 =7 


In Exercises 9-14, sketch the graph of the function by hand. 


9. y = 3* 10. y = 3⁄7! 
11. y=(G) 12. y = 2” 
13. h(x) = 5*7? 14. y = 37l 


In Exercises 15—20, solve for x or b. 


16. (a) log, 4 =% 
(b) log, 36 = x 

18. (a) log, 27 = 3 
(b) log, 125 = 3 


15. (a) log), 1000 = x 
(b) logio 0.1 = x 
17. (a) log x = —1 
(b) log, x = —4 
19. (a) x? — x = log, 25 
(b) 3x + 5 = log, 64 
20. (a) log, x + log,(x — 2) = 1 
(b) log;o(x + 3) — logo x = 1 


In Exercises 21-30, solve the equation accurate to three decimal 
places. 


21. 3> = 75 22. 5% = 8320 
23. 237% = 625 24. 3(5*7!) = 86 
0.09 \ 12 ( goy 
: —| = (i+ 2] = 
25 (1 F 2) 3 26. |1 365 2 


27. log,(x — 1) =5 
29. log, x? = 4.5 
30. logs /x — 4 = 3.2 


28. log, (t — 3) = 2.6 


In Exercises 31-34, use a graphing utility to graph the function 
and approximate its zero(s) accurate to three decimal places. 
31. g(x) = 6(2!~*) — 25 

32. f(t) = 300(1.0075!?) — 735.41 

33. h(s) = 32 log,o(s — 2) + 15 

34. g(x) = 1 — 2 log, [x(x — 3)] 


In Exercises 35 and 36, illustrate that the functions are inverse 
functions of each other by sketching their graphs on the same 
set of coordinate axes. 


35. fx) = 4 36. f) = 3 
g(x) = logy x g(x) = log, x 


In Exercises 37— 48, find the derivative of the function. 


37. f(x) = 4 
38. y = x(6-2) 
39. g(t) = 172! 
32H 
40. f(t) = F 


41. h(0) = 27°? cos 76 
42. g(a) = 57%? sin 2a 
42 


43. f(x) = log, | 


xJ/x-—1 
2 
45. y = logs Vx? — 1 


21 
46. y= log,9-—— 


44. h(x) = log; 


_ 10 log,t 
a: 


48. f(t) = t? log, vt + 1 


47. g(t) 


In Exercises 49-52, find an equation of the tangent line to the 
graph of the function at the given point. 

49. y=2-, (-1,2) 

50. y=5*-7, (2,1) 

51. y = log,x, (27, 3) 

52. y = logio 2x, (5, 1) 


In Exercises 53-56, use logarithmic differentiation to find 
dy /dx. 

53. y = x?” 54. y = x! 

55. y = (x — 2)*t! 56. y = (1 + x) 


In Exercises 57—60, find an equation of the tangent line to the 
graph of the function at the given point. 


2 
59. y = (In x) *, (e, 1) 
60. y = xh/x, (1, 1) 


58. y = (sin x)”, E 1) 


In Exercises 61-66, find the integral. 
61. Í 3* dx 

62. Í S Edy 

63. Í x(5=*) dx 


64. fe — x)76 =° dx 


32x 
65. | Fre 


66. Í 2sia x cos x dx 


In Exercises 67-70, evaluate the integral. 


2 
67. Í 2* dx 


-1 


2 
68. Í 4*/2 dx 
-2 
1 
69. Í (5* — 3*) dx 
0 


70. Í (6* — 2*) dx 
1 


Area In Exercises 71 and 72, find the area of the region 
bounded by the graphs of the equations. 


71. y= 3 y =0,x =0,x =3 
72. y = 3% * sin x, y = 0, x =0,x = 7 


Slope Fields In Exercises 73 and 74, a differential equation, a 
point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the given point. (b) Use integration to find 
the particular solution of the differential equation and use a 
graphing utility to graph the solution. Compare the result with 
the sketches in part (a). To print an enlarged copy of the graph, 
select the MathGraph button. 


dy ‘ 1 dy : 

ha Aare x/3 E3 M — psinx 

73. ak 0.4°/3, (0, 1) 74. g T OT cosx, (m, 2) 
y y 


S 
= 


h aaa AA Aisa Oso Re 
NS A SN NO 


LLL ONY 
NN 7477710 
RSS LER NS 
Nee ANNANN 
NN A ANNAN 
NN FSP SONA 


Mh ahaa" 
S fA AP OS 


SN NN NNN BR RN NS 
RRR RRL SRA 
SARA SSR a a a i 
SSS SS a 
ey pa Ne a Te a, Ne oe ae ig ae, 


ish “Mic. tin Tk, Mo) Sip, he i Te tke “Mca 


| 
A 
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Writing About Concepts 


75. The table of values below was obtained by evaluating a 
function. Determine which of the statements may be true 
and which must be false, and explain why. 


(a) y is an exponential function of x. 
(b) y is a logarithmic function of x. 
(c) x is an exponential function of y. 


(d) y is a linear function of x. 


2 


1 


. Consider the function f(x) = logy x. 
(a) What is the domain of f ? 
(b) Find f7!. 
(c) If x is a real number between 1000 and 10,000, deter- 
mine the interval in which f(x) will be found. 


(d) Determine the interval in which x will be found if f(x) 
is negative. 

(e) If f(x) is increased by one unit, x must have been 
increased by what factor? 

(f) Find the ratio of x, to x, given that f(x,) = 3n and 
fæ) =n. 


. Order the functions 


f(x) = log, x, g(x) = x, h(x) = x?, and k(x) = 2* 


from the one with the greatest rate of growth to the one with 
the smallest rate of growth for large values of x. 


. Find the derivative of each function, given that a is 
constant. 


@ y= b) y=a" 
CO y= Aysa 


79. Inflation Ifthe annual rate of inflation averages 5% over the 
next 10 years, the approximate cost C of goods or services 
during any year in that decade is 


C(t) = P(1.05)' 


where ¢ is the time in years and P is the present cost. 


(a) The price of an oil change for your car is presently $24.95. 
Estimate the price 10 years from now. 

(b) Find the rates of change of C with respect to t when t = 1 
and t = 8. 

(c) Verify that the rate of change of C is proportional to C. 
What is the constant of proportionality? 


368 CHAPTER 5 Logarithmic, Exponential, and Other T: 
Fy 80. Depreciation After t years, the value of a car purchased for 
$20,000 is 


V(t) = 20,000(3)'. 


(a) Use a graphing utility to graph the function and determine 
the value of the car 2 years after it was purchased. 


(b) Find the rates of change of V with respect to t when t = 1 
and t = 4. 

(c) Use a graphing utility to graph Vz) and determine the 
horizontal asymptote of V“(z). 
Interpret its meaning in the context of the problem. 


Compound Interest In Exercises 81-84, complete the table to 
determine the balance A for P dollars invested at rate r for t 
years and compounded n times per year. 


n | 1] 2] 4 | 12 | 365 | Continuous compounding 
A 
81. P = $1000 
r = 35% 
t = 10 years 
82. P = $2500 
r = 6% 
t = 20 years 
83. P = $1000 
r= 5% 
t = 30 years 
84. P = $5000 
r= 1% 
t = 25 years 


Compound Interest In Exercises 85-88, complete the table to 
determine the amount of money P (present value) that should 
be invested at rate r to produce a balance of $100,000 in ¢ years. 


t 


1 | 10 | 20 |30 | 40 | 50 


P 


85. 


86. 


87. 


88. 


r= 5% 

Compounded continuously 
r = 6% 

Compounded continuously 
r = 5% 

Compounded monthly 

r= 1% 

Compounded daily 


90. 


91. 


92. 


93. 
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Assume that you can earn 6% on an 
investment, compounded daily. Which of the following options 
would yield the greatest balance after 8 years? 


(a) $20,000 now 

(b) $30,000 after 8 years 

(c) $8000 now and $20,000 after 4 years 

(d) $9000 now, $9000 after 4 years, and $9000 after 8 years 
Compound Interest Consider a deposit of $100 placed in an 
account for 20 years at r% compounded continuously. Use a 
graphing utility to graph the exponential functions giving the 
growth of the investment over the 20 years for each of the 


following interest rates. Compare the ending balances for each 
of the rates. 


(a) r = 3% 
(b) r=5% 
(c) r= 6% 


Timber Yield The yield V (in millions of cubic feet per acre) 
for a stand of timber at age t is 


V = 6.7e-48-0)/t 


where f is measured in years. 

(a) Find the limiting volume of wood per acre as t approaches 
infinity. 

(b) Find the rates at which the yield is changing when t = 20 
years and t = 60 years. 

Learning Theory In a group project in learning theory, a 


mathematical model for the proportion P of correct responses 
after n trials was found to be 


0.86 
p= 1+ e7 0-250" 


(a) Find the limiting proportion of correct responses as n 
approaches infinity. 

(b) Find the rates at which P is changing after n = 3 trials and 
n = 10 trials. 

Forest Defoliation To estimate the amount of defoliation 

caused by the gypsy moth during a year, a forester counts the 

number of egg masses on zg of an acre the preceding fall. The 

percent of defoliation y is approximated by 


300 


y= 3 + 17e 00625x 


where x is the number of egg masses in thousands. (Source: 
USDA Forest Service) 


(a) Use a graphing utility to graph the function. 

(b) Estimate the percent of defoliation if 2000 egg masses are 
counted. 

(c) Estimate the number of egg masses that existed if you 
observe that approximately A of a forest is defoliated. 


(d) Use calculus to estimate the value of x for which y is 
increasing most rapidly. 


94. 


95. 


96. 


Population Growth A lake is stocked with 500 fish, and their 
population increases according to the logistic curve 


10,000 


P) = TF 198-7 


where ¢ is measured in months. 

(a) Use a graphing utility to graph the function. 

(b) What is the limiting size of the fish population? 

(c) At what rates is the fish population changing at the end of 
1 month and at the end of 10 months? 

(d) After how many months is the population increasing most 
rapidly? 

Modeling Data The breaking strengths B (in tons) of a steel 

cable of various diameters d (in inches) are shown in the table. 


d | 0.50 | 0.75 1.00 | 1.25 1.50 | 1.75 


B | 9.85 | 21.8 | 38.3 | 59.2 | 84.4 | 114.0 


(a) Use the regression capabilities of a graphing utility to fit an 
exponential model to the data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Find the rates of growth of the model when d = 0.8 and 
d= 1.5. 


Comparing Models The amounts y (in billions of dollars) 
given to philanthropy (from individuals, foundations, corpora- 
tions, and charitable bequests) in the United States for the years 
1995 through 2002 are shown in the table, with x = 5 corre- 
sponding to 1995. (Source: AAFRC Trust for Philanthropy) 


5 6 7 8 9 10 11 12 


124.0 | 138.6 | 157.1 | 174.8 | 199.0 | 210.9 | 212.0 | 240.9 


(a) Use the regression capabilities of a graphing utility to find 
the following models for the data. 


y, =ax+b 
y, =at binx 
y3 = ab 

Y4 = ax? 


(b) Use a graphing utility to plot the data and graph each of the 
models. Which model do you think best fits the data? 


(c) Interpret the slope of the linear model in the context of the 
problem. 


(d) Find the rate of change of each of the models for the year 
1996. Which model is increasing at the greatest rate in 1996? 
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onjecture 


(a) Use a graphing utility to approximate the integrals of the 
functions 


21/3 3/0 \t 
f= 4(2)" to = (22, ana no = sen 
on the interval [0, 4]. 
(b) Use a graphing utility to graph the three functions. 


(c) Use the results in parts (a) and (b) to make a conjecture 
about the three functions. Could you make the conjecture 
using only part (a)? Explain. Prove your conjecture 
analytically. 


98. Complete the table to demonstrate that e can also be defined 
as lim (1 +x)!” 
x=>0t 


x 1 1071 | 10-2 | 10-4 | 10-6 
(1 + x)!/* 


In Exercises 99 and 100, find an exponential function that fits 
the experimental data collected over time t. 


a: t 0 1 2 3 4 
y | 1200.00 | 720.00 | 432.00 | 259.20 | 155.52 

109: t 0 1 2 3 4 
y | 600.00 | 630.00 | 661.50 | 694.58 | 729.30 


True or False? In Exercises 101-106, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


_ 271,801 
101. e = 99,900 
102. If f(x) = In x, then f(e"*!) — f(e”) = 1 for any value of n. 


103. The functions f(x) = 2 + e* and g(x) = In(x — 2) are inverse 
functions of each other. 


104. The exponential function y = Ce* is a solution of the differ- 
ential equation d” y/dx" = y,n = 1,2,3,.... 


105. The graphs of f(x) = e* and g(x) = e™ meet at right angles. 
106. If f(x) = g(x)e*, then the only zeros of f are the zeros of g. 
107. Solve the logistic differential equation 

dy_ 8 (5 _ = 

3 y(2->), yo = 


and obtain the logistic growth function in Example 7. 


in = -i(i ) 
y2-y) Sly 2-y 
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108. Given the exponential function f(x) = a*, show that 
(a) flu + v) = flu) - fo). 
(b) f(2x) = [FW]. 

109. (a) Determine y’ given y* = x’. 


(b) Find the slope of the tangent line to the graph of y* = x” 
at each of the following points. 


(i) (cc) 
(ii) (2, 4) 
(iii) (4, 2) 
(c) At what point on the graph of y* = x” does the tangent 
line not exist? 
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(a) Given b = 2, use a graphing utility to graph f and g in the 
same viewing window. Identify the point(s) of intersection. 


(b) Repeat part (a) using b = 3. 
(c) Find all values of b such that g(x) = f(x) for all x. 


Putnam Exam Challenge 


111. Which is greater 
(s/n) T or (Vn + 1)¥" 


where n > 8? 


112. Show that if x is positive, then 


1 1 
+- 
log, (1 Jern 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Section 5.6 Inverse Trigonometric Functions: Differentiation 


e Develop properties of the six inverse trigonometric functions. 
e Differentiate an inverse trigonometric function. 
e Review the basic differentiation rules for elementary functions. 


Inverse Trigonometric Functions 


y=sin x This section begins with a rather surprising statement: None of the six basic 


Domain: [—7/2, 7/2] trigonometric functions has an inverse function. This statement is true because all six 
Range: [-1, 1] 


trigonometric functions are periodic and therefore are not one-to-one. In this section 
you will examine these six functions to see whether their domains can be redefined in 
such a way that they will have inverse functions on the restricted domains. 

In Example 4 of Section 5.3, you saw that the sine function is increasing (and 
therefore is one-to-one) on the interval [— 7/2, 7/2] (see Figure 5.28). On this 
interval you can define the inverse of the restricted sine function to be 


y = arcsin x if and only if siny =x 


where —1 < x < 1 and — 7/2 < arcsinx < 7/2. 


The sine function is one-to-one on ; P hee as i : : 
Under suitable restrictions, each of the six trigonometric functions is one-to-one 


[— 2/2, 2/2]. $ . : : oe 
Figure 5.28 and so has an inverse function, as shown in the following definition. 
NOTE The term “iff” is used to repre- Definitions of Inverse Trigonometric Functions 
sent the phrase “if and only if.” . ; 
Function Domain Range 
y = arcsin x iff sin y = x =] FS] soo 
y = arccos x iff cos y =x -Ilsx<l O<sy<q7 
: T T 
y = arctan x iff tan y = x —00 <x <0 = ay 
y = arccot x iff cot y= x —c < ý < O<y<T 
; T 
y = arcsec x iff sec y =x |x| > 1 Osysm y*7 
3 T T 
y = arccsc x iff csc y=x |x| >21 -7 SyS y#0 


NOTE The term “arcsin x” is read as “the arcsine of x” or sometimes “the angle whose sine 
is x.” An alternative notation for the inverse sine function is “sin™! x.” 


The Inverse Secant Function In the definition above, the inverse secant func- 
tion is defined by restricting the domain of the secant function to the intervals 


[o, z) U z nl. Most other texts and reference books agree with this, but some 


disagree. What other domains might make sense? Explain your reasoning graphi- 
cally. Most calculators do not have a key for the inverse secant function. How can 
you use a calculator to evaluate the inverse secant function? 
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y = arcsin x 


> xX 


Domain: [— 1, 1] 
Range: [— 7/2, 7/2] 


Domain: (— co, — 1] u [1, co) 
Range: [— 77/2, 0) U (0, 7/2] 


Figure 5.29 


NOTE When evaluating inverse 
trigonometric functions, remember that 
they denote angles in radian measure. 
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The graphs of the six inverse trigonometric functions are shown in Figure 5.29. 


=< 
< 


y = arccos x y = arctan x 


T H >x 
-2 2 
Domain: [— 1, 1] Domain: (— co, 00) 
Range: [0, 7] Range: (— 7/2, 7/2) 
| Animation | | Animation | 
y y 
A y = arcsec x A y = arccot x 
A Se Too 
TEEPE E EEE E T 
2 2 
H } L x t t } r 
2 j 1 2 2 l 1 2 
Domain: (— 00, — 1] u [1, co) Domain: (— co, co) 
Range: [0, 7/2) U (7/2, 7] Range: (0, 77) 


| Animation | 


EXAMPLE | Evaluating Inverse Trigonometric Functions 


Evaluate each function. 


a. arcsin —2) b. arccos 0 c. arctan /3 d. arcsin(0.3) 


Solution 


a. By definition, y = arcsin(—4) implies that siny = —5. In the interval 
[— 7/2, 1/2], the correct value of y is — 77/6. 


T sin( =) sa” 
arc > 6 


b. By definition, y = arccos 0 implies that cos y = 0. In the interval [0, 7], you have 
y = T/2. 


T 
arccos 0 = — 
2 


c. By definition, y = arctan V3 implies that tany = /3. In the interval 
(— 1/2, 77/2), you have y = 7/3. 


arctan J3 = - 


d. Using a calculator set in radian mode produces 


[_ Try1t | [Exploration a | 


w Experienced writers 


© On-time delivery 


) 100% plagiarism free 


Inverse functions have the properties 


Graph y = arccos(cos x) for FEE) =x and ff) = x. 


—4r < x < 47. Why isn’t the graph When applying these properties to inverse trigonometric functions, remember that the 

the same as the graph of y = x? trigonometric functions have inverse functions only in restricted domains. For x-values 
outside these domains, these two properties do not hold. For example, arcsin(sin 7) is 
equal to 0, not 7. 


Properties of Inverse Trigonometric Functions 
If -1 <x< land—-w/2 < y < 7/2, then 
sin(arcsin x) = x and arcsin(sin y) = y. 


If —7/2 < y < w/2, then 


tan(arctanx) =x and arctan(tan y) = y. 
If |x| > 1 and0 < y < m/2or m/2 < y < m, then 
sec(arcsec x) =x and arcsec(sec y) = y. 


Similar properties hold for the other inverse trigonometric functions. 


EXAMPLE 2 Solving an Equation 


T 
arctan(2x — 3) = 4 Original equation 


T 
tan[arctan(2x — 3)] = tan 4 Take tangent of each side. 


2x-3=1 tan(arctan x) = x 
x=2 Solve for x. rs] 
5 Some problems in calculus require that you evaluate expressions such as 


ley : ; 
cos(arcsin x), as shown in Example 3. 
y = arcsin x 


Figure 5.30 EXAMPLE 3 Using Right Triangles 


a. Given y = arcsin x, where 0 < y < 7/2, find cos y. 
b. Given y = arcsec( /5 / 2), find tan y. 


Solution 


y C a. Because y = arcsin x, you know that sin y = x. This relationship between x and y 
2 can be represented by a right triangle, as shown in Figure 5.30. 


o v5 _ . _ adj. _ a 
y = arcsec -5 cos y = cos(arcsin x) = hyp: =/l-x 
Figure 5.31 ; : f 

(This result is also valid for — m/2 < y < 0.) 


b. Use the right triangle shown in Figure 5.31. 


~) — OPP- _ 1 


tan y = tan ase z adj. 7 


[try te | [Ppleration’] 
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NOTE There is no common agreement 
on the definition of arcsec x (or arccsc x) 
for negative values of x. When we 
defined the range of the arcsecant, we 
chose to preserve the reciprocal identity 


1 
arcsec x = arccos —. 
x 


For example, to evaluate arcsec(— 2), you 
can write 


arcsec( —2) = arccos( — 0.5) =~ 2.09. 


One of the consequences of the definition 
of the inverse secant function given in 
this text is that its graph has a positive 
slope at every x-value in its domain. 

(See Figure 5.29.) This accounts for the 
absolute value sign in the formula for the 
derivative of arcsec x. 


TECHNOLOGY 
graphing utility does not have the 


If your 


arcsecant function, you can obtain its 
graph using 


1 
f(x) = arcsec x = arccos T 


NOTE From Example 5, you can see 
one of the benefits of inverse trigono- 
metric functions—they can be used to 
integrate common algebraic functions. 
For instance, from the result shown in 
the example, it follows that 


[vi — x dx 
= (arcsin x +xJ/1 — 2). 
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Derivatives of Inverse Trigonometric Functions 


In Section 5.1 you saw that the derivative of the transcendental function f(x) = In x 
is the algebraic function f'(x) = 1/x. You will now see that the derivatives of 
the inverse trigonometric functions also are algebraic (even though the inverse 
trigonometric functions are themselves transcendental). 

The following theorem lists the derivatives of the six inverse trigonometric 
functions. Note that the derivatives of arccos u, arccot u, and arccsc u are the 
negatives of the derivatives of arcsin u, arctan u, and arcsec u, respectively. 


THEOREM 5.16 Derivatives of Inverse Trigonometric Functions 


Let u be a differentiable function of x. 


, aad 


G [arcsin u] = a — [arccos u] = 7 

dx J1—- wv dx 1 — u? 

d u’ d u’ 

z eretan u] = I+ z reoot ul = EF 

— [arcsec u] = an LA [arccsc u] = En e 
dx |u| /u? — 1 dx juļ vu = 1 


__Video | 
To derive these formulas, you can use implicit differentiation. For instance, if 
y = arcsin x, then sin y = x and (cos y)y’ = 1. (See Exercise 94.) 


EE 


EXAMPLE 4 Differentiating Inverse Trigonometric Functions 


dp 2 z 
a. z; [arcsin (2x)] = Ji- QF /1—42 
d 2 i 
b. z larctan(3x)] = 77 BGA 1+ 9x 
dio (1/2) x-¥ 
e [arcsin l] <= WxJ/1—x 2Wx—- xX? 
2e* 2e* 2 


d. a [arcsec e™] = 
e 


dx x (e) 1] ex Se — 1 J/e*—1 


The absolute value sign is not necessary because e™ > 0. 


EXAMPLE 5 A Derivative That Can Be Simplified 


Differentiate y = arcsin x + x/1 — x’. 


Solution 


The editable graph feature below allows you to edit the graph of a function and 
its derivative. 


[_tsitable eran | 


Points of 
inflection 


The graph of y = (arctan x) has a hori- 
zontal asymptote at y = 77/4. 
Figure 5.32 


| Estab Graph | 


Not drawn to scale 


The camera should be 2.236 feet from the 
painting to maximize the angle £. 
Figure 5.33 
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EXAMPLE 6 Analyzing an Inverse Trigonometric Graph 
Analyze the graph of y = (arctan x)?. 


Solution From the derivative 


es 1 
y’ = 2(arctan v(t a =) 


_ 2 arctan x 
1 + x? 


you can see that the only critical number is x = 0. By the First Derivative Test, this 
value corresponds to a relative minimum. From the second derivative 


(1+ (5) — (2 arctan x)(2x) 
an (+x? 


_ 2(1 — 2x arctan x) 
(1 + x)? 


it follows that points of inflection occur when 2x arctan x = 1. Using Newton’s 
Method, these points occur when x ~ +0.765. Finally, because 


z? 
lim (arctan x)? = — 
x—+Ł00 4 


it follows that the graph has a horizontal asymptote at y = 7?/4. The graph is shown 
in Figure 5.32. 


[Try te] [Elortons] 
EXAMPLE 7 Maximizing an Angle 


A photographer is taking a picture of a four-foot painting hung in an art gallery. The 
camera lens is 1 foot below the lower edge of the painting, as shown in Figure 5.33. 
How far should the camera be from the painting to maximize the angle subtended by 
the camera lens? 


Solution In Figure 5.33, let B be the angle to be maximized. 
B=0-a 
x 
= arccot z — arccot x 


Differentiating produces 


dag___-1/5__ = 
dx 14+ (2/25 14+2+ 
=5 1 
Sae Lae 
4(5 — x?) 


(25 + x)(1 + x?) 


Because dB/dx = 0 when x = V5, you can conclude from the First Derivative Test 
that this distance yields a maximum value of $. So, the distance is x ~ 2.236 feet and 
the angle is 8 ~ 0.7297 radian = 41.81°. a 


[Try rt | [Open Exploration | 
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Review of Basic Differentiation Rules 
GALILEO GALILEI (1564—1642) 


Galileo’s approach to science departed from 
the accepted Aristotelian view that nature had 


In the 1600s, Europe was ushered into the scientific age by such great thinkers as 
Descartes, Galileo, Huygens, Newton, and Kepler. These men believed that nature is 


describable qualities, such as“fluidity”and governed by basic laws—laws that can, for the most part, be written in terms of 

“potentiality” He chose to describe the physi- mathematical equations. One of the most influential publications of this period— 

cal world in terms of measurable quantities, Dialogue on the Great World Systems, by Galileo Galilei—has become a classic 
such as time, distance, force, and mass. description of modern scientific thought. 

As mathematics has developed during the past few hundred years, a small number 

| of elementary functions has proven sufficient for modeling most* phenomena in 

physics, chemistry, biology, engineering, economics, and a variety of other fields. An 


elementary function is a function from the following list or one that can be formed 
as the sum, product, quotient, or composition of functions in the list. 


Algebraic Functions Transcendental Functions 
Polynomial functions Logarithmic functions 
Rational functions Exponential functions 
Functions involving radicals Trigonometric functions 


Inverse trigonometric functions 


With the differentiation rules introduced so far in the text, you can differentiate any 
elementary function. For convenience, these differentiation rules are summarized 
below. 


Basic Differentiation Rules for Elementary Functions 


d , da EN, , da ea , , 
1. gl] = cu De alt + vl =u an 3. 7 ev) = wv + vu 
d Mal vwu’— uv’ dyp4_ ae ee ee 
4 zje] v2 2 a =o bs pale A 
d d u, d 
T 7rd = 1 8. wel = Tal L g0 9. g” ul] = F 
d f d — u’ q Uu = T A 
10. ale =e"u 11. q legat a 12% qe] (In a)a"u 
13. Zin u] = (cos u)u’ 14. Lr u| = — (sin u)u’ 15. A u] = (sec? u)u’ 
dx dx dx 
16. Aoi ipl] = =(ese? i)’ 17. ee u] = (sec u tan u) wu’ 18. eee inl] = =se wei w)in” 
dx dx dx 
d ; DE Ki CRE d o w 
19. qares w= t= 20. q tarecos u] Toe 21. ay taretan u] ET 
22. £ [arceot v = are 23. £ [arcsec ul = P= 24. £ [arcese u| = een 


* Some important functions used in engineering and science (such as Bessel functions and 
gamma functions) are not elementary functions. 
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Exercises for Section 5.6 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 

Numerical and Graphical Analysis In Exercises 1 and 2, In Exercises 17-20, evaluate each expression without using a 
(a) use a graphing utility to complete the table, (b) plot the calculator. (Hint: See Example 3.) 

points in the table and graph the function by hand, (c) use a 

graphing utility to graph the function and compare the result 17. (a) sin arctan 2) 18. (a) nl arccos 2) 

with your hand-drawn graph in part (b), and (d) determine any 4 2 


intercepts and symmetry of the graph. (b) se(aresin $) (b) cos{ arcsin z ) 
a 1 0.8 0.6 | — 0.4 0.2 | 0) 0.2) 0.4) 0.6) 0.8} 1 : f 3 
19. (a) cot] arcsin -7 20. (a) sec] arctan -3 
y 
5 . 5 
(b) csc] arctan| ——~ (b) tan] arcsin| —— 
1. y = arcsin x 2. y = arccos x 12 6 
3. Determine the missing coordinates of the points on the graph of In Exercises 21-28, write the expression in algebraic form. 
the function. 
21. cos(arcsin 2x) 22. sec(arctan 4x) 
eee x 23. sin(arcsec x) 24. cos(arccot x) 
25. tan arcsec z) 26. sec[arcsin(x — 1)] 
27 ese( arctan 2) 28 cos( arcsin = — ") 
Fa . 7 
fp In Exercises 29 and 30, (a) use a graphing utility to graph f and 
g in the same viewing window to verify that they are equal, (b) 
4. Determine the missing coordinates of the points on the graph of use algebra to verify that f and g are equal, and (c) identify any 
the function. horizontal asymptotes of the graphs. 
29. f(x) = sin (arctan 2x), g(x) = = 
V1 + 4x? 
/4 — x2 
30. f(x) = tan( arccos z), g(x) = wane 


In Exercises 31-34, solve the equation for x. 


31. arcsin(3x — 7) = 5 32. arctan(2x — 5) = — 1 


33. arcsin./2x = arccos \/x 34. arccos x = arcsec x 


In Exercises 5-12, evaluate the expression without using a In Exercises 35 and 36, verify each identity. 


calculator. l 
1 35. (a) arccsc x = arcsin-, x > 1 
5. arcsin 5 6. arcsin 0 x 
1 
7. arccos 5 8. arccos 0 (b) arctan x + wena se = > x>0 
3 
9. arcta 4 10. arccot(— V3) 36. (a) arcsin(—x) = —arcsinx, |x| < 1 
(b) arccos(—x) = m — arccos x, |x| < 1 
11. arccse(— /2) 12. aceos{ -~4 


In Exercises 37—40, sketch the graph of the function. Use a 


In Exercises 13-16, use a calculator to approximate the value. graphing utility to verify your graph. 


Round your answer to two decimal places. ae 
37. f(x) = arcsin(x — 1) 38. f(x) = arctan x + — 
13. arccos( — 0.8) 14. arcsin(— 0.39) 2 


15. arcsec 1.269 16. arctan( — 3) 39. f(x) = arcsec 2x 40. f(x) = arccos 3 
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In Exercises 41-60, find the derivative of the function. 
41. f(x) = 2 arcsin(x — 1) 42. f(t) = arcsin £? 


43. g(x) = 3 arccos = 44. f(x) = arcsec 2x 


2 
45. f(x) = arctan = 46. f(x) = arctan /x 


arcsin 3x 
47. g(x) = ~ 


49. h(t) = sin (arccos ż) 


48. h(x) = x? arctan x 


50. f(x) = arcsin x + arccos x 


1 t 
51. y = xarccosx — V1 — x? 52. y = In(t? + 4) z arctan z 


53 =3(51 Ply t ) 
ES ala ay arctan x 


1 
54. y= fea =x +4 aresin( 3) 
55. y = xaresinx + V1 — x? 


56. y = x arctan 2x — Im + 4x?) 


ME E E 
57. y= San 


58. y = 25 arcsin Z — x/25 — x? 


x 
59. y = arctan x + law 

x 1 
60. y = arctan 2 20244) 


In Exercises 61—66, find an equation of the tangent line to the 
graph of the function at the given point. 


61. y = 2 arcsin x 62. y = 5 arccos x 


y f y 
A D= 2 arcsin x A 


w+ 


aR = 1 arccos x 


>x 


Ni= -+ 


64. y = arcsec 4x 


y 
y = arcsec 4x \ 


AIA Le 
= 

— 

aS 

AJA 

See 


l 
= 


nie + 
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65. y = 4x arccos(x — 1 


Y y= 4x arccos(x — 1) 


on | {ls 2”) 


| > Xx 


Linear and Quadratic Approximations In Exercises 67-70, use 
a computer algebra system to find the linear approximation 


P(x) = f(a) + f'a) — a) 
and the quadratic approximation 
P(x) = f@ + F'O - a) + 3f - a? 


of the function f at x = a. Sketch the graph of the function and 
its linear and quadratic approximations. 


67. f(x) = arctan x, 
69. f(x) = arcsin x, 


= 0 68. f(x) = arccos x, a= 0 


a 
a 70. f(x) = arctan x, a= 1 


Nie 


In Exercises 71-74, find any relative extrema of the function. 


71. f(x) = arcsec x — x 
72. f(x) = arcsin x — 2x 
73. f(x) = arctan x — arctan(x — 4) 


74. h(x) = arcsin x — 2 arctan x 


Implicit Differentiation In Exercises 75-78, find an equation of 
the tangent line to the graph of the equation at the given point. 
75. x? + xarctany = y — 1, (-2 1) 
76. arctan(xy) = arcsin(x + y), (0, 0) 
m (2 x2) 
oe 2°” 2 

a 


4 


77. arcsin x + arcsin y = 


78. arctan(x + y) = y? + (1,0) 


Writing About Concepts 


. Explain why the domains of the trigonometric functions are 
restricted when finding the inverse trigonometric functions. 

. Explain why tan m = 0 does not imply that arctan 0 = m. 

. Explain how to graph y = arccotx on a graphing utility 
that does not have the arccotangent function. 

. Are the derivatives of the inverse trigonometric functions 


algebraic or transcendental functions? List the derivatives 
of the inverse trigonometric functions. 


True or False? In Exercises 83-88, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


83. 


84. 


85. 


86. 


87. 


88. 


89. 


90. 


91. 


T 1. 1 T 
Because cos z) => it follows that arccos 2773 


ft 


arcsin = = ~* 
4 2 
The slope of the graph of the inverse tangent function is 


positive for all x. 


The range of y = arcsin x is [0, 7]. 

d ; , 
z eretanltan x)] = 1 for all x in the domain. 
arcsin? x + arccos? x = 1 


Angular Rate of Change An airplane flies at an altitude of 5 
miles toward a point directly over an observer. Consider 0 and 
x as shown in the figure. 


(a) Write 6 as a function of x. 


(b) The speed of the plane is 400 miles per hour. Find d@/dt 
when x = 10 miles and x = 3 miles. 


Not drawn to scale 


Writing Repeat Exercise 89 if the altitude of the plane is 3 
miles and describe how the altitude affects the rate of change 
of 0. 


Angular Rate of Change In a free-fall experiment, an object 
is dropped from a height of 256 feet. A camera on the ground 
500 feet from the point of impact records the fall of the object 
(see figure). 


(a) Find the position function giving the height of the object at 
time ¢ assuming the object is released at time tf = 0. At what 
time will the object reach ground level? 


(b) Find the rates of change of the angle of elevation of the 
camera when t = 1 andt = 2. 


es 1256 ta ! | 

| ee c | 6 , | 

Fiz 500 ft = es | eee lt 
Figure for 91 Figure for 92 


. Angular Rate o ange 


93. 


94. 


95. 


96. 


97. 


x 
. Prove that arcsin x = arctan( | 
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elevision camera at ground 
level is filming the lift-off of a space shuttle at a point 750 
meters from the launch pad. Let 0 be the angle of elevation of 
the shuttle and let s be the distance between the camera and 
the shuttle (see figure). Write 0 as a function of s for the peri- 
od of time when the shuttle is moving vertically. Differentiate 
the result to find d6/dt in terms of s and ds/dt. 


(a) Prove that 


x 
arctan x + arctan y = arctan 


+1. 
1 — xy’ 7y 


(b) Use the formula in part (a) to show that 


ia hae 
arc an arc alls 4 


Verify each differentiation formula. 


f , 


e a k 
(a) ay laesin u] = Fira (b) ae [arctan u] = ar 

d u’ 
(c) ay lerese u] = Jul Ve 1 

d —u’ —u’ 
(d) ay tatecos u] = Firma (e) en [arccot u] = EE 


d —u 
f) = larccscu]| ==- 
D gleed = a 
Existence of an Inverse Determine the values of k such that 
the function f(x) = kx + sin x has an inverse function. 
Think About It Use a graphing utility to graph f(x) = sin x 
and g(x) = arcsin (sin x). 
(a) Why isn’t the graph of g the line y = x? 
(b) Determine the extrema of g. 


(a) Graph the function f(x) = arccos x + arcsinx on the 
interval [— 1, 1]. (b) Describe the graph of f. (c) Prove the 
result from part (b) analytically. 


x| <1. 


99, Find the value of c in the interval [0, 4] on the x-axis that 
maximizes angle 0. 
y 
A 7 @2 d 
0,2) (4,2) | RP 
3 
0 T 5 
> xX 
(ad 
Figure for 99 Figure for 100 
100. Find PR such that 0 < PR < 3 and m Z @is a maximum. 


101. 


Some calculus textbooks define the inverse secant function 
using the range [0, 7/2) U[7, 37/2). 
(a) Sketch the graph y = arcsec x using this range. 


(b) Show that y’ = 7 
yx — 1 
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FOR FURTHER INFORMATION For a 
detailed proof of part 2 of Theorem 5.17, 
see the article “A Direct Proof of the 
Integral Formula for Arctangent’” by 
Arnold J. Insel in The College 
Mathematics Journal. 
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Inverse Trigonometric Functions: Integration 


e Integrate functions whose antiderivatives involve inverse trigonometric functions. 
e Use the method of completing the square to integrate a function. 
e Review the basic integration rules involving elementary functions. 


Integrals Involving Inverse Trigonometric Functions 


The derivatives of the six inverse trigonometric functions fall into three pairs. In each 
pair, the derivative of one function is the negative of the other. For example, 


[arcsin x] : 

La dee o 

dx 1 — x? 
and 

— [arccos x] = a 
dx V1 — x? 
[Technos] 
When listing the antiderivative that corresponds to each of the inverse trigonometric 
functions, you need to use only one member from each pair. It is conventional to use 
arcsin x as the antiderivative of 1/./1 — x?, rather than — arccos x. The next theorem 


gives one antiderivative formula for each of the three pairs. The proofs of these 
integration rules are left to you (see Exercises 79—81). 


THEOREM 5.17 Integrals Involving Inverse Trigonometric 
Functions 


Let u be a differentiable function of x, and let a > 0. 


u du 1 u 
+C 2: = —arctan — + C 
a | @ +w a a 


1 Í a arcsin 
J Ve = 


=e arcsec |u| +C 
a a 


Ji du 
Judie — a 


EXAMPLE | Integration with Inverse Trigonometric Functions 


a as = arcsin Ž +C 
* | fae 2 
dx 1 3 dx 
’ = es 
b 2+ 9x2 3 ioo +4 (3x)° u xX, a Ja 
= arctan a +C 
3/2 J 
P i dx i 2 dx oer 
. — = A a = 
x/4x? — 9 2x/ (2x)? — 32 
1 2. 
= L arose ZI +C 


The integrals in Example 1 are fairly straightforward applications of integration 
formulas. Unfortunately, this is not typical. The integration formulas for inverse 
trigonometric functions can be disguised in many ways. 
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TECHNOLOGY PITFALL 
Computer software that can perform 
symbolic integration is useful for 
integrating functions such as the one 
in Example 2. When using such soft- 
ware, however, you must remember 
that it can fail to find an antiderivative 
for two reasons. First, some elemen- 
tary functions simply do not have 
antiderivatives that are elementary 
functions. Second, every symbolic 
integration utility has limitations—you 
might have entered a function that the 
software was not programmed to 
handle. You should also remember that 
antiderivatives involving trigonometric 
functions or logarithmic functions can 
be written in many different forms. 
For instance, one symbolic integration 
utility found the integral in Example 2 
to be 


dx + 
———— = arctan /e* = I + C. 
| Je — 1 
Try showing that this antiderivative 
is equivalent to that obtained in 
Example 2. 


EXAMPLE 2 Integration by Substitution 


Find f "e 
vem 


Solution As it stands, this integral doesn’t fit any of the three inverse trigonometric 
formulas. Using the substitution u = e*, however, produces 


my gyn ta tt 


du = e*dx i : 
e u 


u= e E 


With this substitution, you can integrate as follows. 


dx dx i r 
| Te = f Je Write e% as (e*)?. 
7 du/u 
djri 
_ du 
7 [Ss 
lul 


= arcsec T +C 


= arcsec e* + C 


EXAMPLE 3 Rewriting as the Sum of Two Quotients 


Substitute. 


Rewrite to fit Arcsecant Rule. 


Apply Arcsecant Rule. 


Back-substitute. 


x+2 


Vri 


Solution This integral does not appear to fit any of the basic integration formulas. 
By splitting the integrand into two parts, however, you can see that the first part can 
be found with the Power Rule and the second part yields an inverse sine function. 


Find 


x+2 


x 2 
dx = dx + | -= d 
J4- A” [jt [jt 
= -i fe — A-2) dr + 2 


TE 


1 
= d 
l E 


+ 2 arcsin 5 +C 


m e x7 + 2 aresin $ +C 
[Try te] [Bploratona] 
Completing the Square 


Completing the square helps when quadratic functions are involved in the integrand. 
For example, the quadratic x? + bx + c can be written as the difference of two 
squares by adding and subtracting (b/2)?. 


b\2 2 
x? +bx+c=x + bx + 2) — 2) +c 


=(++3) -() + 
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The area of the region bounded by the 
graph of f, the x-axis, x = 3, and x = 3 
is 77/6. 

Figure 5.34 


Te 
TECHNOLOGY With definite 
integrals such as the one given in 
Example 5, remember that you can 
resort to a numerical solution. For 
instance, applying Simpson’s Rule 


(with n = 12) to the integral in the 
example, you obtain 


9/4 1 
—— dx = 0.523599, 
Í /2 i 3x — x? 
This differs from the exact value of 
the integral (77/6 ~ 0.5235988) by 
less than one millionth. 
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EXAMPLE 4 Completing the Square 


dx 
Find | =———_.. 
i xX- Ax +7 
Solution You can write the denominator as the sum of two squares as shown. 


x? — 4x +7 = (x? -— 4x+4) -4+7 
=(x—- 2} +3=u +g 


Now, in this completed square form, let u = x — 2 and a = /3. 


= m arctan =- +C 
x? — 4x+7 (x — 2)? +3 J3 J3 ee] 
casa Ec eed 
If the leading coefficient is not 1, it helps to factor before completing the square. 
For instance, you can complete the square of 2x? — 8x + 10 by factoring first. 


2x? — 8x + 10 = 2(x? — 4x + 5) 
= 2(x7 — 4x +4-—4+5) 
= 2[(x — 2)? + 1] 


To complete the square when the coefficient of x? is negative, use the same factoring 
process shown above. For instance, you can complete the square for 3x — x? as 
shown. 


3x = x2 = —(x? = 3x) 


EXAMPLE 5 Completing the Square (Negative Leading Coefficient) 


Find the area of the region bounded by the graph of 


a 1 
fœ = 3x — x? 


: ' 3 9 
the x-axis, and the lines x = 5 and x = 3. 


Solution From Figure 5.34, you can see that the area is given by 


9/4 1 
Area = dx. 
| j2 V3x — x? 
Using the completed square form derived above, you can integrate as shown. 


9/4 dx 9/4 dx 
I, V3x = x? I, 7G) -= [x - 8/2) F 


adl 
= arcsin 3 — arcsin 0 
A 
6 
0. 
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Review of Basic Integration Rules 


You have now completed the introduction of the basic integration rules. To be 
efficient at applying these rules, you should have practiced enough so that each rule is 
committed to memory. 


Basic Integration Rules (a > 0) 


N 


1. fiw du = efr du ; [ire + g(u)| du = [rv du + few du 


u”t! 


far Íl 


w 


. fu=u+c 4. |u’du = En AA 


an 


pn 6. |e"du =e +C 


| 

| 

(+) a <p © 8. [sinudu= -cosu + c 

cos u du = sinu + C 10. fenua = —In|cos u| + C 
[secu du = In|secu + tan u| + C 
[sec udu = tanu + € 


csc u du = —In|csc u + cot u| + C 14. 


15. |csc? udu = —cotu + C 16. [secutanu du = secu + c 


du . u 
| 5 5 = arcsin FE 
T a 


csc ucot udu = —cscu + C 18. 


a T arctan“ FE 20. 


al 
19. = arcsec 
Poe ip \=# —@ a 


HE 


J 
de 
| 
J 
| 
J 
fe 


You can learn a lot about the nature of integration by comparing this list with the 
summary of differentiation rules given in the preceding section. For differentiation, 
you now have rules that allow you to differentiate any elementary function. For 
integration, this is far from true. 

The integration rules listed above are primarily those that were happened on when 
developing differentiation rules. So far, you have not learned any rules or techniques 
for finding the antiderivative of a general product or quotient, the natural logarithmic 
function, or the inverse trigonometric functions. More importantly, you cannot apply 
any of the rules in this list unless you can create the proper du corresponding to the u 
in the formula. The point is that you need to work more on integration techniques, 
which you will do in Chapter 8. The next two examples should give you a better 
feeling for the integration problems that you can and cannot do with the techniques 
and rules you now know. 
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EXAMPLE 6 Comparing Integration Problems 


Find as many of the following integrals as you can using the formulas and techniques 
you have studied so far in the text. 


a | dx b xdx ef dx 
'Jxy/2-=-1 "Se "Se 


Solution 


a. You can find this integral (it fits the Arcsecant Rule). 
dx 

— == = arcsec}x} + C 

| xvx? — 1 a 


b. You can find this integral (it fits the Power Rule). 


1 
wen = e - ea) 
i=] 
_ 1 (x? — i] 
7 | 1/2 me 


= JSP -1+C 


c. You cannot find this integral using present techniques. (You should scan the list of 
basic integration rules to verify this conclusion.) 


[try te] [bptraton’] 
EXAMPLE 7 Comparing Integration Problems 


Find as many of the following integrals as you can using the formulas and techniques 
you have studied so far in the text. 


a | a b. [us c finxar 
xin x x 


Solution 


a. You can find this integral (it fits the Log Rule). 


f dx - [Ba 
x lnx Inx 


= In|Inx| + C 


b. You can find this integral (it fits the Power Rule). 


pe = f(a» dx 


_ (nx)? 


+ 
5 C 


c. You cannot find this integral using present techniques. en 
[Try te] [Explration a] 

NOTE Note in Examples 6 and 7 that the simplest functions are the ones that you cannot yet 
integrate. 


Exercises for Section 5.7 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1—20, find the integral. 


5 
l pS 
ls x 
T 
i feet 
le 
x V4x2 = 1 
p 
|< ha 
1 
| —— i. 
——_ i 
— 
i 1-7 
ex 
13. [ra 


Iss: |- r ay 


ESRI 
17. EL 
eS 


De F” 


Wn 


n 


© 


11 


19. 


2 [t 
JA24 


4 
4. [Re 
1 
6. eer Coie 
x4-1 
8. [aaa 
10 tat 
“Jrt+ 16 


12 


1 
>. | Sd 
|= i 
1 
di lr 


3 
ie |a 
ha pa” 
4x + 3 


18. gran" 
x- 2 
20. hpna 


In Exercises 21-30, evaluate the integral. 


arcsin x dx 
0 af T= x? 
0 
x 
27. >= dx 
l, af = x4 


7 ; 
29. Í Td 
z/2 | + cos’ x 


1 
aeo 
e 


3 | 
24. | — dx 
Yao +x 


1//2 
26. Í arccos x gy 
0 JI = x? 


0 
x 
28. d. 
s | pipe 


30 M cos x 
` Jo 


1 + sin? x 


In Exercises 31-42, find or evaluate the integral. (Complete the 


square, if necessary.) 
2 
dx 
3L f x2 — 2x +2 
2x 
= | Prati” 


1 
35. | ——- d 
[3 — 4x i 


wF 2 
37. | ——— dx 
J =x — 4x 
3 
2x — 3 
39. ————— dx 
2 V4x — x? 


: dx 
ae ir x? + 4x + 13 
2x5 
sia |e 
36 [=r 


x= 1 


38. | —— d 
Vx? — 2x i 


1 
at lz = 1) J/x? — 2x a 


x x 
4. Í ETE EE 42. Í pr 


In Exercises 43-46, use the specified substitution to find or 
evaluate the integral. 


43. Í Je = 3 dt 44. a dx 
u= Ve —3 u= /x-2 


3 1 
45. Í a 46. Í T oo 
1 V+) o 2/3 —xV/x +1 
u = /x u= vx+1 


Writing About Concepts 


In Exercises 47—50, determine which of the integrals can be 
found using the basic integration formulas you have studied 
so far in the text. 


1 1 
47. (a) ls dx (b) [ats dx (c) l= dx 
48. (a) i e® dx 


(c) fiera 
x 


49. (a) [vs — ldx (b) fv — ldx (c) |e 
E= 


1 x x 
50. (a) ES dx (b) 14 x4 dx (c) EE dx 


51. Determine which value best approximates the area of the 
region between the x-axis and the function 


1 
f(x) = AS 


over the interval [—0.5, 0.5]. (Make your selection on the 
basis of a sketch of the region and not by performing any 
calculations.) 


@) 4 (b) =3 ()1 @2 (e)3 


(b) Í xe” dx 


. Decide whether you can find the integral 


2 dx 
Vr +4 


using the formulas and techniques you have studied so far. 
Explain your reasoning. 


Differential Equations In Exercises 53 and 54, use the 
differential equation and the specified initial condition to find y. 


53, 2 = 1 _ s4, 2 = I 
‘dx 4-2 “dx 44x 
y(0) = 7 y(2) = 7 
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Slope Fields Yn Exercises 55-58, a differential equation, a 
point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the given point. (b) Use integration to find 
the particular solution of the differential equation and use a 
graphing utility to graph the solution. Compare the result with 04+ 
the sketches in part (a). To print an enlarged copy of the graph, o3+ 
select the MathGraph button. 


VANES 
aN i a NAN 
NAAN SN 
SNSSSNASAN 
ESANS SS Ga 


ees 
aKa eee ey 


eee v/s ad 
Saspi AAi 


dy 1 
57. — = —=," (2,1 
dx xJ/x-4 2,1) 

y 

A 


JA foe 
x 
y. iie =l 1 PAPA: Aaeenaaad tanned 


-5 LOCC oak eal atk cil ett gp od 
EE tama 


f7cccre 5 eee c SS 


Slope Fields In Exercises 59-62, use a computer algebra 
system to graph the slope field for the differential equation and 
graph the solution satisfying the specified initial condition. 


dy 10 In Exercises 69 and 70, (a) verify the integration formula, then 
59. ‘di = Fay (b) use it to find the area of the region. 
3) =0 
¥(3) 69. Í aean dx = lnx l In(1 + x?) SEY e 
bi dy | 1 x 2 x 
“dx 12+ 
x E x i pe Eea 
y(4) =2 De 
dy 2y 
6l. = = ——— | =V3 
dx J16 -— x ; i 
y(0) =2 a = aa 
62. 2 = vy Taal 
“dx 1+x x 
y(0) = 4 T k 
Figure for 69 Figure for 70 


70. f (eresin x? dx 


= x(arcsin x)? — 2x + 2/1 — x arcsin x + C 


71. 


72. 


73. 


74. 


(a) Sketch the region whose area is represented by 
1 
Í arcsin x dx. 
0 


(b) Use the integration capabilities of a graphing utility to 
approximate the area. 
(c) Find the exact area analytically. 
1 
T+eur™ 
(b) Approximate the number m using Simpson’s Rule (with 
n = 6) and the integral in part (a). 


(a) Show that Í 
0 


(c) Approximate the number 7 by using the integration capa- 
bilities of a graphing utility. 


if? 2 
Investigation Consider the function F(x) = 5 Í Zi dt. 


(a) Write a short paragraph giving a geometric interpretation of Ay 


2 
e+) 
Use what you have written to guess the value of x that will 
make F maximum. 


the function F(x) relative to the function f(x) = 


(b) Perform the specified integration to find an alternative form 
of F(x). Use calculus to locate the value of x that will make 
F maximum and compare the result with your guess in 


part (a). 


1 
-r A: 
LOR — x? 
(a) Find the integral by completing the square of the radicand. 
(b) Find the integral by making the substitution u = \/x. 


Consider the integral Í 


(c) The antiderivatives in parts (a) and (b) appear to be 
significantly different. Use a graphing utility to graph each 
antiderivative in the same viewing window and determine 
the relationship between them. Find the domain of each. 


True or False? In Exercises 75-78, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


75. 


76. 


77. 


dx 1 3x 
E doe hic 
dx 1 x 
[aia mC 


dx _ x, c 
J= ATECOS gS 


2e>* 
78. One way to find Í Se dx is to use the Arcsine Rule. 


Verifying Integration Rules In Exercises 79-81, verify each 
rule by differentiating. Let a > 0. 


81. 
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du 
uvu — a 


1 u 
arcsec tC 
a a 


82. Numerical Integration (a) Write an integral that represents 


83. 


84. 


the area of the region. (b) Then use the Trapezoidal Rule with 
n = 8 to estimate the area of the region. (c) Explain how you 
can use the results of parts (a) and (b) to estimate 7. 


Vertical Motion An object is projected upward from ground 
level with an initial velocity of 500 feet per second. In this 
exercise, the goal is to analyze the motion of the object during 
its upward flight. 


(a) If air resistance is neglected, find the velocity of the object 
as a function of time. Use a graphing utility to graph this 
function. 


(b) Use the result in part (a) to find the position function and 
determine the maximum height attained by the object. 


(c) If the air resistance is proportional to the square of the 
velocity, you obtain the equation 
dv 
— = h32 + kv? 
a ~ ) 
where —32 feet per second per second is the acceleration 
due to gravity and k is a constant. Find the velocity as a 
function of time by solving the equation 


dv 
fat fe 


(d) Use a graphing utility to graph the velocity function v(t) in 
part (c) if k = 0.001. Use the graph to approximate the time 
tọ at which the object reaches its maximum height. 

(e) Use the integration capabilities of a graphing utility to 
approximate the integral 


Í ° v(t) dt 


where v(t) and fy are those found in part (d). This is the 
approximation of the maximum height of the object. 


(f) Explain the difference between the results in parts (b) and (e). 
FOR FURTHER INFORMATION For more information on this 
topic, see “What Goes Up Must Come Down; Will Air 
Resistance Make It Return Sooner, or Later?” by John Lekner 
in Mathematics Magazine. 


MathArticle 


Graph y; = , Yə = arctan x, and y, = x on [0, 10]. 


x 
1+ x? 
x 

1+ x? 


Prove that < arctan x < x for x > 0. 
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Section 5.8 Hyperbolic Functions 


JOHANN HEINRICH LAMBERT (1728—1777) 


The first person to publish a comprehensive 
study on hyperbolic functions was Johann 
Heinrich Lambert, a Swiss-German mathe- 
matician and colleague of Euler. 


MathBio 


FOR FURTHER INFORMATION For 
more information on the development 
of hyperbolic functions, see the article 
“An Introduction to Hyperbolic 
Functions in Elementary Calculus” 

by Jerome Rosenthal in Mathematics 
Teacher. 


MathArticle 


e Develop properties of hyperbolic functions. 

Differentiate and integrate hyperbolic functions. 

e Develop properties of inverse hyperbolic functions. 

Differentiate and integrate functions involving inverse hyperbolic functions. 


Hyperbolic Functions 


In this section you will look briefly at a special class of exponential functions called 
hyperbolic functions. The name hyperbolic function arose from comparison of the 
area of a semicircular region, as shown in Figure 5.35, with the area of a region under 
a hyperbola, as shown in Figure 5.36. The integral for the semicircular region involves 
an inverse trigonometric (circular) function: 
1 iL 
1 
Í VTE R dr = 3] VT + arcsin | = 5 ~ 1571. 
=ý =] 
The integral for the hyperbolic region involves an inverse hyperbolic function: 


1 


1 
Í V1 + x? dx = evi +x + sinh | = 2.296. 
=1 


=] 


This is only one of many ways in which the hyperbolic functions are similar to the 
trigonometric functions. 


y y 
A A 
=V14+x2 
zl: ral y Fy 
y=V1-x? ee od 
> x n a |. + 
=] 1 -1 1 
Circle: x? + y? = 1 Hyperbola: — x? + y? = 1 
Figure 5.35 Figure 5.36 
Definitions of the Hyperbolic Functions 
sinh x = — Š csch x = l x+0 
2 sinh x 
ex+e* 1 
hx = ——— hx = 
cosh x 5 sech x soiz 
sinh x 1 
tanhx = —— thx = ; #0 
S cosh x see tanhx’ > 


NOTE sinh x is read as “the hyperbolic sine of x,” cosh x as “the hyperbolic cosine of x,” and 
so on. 
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The graphs of the six hyperbolic functions and their domains and ranges are 
shown in Figure 5.37. Note that the graph of sinh x can be obtained by addition 
of ordinates using the exponential functions f(x) = lex and g(x) = —te-*, View the 
animations to see this. 


f(x) = sinh x f(x) = cosh x 
Sa fl ye Ae 
2° ~ 2° ye 


Likewise, the graph of cosh x can be obtained by addition of ordinates using the 
exponential functions f(x) = 4e* and h(x) = łe™. 


g(x) = -5 


= 224- -2+ 
Domain: (— o0, o0) Domain: (— 00, o0) Domain: (— co, o0) 
Range: (— 00, 00) Range: [1, 00) Range: (— 1, 1) 
y y 
A = zei 4 
gal y=esch x= om | 
y=cothx = ha 
te N o a ea ises 
t t t >x t t t >x 
-1 1 2 a | 1 2 
-1 Ei od N z eo es oe eee 
Domain: (— co, 0) U (0, co) Domain: (— co, 00) Domain: (— co, 0) U (0, co) 
Range: (— co, 0) U (0, co) Range: (0, 1] Range: (— co, — 1) U (1, 00) 
Figure 5.37 


Many of the trigonometric identities have corresponding hyperbolic identities. 
For instance, 


f ex + e™\2 e¥ — e™\2 
cosh? x — sinh? x = ( ) = ( ) 


2 2 
EFRI EA eTR eA 
4 4 
-4 
4 
=1 
and 
X — =x xX + =x 
2 sinh x cosh x ={° \(¢ 
pot = pat 
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Hyperbolic Identities 


Come ° = sili = Íl sinh(x + y) = sinh x cosh y + cosh x sinh y 
tanh? x + sech? x = 1 sinh(x — y) = sinh x cosh y — cosh x sinh y 
coth? x — csch? x = 1 cosh(x + y) = cosh x cosh y + sinh x sinh y 


cosh(x — y) = cosh x cosh y — sinh x sinh y 


duh? x = =| ap Gosia 2s Ree 1 + cosh 2x 
2 2 
sinh 2x = 2 sinh x cosh x cosh 2x = cosh? x + sinh? x 


Differentiation and Integration of Hyperbolic Functions 


Because the hyperbolic functions are written in terms of e* and e~*, you can easily 
derive rules for their derivatives. The following theorem lists these derivatives with the 
corresponding integration rules. 


THEOREM 5.18 Derivatives and Integrals of Hyperbolic Functions 
Let u be a differentiable function of x. 
La [sinh u] = (cosh u)u’ cosh u du = sinh u + C 
dx 
d f , . 
ah [cosh u] = (sinh u)u sinh u du = coshu + C 
d , 
a [tanh u| = (sech? u)u sech? u du = tanh u + C 
d = 2), 7 2 = 
chk [coth u] = —(csch? u)u csch? u du = —cothu + C 
d j 
he [sech u] = — (sech u tanh u)u sech u tanh u du = —sechu + C 
£ [csch u] = — (csch u coth u)u’ feson u coth u du = —csch u + C 
Proof 
d.. _ djece" 
zl” x= ral 5 l 
xX + =E 
= e = cosh x 
d d | sinh x 
gah x] = dx | cosh 4 
_ cosh x(cosh x) — sinh x(sinh x) 
cosh? x 
Sees 
cosh? x 
— sech? X i] 


In Exercises 98 and 102, you are asked to prove some of the other differentiation rules. 


f(x) = (x— 1) cosh x — sinh x 


f’(0) < 0, so (0, — 1) isa relative 
maximum. f’(1) > 0,so (1, — sinh 1) is 
a relative minimum. 

Figure 5.38 


Catenary 
Figure 5.39 
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EXAMPLE |I Differentiation of Hyperbolic Functions 


d d sinh x 
adel 2_ 2 2 Bai esc oe 
a. [sinh(x 3)] = 2x cosh(x 3) b. [In(cosh x) | tanh x 


d 
c. z sinh x — cosh x] = x cosh x + sinh x — sinh x = x cosh x 


EXAMPLE 2 Finding Relative Extrema 


Find the relative extrema of f(x) = (x — 1) cosh x — sinh x. 


Solution Begin by setting the first derivative of f equal to 0. 


f'(x) = (x — 1) sinh x + cosh x — cosh x = 0 
(x — 1) sinh x = 0 
So, the critical numbers are x = 1 and x = 0. Using the Second Derivative Test, you 
can verify that the point (0, — 1) yields a relative maximum and the point (1, — sinh 1) 
yields a relative minimum, as shown in Figure 5.38. Try using a graphing utility to 
confirm this result. If your graphing utility does not have hyperbolic functions, you 
can use exponential functions as follows. 


1 Xe L x =% 
fla) = Ge — ieee 
= S(xe* + xe™ — e* — e™ — e* + e*) 
= S(xe* + xe™ — 2e*) = 
[try re | [Explertiona] 
When a uniform flexible cable, such as a telephone wire, is suspended from two 
points, it takes the shape of a catenary, as discussed in Example 3. 


=X 


EXAMPLE 3 Hanging Power Cables 


Power cables are suspended between two towers, forming the catenary shown in 
Figure 5.39. The equation for this catenary is 


xX 
y = acosh—. 
a 


The distance between the two towers is 2b. Find the slope of the catenary at the point 
where the cable meets the right-hand tower. 


Solution Differentiating produces 


1 
y= a ) sinn® = sinh Ž 
a a a 


. mie 
At the point (b, a cosh(b/a)), the slope (from the left) is given by m = sinh T 


A Eee] [SEES 
FOR FURTHER INFORMATION In Example 3, the cable is a catenary between two 
supports at the same height. To learn about the shape of a cable hanging between 


supports of different heights, see the article “Reexamining the Catenary” by Paul 
Cella in The College Mathematics Journal. 
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EXAMPLE 4 Integrating a Hyperbolic Function 
Find f cosh 2x sinh? 2x dx. 


Solution 
1 
f cosh 2x sinh? 2x dx = 5 Í (sinh 2x)?(2 cosh 2x) dx u = sinh 2x 


_ 1{ (sinh ar] 
: ;| ane +C 


h3 
_ sinh xo 


6 
[try te | [bpertons | 
Inverse Hyperbolic Functions 


Unlike trigonometric functions, hyperbolic functions are not periodic. In fact, by 
looking back at Figure 5.37, you can see that four of the six hyperbolic functions are 
actually one-to-one (the hyperbolic sine, tangent, cosecant, and cotangent). So, you 
can apply Theorem 5.7 to conclude that these four functions have inverse functions. 
The other two (the hyperbolic cosine and secant) are one-to-one if their domains are 
restricted to the positive real numbers, and for this restricted domain they also 
have inverse functions. Because the hyperbolic functions are defined in terms of 
exponential functions, it is not surprising to find that the inverse hyperbolic functions 
can be written in terms of logarithmic functions, as shown in Theorem 5.19. 


THEOREM 5.19 Inverse Hyperbolic Functions 


Function Domain 
sinh“! x = In(x + ya + 1) (— 00, 00) 
cosh! x = In(x + /x? — 1) [1, co) 
| ea 
= eee _ 
tanh”! x eae (=1,1) 
1 + 1 
coth“! x = —In~ (=, =I) U (1; 00) 
2 x-1 
1+ V/I- x2 
sech7! x = In “ (0, 1] 
X 
1 V1 +x 
csch tx = in(2 + il = (— o0, 0) U (0, 00) 


Proof The proof of this theorem is a straightforward application of the properties of 
the exponential and logarithmic functions. For example, if 


Cra 


2 


7x 


f(x) = sinhx = 
and 


g(x) = Infx + Vx? +1) 


you can show that f(g(x)) = x and g(f(x)) = x, which implies that g is the inverse 
function of f. SES 


Graphs of the hyperbolic tangent function 
and the inverse hyperbolic tangent function 
Figure 5.40 
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TECHNOLOGY You can use a graphing utility to confirm graphically the 
results of Theorem 5.19. For instance, graph the following functions. 


y, = tanhx Hyperbolic tangent 
e E í 
y= ote Definition of hyperbolic tangent 
yy = tanh™! x Inverse hyperbolic tangent 
1. 1+x i f : 
Y4 = 2 In l Definition of inverse hyperbolic tangent 
=x 


The resulting display is shown in Figure 5.40. As you watch the graphs being 
traced out, notice that y, = y, and y, = y4. Also notice that the graph of y, is the 
reflection of the graph of y, in the line y = x. 


The graphs of the inverse hyperbolic functions are shown in Figure 5.41. 


y=sinh |x 


Domain: (— co, o0) 
Range: (— co, co) 


Domain: (— 00, 0) U (0, 0) 
Range: (— co, 0) U (0, c0) 
Figure 5.41 


Domain: [1, c0) 
Range: [0, 00) 


Domain: (— 1, 1) 
Range: (— 00, o0) 


y =coth! x 


Domain: (0, 1] 
Range: [0, 00) 


l 
l 
1 
| 
t 2 3 
1 
1 
1 
l 
1 
t 
1 
L 


Domain: (— co, — 1) U (1, o0) 
Range: (— co, 0) U (0, co) 


The inverse hyperbolic secant can be used to define a curve called a tractrix or 
pursuit curve, as discussed in Example 5. 
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y = 20 sech! 20 =A 


A person must walk 41.27 feet to bring the 
boat 5 feet from the dock. 
Figure 5.42 
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EXAMPLE 5 A Tractrix 


A person is holding a rope that is tied to a boat, as shown in Figure 5.42. As the person 
walks along the dock, the boat travels along a tractrix, given by the equation 


2 2 


x 
y =aseeh 12s /a*—x 
a 


where a is the length of the rope. If a = 20 feet, find the distance the person must 
walk to bring the boat 5 feet from the dock. 


Solution In Figure 5.42, notice that the distance the person has walked is given by 


y =yt+ VZP- = (2 sech! S — /20? — x) + V20 


20 

x 

= a euan 

20 sech 50° 

When x = 5, this distance is 
5 1+ /1 - (1/4) 
= =j = 
y, = 20 sech 0 20 In 1/4 
= 20 In(4 + 15) 


[try te | [Epleratons] 
Differentiation and Integration of Inverse Hyperbolic 
Functions 


The derivatives of the inverse hyperbolic functions, which resemble the derivatives of 
the inverse trigonometric functions, are listed in Theorem 5.20 with the corresponding 
integration formulas (in logarithmic form). You can verify each of these formulas by 
applying the logarithmic definitions of the inverse hyperbolic functions. (See Exercises 
99-101.) 


THEOREM 5.20 Differentiation and Integration Involving 
Inverse Hyperbolic Functions 


Let u be a differentiable function of x. 


dia gei u’ d í 
pace = = es ey Ba h 1 = 
al sinh ul del leos u] 7 
d u’ u’ 
Zita! u] = i- 2 —[coth~! u] = roe 
=u" =u” 
sech™! u| = — = csch™! 
l Ue Jie dl UTERET- 


a+ uv? 


f du___ _i,at 
uva +u a | | 


+C 
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EXAMPLE 6 More About a Tractrix 


For the tractrix given in Example 5, show that the boat is always pointing toward the 
person. 


Solution For a point (x, y) on a tractrix, the slope of the graph gives the direction of 
the boat, as shown in Figure 5.42. 


y'= £120 sech-! — — /202 — J 


= 13) oa | p a) 


— 202 x 
XAVER /20? — x? 
o 207 — x? 
-— 


However, from Figure 5.42, you can see that the slope of the line segment connecting 
the point (0, y,) with the point (x, y) is also 


202 — x? 
a 


So, the boat is always pointing toward the person. (It is because of this property that 
a tractrix is called a pursuit curve.) 


EXAMPLE 7 Integration Using Inverse Hyperbolic Functions 


xJ/4 — 9x? 
Solution Leta = 2 and u = 3x. 
i dx = f 3 dx Í di 
x/4 — 9x? (3x) V4 — 9x? uJ/@ — Ww 
+ = 2 T= 
O 12+ v4a=or o mE oe 
2 [3x] a |u| 


[try te] [Bpletons] 
EXAMPLE 8 Integration Using Inverse Hyperbolic Functions 


R dx 
Find Í = dg 


Solution Leta = 5 and u = 2x. 


dx _1 2 dx [a 
5-42 2J (/5) = Ox? ee 
ty 4 J5 + 2x 1 |jatu 
= + = 
i) C maer t © 
we ol nj 
4/5 |/5 — 2x a 


[ Try tt_| [Exploration a | 
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Exercises for Section 5.8 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-6, evaluate the function. If the value is not a 27. y = (cosh x — sinh x)? 28. y = esinhx 
rational number, give the answer to three-decimal-place 
accuracy. 


1. (a) sinh 3 2. (a) cosh 0 
(b) tanh(—2) (b) sech 1 
3. (a) csch(In 2) 4. (a) sinh! 0 
(b) coth(In 5) (b) tanh~! 0 
5. (a) cosh™! 2 6. (a) csch7! 2 a 
(b) sech~! 3 (b) coth7! 3 2 
In Exercises 7-12, verify the identity. In Exercises 29-32, find any relative extrema of the function. 
hi tilit nfi It. 
7 tatih?x Paces =i Use a graphing utility to confirm your resu 
1 + cosh 2x 29. f(x) = sin x sinh x — cosxcoshx, -4<x<4 
8. cosh? x = —— . 
2 30. f(x) = x sinh(x — 1) — cosh(x — 1) 
9. sinh(x + y) = sinh x cosh y + cosh x sinh y 31. g(x) = x sech x 32. h(x) = 2 tanh x — x 
10. sinh 2x = 2 sinh x cosh x 
11. sinh 3x = 3 sinh x + 4 sinh? x In Exercises 33 and 34, show that the function satisfies the 
differential equation. 
12. cosh x + cosh y = 2 cosh ~ = ? cosh ~ = 
` i 7 2 2 Function Differential Equation 
33. y = a sinh x y” = y= 0 
In Exercises 13 and 14, use the value of the given hyperbolic 34. y = a cosh x y"-y=0 
function to find the values of the other hyperbolic functions at x. 
f 3 1 Py Linear and Quadratic Approximations In Exercises 35 and 36, 
13. sinhx = 5 14. tanh x = 5 use a computer algebra system to find the linear approximation 


P(x) = fla) + f'a) — a) 


and the quadratic approximation 


In Exercises 15-24, find the derivative of the function. 


15. y = sech(x + 1) 16. y = coth 3x i 
= y uae A gm = 2 
17. f(x) = In(sinh x) 18. g(x) = In(cosh x) Pax) = fla) + f'l) — a) + 2f"@@& — a) 
f the fi i tx =a. hi ility t h th 
19. y = In| tanh z) 20. y = x cosh x — sinh x ji : onor fa ee grap ms pee ity o grap e 
2 g function and its linear and quadratic approximations. 

21. h(x) = + sinh 25 = 3 22. h(t) = t — coth t 35. f(x) =tanhx, a=0 36. f(x) = coshx, a=0 
23. f(t) = arctan(sinh £) 24. g(x) = sech? 3x Catenary In Exercises 37 and 38, a model for a power cable 

suspended between two towers is given. (a) Graph the model, 
In Exercises 25-28, find an equation of the tangent line to the (b) find the heights of the cable at the towers and at the 
graph of the function at the given point. midpoint between the towers, and (c) find the slope of the model 

. at the point where the cable meets the right-hand tower. 
25. y = sinh(1 — x°) 26. y = xcosh 
y y = 10 + ay 
i 37. y = 10 + 15 cosh 15 I sxs15 
2 — 
3 x 
38. y = 18 + 25 cosh 55 =25 S 4-525 
|x 2 
3 
i In Exercises 39-50, find the integral. 
— 39. Í sinh(1 — 2x) dx 40. [LEA ay 
i Vx 


ee acre __Sinh x _ 
41. [ost (x — 1) sinh(x — 1) dx 42. f + sinh? x 


sinh x 


43. Í cosh dx 44. Í sech?(2x — 1) dx 


2 
45. Í x csch? a dx 46. sech? x tanh x dx 


cesch(1/x) coth(1/x) cosh x 
47. d 48. | ———— d. 
Í x i V9 — sinh? x * 


x 2 
49. d 50. | —— 
eat [oa 
In Exercises 51-56, evaluate the integral. 


In2 1 
51. Í tanh x dx 52. Í cosh? x dx 
0 0 


4 4 
1 1 
53. | =z ad 54. | —= d 
[ative las 

J2/4 2 In2 

55. ——— dx 56. 2e™* cosh x dx 
0 vV 1 = 4x? Í 

In Exercises 57-64, find the derivative of the function. 

57. y = cosh7!(3x) 58. y= tanh! > 


59. y = sinh“ !(tan x) 

60. y = sech”!(cos 2x), 0 < x < 7/4 
61. y = tanh“ !(sin 2x) 

62. y = (csch7! x)? 

63. y = 2x sinh71(2x) — V1 + 4x2 
64. y = xtanh™! x + In/1 — x2 


Writing About Concepts 


65. Discuss several ways in which the hyperbolic functions are 


similar to the trigonometric functions. 
66. Sketch the graph of each hyperbolic function. Then identify 
the domain and range of each function. 


Limits In Exercises 67-72, find the limit. 
67. lim sinh x 68. lim tanh x 


69. lim sech x 70. lim csch x 


k—-00 
inh 
71. lim $= 72. lim coth x 
x30 x x07 


In Exercises 73-80, find the indefinite integral using the 
formulas of Theorem 5.20. 


1 
73. | ——— d. 
[ate x 
1 
ISl E r a EA 
lar . 


=] 
Ts [ee 78. lea raks 
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1 dx 
79. | — d. 80. 
Loea (x + 1)V2x + 4x + 8 
In Exercises 81-84, solve the differential equation. 
dy 1 
81. = 
dx  /80 + 8x — 16x? 
dy 1 
82. = = 
dx (x — 1)/-742 + 8x — 1 
eee at 
33, = XK 21x sa, 2-1 Ox 


dx  5+4x-— x? dx 4x — x? 


Area In Exercises 85-88, find the area of the region. 


x 


85. y = sech 5 


86. y = tanh 2x 


In Exercises 89 and 90, evaluate the integral in terms of 
(a) natural logarithms and (b) inverse hyperbolic functions. 


V3 dx 1/2 dx 
89. SS 90. —— 
Í vx +1 e 
91. Chemical Reactions Chemicals A and B combine in a 3-to-1 
ratio to form a compound. The amount of compound x being 
produced at any time ¢ is proportional to the unchanged amounts 


of A and B remaining in the solution. So, if 3 kilograms of A is 
mixed with 2 kilograms of B, you have 


dx 3x x 3k) 5 , 
ai (3 (2 z) et = 12x + 32). 


One kilogram of the compound is formed after 10 minutes. Find 
the amount formed after 20 minutes by solving the equation 


3k dt dx 
16° J x2 — 12x + 32° 
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92. Vertical Motion An object is dropped from a height of 400 feet. 


(a) Find the velocity of the object as a function of time (neglect 
air resistance on the object). 


(b) Use the result in part (a) to find the position function. 


(c) Ifthe air resistance is proportional to the square of the veloc- 
ity, then dv/dt = —32 + kv?, where —32 feet per second 
per second is the acceleration due to gravity and k is a 
constant. Show that the velocity v as a function of time is 


v(t) = — JZ tan 32k t) 


by performing the following integration and simplifying the 
result. 


(d) Use the result in part (c) to find lim v(t) and give its 
interpretation. ts 

(e) Integrate the velocity function in part (c) and find the 
position s of the object as a function of t. Use a graphing 
utility to graph the position function when k = 0.01 and 
the position function in part (b) in the same viewing win- 
dow. Estimate the additional time required for the object 
to reach ground level when air resistance is not neglected. 


(f) Give a written description of what you believe would 
happen if k were increased. Then test your assertion with 
a particular value of k. 


Tractrix In Exercises 93 and 94, use the equation of the tractrix 


x 
y =asech"!— — Va — x’, a>0. 
a 


93. Find dy/dx. 
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et L be the tangent lne to the tractrix at the point P. 
intersects the y-axis at the point Q, show that the distance 
between P and Q is a. 


1 1+ 
95. Prove that tanh7! x = s(t = z), lexi: 


96. Show that arctan(sinh x) = arcsin(tanh x). 
b 


97. Let x > 0 and b > 0. Show iat f e dt = 2 sinh bx 


-b x 


In Exercises 98-102, verify the differentiation formula. 


d = si d -1 = 71 
98. [cosh x] = sinh x 99, ae [sech~! x] = Ji F 
ae 1 despi ag 1 
100. T [cosh~! x] aay 101. ii [sinh~! x] a 


102. a [sech x] = — sech x tanh x 
dx 


Putnam Exam Challenge 


103. From the vertex (0, c) of the catenary y = c cosh (x/c) a line 
L is drawn perpendicular to the tangent to the catenary at a 
point P. Prove that the length of L intercepted by the axes is 
equal to the ordinate y of the point P. 


104. Prove or disprove that there is at least one straight line normal 
to the graph of y = cosh x at a point (a, cosh a) and also 
normal to the graph of y = sinh x at a point (c, sinh c). 


[At a point on a graph, the normal line is the perpendicular to 
the tangent at that point. Also, cosh x = (e* + e™*)/2 and 
sinh x = (e* — e~*)/2.] 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Review Exercises for Chapter 5 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1 and 2, sketch the graph of the function by hand. 7/3 7/4 = 
Identify any asymptotes of the graph. 23. Í sec 0 d0 24. Í tan( = x) dx 
0 0 
1. f(x) = Inx + 3 2. f(x) = In(x — 3) 
Ae In Exercises 25-30, (a) find the inverse function of f, (b) use a 
In Exercises 3 and 4, use the properties of logarithms to graphing utility to graph f and f-t in the same viewing 
expand the logarithmic function. window, and (c) verify that f ~\(f(x)) = x and f(f ~'(x)) = x. 
Aa 25. f(x) = ix- 3 26. f(x) = 5x- 7 
3. 1 K 4. | 7+ 1)(x-1 ` ` 
nN 4241 e=] 27. f) = FI 28. f) =x 42 
29. f(x) = 3x +1 30. f(x) = x7 -5, x20 
In Exercises 5 and 6, write the expression as the logarithm of a 
single quantity. In Exercises 31-34, find (f~')’(a) for the function f and the 
5.34 1 In(4 — x2) — Inx given real number a. 
6. 3[Inx — 2 In(x? + 1)] + 21n5 31. f(xy) =x +2, a= -1 32. f(x) =xJVx—-3, a=4 
T T J3 
In Exercises 7 and 8, solve the equation for x. 33. f(x) = tan x, Zoe Se eg 
7.InJ/x+1=2 8. Inx + In(x — 3) = 0 34. f(x) =Inx, a=0 
In Exercises 9-14, find the derivative of the function. Ay In Exercises 35 and 36, (a) find the inverse function of f, 
(b) use a graphing utility to graph f and f~! in the same 
9. (x) = n/v% 10. A(x) = In x(x — 1) viewing window, and (c) verify that f—'(f(x)) =x and 
=2 FO) = x. 
= 2 2 _ 9)2/3 
11. f(x) = xVinx 12. f) = ixe? — 2)?" ] 35. f(x) = Invx 36. f(x) = el 
13. y = 5 [a + bx — aln(a + bx)] 
In Exercises 37 and 38, graph the function without the aid of a 
14. y = 1 2 hné + bx graphing utility. 
ax a x : 
37. y = ex? 38. y = 4e™™ 


In Exercises 15 and 16, find an equation of the tangent line to 


the graph of the function at the given point. In Exercises 39-44, find the derivative of the function. 


2 1 + =, 92 — e* 
15. y = In(2 + x) 4 ae 16. y = In > A 39. g(t) = Pe' 40. g(x) is Lge 
l 41. y = Ve* +e 42. h(z) = e7*/2 


x? = —3/t 
43. g(x) = a 44. y = 3e 


In Exercises 45 and 46, find an equation of the tangent line to 
the graph of the function at the given point. 


45. fla) = Ine"), (21-4) 46. f(D = e2, (0 z) 


In Exercises 47 and 48, use implicit differentiation to find dy/dx. 


47. ylnx + y? = 48. cos x? = xe” 


In Exercises 49-56, find or evaluate the integral. 


1 N 2 el/x 
49. Í xe >" dx so. | x dx 
0 


4x — e 4 2z — p-2x 
51. [ua 52. |E a 
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53. rene dx 


3 e 2 e 
ss. | = heal 56. [He 


57. Show that y = e*(a cos 3x + b sin 3x) satisfies the differential 
equation y” — 2y’ + 10y = 0. 


54. [vere dx 


58. Depreciation The value V of an item ¢f years after it is 
purchased is V = 8000e°°", O<1t< 5. 


(a) Use a graphing utility to graph the function. 


(b) Find the rates of change of V with respect to t when t = 1 
and t = 4. 


(c) Use a graphing utility to graph the tangent lines to the 
function when ¢t = 1 and t = 4. 


In Exercises 59 and 60, find the area of the region bounded by 
the graphs of the equations. 

59. y=xe™, y=0,x=0,x=4 

60. y = 2e%*, y=0, x =0, x =2 


In Exercises 61-64, sketch the graph of the function by hand. 


61. y = 3°? 62. y = 6(2-*") 


63. y = log,(x — 1) 64. y = log, x? 


In Exercises 65-70, find the derivative of the function. 
65. f(x) = 3*7! 66. f(x) = (4e) 
67. y = x2"! 68. y = x(4-*) 


x 


69. g(x) = log, VI — x 70. h(x) = logs ~ | 


In Exercises 71 and 72, find the indefinite integral. 


F Q-1t 
71. | (x + 150+ de 72. z dt 
t 


73. Climb Rate The time t (in minutes) for a small plane to climb 
to an altitude of h feet is 


18,000 
10 18,000 — h 


t = 50 log 


where 18,000 feet is the plane’s absolute ceiling. 


(a) Determine the domain of the function appropriate for the 
context of the problem. 
(b) Use a graphing utility to graph the time function and 
identify any asymptotes. 
(c) Find the time when the altitude is increasing at the greatest 
rate. 
74. Compound Interest 


(a) How large a deposit, at 7% interest compounded con- 
tinuously, must be made to obtain a balance of $10,000 in 
15 years? 

(b) A deposit earns interest at a rate of r percent compounded 
continuously and doubles in value in 10 years. Find r. 
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n Exercises an 0, SKetc. e graph o e function. 


75. f(x) = 2 arctan(x + 3) 76. h(x) = —3 arcsin 2x 


In Exercises 77 and 78, evaluate the expression without using a 
calculator. (Hint: Make a sketch of a right triangle.) 


78. (a) tan(arccot 2) 
(b) cos(aresec 5) 


77. (a) sin(arcsin 5) 


(b) cos(arcsin 5) 


In Exercises 79-84, find the derivative of the function. 


79. y = tan(arcsin x) 80. y = arctan(x? — 1) 


81. y = x arcsec x 82. y= t arctan ex 


83. y = x(arcsin x)? — 2x + 2/1 — x? arcsin x 


84. y= JP —4 — 2 arcsec 5, 2<x<4 


In Exercises 85—90, find the indefinite integral. 


1 1 
85. Í Ea 86. Í TET 


x 1 
87. | Re 88. [ite 


arctan(x/2) arcsin x 
89. Í AE dy 90, | Ss 


In Exercises 91 and 92, find the area of the region. 


4-x 
92 


x 
91. y = ea Su 


>x 


4 ap 
-4-3 +123 4 
15 20) 4x 
=0.3 =F 
-0.4 F 


93. Harmonic Motion A weight of mass m is attached to a spring 
and oscillates with simple harmonic motion. By Hooke’s Law, 
you can determine that 


where A is the maximum displacement, f is the time, and k is a 
constant. Find y as a function of t, given that y = 0 when ż = 0. 


In Exercises 94 and 95, find the derivative of the function. 


94. y = 2x — cosh Jx 95. y = x tanh! 2x 


In Exercises 96 and 97, find the indefinite integral. 


96. [ze 97. fe sech? x? dx 
A 


| PS. | Problem Solving 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 


1. Find the value of a that maximizes the angle 0 shown in the 
figure. What is the approximate measure of this angle? 


0 
0 a 10 


2. Recall that the graph of a function y = f(x) is symmetric with 
respect to the origin if whenever (x, y) is a point on the graph, 
(—x, —y) is also a point on the graph. The graph of the function 
y = f(x) is symmetric with respect to the point (a, b) if, when- 
ever (a — x, b — y) is a point on the graph, (a + x, b + y) is 
also a point on the graph, as shown in the figure. 


(a+x,b+y) 


(a) Sketch the graph of y = sin x on the interval [0, 27r]. Write 
a short paragraph explaining how the symmetry of the graph 
with respect to the point (0, 7) allows you to conclude that 


2m 
i sin x dx = 0. 


0 


(b) Sketch the graph of y = sin x + 2 on the interval [0, 27]. 
Use the symmetry of the graph with respect to the point 
(a, 2) to evaluate the integral 


2m 
Í (sinx + 2) dx. 
0 


(c) Sketch the graph of y = arccos x on the interval [—1, 1]. 
Use the symmetry of the graph to evaluate the integral 


1 

Í arccos x dx. 

-1 
n/2 

(d) Evaluate the integral f EREE dx. 


ln(x + 1 
met) on the 


3. (a) Use a graphing utility to graph f(x) = 
interval [—1, 1]. 
(b) Use the graph to estimate lim f(x). 


(c) Use the definition of derivative to prove your answer to 
part (b). 


4. Let f(x) = sin(In x). 


(a) Determine the domain of the function f. 
(b) Find two values of x satisfying f(x) = 1. 
(c) Find two values of x satisfying f(x) = —1. 
(d) What is the range of the function f? 


(e) Calculate f(x) and use calculus to find the maximum value 
of f on the interval [1, 10]. 


(f) Use a graphing utility to graph f in the viewing window 
[0, 5] x [—2, 2] and estimate lim f(x), if it exists. 
x30* 


(g) Determine lim f(x) analytically, if it exists. 
x30+ 


5. Graph the exponential function y = a* for a = 0.5, 1.2, and 2.0. 


Which of these curves intersects the line y = x? Determine all 
positive numbers a for which the curve y = a* intersects the line 
y=x. 


6. (a) Let P(cos ¢, sin f) be a point on the unit circle x? + y? = 1 


in the first quadrant (see figure). Show that f is equal to twice 
the area of the shaded circular sector AOP. 


y 
A 


P 


f A(1, 0) R 
= 
O 1 


(b) Let P(cosht, sinh f) be a point on the unit hyperbola 
x? — y? = 1 in the first quadrant (see figure). Show that t is 
equal to twice the area of the shaded region AOP. Begin by 
showing that the area of the shaded region AOP is given by 


the formula 
1 cosh t 
A(t) = 3 cosh t sinh t — Vx? — 1 dx. 
1 
y 
A 
ik P 
1 > X 
Of Ad, 0); 
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7. Consider the three regions A, B, and C determined by the graph 
of f(x) = arcsin x, as shown in the figure. 


J 


(a) Calculate the areas of regions A and B. 


(b) Use your answers in part (a) to evaluate the integral 
2/2 
Í arcsin x dx. 
1/2 


(c) Use your answers in part (a) to evaluate the integral 


3 
Í In x dx. 
1 


(d) Use your answers in part (a) to evaluate the integral 
B3 
Í arctan x dx. 
1 


8. Let L be the tangent line to the graph of the function y = In x at 
the point (a, b). Show that the distance between b and c is always 
equal to 1. 


y 


9. Let L be the tangent line to the graph of the function y = e* at 
the point (a, b). Show that the distance between a and c is always 
equal to 1. 


10. 


11. 


12. 


13. 
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Use integration by substitution to find the area under the curve 


1 
2 ee 


between x = 1 and x = 4. 


Use integration by substitution to find the area under the curve 


1 
y sin? x + 4 cos? x 
between x = 0 and x = 7/4. 


(a) Use a graphing utility to compare the graph of the function 
y = e* with the graphs of each of the given functions. 


: E A 

@ y=l Il 

Ss = ANE 
es ae aT 

wee ew 
GD gS Pa at a 


(b) Identify the pattern of successive polynomials in part (a) 
and extend the pattern one more term and compare the 
graph of the resulting polynomial function with the graph 
of y = e. 

(c) What do you think this pattern implies? 


A $120,000 home mortgage for 35 years at 93% has a monthly 
payment of $985.93. Part of the monthly payment goes for the 
interest charge on the unpaid balance and the remainder of the 
payment is used to reduce the principal. The amount that goes 


for interest is 
Pr ( ie 120 
12 12 


and the amount that goes toward reduction of the principal is 


Pr LD 
-E (14 2) 


In these formulas, P is the amount of the mortgage, r is the 
interest rate, M is the monthly payment, and f¢ is the time in 
years. 


u=m-(m 


(a) Use a graphing utility to graph each function in the same 
viewing window. (The viewing window should show all 35 
years of mortgage payments.) 


(b) In the early years of the mortgage, the larger part of the 
monthly payment goes for what purpose? Approximate the 
time when the monthly payment is evenly divided between 


interest and principal reduction. 


(c) Use the graphs in part (a) to make a conjecture about the 
relationship between the slopes of the tangent lines to the 
two curves for a specified value of ¢. Give an analytical 


argument to verify your conjecture. Find u’(15) and v (15). 


(d) Repeat parts (a) and (b) for a repayment period of 20 years 
(M = $1118.56). What can you conclude? 
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Slope Fields and Euler’s Method 


e Use initial conditions to find particular solutions of differential equations. 
e Use slope fields to approximate solutions of differential equations. 
e Use Euler’s Method to approximate solutions of differential equations. 


General and Particular Solutions 


In this text, you will learn that physical phenomena can be described by differential 
equations. In Section 6.2, you will see that problems involving radioactive decay, 
population growth, and Newton’s Law of Cooling can be formulated in terms of 
differential equations. 

A function y = f(x) is called a solution of a differential equation if the equation 
is satisfied when y and its derivatives are replaced by f(x) and its derivatives. For 
example, differentiation and substitution would show that y = e~?* is a solution of the 
differential equation y’ + 2y = 0. It can be shown that every solution of this 
differential equation is of the form 


= Ce% General solution of y’ + 2y = 0 
y 


where C is any real number. This solution is called the general solution. Some 
differential equations have singular solutions that cannot be written as special cases 
of the general solution. However, such solutions are not considered in this text. The 


NOTE First-order linear differential order of a differential equation is determined by the highest-order derivative in the 
equations are discussed in Section 6.4. equation. For instance, y’ = 4y is a first-order differential equation. 
In Section 4.1, Example 8, you saw that the second-order differential equation 
s(t) = —32 has the general solution 
s(t) = -16 + Ct + C, General solution of s”(t) = —32 


which contains two arbitrary constants. It can be shown that a differential equation of 
order n has a general solution with n arbitrary constants. 


EXAMPLE | Verifying Solutions 


Determine whether the function is a solution of the differential equation y” — y = 0. 


a. y = sinx b. y = 4e ™* c. y = Ce* 


Solution 
a. Because y = sin x, y’ = cos x, and y” = —sin x, it follows that 
y”— y = —sinx — sinx = —2 sin x # 0. 


So, y = sin x is not a solution. 


b. Because y = 4e-*, y’ = —4e~*, and y” = 4e%, it follows that 
y” — y = 4e% — 4e*=0. 
So, y = 4e™* is a solution. 
c. Because y = Ce*, y’ = Ce’, and y” = Ce’, it follows that 
y”— y = Ce* — Ce* = 0. 
So, y = Ce’ is a solution for any value of C. —=a 
[try re] [Eeleration] 
The editable graph feature below allows you to edit the graph of a function. 


| Editable Graph | 


General 
solution: 


yy 


Solution curves for xy’ + y = 0 
Figure 6.1 
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Geometrically, the general solution of a first-order differential equation 
represents a family of curves known as solution curves, one for each value assigned 
to the arbitrary constant. For instance, you can verify that every function of the form 


y= F General solution of xy’ + y = 0 
is a solution of the differential equation xy’ + y = 0. Figure 6.1 shows four of the 
solution curves corresponding to different values of C. 

As discussed in Section 4.1, particular solutions of a differential equation are 
obtained from initial conditions that give the value of the dependent variable or one 
of its derivatives for a particular value of the independent variable. The term “initial 
condition” stems from the fact that, often in problems involving time, the value of the 
dependent variable or one of its derivatives is known at the initial time t = 0. 


For instance, the second-order differential equation s(t) = —32 having the general 
solution 
s(t) = — 16t? + Cyt + Cy General solution of s”(t) = —32 


might have the following initial conditions. 
(0) = 80, S 0) = 64 Initial conditions 
In this case, the initial conditions yield the particular solution 


s(t) = — 16t? + 64t + 80. Particular solution 


EXAMPLE 2 Finding a Particular Solution 


For the differential equation xy’ — 3y = 0, verify that y = Cx? is a solution, and find 
the particular solution determined by the initial condition y = 2 when x = —3. 


Solution You know that y = Cx? is a solution because y’ = 3Cx? and 


xy’ — 3y = x(3Cx?) — 3(Cx3) 


= 0. 
Furthermore, the initial condition y = 2 when x = —3 yields 
y= Cx? General solution 
2 = C(-3)3 Substitute initial condition. 
= ea = Solve for C. 
27 


and you can conclude that the particular solution is 
a : Particular solution 


Try checking this solution by substituting for y and y’ in the original differential 
equation. — 


E ey 

The editable graph feature below allows you to edit the graph of a function. 
[Eg 
NOTE To determine a particular solution, the number of initial conditions must match the 
number of constants in the general solution. 
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Slope Fields 


Solving a differential equation analytically can be difficult or even impossible. 
However, there is a graphical approach you can use to learn a lot about the solution of 
a differential equation. Consider a differential equation of the form 


y ‘= fF (x, y). Differential equation 


At each point (x, y) in the xy-plane where F is defined, the differential equation 
determines the slope y’ = F(x, y) of the solution at that point. If you draw a short line 
segment with slope F(x, y) at selected points (x, y) in the domain of F, then these line 
segments form a slope field, or a direction field for the differential equation 
y’ = F(x, y). Each line segment has the same slope as the solution curve through that 
point. A slope field shows the general shape of all the solutions. 


EXAMPLE 3 Sketching a Slope Field 


Sketch a slope field for the differential equation y’ = x — y for the points (— 1, 1), 
2+ (0, 1), and (1, 1). 
o = Solution 


The slope of the solution curve at any point (x, y) is F(x, y) = x — y. So, the slope at 
[—*% (—1, 1)is y’ = —1 — 1 = —2, the slope at (0, 1) is y’ = 0 — 1 = — 1, and the slope 
at (1, 1) is y’ = 1 — 1 = 0. Draw short line segments at the three points with their 
Figure 6.2 respective slopes, as shown in Figure 6.2. 


[Try te | [Exploration a | 


EXAMPLE 4 Identifying Slope Fields for Differential Equations 


Match each slope field with its differential equation. 


a. y b. y C. » 
A A A 

h hi SNe ay Y ¥ ae f apie Fay 11124/114/1 
%. RR eo ee oe } w= we FS FZ LL BPE LL E 
ANNS+bA77 7 Nun--ts/ BLO L PE LOL 
VNNN+242777 XS —ae LS Ps Ea a A 
+ t+ Xx tok tt} x } } } >x 
me hh me ee ee 72 2° AKKeH rH 2 2, ee ee ww A 
LARS Se SL? VV\NNAN- SZ Ky REE SANS 
} Soe a ayy ee RR Re Bs a ORY eee ye NS SS RS 
Ve ees Yo E i oh SRD A AS, Se SN Aad ANN YN 
Figure 6.3 

i y’=xt+y ii. y’ =x iii. y'= y 

Solution 


a. From Figure 6.3(a), you can see that the slope at any point along the y-axis is 0. 
The only equation that satisfies this condition is y’ = x. So, the graph matches (ii). 


b. From Figure 6.3(b), you can see that the slope at the point (1, — 1) is 0. The only 
equation that satisfies this condition is y’ = x + y. So, the graph matches (i). 


c. From Figure 6.3(c), you can see that the slope at any point along the x-axis is 0. 
The only equation that satisfies this condition is y’ = y. So, the graph matches (iii). 


[Try tt | [Exploration a | 
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A solution curve of a differential equation y’ = F(x, y) is simply a curve in the 
xy-plane whose tangent line at each point (x, y) has slope equal to F(x, y). This is 
illustrated in Example 5. 


EXAMPLE 5 Sketching a Solution Using a Slope Field 


Sketch a slope field for the differential equation 
y’=2x+y. 
Use the slope field to sketch the solution that passes through the point (1, 1). 


Solution 


Make a table showing the slopes at several points. The table shown is a small sample. 
The slopes at many other points should be calculated to get a representative 
slope field. 


x =p = 2S S 0 0 1 1 2 2 


=i 1 j=j 1 =1| 1 |=1j 1 feb pod 
=E —) 331| -1j 1 1 3 3 5 


Next draw line segments at the points with their respective slopes, as shown in 
Figure 6.4. 


hye se es 
ie ee Me ee ee ae 
Re ON Se er a ol 
NOY, Re oa Ree og 
Slope field for y’ = 2x + y Particular solution for y’ = 2x + y 
Figure 6.4 passing through (1, 1) 
Figure 6.5 


After the slope field is drawn, start at the initial point (1, 1) and move to the right in 
the direction of the line segment. Continue to draw the solution curve so that it moves 
parallel to the nearby line segments. Do the same to the left of (1, 1). The resulting 
solution is shown in Figure 6.5. a 


m [Eaton 
From Example 5, note that the slope field shows that y’ increases to infinity as x 
increases. 


NOTE Drawing a slope field by hand is tedious. In practice, slope fields are usually drawn 
using a graphing utility. 
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Yo 


Exact solution 
curve 


Euler 
approximation 


(5, V2) 


-Œp Y) 


hF (Xp; Yo) 


\ h 
Slope F(x, Yo) 


Euler’s Method 


Euler’s Method is a numerical approach to approximating the particular solution of 
the differential equation 


y’ = F(x, y) 


that passes through the point (x, Yọ). From the given information, you know that the 
graph of the solution passes through the point (x, Yọ) and has a slope of F(Xp, Yo) at 
this point. This gives you a “starting point” for approximating the solution. 

From this starting point, you can proceed in the direction indicated by the slope. 
Using a small step h, move along the tangent line until you arrive at the point (x,, y,), 
where 


X,=X th and y, = yo + hF(%, yo) 


| > x as shown in Figure 6.6. If you think of (x,, y,) as a new starting point, you can repeat 
“o age the process to obtain a second point (x,, y,). The values of x, and y; are as follows. 
MEEN X5 X% +h Yı = Yo + AF (x, Yo) 
Xy =X, th Yo = yı + AF(x,, yı) 
Xn Xn-1 th Yn T Yn-1 + hF(x,-1; Yn—1) 
NOTE You can obtain better approximations of the exact solution by choosing smaller and 
smaller step sizes. 
EXAMPLE 6 Approximating a Solution Using Euler’s Method 
N Use Euler’s Method to approximate the particular solution of the differential equation 
Exact y’ =x—-y 
solution 
Peal x passing through the point (0, 1). Use a step of h = 0.1. 
06 i / Solution Using h = 0.1, x) = 0, yo = 1, and F(x, y) = x — y, you have x, = 0, 
+ Approximate x, = 0.1, x, = 0.2, x, = 0.3,. . ., and 
0.4L solution 
L Yi = Yo + hF(xo Yo) = 1 + (0.1)(0 — 1) = 0.9 
San yy = yı + AF(x,, y,) = 0.9 + (0.1)(0.1 — 0.9) = 0.82 
; M a y3 = ya + hF(x, y2) = 0.82 + (0.1)(0.2 — 0.82) = 0.758. 
| 02 04 06 08 10 
The first ten approximations are shown in the table. You can plot these values to see a 
Figure 6.7 graph of the approximate solution, as shown in Figure 6.7. 
n 0 1 2 3 4 5 6 7 8 9 10 
as, O 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0 
y, | 1 | 0.900 | 0.820 | 0.758 | 0.712 | 0.681 | 0.663 | 0.657 | 0.661 | 0.675 | 0.697 


[Eases] [Eaten 
NOTE For the differential equation in Example 6, you can verify the exact solution to be 


y =x-— l + 2e™*. Figure 6.7 compares this exact solution with the approximate solution 
obtained in Example 6. 


Exercises for Section 6.| 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-8, verify the solution of the differential equation. 


Solution Differential Equation 

1. y = Ce* y’=A4y 

2. y = e™ 3y’ + 4y = e™ 

3. x? + y? = Cy y'= 2xy/(x? — y?) 
dy xy 

4. y?— 2Iny=x? a yt 

5. y=C,cosx + C, sinx y’+y=0 

6. y = Cie *cosx + C,e™ sin x y” + 2y’+ 2y =0 

7. y = —cos x In|sec x + tan x| y”+ y= tanx 

8. y= (e> + e`) y” + 2y’ = 2e* 


In Exercises 9-12, verify the particular solution of the 
differential equation. 


Differential Equation 
and Initial Condition 


2y + y’ = 2 sin(2x) — 1 


(J= 


y =x + 4sinx 


Solution 


9. y = sin x cos x — cos? x 


10. y = $X? — 4 cosx + 2 


x(0) = -2 
11. y = 6e- y5 Ay 
y(0) = 
12. y= gsx y’=ysinx 


In Exercises 13-18, determine whether the function is a solution 
of the differential equation y® — 16y = 0. 

13. y = 3 cos x 

14. y = 3 cos 2x 

15. y = e7% 

16. y= 5lnx 

17. y = Cye* + C,e™™ + C, sin 2x + C, cos 2x 
18. y = 3e™ — 4 sin 2x 


In Exercises 19-24, determine whether the function is a solution 
of the differential equation xy’ — 2y = x%e*. 


19. y= x? 

20. y = xe* 

21. y = x°(2 + e”) 
22. y = sinx 

23. y = lnx 


24. y = xe — 5x? 


In Exercises 25-28, some of the curves corresponding to 
different values of C in the general solution of the differential 
equation are given. Find the particular solution that passes 
through the point shown on the graph. 


Solution Differential Equation 
25. y = Ce*/2 2y’+y=0 
26. yo? + y) =C 2xy + (x? + 2y)y’ = 0 
27. y? = Cx? 2xy’ — 3y = 0 
28. 2x7 — y2 = C yy’- 2x =0 


Figure for 27 


Figure for 28 


In Exercises 29 and 30, the general solution of the differential 
equation is given. Use a graphing utility to graph the particular 
solutions for the given values of C. 
29. 4yy’-— x =0 
y= x =C 
C=0,C=+1,C =+4 


30. yw +x =0 
r+y=C 
Cc=0,C=1,c=4 

In Exercises 31-36, verify that the general solution satisfies the 


differential equation. Then find the particular solution that 
satisfies the initial condition. 


31. y = Ce > 32. 3x2 + 2y2= C 
y +2y=0 3x + 2yy’=0 
y = 3 whenx = 0 y= 3 whenx= 1 
33. y = C, sin 3x + C, cos 3x 34. y = Ci + C,lnx 
y”+9=0 xy" + y’=0 


y = 2 whenx = 7/6 y = 0 when x = 2 


y’ = 1 whenx = 7/6 y’ =4.when x = 2 
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35. y= Cx + Ge 36. y = e/3(C, + Cx) ( 
51. == = 52. = =t 
x2y” — 3xy’ + 3y = 0 9y” — 12y’ + 4y = 0 dx 8 dx \6 
y = 0 whenx = 2 y = 4when x = 0 y y 
A A 
p ihene 2 ye Vee enn peseesweplentt ees 
add £ #aeR NY \ SSASAS SARA S ARR, 
In Exercises 37-48, use integration to find a general solution of COLE PAG TCE A EROR EER UR EE RET 
the differential equation. PELE PARADA GEES CEL LLL 
——--—-+4----- +4 FEE x 
d \ \ \ \ akg y I HBA RA RAN 
moa sost E DDMD 
: Á =10.4 Ne A PZA pf 10 pe ere 
dy _ x Se RA, 
a LFE PPP f-6FNV VA VAN VHBRN VAAN A 
dy e~ 
40. — = 
dx lt+e* In Exercises 53-56, match the differential equation with its 
41 dy S 2 slope field. [The slope fields are labeled (a), (b), (c), and (d).] 
` dx x 
(a) y (b) y 
dy A A 
42. — = x cos x? NING SY ee ree Sepa oe 
ae an a bette ZENS SE HOSA NE? 
Ge meee Wo Varro oe eee 
gear aaah Cty peers NS eee 
Res See RS NN ll ge erate GO ER SSI Gt eT ae gO 
dy ||} l |} PS En ee E N E 
44. — = tan?x NNN ana 
dx Sees RA I ig ae eae es te ee Sat gree SN Set 
Ree UE eB eA wie ae Renae 
d ee Lh eee R ae 
45. i= EE oe pA are tak aE a SS IE 
dx SSSss SAAHA I 7272 -- Se NO SON NOOO 
dy 
46. ae = yy =x (c) g (d) y 
alee te Seeteaedietietand beige? 
47. dy _ xe? —~~~~i4+------ ere 
H 
Z Lik eee 
48. Z = 5e==/2 Er 
Hae 
t+++4++ 
Slope Fields n Exercises 49-52, a differential equation and its -3 | : ay 
slope field are given. Determine the slopes (if possible) in the Peers. 
slope field at the points given in the table. Ji ae 
ab S4 oe. | 8 2 4 8 53. a cos(2x) 54, BT ga 
dx dx 2 
y 2 0 | 4 4/6 | 8 
55. Be ex 56. Dal 
dy|dx dx dx x 
dy x dy Slope Fields In Exercises 57-60, (a) sketch the slope field for 
49. k 5 50. aoe the differential equation, (b) use the slope field to sketch the 


solution that passes through the given point, and (c) discuss the 
graph of the solution as x > oo and x > — oo. 


Se Saldana Hrttti1o \\ 
VRS SSS eee pares <> Differential Equation Point 
weie TT 
eee ee HELE | a sa 
h n a e Seer ss oS E G 1 1 

VATS RA 11 -ia d 
TA HE ji a ae a 
VEASE TAA x 59. y’=y — 2x (1, 1) 
re en CS 18 
Wf //74+N\\ \ 10 bh Wwe ye it 60. y =y +x (0, 4) 
ILEAREN ees i 
RAS Oe me KS \\-77/7/-6 (ae 


61. Slope Field Use the slope field for the differential equation 
y’ = 1/x, where x > 0, to sketch the graph of the solution that 
satisfies each given initial condition. Then make a conjecture 
about the behavior of a particular solution of y’ = 1/x 
as x— co. To print an enlarged copy of the graph, select the 
MathGraph button. 


y 


(a) (1, 0) (b) (2, -1) 

62. Slope Field Use the slope field for the differential equation 
y’ = 1/y, where y > 0, to sketch the graph of the solution that 
satisfies each initial condition. Then make a conjecture about 
the behavior of a particular solution of y’ = 1/y as x00. 
To print an enlarged copy of the graph, select the MathGraph 
button. 


See nee yee Se eee 
PEPE EO POE EO ERS 
PLL LES ELA LA FT 
fh Hx 


i 
T 
=3 -2 =1 1. 2 3 


(a) (0, 1) (b) (1, 1) 

Slope Fields In Exercises 63-68, use a computer algebra sys- 
tem to (a) graph the slope field for the differential equation and 
(b) graph the solution satisfying the specified initial condition. 


63. ao 0.5y, y(0) = 6 
dy a _ 

64. a 2— y, y0)=4 

65. BY 0.02y(10 — y), y(0) = 2 
dx j 

66. saa =3), 10) =9 
dx A 

67, Z =04G=2; x0) =1 
dx ai 
dy = 1 =g a ay = 

68. a 3 sin y(0) = 2 
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make a table of values for the approximate solution of the 
differential equation with the specified initial value. Use n steps 
of size h. 


69. y’=x+y, y0)=2, n=10, h=0.1 

70. y'=x+y, yO) =2, n=20, h= 0.05 

71. y’ = 3x —2y, (0) =3, n=10, h= 0.05 
72. y'= 0.5x(3 — y), yWO)=1, n=5, h=04 
73. y’=e%, y0)=1, n=10, h=01 

74. y'= cosx + siny, y(0)=5, n=10, h=0O.1 


In Exercises 75-77, complete the table using the exact solution 
of the differential equation and two approximations obtained 
using Euler’s Method to approximate the particular solution of 
the differential equation. Use h = 0.2 and 0.1 and compute each 
approximation to four decimal places. 


ay O | 0.2 | 0.4 | 0.6 | 0.8 | 1.0 
y(x) 
(exact) 
y(x) 
(h = 0.2) 
y(x) 
(h = 0.1) 
Differential Initial Exact 
Equation Condition Solution 
dy . 
75. — = 0 = 3e* 
ae (0, 3) y = 3e 
dy 2x z 
76. — = — (0, 2) y= J2x7 +4 
dx y 
dy _ eee oaa 
77. —- = y + cos(x) (0, 0) y = 3(sin x — cos x + e”) 


dx 


78. Compare the values of the approximations in Exercises 75-77 
with the values given by the exact solution. How does the error 
change as h increases? 


79. Temperature At time t = 0 minutes, the temperature of an 
object is 140°F. The temperature of the object is changing at the 
rate given by the differential equation 


Ziy- 22) 

(a) Use a graphing utility and Euler’s Method to approximate 
the particular solutions of this differential equation at 
t = 1, 2, and 3. Use a step size of h = 0.1. (A graphing 
utility program for Euler’s Method is available on the 
website college.hmco.com.) 


(b) Compare your results with the exact solution 
y = 72 + 68e’. 


80. Temperature Repeat Exercise 79 using a step size of 
h = 0.05. Compare the results. 


412 
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Writing About Concepts 


. In your own words, describe the difference between a 
general solution of a differential equation and a particular 
solution. 


. Explain how to interpret a slope field. 


. Describe how to use Euler’s Method to approximate the 
particular solution of a differential equation. 


. It is known that y = Ce is a solution of the differential 
equation y’ = 0.07y. Is it possible to determine C or k from 
the information given? If so, find its value. 


True or False? In Exercises 85-88, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


85. 


86. 


87. 


88. 


89. 


If y = f(x) is a solution of a first-order differential equation, 
then y = f(x) + C is also a solution. 


The general solution of a differential equation is 
y = —4.9x? + Cix + C,. To find a particular solution, you 
must be given two initial conditions. 


Slope fields represent the general solutions of differential 
equations. 


A slope field shows that the slope at the point (1, 1) is 6. This 
slope field represents the family of solutions for the differential 
equation y’ = 4x + 2y. 


Error and Euler’s Method The exact solution of the differential 
equation 


where y(0) = 4, is y = 4e7™. 


(a) Use a graphing utility to complete the table, where y is the 
exact value of the solution, y, is the approximate solution 
using Euler’s Method with h = 0.1, y, is the approximate 
solution using Euler’s Method with h = 0.2, e, is the 
absolute error |y — y,|, e, is the absolute error |y — y, 
and r is the ratio e,/e). 


’ 


x O | 02 |04 | 06] 08) 1 


Y2 


ei 


(b) What can you conclude about the ratio r as h changes? 
(c) Predict the absolute error when h = 0.05. 


91. 


92. 


93. 


Putnam Exam Challenge 


94. 


95. 
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dy_ 
dx E 
where y(0) = 1,isy = x — 1 + 2e™. 


Electric Circuits The diagram shows a simple electric circuit 
consisting of a power source, a resistor, and an inductor. 


R 


3, 


A model of the current 7, in amperes (A), at time ¢ is given by 
the first-order differential equation 

dI 
L— + RI = Ett 

A (0) 
where E(t) is the voltage (V) produced by the power source, R 
is the resistance, in ohms (Q), and L is the inductance, in henrys 
(H). Suppose the electric circuit consists of a 24-V power 
source, a 12-Q resistor, and a 4-H inductor. 
(a) Sketch a slope field for the differential equation. 
(b) What is the limiting value of the current? Explain. 


Think About It It is known that y = e* is a solution of the 
differential equation y” — 16y = 0. Find the values of k. 


Think About It Itis known that y = A sin af is a solution of 
the differential equation y” + 16y = 0. Find the values of w. 


Let f be a twice-differentiable real-valued function satisfying 
f(x) + fC) = — x(x) fa) 

where g(x) = 0 for all real x. Prove that | f(x)| is bounded. 
Prove that if the family of integral curves of the differential 


equation 


Ty P(x)y = qi), 


Fa p(x) + q(x) # 0 


is cut by the line x = k, the tangents at the points of intersec- 
tion are concurrent. 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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NOTE When you integrate both sides 
of the equation in Example 1, you don’t 
need to add a constant of integration to 
both sides of the equation. If you did, 
you would obtain the same result as in 
Example 1. 


In Example 1, the general solution of 
the differential equation is 


ye = De = C8 


Use a graphing utility to sketch 
several particular solutions—those 
given by C = +2, C = +1, and 
C = 0. Describe the solutions 
graphically. Is the following 
statement true of each solution? 


The slope of the graph at the 
point (x, y) is equal to twice the 
ratio of x and y. 


Explain your reasoning. Are all 
curves for which this statement is 
true represented by the general 
solution? 


Differential Equations: Growth and Decay 


e Use separation of variables to solve a simple differential equation. 
e Use exponential functions to model growth and decay in applied problems. 


Differential Equations 


In the preceding section, you learned to analyze visually the solutions of differential 
equations using slope fields and to approximate solutions numerically using Euler’s 
Method. Analytically, you have learned to solve only two types of differential 
equations—those of the forms 


y= f(x) and y”= f(x). 


In this section, you will learn how to solve a more general type of differential 
equation. The strategy is to rewrite the equation so that each variable occurs on only 
one side of the equation. This strategy is called separation of variables. (You will 
study this strategy in detail in Section 6.3.) 


EXAMPLE | Solving a Differential Equation 


Solve the differential equation y’ = 2x/y. 


Solution 
, _ 2x PAREEN , 
ATE Write original equation. 
y 
yy’ = 2x Multiply both sides by y. 
"dx = | 2x dx Integrate with respect to x. 
YY 
[ray = fora dy = y' dx 
1 2 2 
7? =x + C Apply Power Rule. 
y? — 2x7 = C Rewrite, letting C = 2C,. 


So, the general solution is given by 
y? — 2x7 = C. 
You can use implicit differentiation to check this result. 
[Tay Te] [bonnn] [Eponos] [eane] 
In practice, most people prefer to use Leibniz notation and differentials when 


applying separation of variables. The solution of Example 1 is shown below using this 
notation. 


dy _ 2x 

dx y 
ydy = 2x dx 
fa- faa 
1, 2 

29 =x +C 
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Growth and Decay Models 


In many applications, the rate of change of a variable y is proportional to the value of 
y. If y is a function of time ¢, the proportion can be written as shown. 


Rate of change of y is proportional to y. 


a If 
dt 


The general solution of this differential equation is given in the following theorem. 


THEOREM 6.| Exponential Growth and Decay Model 


If y is a differentiable function of t such that y > 0 and y’ = ky, for some 
constant k, then 


y = Ce". 


C is the initial value of y, and k is the proportionality constant. Exponential 
growth occurs when k > 0, and exponential decay occurs when k < 0. 


NOTE Differentiate the function Proof 
y = Ce* with respect to t, and verify 
that y’ = ky. y = ky Write original equation. 
y =k Separate variables. 
y 
[xa = k dt Integrate with respect to t. 
fie = fra dy = y’dt 
i y 
7L In y= kt+ C 1 Find antiderivative of each side. 
6+ y= eře® Solve for y. 
gil y = Ce Let C = e%. 
Y = 26034661 p 
ral So, all solutions of y’ = ky are of the form y = Ce". n 
34 Select the Animation button below to see that for an exponential decay model, the 
270 rate of change of y is proportional to y. 
(0, 2) 
>t 
1 2 3 4 


If the rate of change of y is proportional to EXAMPLE 2 Using an Exponential Growth Model 
y, then y follows an exponential model. 


Figure 6.8 


The rate of change of y is proportional to y. When t = 0, y = 2. When t = 2, y = 4. 


| Eitanie Graph | What is the value of y when t = 3? 


Solution Because y’ = ky, you know that y and ¢ are related by the equation 
y = Ce*. You can find the values of the constants C and k by applying the initial 
conditions. 


2= Ce => C=2 When t = 0, y = 2. 


IP Using logarithmic properties, a 1 
note that the value of k in Example 2 can 4= 2e => k=, In2 =~ 0.3466 When t = 2, y = 4. 


2 
also be written as In( 2 J2 i, So, the model 
becomes y = 2e("¥2)", which can then be So, the model is y ~ 2e°*46°, When t= 3, the value of y is 294660) ~ 5.657 
rewritten as y = 2 Ù. (see Figure 6.8). = 
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TECHNOLOGY Most graphing utilities have curve-fitting capabilities that can 
be used to find models that represent data. Use the exponential regression feature of 
a graphing utility and the information in Example 2 to find a model for the data. 
How does your model compare with the given model? 


Radioactive decay is measured in terms of half-life—the number of years 
required for half of the atoms in a sample of radioactive material to decay. The 
half-lives of some common radioactive isotopes are shown below. 


Uranium (238U) 4,470,000,000 years 
Plutonium (73°Pu) 24,100 years 
Carbon (!4C) 5715 years 

Radium (Ra) 1599 years 
Einsteinium (254Es) 276 days 

Nobelium (?°’No) 25 seconds 


EXAMPLE 3 Radioactive Decay 


Suppose that 10 grams of the plutonium isotope Pu-239 was released in the Chernobyl 
nuclear accident. How long will it take for the 10 grams to decay to 1 gram? 


Solution Let y represent the mass (in grams) of the plutonium. Because the rate of 
decay is proportional to y, you know that 

y = Ce“ 
where ż is the time in years. To find the values of the constants C and k, apply the 
initial conditions. Using the fact that y = 10 when t = 0, you can write 

10 = ce") = Ce 
which implies that C = 10. Next, using the fact that y = 5 when ¢ = 24,100, you can 
write 


5= 10ek(24.100) 


1 

5 = e24,100k 
ft 
74,100 "2 


—0.000028761 = k. 


=k 


So, the model is 
y = 10e~0.0000287611, Half-life model 


NOTE The exponential decay model To find the time it would take for 10 grams to decay to | gram, you can solve for ¢ in 


in Example 3 could also be written the equation 

asy = 10(3)” 24100, This model is much 1 = 10e7 00000287617 

easier to derive, but for some applications f 

it is not as convenient to use. The solution is approximately 80,059 years. — 


[try te] [Extortion] 
From Example 3, notice that in an exponential growth or decay problem, it is easy 
to solve for C when you are given the value of y at t = 0. The next example 


demonstrates a procedure for solving for C and k when you do not know the value of 
yatt=0. 
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Number of fruit flies 


Time (in days) 


Figure 6.9 
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Figure 6.10 


|_Esitabie Graph | 


EXAMPLE 4 Population Growth 


Suppose an experimental population of fruit flies increases according to the law of 
exponential growth. There were 100 flies after the second day of the experiment and 
300 flies after the fourth day. Approximately how many flies were in the original 
population? 


Solution Lety = Ce* be the number of flies at time t, where ¢ is measured in days. 
Because y = 100 when ¢ = 2 and y = 300 when ¢ = 4, you can write 
100 = Ce** and 300 = Ce*. 
From the first equation, you know that C = 100e~?*. Substituting this value into the 
second equation produces the following. 
300 = 100e~**e** 
300 = 100e% 
In3 = 2k 
xin 3=k 
0.5493 = k 
So, the exponential growth model is 
y = Ce054931, 
To solve for C, reapply the condition y = 100 when ¢ = 2 and obtain 
100 = Ce9-5493(2) 
C = 100e7 10°86 = 33. 


So, the original population (when t = 0) consisted of approximately y = C = 33 
flies, as shown in Figure 6.9. 


E [Eee [Bemeeeeen] 
EXAMPLE 5 Declining Sales 
Four months after it stops advertising, a manufacturing company notices that its sales 


have dropped from 100,000 units per month to 80,000 units per month. If the sales 
follow an exponential pattern of decline, what will they be after another 2 months? 


Solution Use the exponential decay model y = Ce*, where t is measured in months. 
From the initial condition (t = 0), you know that C = 100,000. Moreover, because 
y = 80,000 when ż = 4, you have 


80,000 = 100,000e** 


0.8 = e% 
In(0.8) = 4k 
— 0.0558 = k. 


So, after 2 more months (t = 6), you can expect the monthly sales rate to be 


y = 100,000e70-0558(6) 
=~ 71,500 units. 


See Figure 6.10. 
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In Examples 2 through 5, you did not actually have to solve the differential 
equation 


y = ky. 


(This was done once in the proof of Theorem 6.1.) The next example demonstrates a 
problem whose solution involves the separation of variables technique. The example 
concerns Newton’s Law of Cooling, which states that the rate of change in the 
temperature of an object is proportional to the difference between the object’s 
temperature and the temperature of the surrounding medium. 


EXAMPLE 6 Newton’s Law of Cooling 


Let y represent the temperature (in °F) of an object in a room whose temperature is 
kept at a constant 60°. If the object cools from 100° to 90° in 10 minutes, how much 
longer will it take for its temperature to decrease to 80°? 


Solution From Newton’s Law of Cooling, you know that the rate of change in y is 
proportional to the difference between y and 60. This can be written as 
y’=k(y — 60), 80 < y < 100. 


To solve this differential equation, use separation of variables, as shown. 


— = k(y = 60) Differential equation 
( ) dy = kdt Separate variables. 
y — 60 
f L dy = | k dt Integrate each side. 
y — 60 
In|y — 60| = kt + C; Find antiderivative of each side. 


Because y > 60, |y — 60| = y — 60, and you can omit the absolute value signs. 
Using exponential notation, you have 


y— 60 = etC > y=60+ Cem. C= eh 
Using y = 100 when ż = 0, you obtain 100 = 60 + Ce = 60 + C, which implies 
that C = 40. Because y = 90 when t = 10, 
90 = 60 + 4000 
30 = 401% 
k = pln į ~ —0.02877. 


So, the model is 
y = 60 + 40e7002877 Cooling model 
and finally, when y = 80, you obtain 


80 = 60 + 407002877: 
20 = AQ e~ 0.02877t 


i e7 0.028771 
2 
In} = —0.02877t 
t ~ 24.09 minutes. 


So, it will require about 14.09 more minutes for the object to cool to a temperature of 
80° (see Figure 6.11). 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


TA to print an enlarged copy of the graph. 


In Exercises 1-10, solve the differential equation. 


CA C 
"a 7 2 2 4-x 
dy dy 
.2 =y+2 4, % = 4 - 
ae dx 
5x Jx 
5. y = — 6. y = 
my y 3y 
T. y= JSxy 8. y = x(1 + y) 
9. (1 + x?)y’ — 2xy = 0 10. xy + y'= 100x 


In Exercises 11-14, write and solve the differential equation 
that models the verbal statement. 


11. The rate of change of Q with respect to t is inversely propor- 
tional to the square of t. 


12. The rate of change of P with respect to t is proportional to 
10 —- +. 

13. The rate of change of N with respect to s is proportional to 
250 = s. 


14. The rate of change of y with respect to x varies jointly as x and 
L= 


Slope Fields In Exercises 15 and 16, a differential equation, a 
point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the given point. (b) Use integration to find 
the particular solution of the differential equation and use a 
graphing utility to graph the solution. Compare the result with 
the sketch in part (a). To print an enlarged copy of the graph, 
select the MathGraph button. 


dy dy 1 
15. = = x(6 — y), (0,0) 16. = = xy, (0,4) 
dx dx 
y y 
A A 
iaaa Qasa itetit aA 
Pi i 
WEETR ELS CoS AL VALS ERNY eter ee ae: 
CP LLLELAPS OTSA YEA VY ba wee ee Nae Pa ae ie 
PETTEE AZAS LY CANET ES AA ATER 
AAAA EA GAS DARE ICE OTA 
WES ROTOR EL DEE bi OR, i SN ya dr a 
AAAA AS Ness LELIA SAA 
MEESE TATT EE ELI 
ELLERO AASA ALTAI era a a a ee 
VETEEN AS AALEN Da T e +H Y 
PU TD A Re Re ee Ei ef BELELP ESAS AIS NNR 
TE ta = 
bittretetedertier ered CL ELLE AA SNA ANS 
ere cee ee DETI CEERE LL Sees VIVAL TE 
tpt Pee ea he Pha ha Pb Pok Fh BISA DD 
Hp a FOTENE EAAS 
KUET ENEE TAANE A Ph ORE SPSS EE Ee 
SILME ITN SEENEN PErerere seers) 
(i ee i kW OU | 


In Exercises 17-20, find the function y = f(¢) passing through 
the point (0, 10) with the given first derivative. Use a graphing 
utility to graph the solution. 


dy_1 d 3 r 
17. Io 18. ae 3y 
19. 2 -= -1 2. Z =3; 


In Exercises 21-24, write and solve the differential equation 
that models the verbal statement. Evaluate the solution at the 
specified value of the independent variable. 


21. The rate of change of y is proportional to y. When x = 0, y = 4 
and when x = 3, y = 10. What is the value of y when x = 6? 


22. The rate of change of N is proportional to N. When ¢ = 0, 
N = 250 and when t = 1, N = 400. What is the value of N 
when t = 4? 

23. The rate of change of V is proportional to V. When ¢ = 0, 
V = 20,000 and when t = 4, V = 12,500. What is the value of 
V when t = 6? 

24. The rate of change of P is proportional to P. When ¢ = 0, 


P = 5000 and when t = 1, P = 4750. What is the value of P 
when t = 5? 


In Exercises 25-28, find the exponential function y = Ce“ that 
passes through the two given points. 


25. y 26. y 


Writing About Concepts 


. Describe what the values of C and k represent in the expo- 
nential growth and decay model, y = Ce*'. 


. Give the differential equation that models exponential 
growth and decay. 


In Exercises 31 and 32, determine the quadrants in which 

the solution of the differential equation is an increasing 

function. Explain. (Do not solve the differential equation.) 
dy 1 


31. de = 5 


Radioactive Decay In Exercises 33-40, complete the table for 
the radioactive isotope. 


Amount Amount 
Half-Life Initial After After 
Isotope (in years) Quantity 1000 Years 10,000 Years 
33. ??°Ra 1599 10g 
34. ?Ra 1599 15g 
35. 7°°Ra 1599 0.5 g 
36. MC 5715 2g 
37: “C 5715 5g 
38. MC 5715 3.2g 
39. 23Pu 24,100 2.1g 
40. Pu 24,100 0.4g 


41. Radioactive Decay Radioactive radium has a half-life of 
approximately 1599 years. What percent of a given amount 
remains after 100 years? 


42. Carbon Dating Carbon-14 dating assumes that the carbon 
dioxide on Earth today has the same radioactive content as it 
did centuries ago. If this is true, the amount of '*C absorbed by 
a tree that grew several centuries ago should be the same as the 
amount of '4C absorbed by a tree growing today. A piece of 
ancient charcoal contains only 15% as much of the radioactive 
carbon as a piece of modern charcoal. How long ago was the 
tree burned to make the ancient charcoal? (The half-life of '4C 
is 5715 years.) 


Compound Interest In Exercises 43—48, complete the table for 
a savings account in which interest is compounded continuously. 


Initial Annual Time to Amount After 
Investment Rate Double 10 Years 

43. $1000 6% 

44. $20,000 55% 

45. $750 73 yr 

46. $10,000 5 yr 

47. $500 $1292.85 

48. $2000 $5436.56 


Compound Interest In Exercises 49-52, find the principal P 
that must be invested at rate r, compounded monthly, so that 
$500,000 will be available for retirement in ¢ years. 

49. r= 73%, t= 20 
51. r= 8%, t= 35 


50. r = 6%, t= 40 
52. r= 9%, t= 25 


Compound Interest In Exercises 53-56, find the time necessary 
for $1000 to double if it is invested at a rate of r compounded (a) 
annually, (b) monthly, (c) daily, and (d) continuously. 

54. r = 6% 

56. r = 5.5% 


53. r= 7% 
55. r = 8.5% 


w Experienced writers 


© On-time delivery 
® 100% plagiarism free 


opulation in Exercises 5 
a country in 2001 and the expected continuous annual rate of 
change k of the population for the years 2000 through 2010 are 
given. (Source: U.S. Census Bureau, International Data Base) 


(a) Find the exponential growth model P = Ce“ for the popu- 
lation by letting ¢ = 0 correspond to 2000. 

(b) Use the model to predict the population of the country in 
2015. 

(c) Discuss the relationship between the sign of k and the 
change in population for the country. 


Country 2001 Population k 
57. Bulgaria TT — 0.009 
58. Cambodia 12.7 0.018 
59. Jordan 5.2 0.026 
60. Lithuania 3.6 —0.002 


61. Modeling Data One hundred bacteria are started in a culture 
and the number N of bacteria is counted each hour for 5 hours. 
The results are shown in the table, where t is the time in hours. 


t 0 1 2 3 4 5 


N | 100 | 126 | 151 | 198 | 243 | 297 


(a) Use the regression capabilities of a graphing utility to find 
an exponential model for the data. 


(b) Use the model to estimate the time required for the popula- 
tion to quadruple in size. 


62. Bacteria Growth The number of bacteria in a culture is 
increasing according to the law of exponential growth. There 
are 125 bacteria in the culture after 2 hours and 350 bacteria 
after 4 hours. 


(a) Find the initial population. 


(b) Write an exponential growth model for the bacteria popu- 
lation. Let t represent time in hours. 


(c) Use the model to determine the number of bacteria after 
8 hours. 


(d) After how many hours will the bacteria count be 25,000? 


63. Learning Curve The management at a certain factory has 
found that a worker can produce at most 30 units in a day. The 
learning curve for the number of units N produced per day after 
a new employee has worked ż days is N = 30(1 — e*). After 20 
days on the job, a particular worker produces 19 units. 


(a) Find the learning curve for this worker. 


(b) How many days should pass before this worker is producing 
25 units per day? 


64. Learning Curve If in Exercise 63 management requires a 
new employee to produce at least 20 units per day after 30 days 
on the job, find (a) the learning curve that describes this 
minimum requirement and (b) the number of days before a 
minimal achiever is producing 25 units per day. 
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Differential Equations 


Modeling Data The table shows the population P (in 
millions) of the United States from 1960 to 2000. (Source: 
U.S. Census Bureau) 


Year 1960 | 1970 | 1980 | 1990 | 2000 


Population, P | 181 | 205 | 228 | 250 | 282 


(a) Use the 1960 and 1970 data to find an exponential model 
P, for the data. Let t = 0 represent 1960. 


(b) Use a graphing utility to find an exponential model P, for 
the data. Let t = 0 represent 1960. 


(c) Use a graphing utility to plot the data and graph both 
models in the same viewing window. Compare the actual 
data with the predictions. Which model better fits the data? 


(d) Estimate when the population will be 320 million. 


Modeling Data The table shows the net receipts and the 
amounts required to service the national debt (interest on 
Treasury debt securities) of the United States from 1992 
through 2001. The monetary amounts are given in billions of 
dollars. (Source: U.S. Office of Management and Budget) 


Year 1992 1993 1994 1995 1996 


Receipts | 1091.3 | 1154.4 | 1258.6 | 1351.8 | 1453.1 


Interest | 292.3 | 292.5 | 296.3 | 332.4 | 343.9 


Year 1997 1998 1999 2000 2001 


Receipts | 1579.3 | 1721.8 | 1827.5 | 2025.2 | 1991.2 


Interest 355.8 | 363.8 | 353.5 | 361.9 | 359.5 


(a) Use the regression capabilities of a graphing utility to find 
an exponential model R for the receipts and a quartic model 
I for the amount required to service the debt. Let t represent 
the time in years, with £ = 2 corresponding to 1992. 


(b) Use a graphing utility to plot the points corresponding to the 
receipts, and graph the corresponding model. Based on the 
model, what is the continuous rate of growth of the receipts? 

(c) Use a graphing utility to plot the points corresponding to 
the amount required to service the debt, and graph the 
quartic model. 


(d) Find a function P(t) that approximates the percent of the 
receipts that is required to service the national debt. Use a 
graphing utility to graph this function. 

Sound Intensity The level of sound B (in decibels), with an 

intensity of J is 


I 
BU) = 10 log,, T 
0 


where J, is an intensity of 10~'° watts per square centimeter, 
corresponding roughly to the faintest sound that can be heard. 
Determine (J) for the following. 


(a) I = 10~'4 watts per square centimeter (whisper) 
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(c) I = 10765 watts per square centimeter (air hammer) 
(d) J = 1074 watts per square centimeter (threshold of pain) 


Noise Level With the installation of noise suppression 
materials, the noise level in an auditorium was reduced from 
93 to 80 decibels. Use the function in Exercise 67 to find the 
percent decrease in the intensity level of the noise as a result of 
the installation of these materials. 


Forestry The value of a tract of timber is 
V(t) = 100,0000°8¥* 


where f is the time in years, with t = 0 corresponding to 1998. 
If money earns interest continuously at 10%, the present value 
of the timber at any time fis A(t) = V(t)e~°:!™. Find the year in 
which the timber should be harvested to maximize the present 
value function. 


Earthquake Intensity On the Richter scale, the magnitude R 
of an earthquake of intensity Z is 


= In] — In Ip 
In 10 


where J, is the minimum intensity used for comparison. 
Assume that J) = 1. 


(a) Find the intensity of the 1906 San Francisco earthquake 
(R = 8.3). 

(b) Find the factor by which the intensity is increased if the 
Richter scale measurement is doubled. 


(c) Find dR/dl. 


Newton’s Law of Cooling When an object is removed from 
a furnace and placed in an environment with a constant 
temperature of 80°F, its core temperature is 1500°F. One hour 
after it is removed, the core temperature is 1120°F. Find the 
core temperature 5 hours after the object is removed from the 
furnace. 


Newton’s Law of Cooling A container of hot liquid is placed 
in a freezer that is kept at a constant temperature of 20°F. The 
initial temperature of the liquid is 160°F. After 5 minutes, the 
liquid’s temperature is 60°F. How much longer will it take for 
its temperature to decrease to 30°F? 


True or False? In Exercises 73-76, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


73. 
74. 
75. 


76. 


In exponential growth, the rate of growth is constant. 
In linear growth, the rate of growth is constant. 


If prices are rising at a rate of 0.5% per month, then they are 
rising at a rate of 6% per year. 


The differential equation modeling exponential growth is 
dy/dx = ky, where k is a constant. 
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NOTE Be sure to check your solutions 
throughout this chapter. In Example 1, you 
can check the solution y = C\/x? + 4 by 
differentiating and substituting into the 
original equation. 


(x? + 4) a xy 


= 
Cx ? 
(x? + ea =(CV2 +4) 
CxJ/x2 + 4 = CxJ/x? 4+ 4 


So, the solution checks. 


Separation of Variables and the Logistic Equation 


e Recognize and solve differential equations that can be solved by separation of 
variables. 

e Recognize and solve homogeneous differential equations. 

Use differential equations to model and solve applied problems. 

Solve and analyze logistic differential equations. 


Separation of Variables 


Consider a differential equation that can be written in the form 
dy 
M(x) + My) — = 0 
o +My) 2 


where M is a continuous function of x alone and N is a continuous function of y alone. 
As you saw in the preceding section, for this type of equation, all x terms can 
be collected with dx and all y terms with dy, and a solution can be obtained by 
integration. Such equations are said to be separable, and the solution procedure is 
called separation of variables. Below are some examples of differential equations that 
are separable. 


Original Differential Equation Rewritten with Variables Separated 


dy 
a + pak = 1 ee 
x 3y dx 0 3y dy x? dx 
(sin x)y’ = cos x dy = cot x dx 
xy” 1 _2 
aal” eat gt 
EXAMPLE |I Separation of Variables 


i . d 
Find the general solution of (x? + 4) - = xy. 


Solution To begin, note that y = 0 is a solution. To find other solutions, assume that 
y # 0 and separate variables as shown. 


Differential form 


(x? + 4) dy = xy dx 


d x 
a = aed dx Separate variables. 
Now, integrate to obtain 
dy x 
fe = \z +4 dx Integrate. 


1 
In|y| = z Ing? +4) +C 
In|y| = nvx? + 4 + C, 


ly] = eV x? + 4 
y = £601 /x? + 4, 


Because y = 0 is also a solution, you can write the general solution as 


y= CVx? + 4, 
ee (eee) 
The editable graph feature below allows you to edit the graph of a function. 


||_Etitatte Graph | 


General solution 
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In some cases it is not feasible to write the general solution in the explicit form 
y = f(x). The next example illustrates such a solution. Implicit differentiation can be 
used to verify this solution. 


FOR FURTHER INFORMATION For an EXAMPLE 2 Finding a Particular Solution 

example (from engineering) of a differen- 

tial equation that is separable, see the Given the initial condition y(0) = 1, find the particular solution of the equation 
article “Designing a Rose Cutter” by P 

J. S. Hartzler in The College Mathematics xy dx + e™* (y? = 1) dy = 0. 

Journal. 

— Solution Note that y = 0 is a solution of the differential equation—but this solution 
does not satisfy the initial condition. So, you can assume that y # 0. To separate 


variables, you must rid the first term of y and the second term of e~*’. So, you should 
multiply by e*’/y and obtain the following. 
xy dx + e™® (y? — 1) dy = 0 
e-*'(y? — 1) dy = —xy dx 


fe- 9e- fom 


2 
y -alg 
+- = ie" + 
>In |y] zE C 
From the initial condition y(0) = 1, you have $ — 0 = —5 + C, which implies that 
C = 1. So, the particular solution has the implicit form 
2 
y l o 
S = ——eř + 
E In |y| xe 1 


y? — lny? + e”? =2. 


You can check this by differentiating and rewriting to get the original equation. 
[try te] [Explorations] 


EXAMPLE 3 Finding a Particular Solution Curve 


Find the equation of the curve that passes through the point (1, 3) and has a slope of 
y/x? at any point (x, y). 


Solution Because the slope of the curve is given by y/x”, you have 


dy _y 
dx x? 


4 with the initial condition y(1) = 3. Separating variables and integrating produces 


1 
Inly| = -= + 
n|y| ¥ Cı 
y= e7 (1/x2) +C; = Ce7!/x, 


Because y = 3 when x = 1, it follows that 3 = Ce! and C = 3e. So, the equation of 
the specified curve is 


y = Bele '/* = 3e&-D/, x >Q. 


Figure 6.12 See Figure 6.12. — 
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Homogeneous Differential Equations 


Some differential equations that are not separable in x and y can be made separable by 
a change of variables. This is true for differential equations of the form y’ = f(x, y), 
where f is a homogeneous function. The function given by f(x, y) is homogeneous 
of degree n if 

NOTE The notation f(x, y) is used to 

denote a function of two variables in 

much the same way as f(x) denotes a f (tx, ty) = PACE, y) Homogeneous function of degree n 

function of one variable. You will study 

functions of two variables in detail in 

Chapter 13. where n is a real number. 


EXAMPLE 4 Verifying Homogeneous Functions 


a. f(x, y) = x?y — 4x3 + 3xy? is a homogeneous function of degree 3 because 
fix, ty) = (tx)?°(ty) — 4(tx)? + 3(tx)(ty)? 
= B(x?y) — 8(4x3) + B3xy?) 
= P(x?y — 4x? + 3xy?) 
= f(x, y). 


b. f(x, y) = xe*/ + y sin(y/x) is a homogeneous function of degree 1 because 


5k 
f(tx, ty) = txe™/*Y + ty sin 7 
x 


Boy 
t| xe*/? + = 
(x y sın 2) 


= ifs, y). 
c. f(x, y) = x + y? is not a homogeneous function because 
f (tx, ty) = tx + Py? = t(x + ty?) # (x + y’. 


d. f(x, y) = x/y is a homogeneous function of degree 0 because 


tx x 
finm) = = PS 
ty y 
[try te] [Exploration] 


Definition of Homogeneous Differential Equation 


A homogeneous differential equation is an equation of the form 


M(x, y) dx + N(x, y)dy = 0 


where M and N are homogeneous functions of the same degree. 


EXAMPLE 5 Testing for Homogeneous Differential Equations 


a. (x? + xy) dx + y? dy = 0 is homogeneous of degree 2. 
b. x° dx = y? dy is homogeneous of degree 3. 
c. (x? + 1) dx + y?dy = 0 is not a homogeneous differential equation. === 


[Try re | [Exploration a | 
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Y TIP The substitution y = vx 
will yield a differential equation that is 
separable with respect to the variables 
x and v. You must write your final solu- 
tion, however, in terms of x and y. 


a + 2y2y? = Cx? 


General solutions of 
(x? — y?) dx + 3xy dy = 0 
Figure 6.13 
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To solve a homogeneous differential equation by the method of separation of 
variables, use the following change of variables theorem. 


THEOREM 6.2 Change of Variables for Homogeneous Equations 


If M(x, y) dx + M(x, y) dy = 0 is homogeneous, then it can be transformed into 
a differential equation whose variables are separable by the substitution 


y= vx 


where v is a differentiable function of x. 


EXAMPLE 6 Solving a Homogeneous Differential Equation 


Find the general solution of 

(x? — y?) dx + 3xy dy = 0. 
Solution Because (x? — y?) and 3xy are both homogeneous of degree 2, let y = vx 
to obtain dy = x dv + v dx. Then, by substitution, you have 


dy 


(x? — v2x?) dx + 3x(vx)(x dv + v dx) = 0 
(x? + 2v?x?) dx + 3x3v dv = 0 
x7(1 + 2v?) dx + x?(3vx) dv = 0. 
Dividing by x? and separating variables produces 


(1 + 2v?) dx = —3vx dv 
dx =3V 
x f E 


= in(l Lay ee 


In|x| 


Aln|x| = —3 In(1 + 2v?) + In|C| 
In x4 = In|C(1 + 2v?)~>| 
xt = C(I + 2v2)-3, 


Substituting for v produces the following general solution. 


27-3 
xt = c|: + 2(2) l 
X 
2\3 
(1 + 2) xt=C 
(x? + 2y?)3 = Cx? General solution 


You can check this by differentiating and rewriting to get the original equation. 
Co [aaa] 


TECHNOLOGY If you have access to a graphing utility, try using it to graph 
several of the solutions in Example 6. For instance, Figure 6.13 shows the graphs of 


(x2 + 2y?)3 = Cx? 
for C = 1, 2, 3, and 4. 
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Applications 


EXAMPLE 7 Wildlife Population 


The rate of change of the number of coyotes M(t) in a population is directly propor- 
tional to 650 — N(t), where t is the time in years. When f = 0, the population is 300, 
and when t = 2, the population has increased to 500. Find the population when t = 3. 


Solution Because the rate of change of the population is proportional to 650 — M(t), 
you can write the following differential equation. 


dN 
— = k(650 - N 
a ) 
You can solve this equation using separation of variables. 
dN = k(650 = N) dt Differential form 
ae = kdt Separate variables. 
—1n|650 = N| =kt+ C Integrate. 
In|650 — N| = -kt —- C; 
650 = N = e FG Assume N < 650. 
N = 650 — Ce~™ General solution 


Using N = 300 when ¢ = 0, you can conclude that C = 350, which produces 
N = 650 — 350e ™. 

Then, using N = 500 when t = 2, it follows that 
500 = 650 — 350e% > e% = 3 m> k= 0.4236. 


So, the model for the coyote population is 


N = 650 — 350e~ 9423, Model for population 
When ¢ = 3, you can approximate the population to be 
N = 650 — 350e7°-47363) ~ 552 coyotes. 


The model for the population is shown in Figure 6.14. 


(2, 500) 


meee N = 650 — 350e 04236 M 


Number of coyotes 


200 


H t H t H >t 


2 3 4 5 6 


Time (in years) 


Figure 6.14 ft 


[try te] [Bpbrations| 
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A common problem in electrostatics, thermodynamics, and hydrodynamics 
involves finding a family of curves, each of which is orthogonal to all members of a 
given family of curves. For example, Figure 6.15 shows a family of circles 


xX +y =C Family of circles 


each of which intersects the lines in the family 


y = Kx Family of lines 


at right angles. Two such families of curves are said to be mutually orthogonal, and 
each curve in one of the families is called an orthogonal trajectory of the other 
family. In electrostatics, lines of force are orthogonal to the equipotential curves. 
In thermodynamics, the flow of heat across a plane surface is orthogonal to the 
Each line y = Kx is an orthogonal trajectory isothermal curves. In hydrodynamics, the flow (stream) lines are orthogonal 
to the family of circles. trajectories of the velocity potential curves. 

Figure 6.15 


EXAMPLE 8 Finding Orthogonal Trajectories 


Describe the orthogonal trajectories for the family of curves given by 


YT 


for C # 0. Sketch several members of each family. 
Solution First, solve the given equation for C and write xy = C. Then, by differen- 
tiating implicitly with respect to x, you obtain the differential equation 
xy +y=0 Differential equation 
dy _ 
“dx 


a Rian eae Slope of given family 


Because y’ represents the slope of the given family of curves at (x, y), it follows that 
Orthogonal the orthogonal family has the negative reciprocal slope x/y. So, 


Given family: family: 


dy _ x . 
=. Slope of orthogonal family 
dx y 


Now you can find the orthogonal family by separating variables and integrating. 


fra [ra 


2 


cll 
2 2 
K 


+ Ci 


y= 
The centers are at the origin, and the transverse axes are vertical for K > 0 and 
horizontal for K < 0. If k = 0, the orthogonal trajectories are the lines y = +x. If 
Orthogonal trajectories K # 0, the orthogonal trajectories are hyperbolas. Several trajectories are shown in 

Figure 6.16 Figure 6.16. <== 


[Try tt_| [Exploration a | 


Logistic 
curve 


>t 
Note that as t — œœ, y> L. 
Figure 6.17 
= EXPLORATION | 


Use a graphing utility to investigate 
the effects of the values of L, b, and k 
on the graph of 


iL, 


= ee 


Include some examples to support 
your results. 
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Logistic Differential Equation 


In Section 6.2, the exponential growth model is derived from the fact that the rate of 
change of a variable y is proportional to the value of y. You observed that the 
differential equation dy/dt = ky has the general solution y = Ce“. Exponential 
growth is unlimited, but when describing a population, there often exists some upper 
limit L past which growth cannot occur. This upper limit L is called the carrying 
capacity, which is the maximum population y(t) that can be sustained or supported as 
time ¢ increases. A model that is often used for this type of growth is the logistic 
differential equation 


dy _ y 

dt 1 x) 
where k and L are positive constants. A population that satisfies this equation does not 
grow without bound, but approaches the carrying capacity L as t increases. 

From the equation, you can see that if y is between 0 and the carrying capacity L, 
then dy/dt > 0, and the population increases. If k is greater than L, then dy/dt < 0, 
and the population decreases. The graph of the function y is called the logistic curve, 
as shown in Figure 6.17. 


Logistic differential equation 


EXAMPLE 9 Deriving the General Solution 


Solve the logistic differential equation — = (1 = 2) 


Solution Begin by separating variables. 
d 
= = b(t = z) Write differential equation. 


Separate variables. 


Integrate each side. 


1 — 
F =D” = fra 


E 


lIn|y| — In|L — y| = kt + C 


Rewrite left side using partial fractions. 


Find antiderivative of each side. 


In | = —-kt-—C Multiply each side by —1 and simplify. 
y 
L= 
ee =e MC = e Celt Exponentiate each side. 
y 
L= 
? = be Let te~ = b. 
y 
Solving thi tion fi d A 
olivin 1s equation tor roduces = eee 
8 q yP Y= ee be“ 


[try re] [Erona] [Erene] 
From Example 9, you can conclude that all solutions of the logistic differential 


equation are of the general form 


L 
a1 + ber 
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EXAMPLE I0 Solving a Logistic Differential Equation 


A state game commission releases 40 elk into a game refuge. After 5 years, the elk 
population is 104. The commission believes that the environment can support no more 
than 4000 elk. The growth rate of the elk population p is 


dp j P ) 

40 < p < 4000 
dt (1 4000/’ 
where ¢ is the number of years. 


a. Write a model for the elk population in terms of t. 


b. Graph the slope field of the differential equation and the solution that passes 
through the point (0, 40). 


c. Use the model to estimate the elk population after 15 years. 
d. Find the limit of the model as too. 


Solution 
a. You know that L = 4000. So, the solution of the equation is of the form 


_ 4000 
PY 1+ be 


Because p(0) = 40, you can solve for b as shown. 


; : a _ 4000 
Explain what happens if p(0) = L. 40 = Tot pe O 
4000 
cael gear a 


Then, because p = 104 when t = 5, you can solve for k. 


4000 
5000 1 + 99e-6) 


=> k= 0.194 


4000 


So, a model for the elk population is given by p = Td 99e 0194" 
pau. 


b. Using a graphing utility, you can graph the slope field of 


“a 
if 
if 
i ¢ 
if 
if 
of 


ae = 09491 = ate) 
~ = 0.194p| 1 — —— 
at APAT = 4000 
0 
Figure 6.18 and the solution that passes through (0, 40), as shown in Figure 6.18. 
c. To estimate the elk population after 15 years, substitute 15 for ¢ in the model 
4000 
p= 1 + 99e 019405) Substitute 15 for t. 
4000 P 
= T+ 99e 291 = 626 Simplify. 
: : : 4000 
d. As ¢ increases without bound, the denominator of T 4 99c 0194 gets closer to 1. 
4 
- = 4000. 


1M E TE, 
So, ioo 1 + 9970-194 


[ Tryre | [Exploration a | 


Exercises for Section 6.3 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-12, find the general solution of the differential 
equation. 


1 dy _x dy _x+2 
“dx y * dx 3y? 

3: i = 0.05r 4. “ = 0.05s 

5. (2 + x)y’ = 3y 6. xy’ =y 

7. yy’ = sinx 8. yy’ = 6 cos(mx) 
9. J1 — 4x? y’ =x 10. Sx? = Oy! = 5x 

11. ylnx — x»’=0 12. 4yy’ — 3e* = 0 


In Exercises 13-22, find the particular solution that satisfies the 
initial condition. 


Differential Equation Initial Condition 
13. yy’— eX =0 y(0) = 4 
14. Vx + Vyy’=0 y(1) = 4 
15. y(x + 1) +y’=0 y(—2) = 1 
16. 2xy’ — lnx = 0 y(1) = 2 
17. y(1 + x?)y’ — x(1 + y?) = 0 y0) = V3 
18. y/1 — x’ y’-xJ/1 -y =0 y(0) = 1 
du a = 
19. g 7 uv siny u(0) = 1 
20. er = "72s r(0) = 0 
ds 
21. dP — kP dt = 0 P(0) = Py 
22. dT + k(T — 70) dt = 0 T(0) = 140 


In Exercises 23 and 24, find an equation of the graph that passes 
through the point and has the given slope. 


23: (D, y = 


24. (8,2), y'= re 


In Exercises 25 and 26, find all functions f having the indicated 
property. 


25. The tangent to the graph of f at the point (x, y) intersects the 
x-axis at (x + 2, 0). 
26. All tangents to the graph of f pass through the origin. 


In Exercises 27—34, determine whether the function is homoge- 
neous, and if it is, determine its degree. 


27. f(x,y) = x? — 4xy2 +y? 28. f(x,y) = x3 + 3x?y? — 2y? 


x2 2 
29. f(x,y) = eS 30. f(x,y) = TF 


31. f(x, y) = 21n xy 32. f(x, y) = tan(x + y) 


33. fx, y) = 2n 34. f(x, y) = tan > 


In Exercises 35-40, solve the homogeneous differential equation. 


3 3 
r = x es y + = x vr X 
35. y T 36. y mF 
ee se ice ee 
37. y IEJ 38. y Oxy 
7 xy , _ 2x + 3y 
9, y'= 40. y'= 
39. y ey 0. y P: 


In Exercises 41-44, find the particular solution that satisfies the 
initial condition. 


Differential Equation Initial Condition 
41. xdy — (2xe~/* + y) dx = 0 y(1) = 0 
42. —y?dx + x(x + y)dy = 0 y(1) = 1 


43. (xsec2 y) ds xdy =0 y(1) = 0 
x 


44, (2x? + y?)dx + xydy = 0 y(1) = 0 


Slope Fields In Exercises 45-48, sketch a few solutions of the 
differential equation on the slope field and then find the general 
solution analytically. To print an enlarged copy of the graph, 
select the MathGraph button. 


d dy x 
45,2 =x 46. Z = —Ž 
dx dx y 
y 
A A 
V Moe eS ee ee FAS Be ete Bye T 
he OR RS ee POP OF fo PEP eae ee RR i 
a E ccc a ae a i LL FF a a S % 
ih Se we Fe YF Bi! se ee a 
tt ttt Pept ppp te x 
TA aa ee ee ae 2 —4yyvv+7774 
h Get Secs a RY ye ae eo TY 
a eae ee oe E i Ri te, See a a 
NN NS=2>S2 7 7 7 & Roadie Sot SF 
dy d 
47, 2 =4-y 48. © = 0.25x(4 — y) 
dx dx 
y y 
A 
EIEL L TAR zad §+---- 
ee i) I ee RD N > a ae a ae a a 
Ce Eee RON OS 
% & e i % & NN 4 fF FENN NSN 
Oe ae a OR 
SA Re NS YS AS ee ae ee a oe a N K 
ee ee ae ae es 
OE DD Be LE #F SN SNES SEG 
iy Ce, Sa, TS, a a Ad 
SF FP ae SE Pe SS SN SES 4 oes 
Oi Se a i a ee ae”: age 
E J ie a. oi ee ae i SSS So 2 2 6 2 
ae eee Se 
a a +++ + > x fait E 
-3-2-1 1234 -4 -3 -2 -1 1234 
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Euler’s Method In Exercises 49-52, (a) use Euler’s Method 
with a step size of h = 0.1 to approximate the particular 
solution of the initial value problem at the given x-value, (b) find 
the exact solution of the differential equation analytically, and 
(c) compare the solutions at the given x-value. 


Differential Equation Initial Condition x-value 
dy _ z 
49. PP 6xy (0, 5) x=1 
50. Z + 6? =0 (0, 3) C= 1 
dx i 
dy _ 2x + 12 
Slee l2 =2 
dx 3y —4 (1, 2) j 
52. a = 2x(1 + y3) (1,0) y= 


53. Radioactive Decay The rate of decomposition of radioactive 
radium is proportional to the amount present at any time. The 
half-life of radioactive radium is 1599 years. What percent of a 
present amount will remain after 25 years? 


54 


. 


Chemical Reaction In a chemical reaction, a certain com- 
pound changes into another compound at a rate proportional to 
the unchanged amount. If initially there are 20 grams of the 
original compound, and there is 16 grams after 1 hour, when 
will 75 percent of the compound be changed? 


Slope Fields In Exercises 55-58, (a) write a differential 
equation for the statement, (b) match the differential equation 
with a possible slope field, and (c) verify your result by using a 
graphing utility to graph a slope field for the differential 
equation. [The slope fields are labeled (a), (b), (c), and (d).] 
To print an enlarged copy of the graph, select the MathGraph 
button. 


(a) 


E = | 


Petensonae 


Pe eS en 


nasen 
ee \ieerea ace 


| 


55. The rate of change of y with respect to x is proportional to the 
difference between y and 4. 


56. The rate of change of y with respect to x is proportional to the 
difference between x and 4. 
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. The rate of change of y with respect to x 1s proportional to the 
product of y and the difference between y and 4. 


58. The rate of change of y with respect to x is proportional to y?. 


59. Weight Gain A calf that weighs 60 pounds at birth gains 
weight at the rate 


dw 


ras k(1200 — w) 


where w is weight in pounds and f is time in years. Solve the 
differential equation. 


(a) Use a computer algebra system to solve the differential 
equation for k = 0.8, 0.9, and 1. Graph the three solutions. 


(b) If the animal is sold when its weight reaches 800 pounds, 
find the time of sale for each of the models in part (a). 


(c) What is the maximum weight of the animal for each of the 
models? 


60. Weight Gain A calf that weighs wọ pounds at birth gains 
weight at the rate 


dw 


ai 00 — w 


where w is weight in pounds and f is time in years. Solve the 
differential equation. 


In Exercises 61-66, find the orthogonal trajectories of the 
family. Use a graphing utility to graph several members of each 
family. 

61. x27 +y?=C 62. x? — 22 = C 

63. x? = Cy 64. y? = 2Cx 

65. y? = Cx? 66. y = Ce* 


In Exercises 67-70, match the logistic equation with its graph. 
[The graphs are labeled (a), (b), (c), and (d).] 


(b) 


x 


ee 
-6-4-2 | 2 4 6 8 10 


SSS ft a a 
-6-4-2 | 2 4 6 8 10 -6-4-2 | 2 4 6 8 10 


12 12 
ey Tae a am 

12 12 
69. y = TAE To 70. y= ET 


In Exercises 71 and 72, the logistic equation models the growth 
of a population. Use the equation to (a) find the value of k, 
(b) find the carrying capacity, (c) find the initial population, 
(d) determine when the population will reach 50% of its 
carrying capacity, and (e) write a logistic differential equation 
that has the solution P(?). 


1500 
1 + 24e-0751 


5000 


71. P( = T + 39e 0X 


72. P(t) = 


In Exercises 73 and 74, the logistic differential equation models 
the growth rate of a population. Use the equation to 
(a) find the value of k, (b) find the carrying capacity, (c) use 
a computer algebra system to graph a slope field, and 
(d) determine the value of P at which the population growth 
rate is the greatest. 

dP P dP z 
73. a 3P(1 a 74, a 0.1P — 0.0004P 


In Exercises 75-78, find the logistic equation that satisfies the 
initial condition. 


Logistic Differential Equation Initial Condition 
dfi- z) 

75, 2-1-2 (0.8) 

16, 2 = 129(1 = z) (0, 5) 
dt “ 8 
dy_4y_ y 

77, — == ; 
d 5 150 (0, 8) 
dy_3y_ y 

78. i T 20 ~ 1600 (rae 


79. Endangered Species A conservation organization releases 25 
Florida panthers into a game preserve. After 2 years, there are 
39 panthers in the preserve. The Florida preserve has a carrying 
capacity of 200 panthers. 


(a) Write a logistic equation that models the population of 
the panther population of the preserve. 


(b) Find the population of the herd after 5 years. 

(c) When will the herd’s population reach 100? 

(d) Write a logistic differential equation that models the 
growth rate of the panther population. Then repeat part (b) 
using Euler’s Method with a step size of h = 1. Compare 
the approximation with the exact answers. 

(e) At what time is the panther population growing most rapidly? 
Explain. 

80. Bacteria Growth At time t = 0, a bacterial culture weighs 


1 gram. Two hours later, the culture weighs 2 grams. The 
maximum weight of the culture is 10 grams. 
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Write a logistic equation that models the weight of the 
bacterial culture. 
(b) Find the culture’s weight after 5 hours. 
(c) When will the culture’s weight reach 8 grams? 


(d) Write a logistic differential equation that models the 
growth rate of the culture’s weight. Then repeat part (b) 
using Euler’s Method with a step size of h = 1. Compare 
the approximation with the exact answers. 


(e) At what time is the culture’s weight increasing most 
rapidly? Explain. 


Writing About Concepts 


81. In your own words, describe how to recognize and solve 
differential equations that can be solved by separation of 
variables. 


82. State the test for determining if a differential equation is 
homogeneous. Give an example. 


83. In your own words, describe the relationship between two 
families of curves that are mutually orthogonal. 


84. Sailing Ignoring resistance, a sailboat starting from rest 
accelerates (dv/dt) at a rate proportional to the difference 
between the velocities of the wind and the boat. 


(a) The wind is blowing at 20 knots, and after 1 minute the boat 
is moving at 5 knots. Write the velocity v as a function of 
time t. 

(b) Use the result of part (a) to write the distance traveled by 
the boat as a function of time. 


True or False? In Exercises 85-88, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


85. The function y = 0 is always a solution of a differential 
equation that can be solved by separation of variables. 


86. The differential equation y’ = xy — 2y + x — 2 can be written 
in separated variables form. 


87. The function f(x, y) = x? + xy + 2 is homogeneous. 


88. The families x? + y? = 2Cy and x? + y? = 2Kx are mutually 
orthogonal. 


s 1 dy 
89. Show that if y TF pe E then a ky — y). 


Putnam Exam Challenge 


90. A not uncommon calculus mistake is to believe that the product 
rule for derivatives says that (fe) = f'g’. If f(x) =e", 
determine, with proof, whether there exists an open interval 
(a, b) and a nonzero function g defined on (a, b) such that this 
wrong product rule is true for x in (a, b). 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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NOTE Itis instructive to see why the 
integrating factor helps solve a linear 
differential equation of the form 

y’ + P(x)y = Q(x). When both sides 

of the equation are multiplied by the 
integrating factor u(x) = ef? 4, the 
left-hand side becomes the derivative of 
a product. 


y “eS P(x) dx 4 P(x)ye SP(x)dx = O(xjelPO dx 
[yes Po) a] = O(x)elP?O dx 


Integrating both sides of this second 
equation and dividing by u(x) produces 
the general solution. 
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First-Order Linear Differential Equations 


e Solve a first-order linear differential equation. 
e Solve a Bernoulli differential equation. 
e Use linear differential equations to solve applied problems. 


First-Order Linear Differential Equations 


In this section, you will see how to solve a very important class of first-order differ- 
ential equations—first-order linear differential equations. 


Definition of First-Order Linear Differential Equation 


A first-order linear differential equation is an equation of the form 


© + Py = OG) 


where P and Q are continuous functions of x. This first-order linear differential 
equation is said to be in standard form. 


To solve a linear differential equation, write it in standard form to identify the 
functions P(x) and Q(x). Then integrate P(x) and form the expression 


u(x) = ef Pax 


which is called an integrating factor. The general solution of the equation is 


Integrating factor 


General solution 


= x) dx 
y= ay | ocd ) dx. 


EXAMPLE | Solving a Linear Differential Equation 


Find the general solution of 


yy Eye. 


Solution 
For this equation, P(x) = 1 and Q(x) = e*. So, the integrating factor is 


u(x) = eS PO d 


= eldx 


Integrating factor 


=e* 


This implies that the general solution is 


1 
= f O(x)u(x) dx 


General solution 


ANNA JOHNSON PELL WHEELER (1883—1966) 


Anna Johnson Pell Wheeler was awarded a 
master’s degree from the University of Iowa 
for her thesis The Extension of Galois Theory 
to Linear Differential Equations in 1904. 
Influenced by David Hilbert, she worked on 
integral equations while studying infinite 
linear spaces. 


Figure 6.19 
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THEOREM 6.3 Solution of a First-Order Linear 
Differential Equation 


An integrating factor for the first-order linear differential equation 
y’ + PQ)y = OG) 


is u(x) = e/?©) &, The solution of the differential equation is 


yes PO) dx -| O(x)elPW dx dx + C. 


S P Rather than memorizing the formula in Theorem 6.3, just remember 
that multiplication by the integrating factor efP® converts the left side of the 
differential equation into the derivative of the product ye? «, 


EXAMPLE 2. Solving a First-Order Linear Differential Equation 


Find the general solution of 


xy’ — 2y = x. 


Solution The standard form of the given equation is 


y’ + P(x)y = OC) 
2 


yi Cp =x. Standard form 
X 


So, P(x) = —2/x, and you have 


[roa - f Zar 


7: Integrating factor 


So, multiplying each side of the standard form by 1/x? yields 


yi ay _t 
Xo y X 
d [>] 5l 
dx | xX? x 
Pa ht 
x? X oe 
Wo 
= = ]n |x| +C 
y = x?(ln |x| + C). General solution 
Several solution curves (for C = —2, — 1, 0, 1, 2, 3, and 4) are shown in Figure 6.19. 
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EXAMPLE 3 Solving a First-Order Linear Differential Equation 


Find the general solution of 


y’-ytant=1, -~<t< 


Solution The equation is already in the standard form y’ + P(t)y = Q(t). So, 
P(t) = —tan t, and 


fzo dt = - | tan tdt = In |cos t| 


which implies that the integrating factor is 
eS Pl) dt — en [cos z| 
= |cos t |. Integrating factor 
A quick check shows that cost is also an integrating factor. So, multiplying 


y’ — ytant = 1 by cos t produces 


d 
Gl? cos t] = cost 


ycost = [ cosa 


ycost = sint + C 


y = tant + C sect. General solution 


Figure 6.20 Several solution curves are shown in Figure 6.20. —— 
Lenman] M Eee) Gee 
Bernoulli Equation 


A well-known nonlinear equation that reduces to a linear one with an appropriate 
substitution is the Bernoulli equation, named after James Bernoulli (1654—1705). 


y’ + P(x)y = OG)y" Bernoulli equation 


This equation is linear if n = 0, and has separable variables if n = 1. So, in the 
following development, assume that n # 0 and n # 1. Begin by multiplying by y~” 
and (1 — n) to obtain 
yy’ + P(x)y'-" = Q(x) 
(1 — n)y"y’ + (1 = n)P@)y!~" = (1 — n)Qla) 
d 


le") + CL = aP) = (1 — QQ) 


which is a linear equation in the variable y'~”. Letting z = y'~” produces the linear 
equation 


E + (1 — n)Pa)z = (1 — n) QW). 


Finally, by Theorem 6.3, the general solution of the Bernoulli equation is 


sping mn ae = [a _ n)O(xjel MP EE ihe LE 
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EXAMPLE 4 Solving a Bernoulli Equation 


Find the general solution of 


y + xy = xeP 73, 


Solution For this Bernoulli equation, let n = —3, and use the substitution 
z= y Letz = yi7” = yi (-9), 
v= 4y3y a Differentiate. 


Multiplying the original equation by 4y? produces 


y + xy = xey? Write original equation. 
Ay3y’ + 4xyt = Axe-* Multiply each side by 4y°. 
z’ + 4xz = 4xe-, Linear equation: z’ + P(x)z = Q(x) 


This equation is linear in z. Using P(x) = 4x produces 


[rade [ea 


= 2x? 


which implies that e? is an integrating factor. Multiplying the linear equation by this 
factor produces 


z’ + 4xz = 4xe-* Linear equation 
Po 2x7 x . : . 
ze* + Axze 4xe Multiply by integrating factor. 
d 22 2 : 3 ait 
re [ze ] = 4xe* Write left side as derivative. 
ta 
ze? = f Axe’ dx Integrate each side. 


ze = 2e° + C 
zZ = 2e? + Ce, Divide each side by e?”. 
Finally, substituting z = y, the general solution is 
y = Qe" + Ce, General solution — 
a (Eee 
So far you have studied several types of first-order differential equations. Of these, 


the separable variables case is usually the simplest, and solution by an integrating 
factor is ordinarily used only as a last resort. 


Summary of First-Order Differential Equations 


Method Form of Equation 

1. Separable variables: M(x)dx + N(y)dy = 0 

2. Homogeneous: M(x, y)dx + N(x, y)dy = 0, where M and N are 
nth-degree homogeneous 

3. Linear: y + Pixy = Q(x) 


4. Bernoulli equation: y + P(x)y = O(x)y" 
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Applications 


One type of problem that can be described in terms of a differential equation involves 
chemical mixtures, as illustrated in the next example. 


EXAMPLE 5 A Mixture Problem 


4 gal/min A tank contains 50 gallons of a solution composed of 90% water and 10% alcohol. 
h A second solution containing 50% water and 50% alcohol is added to the tank at 
e S the rate of 4 gallons per minute. As the second solution is being added, the tank 


is being drained at a rate of 5 gallons per minute, as shown in Figure 6.21. Assuming 
the solution in the tank is stirred constantly, how much alcohol is in the tank after 


i 9 
5 gal/min 10 minutes? 


p` Solution Let y be the number of gallons of alcohol in the tank at any time t. You 
know that y = 5 when ¢ = 0. Because the number of gallons of solution in the tank at 
any time is 50 — ¢, and the tank loses 5 gallons of solution per minute, it must lose 


(a=) 


gallons of alcohol per minute. Furthermore, because the tank is gaining 2 gallons of 
alcohol per minute, the rate of change of alcohol in the tank is given by 


dy n 5 dy ( 5 b= 
a (=) m a ae S 


To solve this linear equation, let P(t) = 5/(50 — t) and obtain 


5 
[roa- Ea (at = —5 In |50 — żļ. 


Because t < 50, you can drop the absolute value signs and conclude that 


Figure 6.21 


1 
SP()dt = ,—-5in(50—-1) — aaoo 
e e (50 — 95. 
So, the general solution is 
y 2 1 
= re + 
(50 — t) (50 — #5 f 2(50 — r)4 e 
50 - ¢ 
y= 5 + C(50 — 5. 
Because y = 5 when t = 0, you have 
_ 50 5 _ 20 _ 
5 => + C(50) => 505 C 


which means that the particular solution is 
50 — ¢ 50 - r\° 
a T 20 : 


Finally, when t = 10, the amount of alcohol in the tank is 


50 — 10 50 — 10\5 
5 20 50 = 13.45 gal 


which represents a solution containing 33.6% alcohol. —] 


[ Try 1t | [Exploration a | 


© 


Figure 6.22 
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In most falling-body problems discussed so far in the text, air resistance has been 
neglected. The next example includes this factor. In the example, the air resistance on 
the falling object is assumed to be proportional to its velocity v. If g is the gravitational 
constant, the downward force F on a falling object of mass m is given by the 
difference mg — kv. But by Newton’s Second Law of Motion, you know that 


F = ma 
= m(dv/dt) 
which yields the following differential equation. 
dv dv k 
es = 2 ap 
Ma ET e T 


EXAMPLE 6 A Falling Object with Air Resistance 


An object of mass m is dropped from a hovering helicopter. Find its velocity as a 
function of time t, assuming that the air resistance is proportional to the velocity of the 
object. 


Solution The velocity v satisfies the equation 

d k 

ce Meee g 

dt m 
where g is the gravitational constant and k is the constant of proportionality. Letting 
b = k/m, you can separate variables to obtain 


dv = (g — bv) dt 


dv 
ferfe 


-+ in |g - b| =t+C, 


ln |g — bv| = —bt — bc, 
g — bv = Ce”. 
Because the object was dropped, v = 0 when t = 0; so g = C, and it follows that 


=y bt 
-bv = -g + ge" m y = 8 = 78 — ew him), 


b k a) 
[try te] [Exoration’ | 
NOTE Notice in Example 6 that the velocity approaches a limit of mg/k as a result of the air 


resistance. For falling-body problems in which air resistance is neglected, the velocity increases 
without bound. 


A simple electric circuit consists of electric current J (in amperes), a resistance R 
(in ohms), an inductance L (in henrys), and a constant electromotive force E (in volts), 
as shown in Figure 6.22. According to Kirchhoff’s Second Law, if the switch S is 
closed when t = 0, the applied electromotive force (voltage) is equal to the sum of the 
voltage drops in the rest of the circuit. This in turn means that the current 7 
satisfies the differential equation 
dI 


L— + RI = E. 
dt 
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TECHNOLOGY The integral 
in Example 7 was found using 
symbolic algebra software. If you 
have access to Derive, Maple, 
Mathcad, Mathematica, or the TI-89, 
try using it to integrate 


1 ; 
T f eR/Dt sin 2t dt. 


In Chapter 8 you will learn how to 
integrate functions of this type using 
integration by parts. 


EXAMPLE 7 An Electric Circuit Problem 


Find the current J as a function of time f¢ (in seconds), given that J satisfies the 
differential equation L(dI/dt) + RI = sin 2t, where R and L are nonzero constants. 


Solution In standard form, the given linear equation is 


dl R Ws 
—+-J=— 
dt L? L” 


Let P(t) = R/L, so that ef?4 = e(R/Dt and, by Theorem 6.3, 


JeR/Dt = L | eR/Dt sin 2t dt 


1 


-7pa Re e®/L(R sin 2t — 2L cos 21) + C. 


So the general solution is 


1 


I= een eR/D(R sin 2t — 2L cos 2t) + c| 


I (R sin 2t — 2L cos 2t) + Ce7 e/t, 


~ AL? + R? 


[Try rt | [Exploration a | 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 


In Exercises 1-4, determine whether the differential equation is 
linear. Explain your reasoning. 


L xy + ay = eF + 1 2. 2xy — y’Inx=y 
1=y_ 
y 


3. y’ + ycosx = xy? 4. 3x 


In Exercises 5-14, solve the first-order linear differential 
equation. 


dy, f1\, 3 dy (2) - 
s Za (Ly=ar44 6 t xp et 2 
7. y’-y=10 8. y’ + 2xy = 4x 


9. (y + 1)cosxdx —dy=0 10. (y — 1) sin x dx — dy = 0 
11. (x — Dy’ +ty=xr-1 12. y’ + 3y = e% 
13. y’ — 3x?y =e 14. y’ — y = cosx 


Slope Fields In Exercises 15 and 16, (a) sketch an approximate 
solution of the differential equation satisfying the initial condition 
by hand on the slope field, (b) find the particular solution that 
satisfies the initial condition, and (c) use a graphing utility to 
graph the particular solution. Compare the graph with the hand- 
drawn graph of part (a). To print an enlarged copy of the graph, 
select the MathGraph button. 


Differential Equation Initial Condition 
dY gr 
15. m (0, 1) 


16. y’ + (4) = sin x? (Va, 0) 


RA TS ee a dat ae as a 
CELE Eee | ALF TEN SS 
CAA aR fe FENN SS 
YS heed eigen ae Se Nee 
wssn ae ee tO 2 
ie cc (ad ee ae a 
Ap fo at kL A tet ae aie aa 
Lid d a ae SSL Rae fae 
Pi s-3p0 fd | PR fer 
Figure for 15 Figure for 16 


In Exercises 17-24, find the particular solution of the differen- 
tial equation that satisfies the boundary condition. 


Differential Equation Boundary Condition 
17. y’cos?x +y-—1=0 y(0) = 5 
18. x3y’+ 2y = el/* y) =e 
19. y’ + ytanx = secx + cosx y(0) = 1 
20. y’ + y secx = sec x y(0) = 4 
21. y’+ (+) =0 y(2) = 2 
22. y’ + (2x — l)y =0 y(1) = 2 
23. xdy = (x + y + 2) dx y(1) = 10 
24. Ixy’ -y =x -x y4) =2 


In Exercises 25-30, solve the Bernoulli differential equation. 


25. y’ + 3x*y = x73 26. y’ + xy = xy"! 
1 1 
27. y’ + (+) = xy? 28. y’ + (E) =xJ/y 


29. y’-y= yy 


30. yy’ — 2y = e 


Slope Fields In Exercises 31-34, (a) use a graphing utility to 
graph the slope field for the differential equation, (b) find the 
particular solutions of the differential equation passing through 
the given points, and (c) use a graphing utility to graph the 
particular solutions on the slope field. 


Differential Equation Points 
dy 1 

31. Z -y= 2 (=2,4), (2,8) 
dx x 

32, & + arty = x? (0,3), (0, =>) 
Ax J > 2)> >77 

a koi (1,0), G- 

< T (cot aly TIRE 

34, On yy ag (0,3), (0,1) 

L 3), (0, 


35. Population Growth When predicting population growth, 
demographers must consider birth and death rates as well as 
the net change caused by the difference between the rates of 
immigration and emigration. Let P be the population at time t 
and let N be the net increase per unit time resulting from the 
difference between immigration and emigration. So, the rate of 
growth of the population is given by 
aR = kP +N, N is constant. 
dt 
Solve this differential equation to find P as a function of time if 
at time ¢ = 0 the size of the population is Po. 


36. Investment Growth A large corporation starts at time t = 0 to 
invest part of its receipts continuously at a rate of P dollars per 
year in a fund for future corporate expansion. Assume that the 
fund earns r percent interest per year compounded continuously. 
So, the rate of growth of the amount A in the fund is given by 
dA 
—=rA+P 
dt 
where A = 0 when ¢ = 0. Solve this differential equation for A 
as a function of t. 


Investment Growth In Exercises 37 and 38, use the result of 
Exercise 36. 
37. Find A for the following. 

(a) P = $100,000, r = 6%, and t = 5 years 

(b) P = $250,000, r = 5%, and t = 10 years 


38. Find ¢ if the corporation needs $800,000 and it can invest 
$75,000 per year in a fund earning 8% interest compounded 
continuously. 
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ntravenous Feeding ucose 1s added intravenously to the 
bloodstream at the rate of g units per minute, and the body 
removes glucose from the bloodstream at a rate proportional to 
the amount present. Assume that Q(t) is the amount of glucose 
in the bloodstream at time t. 


(a) Determine the differential equation describing the rate of 
change of glucose in the bloodstream with respect to time. 


(b) Solve the differential equation from part (a), letting Q = Q% 
when t = 0. 


(c) Find the limit of Q(t) as t > oo. 


40. Learning Curve The management at a certain factory has 
found that the maximum number of units a worker can produce 
in a day is 40. The rate of increase in the number of units N 
produced with respect to time ¢ in days by a new employee is 
proportional to 40 — N. 


(a) Determine the differential equation describing the rate of 
change of performance with respect to time. 


(b) Solve the differential equation from part (a). 


(c) Find the particular solution for a new employee who 
produced 10 units on the first day at the factory and 19 units 
on the twentieth day. 


Mixture In Exercises 41—46, consider a tank that at time t = 0 
contains v, gallons of a solution of which, by weight, q) pounds 
is soluble concentrate. Another solution containing q, pounds of 
the concentrate per gallon is running into the tank at the rate of 
rı gallons per minute. The solution in the tank is kept well 
stirred and is withdrawn at the rate of r, gallons per minute. 


41. If Q is the amount of concentrate in the solution at any time t, 
show that 


dQ r2Q 
dt vt i= rt 


= qr 


42. If Q is the amount of concentrate in the solution at any time t, 
write the differential equation for the rate of change of Q with 
respect to tif r = r, =r. 

43. A 200-gallon tank is full of a solution containing 25 pounds of 
concentrate. Starting at time t = 0, distilled water is admitted 
to the tank at a rate of 10 gallons per minute, and the 
well-stirred solution is withdrawn at the same rate. 


(a) Find the amount of concentrate Q in the solution as a 
function of t. 


(b) Find the time at which the amount of concentrate in the 
tank reaches 15 pounds. 

(c) Find the quantity of the concentrate in the solution as 
t 0.” 

44. Repeat Exercise 43, assuming that the solution entering the 
tank contains 0.04 pound of concentrate per gallon. 

45. A 200-gallon tank is half full of distilled water. At time t = 0, 
a solution containing 0.5 pound of concentrate per gallon enters 
the tank at the rate of 5 gallons per minute, and the well-stirred 
mixture is withdrawn at the rate of 3 gallons per minute. 

(a) At what time will the tank be full? 


(b) At the time the tank is full, how many pounds of concen- 
trate will it contain? 
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46. Repeat Exercise 45, assuming that the solution entering the n Exercises 53-56, matc differential equation wi 

tank contains | pound of concentrate per gallon. solution. 
Falling Object In Exercises 47 and 48, consider an eight-pound Differentiál Equation euiian 
object dropped from a height of 5000 feet, where the air 53. y’— 2x = 0 (a) y = Ce”? 
resistance is proportional to the velocity. 54. y’— 2y =0 (b) y = -} + Ce” 
47. Write the velocity as a function of time if its velocity after 55. y’ — 2xy = 0 (c) y=xX?+C 

5 seconds is approximately — 101 feet per second. What is the 56. y’ — 2xy =x (d) y = Ce% 

limiting value of the velocity function? 
48. Use the result of Exercise 47 to write the position of the object In Exercises 57—68, solve the first-order differential equation by 

as a function of time. Approximate the velocity of the object any appropriate method. 

when it reaches ground level. 

57 dy _ e 58 dy_ xttl 
Electric Circuits In Exercises 49 and 50, use the differential dx e> dx y(y + 2) 
` a ee van d 
equation for electric circuits given by a 4 =, a =J = 
dI 

Li + RI =E. 61. (3y? + 4xy)dx + (2xy + x*)dy = 0 


62. (x + y)dx — xdy = 0 
63. (2y — e*)dx + xdy = 0 


64. (y? + xy)dx — x? dy = 0 
49. Solve the differential equation given a constant voltage Ep. 65. (x2y* — 1)dx + By dy = 0 


In this equation, J is the current, R is the resistance, L is the 
inductance, and E is the electromotive force (voltage). 


50. Use the result of Exercise 49 to find the equation for the current 66 
if (0) = 0, E, = 120 volts, R = 600 ohms, and L = 4 henrys. 
When does the current reach 90% of its limiting value? 


. ydx + (3x + 4y)dy = 0 
67. 3(y — 4x?) dx + xdy = 0 
68. xdx + (y + &)(Qx? + 1)dy = 0 


Writing About Concepts True or False? In Exercises 69 and 70, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


51. Give the standard form of a first-order linear differential 
equation. What is its integrating factor? 


52. Give the standard form of the Bernoulli equation. Describe 69. y’ + xV/y = x is a first-order linear differential equation. 


how one reduces it to a linear equation. 70. y’ + xy = e*y is a first-order linear differential equation. 


Review Exercises for Chapter 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on || 


to print an enlarged copy of the graph. 


1. Determine whether the function y = x° is a solution of the 
differential equation xy’ + 3y = 6x°. 


2. Determine whether the function y = 2 sin 2x is a solution of 
the differential equation y” — 8y = 0. 


In Exercises 3-8, use integration to find a general solution of 
the differential equation. 


d 

3, Zao 45 jabs 
dx 

5. = cos 2x 6. P sinx 
dx 


dx 
dy 
dx 
dy 
Teo j= 2 ST 
dx 
dy 
DA —x/3 
ae 3e 
Slope Fields In Exercises 9 and 10, a differential equation and 


its slope field are given. Determine the slopes (if possible) in the 
slope field at the points given in the table. 


xX —4 | -2 0 2 4 8 
y 2/0/4]4]61]8 
dy/dx 
d 2x : 
9 2 == 10. = = x sin) Z 
dx y d 4 
bá y 
A A 
s LO AMOFA 20 2 Po 
SANS e See 277777 ¢ LARSNEA SP PEL PT 
NNN tee 777/771 
SS SSS Pe i LF PAPER ES VAD DY 
NAS See SLI FTG tM A aaa. a YY es 
VS eee 7 7 i LEE CP CASS Sy A, Od 
SANebe eee ra td ----p-------- 
LO ae ee oe rod or | PAD SP E 
AO OY See ee Pas APP OR See St ea cae A a (A SI 
Le i ae ay i (OG se ie a a ae a eS | 
a a a t+— ae 
HZ IF LEAANVVAL IS At AESA ETAS 
PEZES ee PP S2-NNV AVIA 


Slope Fields In Exercises 11-16, (a) sketch the slope field for 
the differential equation, and (b) use the slope field to sketch the 
solution that passes through the given point. 


Differential Equation Point 

11. y’=-x-2 (-1, 1) 
12. y’= 2x7 —x (0, 2) 

a 
13. y'= 7“ z7 (0, 3) 
14. y'= y + 3x (2, 1) 

,_ _ xy 
15. y 244 (0, 1) 

a = pi = 
16. y'= 3G (0, —2) 


In Exercises 17—22, solve the differential equation. 


dy _¢_ dy _ 
Tes x 18. 7 yt+6 
dy dy 
. X= (3 + yp r= 
19, 4 = 645) 20. 7 = Avy 
21. (2 + x)y’- xy =0 22. xy’-— (x + ly =0 


In Exercises 23—26, find the exponential function y = Ce that 
passes through the two points. 


23. 24. 


25. (0.5), ( z) 26. (1, 9), (6, 2) 
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27. Air Pressure Under ideal conditions, air pressure decreases 
continuously with the height above sea level at a rate propor- 
tional to the pressure at that height. The barometer reads 
30 inches at sea level and 15 inches at 18,000 feet. Find the 
barometric pressure at 35,000 feet. 


28. Radioactive Decay Radioactive radium has a half-life of 
approximately 1599 years. The initial quantity is 5 grams. How 
much remains after 600 years? 


29. Sales The sales S (in thousands of units) of a new product 
after it has been on the market for t years is given by 


S = Celt, 


(a) Find S$ as a function of t if 5000 units have been sold after 
1 year and the saturation point for the market is 30,000 
units (that is, lim S = 30). 

too 

(b) How many units will have been sold after 5 years? 

(c) Use a graphing utility to graph this sales function. 

30. Sales The sales S (in thousands of units) of a new product 
after it has been on the market for t years is given by 

S = 25(1 — e*). 

(a) Find S as a function of t if 45,000 units have been sold after 
1 year. 

(b) How many units will saturate this market? 

(c) How many units will have been sold after 5 years? 

(d) Use a graphing utility to graph this sales function. 


31. Population Growth A population grows continuously at the 
rate of 1.5%. How long will it take the population to double? 
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32. Fuel Economy An automobile gets 28 miles per gallon of 
gasoline for speeds up to 50 miles per hour. Over 50 miles per 
hour, the number of miles per gallon drops at the rate of 
12 percent for each 10 miles per hour. 


(a) s is the speed and y is the number of miles per gallon. Find 
y as a function of s by solving the differential equation 
dy 


Fe 7 7 0.012y, s > 50. 


(b) Use the function in part (a) to complete the table. 


Speed 50 | 55 | 60 | 65 | 70 


Miles per Gallon 


In Exercises 33-38, solve the differential equation. 


dy +3 dy__e* 

a alae amt dx l1+e 
35. y’ — 2xy = 0 36. y’— e? sinx = 0 
dy x+y dy _ 3(x+y) 

ma 38, = 


39. Verify that the general solution y = C,x + C,x° satisfies the 
differential equation x?y” — 3xy’+ 3y = 0. Then find the 
particular solution that satisfies the initial condition y = 0 and 
y’ = 4 when x = 2. 

40. Vertical Motion A falling object encounters air resistance that 
is proportional to its velocity. The acceleration due to gravity is 
—9.8 meters per second per second. The net change in velocity 
is dv/dt = kv — 9.8. 

(a) Find the velocity of the object as a function of time if the 
initial velocity is vo. 

(b) Use the result of part (a) to find the limit of the velocity as 
t approaches infinity. 


(c) Integrate the velocity function found in part (a) to find the 
position function s. 


Slope Fields In Exercises 41 and 42, sketch a few solutions of 
the differential equation on the slope field and then find the gen- 
eral solution analytically. To print an enlarged copy of the 
graph, select the MathGraph button. 

dy 4x dy 


ae 42. 7 3 


“< 


y 


> 


PLELITAAASASINA ipiri Aaya 
PEPLESTERSSSAAVAN TERRE CUS TEES Ene 
PEELELZASAAAANAA ALAN SRASEVEARA LAN 
PEEEEELEENSAVAL YS PAA VAAN CAAA SE RR 
EL PPS AA SANS SS SASANS ANNAN 
PETILASAN nS el 
ETT WG 
—— } -— >x 4 >x 
ARLOA TITE A AMELSTATLLSTAEE 
VIVVVANE ETT HAPEDERTEEPEPEED EA 
WATARVANTZ EEE ELS PEPLEEP RAPER PEELS 
KEENIAS EAA ETE EL EIERWIT ENA 
Adah VO Ee end CELLIE EEE EET 
VVVANANSEE TTT VITENDE AT 
UAIS NS RSA TA Fa a a er CAT 
VAVANN 477777771 LPPEP Rater 


w Experienced writers 


© On-time delivery 


® 100% plagiarism free 


of a population. Use the equation to (a) find the value of k, 
(b) find the carrying capacity, (c) find the initial population, 
(d) determine when the population will reach 50% of its 
carrying capacity, and (e) write a logistic differential equation 
that has the solution P(t). 


7200 

43. P(t) = IE 44e 05i 
4800 

44. P(t) = IE l4 0i 


45. Environment A conservation department releases 1200 
brook trout into a lake. It is estimated that the carrying capacity 
of the lake for the species is 20,400. After the first year, there 
are 2000 brook trout in the lake. 


(a) Write a logistic equation that models the number of brook 
trout in the lake. 


(b) Find the number of brook trout in the lake after 8 years. 
(c) When will the number of brook trout reach 10,000? 


46. Environment Write a logistic differential equation that 
models the growth rate of the brook trout population in 
Exercise 45. Then repeat part (b) using Euler’s Method with a 
step size of h = 1. Compare the approximation with the exact 
answers. 


In Exercises 47-56, solve the first-order linear differential 
equation. 


47. y’-y=8 48. e*y’+ 4e*y = 1 
dy 5y_ 1 
49. 4y’ = e*t + 50, - = == 
y i y E dx x x 


51. (x — 2)y’+y=1 

52. (x + 3)y’ + 2y = 2(x + 3)? 
53. (3y + sin 2x) dx — dy = 0 
54. dy = (y tan x + 2e*) dx 

55. y’ + 5y = e™ 

56. xy’ — ay = bx* 


In Exercises 57-60, solve the Bernoulli differential equation. 


57. y +y =x? [ Hint: f xe~* dx = (—x — le] 
58. y’ + 2xy = xy? 


In Exercises 61-64, write an example of the given differential 
equation. Then solve your equation. 

61. Homogeneous differential equation 

62. Logistic differential equation 

63. First-order linear differential equation 


64. Bernoulli differential equation 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


1. The differential equation 
dy = Tre 
dt w 


where k and e are positive constants, is called the doomsday 
equation. 


(a) Solve the doomsday equation 


dy _ 
de 


1.01 


given that y(0) = 1. Find the time T at which 


lip 919 = oo. 


(b) Solve the doomsday equation 
dy = Ite 
a” 


given that y(0) = yọ. Explain why this equation is called the 
doomsday equation. 


2. A thermometer is taken from a room at 72°F to the outdoors, 
where the temperature is 20°F. The reading drops to 48°F 
after 1 minute. Determine the reading on the thermometer after 
5 minutes. 


3. Let S represent sales of a new product (in thousands of units), let 
L represent the maximum level of sales (in thousands of units), 
and let ¢ represent time (in months). The rate of change of S with 
respect to ¢ varies jointly as the product of S and L — S. 


(a) Write the differential equation for the sales model if 
L = 100, S = 10 when t = 0, and S$ = 20 when ¢ = 1. 


Verify that 
L 
STF Com 


(b) At what time is the growth in sales increasing most rapidly? 
(c) Use a graphing utility to graph the sales function. 


(d) Sketch the solution from part (a) on the slope field shown in 
the figure below. To print an enlarged copy of the graph, 
select the MathGraph button. 


S 


a 
= A SSA 
BAL EANSAAN PIZA 
WSL RNSSNNS SAAS 
AAA AASS 


(e) If the estimated maximum level of sales is correct, use the 
slope field to describe the shape of the solution curves for 
sales if, at some period of time, sales exceed L. 


4. Another model that can be used to represent population growth 


is the Gompertz equation, which is the solution of the 
differential equation 


dy _ 1, (L 
dt ra($)y 


where k is a constant and L is the carrying capacity. 
(a) Solve the differential equation. 


(b) Use a graphing utility to graph the slope field for the differ- 
ential equation when k = 0.05 and L = 1000. 

(c) Describe the behavior of the graph as too. 

(d) Graph the equation you found in part (a) for L = 5000, 
Yo = 500, and k = 0.02. Determine the concavity of the 


graph and how it compares with the general solution of the 
logistical differential equation. 


. Show that the logistic equation 


L 


VIF be 


can be written as 


s= peli a(t) 


What can you conclude about the graph of the logistic equation? 


. Torricelli’s Law states that water will flow from an opening at 


the bottom of a tank with the same speed that it would attain 
falling from the surface of the water to the opening. One of the 
forms of Torricelli’s Law is 


A(h) a = kag 


where h is the height of the water in the tank, k is the area of the 
opening at the bottom of the tank, A(/) is the horizontal cross- 
sectional area at height h, and g is the acceleration due to gravity 
(g = 32 feet per second per second). A hemispherical water 
tank has a radius of 6 feet. When the tank is full, a circular valve 
with a radius of 1 inch is opened at the bottom, as shown in the 
figure. How long will it take for the tank to drain completely? 


m— 6 ft —> 
l I 
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7. The cylindrical water tank shown in the figure has a height of 
18 feet. When the tank is full, a circular valve is opened at the 
bottom of the tank. After 30 minutes, the depth of the water is 
12 feet. 


(a) How long will it take for the tank to drain completely? 
(b) What is the depth of the water in the tank after 1 hour? 


8. Suppose the tank in Exercise 7 has a height of 20 feet, a radius 
of 8 feet, and the valve is circular with a radius of 2 inches. The 
tank is full when the valve is opened. How long will it take for 
the tank to drain completely? 


9. In hilly areas, radio reception may be poor. Consider a situation 
where an FM transmitter is located at the point (— 1, 1) behind 
a hill modeled by the graph of 


y=x- x? 


and a radio receiver is on the opposite side of the hill. (Assume 

that the x-axis represents ground level at the base of the hill.) 

(a) What is the closest position (x, 0) the radio can be to the hill 
so that reception is unobstructed? 

(b) Write the closest position (x,0) of the radio with x 
represented as a function of h if the transmitter is located at 
(1, A). 

(c) Use a graphing utility to graph the function for x in part (b). 
Determine the vertical asymptote of the function and 
interpret the result. 

10. Biomass is a measure of an amount of living matter in an 
ecosystem. Suppose the biomass s(f) in a given ecosystem 
increases at a rate of about 3.5 tons per year, and decreases by 
about 1.9% per year. This situation can be modeled by the 
differential equation 


ds 


a 3.5 — 0.019s. 


(a) Solve the differential equation. 


(b) Use a graphing utility to graph the slope field for the 
differential equation. What do you notice? 


(c) Explain what happens as t —> 00. 
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In Exercises 11-13, a medical researcher wants to determine the 
concentration C (in moles per liter) of a tracer drug injected 
into a moving fluid. Solve this problem by considering a single- 
compartment dilution model (see figure). Assume that the fluid 
is continuously mixed and that the volume of the fluid in the 
compartment is constant. 


Tracer 
injected 


Flow R (pure) 


Flow R 
(concentration C) 


Figure for 11-13 


11. If the tracer is injected instantaneously at time t = 0, then the 
concentration of the fluid in the compartment begins diluting 
according to the differential equation 


al R 


dt 


“Jc. C = Cy when t = 0. 


(a) Solve this differential equation to find the concentration C 
as a function of time f. 


(b) Find the limit of C as t— œœ. 

12. Use the solution of the differential equation in Exercise 11 to 
find the concentration C as a function of time t, and use a 
graphing utility to graph the function. 

(a) V = 2 liters, R = 0.5 liter per minute, and Cy = 0.6 mole 
per liter 

(b) V = 2 liters, R = 1.5 liters per minute, and Cy = 0.6 mole 
per liter 

13. In Exercises 11 and 12, it was assumed that there was a single 
initial injection of the tracer drug into the compartment. Now 
consider the case in which the tracer is continuously injected 
(beginning at t = 0) at the rate of Q moles per minute. 


Considering Q to be negligible compared with R, use the 
differential equation 


dC Q 
dt V 


(Fc, C = 0 when t = 0. 


(a) Solve this differential equation to find the concentration C 
as a function of time t. 


(b) Find the limit of C as too. 
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Section 7.1 Area of a Region Between Two Curves 


Region 
between 
two 

curves 


> xX 


x 


a 


e Find the area of a region between two curves using integration. 
e Find the area of a region between intersecting curves using integration. 
e Describe integration as an accumulation process. 


Area of a Region Between Two Curves 


With a few modifications you can extend the application of definite integrals from the 
area of a region under a curve to the area of a region between two curves. Consider 
two functions f and g that are continuous on the interval [a, b]. If, as in Figure 7.1, 
the graphs of both f and g lie above the x-axis, and the graph of g lies below the graph 
of f, you can geometrically interpret the area of the region between the graphs as the 
area of the region under the graph of g subtracted from the area of the region under 
the graph of f, as shown in Figure 7.2. 


Figure 7.1 


fœ 


Representative rectangle 
Height: fx) — g(,) 
y Width: Ax 


y y y 
A A 
E & E 
i f f f 
l 1 
l 1 
! > xX > xX > x 
a b b b 


Area of region 
between f and g 


Í Vo- ila 


Area of region 
under f 


[100 dx 


Area of region 
under g 


Í g(x) dx 


Figure 7.3 


Figure 7.2 
| Animation | 

To verify the reasonableness of the result shown in Figure 7.2, you can partition 
the interval [a, b] into n subintervals, each of width Ax. Then, as shown in Figure 7.3, 


sketch a representative rectangle of width Ax and height f(x,) — g(x;), where x, is 
in the ith interval. The area of this representative rectangle is 


AA, = (height)(width) = [ f(x,) — g(x,)] Ax. 


By adding the areas of the n rectangles and taking the limit as ||A|| 0 (n— 00), you 
obtain 


um ŠI) = g(x,)] Ax. 


Because f and g are continuous on [a, b], f — g is also continuous on [a, b] and the 
limit exists. So, the area of the given region is 


Area = lim SFG) ~ glx)]Ax 


Í [f(x) — g(x)] dx. 


NOTE The height of a representative 
rectangle is f(x) — g(x) regardless of the 
relative position of the x-axis, as shown in 
Figure 7.4. 


fx) =x? +2 
[LA (x, fŒ) 
| l: > xX 
2 3 
> gw) 
B(x) = —x 


Region bounded by the graph of f, the 
graph of g,x = 0,andx = 1 
Figure 7.5 
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Area of a Region Between Two Curves 


If f and g are continuous on [a, b] and g(x) < f(x) for all x in [a, b], then the 
area of the region bounded by the graphs of f and g and the vertical lines x = a 
and x = bis 


A= f [Fœ — g(x)] dx. 


In Figure 7.1, the graphs of f and g are shown above the x-axis. This, however, 
is not necessary. The same integrand [ f(x) — g(x)] can be used as long as f and g are 
continuous and g(x) < f(x) for all x in the interval [a, b]. This result is summarized 
graphically in Figure 7.4. 


y y 


b 


a 
(x, f(x)) i (x, fa): 


fœ) -= gQ) Ho-r 


Figure 7.4 


Representative rectangles are used throughout this chapter in various applications 
of integration. A vertical rectangle (of width Ax) implies integration with respect to x, 
whereas a horizontal rectangle (of width Ay) implies integration with respect to y. 


EXAMPLE | Finding the Area of a Region Between Two Curves 


Find the area of the region bounded by the graphs of y = x? + 2, y = —x, x = 0, and 
x=1. 


Solution Let g(x) = —x and f(x) = x? + 2. Then g(x) < f(x) for all x in [0, 1], as 
shown in Figure 7.5. So, the area of the representative rectangle is 
AA = [f(x) — g(x)] Ax 
= [(x2 + 2) — (—x)] Ax 


and the area of the region is 
b 1 
A= | Le) ~ etolar= [te +2) - ada 
a 0 
a 1 
=|> +742 
£ 2 ‘|, 
1 1 
==+=+ 
3 (2, 2 
= 


6 P= 
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Area of a Region Between Intersecting Curves 


In Example 1, the graphs of f(x) = x? + 2 and g(x) = —x do not intersect, and the 
values of a and b are given explicitly. A more common problem involves the area of 
a region bounded by two intersecting graphs, where the values of a and b must be 
calculated. 


EXAMPLE 2 A Region Lying Between Two Intersecting Graphs 
Find the area of the region bounded by the graphs of f(x) = 2 — x? and g(x) = x. 
Solution In Figure 7.6, notice that the graphs of f and g have two points of 


intersection. To find the x-coordinates of these points, set f(x) and g(x) equal to each 
other and solve for x. 


g(x) =x 2—-x*7=x Set f(x) equal to g(x). 
(x, f(x) 2 dase) 
=x =z +2 = 0 Write in general form. 
—(x + 2x- 1) =0 Factor. 
x= -—2orl Solve for x. 


So, a = —2 and b = 1. Because g(x) < f(x) for all x in the interval [—2, 1], the 
representative rectangle has an area of 
AA = [f(x) — g(x) Ax 
-1+ z 
(x, g(x) = [(2 —xX ) = x] Ax 


and the area of the region is 


2+ 


! a g 1 
A= e- -Jar = -E-F + 2 
Region bounded by the graph of f and the =2 3 2 -2 
graph of g _9 
Figure 7.6 OF 


EE [try te] [Exploration] 
EXAMPLE 3 A Region Lying Between Two Intersecting Graphs 


The sine and cosine curves intersect infinitely many times, bounding regions of equal 
areas, as shown in Figure 7.7. Find the area of one of these regions. 


Solution 
F 3 
A sin x = cos x Set f(x) equal to g(x). 
g(x) = cos x 5 
Sin x Divid h side b 
14 i = ivide each side by cos x. 
Œ fW) cos x j 
tan x = Trigonometric identity 
> x T 57 
eS Or O<sx< 27 Solve for x. 


| œw) So, a = 7/4 and b = 57/4. Because sinx > cosx for all x in the interval 


| 
= 


fx) = sin x [ 7/4, 57/4], the area of the region is 
57/4 57/4 
One of the regions bounded by the graphs of A= | [sin x — cos x] dx = |- cos x — sin x| 
the sine and cosine functions a/4 a/4 
Figure 7.7 = 2./2. Es 


8) Sf@) SFA 


(-2,-8) -8 


a(x) =x? + 2x 


-10 + 


f(x) = 3x3 — x? — 10x 


On[—2, 0], g(x) < f(x), and on [0, 2], 


f(x) < g(x) 
Figure 7.8 
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If two curves intersect at more than two points, then to find the area of the region 
between the curves, you must find all points of intersection and check to see which 
curve is above the other in each interval determined by these points. 


EXAMPLE 4 Curves That Intersect at More Than Two Points 


Find the area of the region between the graphs of f(x) = 3x3 — x? — 10x and 
g(x) = —x? + 2x. 


Solution Begin by setting f(x) and g(x) equal to each other and solving for x. This 
yields the x-values at each point of intersection of the two graphs. 


3x3 — x? — 10x = —x? + 2x Set f(x) equal to g(x). 
3x3 — 12x = 0 Write in general form. 
3x(x — 2)(x + 2) = 0 Factor. 
x= —2, 0, 2 Solve for x. 
So, the two graphs intersect when x = —2,0, and 2. In Figure 7.8, notice that 


g(x) < f(x) on the interval [—2, 0]. However, the two graphs switch at the origin, and 
f(x) < g(x) on the interval [0, 2]. So, you need two integrals—one for the interval 
[—2, 0] and one for the interval [0, 2]. 


asf [Fœ — g(a)] dx + [ [g(x) — f(x)] dx 
= (3x3 — 12x) aa f (—3x3 + 12x) dx 
-2 
3x A —3x4 z 
= | — — + + 2 
[ree e 
— (12 — 24) + (—12 + 24) = 24 — 
A Eee] [Ree] 
NOTE In Example 4, notice that you obtain an incorrect result if you integrate from —2 to 2. 
Such integration produces 


Í, [f(x) — 9(x)] dx = Í, (3x3 — 12x) dx = 0. 


If the graph of a function of y is a boundary of a region, it is often convenient to 
use representative rectangles that are horizontal and find the area by integrating with 
respect to y. In general, to determine the area between two curves, you can use 


X2 
= f [(top curve) — (bottom curve)] dx Vertical rectangles 
1 
e. 
in variable x 
Ja 
A= [(right curve) — (left curve)] dy Horizontal rectangles 


; 
A P 


ii 


in variable y 


where (x,, y,) and (x5, y,) are either adjacent points of intersection of the two curves 
involved or points on the specified boundary lines. 
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EXAMPLE 5 Horizontal Representative Rectangles 
Find the area of the region bounded by the graphs of x = 3 — y? and x = y + 1. 


Solution Consider 
ay) =3-y? and fQ) = y+ 1. 


These two curves intersect when y = —2 and y = 1, as shown in Figure 7.9. Because 
f(y) < g(y) on this interval, you have 


AA = [g(y) — fO] Ay = [(3 — y? — (y + 1)] Ay. 
So, the area is 


A= Í, [B= 77) = + ild 


1 
af (—y? — y + 2) dy 
=2 


(Cl, -2) 


Horizontal rectangles (integration with Vertical rectangles (integration with respect 
respect to y) to x) 
Figure 7.9 Figure 7.10 


ee] 
In Example 5, notice that by integrating with respect to y you need only one 


integral. If you had integrated with respect to x, you would have needed two integrals 
because the upper boundary would have changed at x = 2, as shown in Figure 7.10. 


[ je- + Vema]aes | (V3 I=) a 


A 


2 3 
[x — 1 + (3 — x)!?] dx + 2| (3 — x)! dx 
2 


II 
ame 


= (2-2-2) - (4+1 -) - 20 + 2(2) 
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Integration as an Accumulation Process 


In this section, the integration formula for the area between two curves was developed 
by using a rectangle as the representative element. For each new application in the 
remaining sections of this chapter, an appropriate representative element will be con- 
structed using precalculus formulas you already know. Each integration formula will 
then be obtained by summing or accumulating these representative elements. 


Known precalculus m Representative => New integration 
formula element formula 


For example, in this section the area formula was developed as follows. 


A = (height)(width) > AA=[f)-g@)]Ax CO A= I Lf(x) — g(x)] dx 


EXAMPLE 6 Describing Integration as an Accumulation Process 


Find the area of the region bounded by the graph of y = 4 — x? and the x-axis. 
Describe the integration as an accumulation process. 


Solution The area of the region is given by 


a= [a-a 


=2 


You can think of the integration as an accumulation of the areas of the rectangles 


formed as the representative rectangle slides from x = —2 to x = 2, as shown in 
Figure 7.11. 
y y 
A A 
5+ 57 
x í X 
-3 -2 -1 1-23 -3 -2 -1 1 2 3 
-1 + 1 
E = 5 : 16 
A= (4-—x)dr =0 A= (44-x)dv => A=] 4-x)a& 
3 $ 3 S 3 
y y 
A A 
5+ 5+ 
== 3 = 
2 hee 
hae freak 
t t t >x t t t >x 
Sa ee ee Fe Ld 23 
1 2 32 
a= (44-x3)d = 9 A Í (4 — x?) dx 
-2 -2 3 a 
Figure 7.11 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 


In Exercises 1-6, set up the definite integral that gives the area 
of the region. 


1. f(x) = x? — 6x 2. f(x) =x? + 2x +1 
g(x) = 0 g(x) = 2x + 5 


f= < 


3. f(x) =x? — 4x + 3 
g(x) = -x° + 2x +3 


6. fx) = — 1) 
a) = g(x) =x- 1 


In Exercises 7-12, the integrand of the definite integral is a 
difference of two functions. Sketch the graph of each function 
and shade the region whose area is represented by the integral. 


8. [(1 — x?) — (x? — 1)] dx 


9. f Í [e= = z] dx 


1/3 
11. Í (2 — sec x) dx 
—1/3 


o FẸ- 


1/4 
12. Í (sec? x — cos x) dx 
—1/4 


In Exercises 13 and 14, find the area of the region by integrating 
(a) with respect to x and (b) with respect to y. 


13.x=4-y° 14. y= x 
x=y-2 y=6-x 


Think About It In Exercises 15 and 16, determine which value 
best approximates the area of the region bounded by the graphs 
of f and g. (Make your selection on the basis of a sketch of the 
region and not by performing any calculations.) 
15. f(x) =x4+1, g(x) = (x — 1)? 

(a) —2 (b) 2 (c) 10 (d) 4 (e) 8 
16. f(x) =2-3x, ga) =2-Vx 

(a) 1 (b) 6 (j =3 (d) 3 (e) 4 


In Exercises 17—32, sketch the region bounded by the graphs of 
the algebraic functions and find the area of the region. 


17. y=3x3+2,y=x4+1,x=0,x=2 

18. y = a x(x 8), y= 10 ix x=2,x=8 
19. f(x) = x? — 4x, g(x) = 0 

20. f(x) = = + 4x 4+ 1, ex) = x41 

21. f(x) =x? + 2x +1, g(x) = 3x4+3 

22. f(x) = —x? + 4x +2, g(x) =x4+2 

23. y=x, y=2-x, y=0 


24. y 


25. f(x) = x+ 1, gx) =x41 

26. f(x) = Jx- 1, g@) =x-1 

27. fly) =y, sy) =y +2 

28. f(y) = y(2—-y), gb) = -y 

29. f(y) =y? +1, ay) =0, y l y=2 


30. = 3 


y 
= ; =0, 
fO) Jig =: s(y) y 
31. f(x) ~, x=0, y=2, y= 10 


32. g(x) = 


In Exercises 33-42, (a) use a graphing utility to graph the 
region bounded by the graphs of the equations, (b) find the area 
of the region, and (c) use the integration capabilities of the 
graphing utility to verify your results. 

33. f(x) = x(x? — 3x + 3), g(x) = x? 

34. f(x) =x — 2x +1, g(x) = —-2x, x= 1 

35. y = x? — 4x + 3, y=34+ 4x — x? 

36. y = x4 — 2x?, y = 2x? 

37. f(x) = xt — 4x2, glx) =x? — 4 

38. f(x) = xt — 4x?, glx) = x — 4x 

39. fa) = 1/0 +x), ga) = 2 

40. f(x) = 6x/(x2 + 1), y=0, 0<x<3 

4l. y JIF Z, y=ix+2, x=0 


4-x 
42. y xV gre V70 4 


In Exercises 43-48, sketch the region bounded by the graphs of 
the functions, and find the area of the region. 


43. f(x) = 2sinx, g(x) = tan x, <x< 


44. f(x) = sinx, g(x) =cos2x, -~<x< 


NIJ oja 


45. f(x) = cos x, g(x) = 2 — cos x, 0 < x < 27 
46. f(x) = sec ze tan me ga) = (Z2 4)x +4, x=0 
47. f(x) =xe’", y=0, OS x <1 


48. f(x) = 3%, g(x) = 2x +1 


In Exercises 49-52, (a) use a graphing utility to graph the 
region bounded by the graphs of the equations, (b) find the area 
of the region, and (c) use the integration capabilities of the 
graphing utility to verify your results. 


49. f(x) = 2sinx + sin2x, y=0, OS x<7 
50. f(x) = 2sinx + cos2x, y=0, O<x<a7 


51. JO = ers, y=0, l<x<3 


52. g(x) = AB, y=0, x=5 


In Exercises 53-56, (a) use a graphing utility to graph the 
region bounded by the graphs of the equations, (b) explain why 
the area of the region is difficult to find by hand, and (c) use the 
integration capabilities of the graphing utility to approximate 
the area to four decimal places. 


53. y 


ra 0, x =3 


54. y= Sxe, y=0, x=0, x=1 
55. y = x°, y=4cosx 


56. y= x, y=V3+x 
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. Then 
evaluate F at each value of the independent variable and graph- 
ically show the area given by each value of F. 


x 


57. F(x) = Í (t+ 1)dt (a) F(0) (b) F(2) (c) F(6) 


58. F(x) = Í (4:2 +2)dt (a) F(0) (b) F(4) (c) F(6) 


0 


59. F(a) = Í i cos 7 a9 (a) F(—1) (b) FO) (FG) 
1 


y 


60. F(y) = [ 4e*!? dx (a) F(—1) (b) F0) (c) F(4) 
1 


In Exercises 61-64, use integration to find the area of the figure 
having the given vertices. 

61. (2, —3), (4, 6), (6, 1) 62. (0, 0), (a, 0), (b, c) 

63. (0, 2), (4, 2), ©, —2), (—4, —2) 

64. (0, 0), (1, 2), (3, —2), (1, —3) 


65. Numerical Integration Estimate the surface area of the golf 
green using (a) the Trapezoidal Rule and (b) Simpson’s Rule. 


66. Numerical Integration Estimate the surface area of the oil 
spill using (a) the Trapezoidal Rule and (b) Simpson’s Rule. 


ic. 


In Exercises 67-70, set up and evaluate the definite integral that 
gives the area of the region bounded by the graph of the function 


and the tangent line to the graph at the given point. 
67. f(x) = x3, (1,1) 68. y=x>— 2x, (-1,1) 


1 1 2 1 
asart (bz) Torre GI) 
Writing About Concepts 


71. The graphs of y = x4 — 2x? + 1 and y = 1 — x? intersect 
at three points. However, the area between the curves can 


be found by a single integral. Explain why this is so, and 
write an integral for this area. 
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Writing About Concepts (continued) 


. The area of the region bounded by the graphs of y = x3 
and y =x cannot be found by the single integral 
J‘, G3 — x) dx. Explain why this is so. Use symmetry to 
write a single integral that does represent the area. 


. A college graduate has two job offers. The starting salary 
for each is $32,000, and after 8 years of service each will 
pay $54,000. The salary increase for each offer is shown in 
the figure. From a strictly monetary viewpoint, which is the 
better offer? Explain. 


S 


A 
60,000 - Offer 2 Proposal 2 


50,000 -+ 
40,000 + 
30.000 £ Offer 1 


20,000 + 
10,000 4 


Proposal 1 


= 
n 
u 
Ss 
= 
[e] 
© 
g 
Rz) 
Ras 
Pa 
E 
Ss 
= 
s 
Nn 


(in billions of dollars) 


2002 2006 2010 
Year 


Figure for 73 Figure for 74 


74. A state legislature is debating two proposals for eliminating 
the annual budget deficits by the year 2010. The rate of 
decrease of the deficits for each proposal is shown in the 
figure. From the viewpoint of minimizing the cumulative 
state deficit, which is the better proposal? Explain. 


In Exercises 75 and 76, find b such that the line y = b divides 
the region bounded by the graphs of the two equations into two 
regions of equal area. 


75. y=9- x, y=0 76. y=9-— |x 


x y=O0 


In Exercises 77 and 78, find a such that the line x = a divides 
the region bounded by the graphs of the equations into two 
regions of equal area. 


77. y=x, y=4, x=0 78. yy =4-x, x=0 
In Exercises 79 and 80, evaluate the limit and sketch the graph 
of the region whose area is represented by the limit. 


79. Je, > — x?) Ax, where x; = i/n and Ax = 1/n 


80. lim X4 — x?) Ax, where x, = —2 + (4i/n) and Ax = 4/n 


Also i=1 


Revenue In Exercises 81 and 82, two models R, and R, are 
given for revenue (in billions of dollars per year) for a large 
corporation. The model R, gives projected annual revenues 
from 2000 to 2005, with ¢ = 0 corresponding to 2000, and R, 
gives projected revenues if there is a decrease in the rate of 
growth of corporate sales over the period. Approximate the total 
reduction in revenue if corporate sales are actually closer to the 
model R,. 


81. 


83. 


84. 
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Ri = 7.21 + 0.58t 
R, = 7.21 + 0.45 


82. R, = 7.21 + 0.26t + 0.0277 
R, = 7.21 + 0.1f + 0.0177 


Modeling Data The table shows the total receipts R and total 
expenditures E for the Old-Age and Survivors Insurance Trust 
Fund (Social Security Trust Fund) in billions of dollars. The 
time f is given in years, with £ = 1 corresponding to 1991. 
(Source: Social Security Administration) 


R | 397.2 | 424.8 | 457.0 | 490.5 | 518.1 


E | 322.1 | 332.3 | 339.9 | 358.3 | 377.5 


(a) Use a graphing utility to fit an exponential model to the 
data for receipts. Plot the data and graph the model. 


(b) Use a graphing utility to fit an exponential model to the 
data for expenditures. Plot the data and graph the model. 


(c) If the models are assumed to be true for the years 2002 
through 2007, use integration to approximate the surplus 
revenue generated during those years. 


(d) Will the models found in parts (a) and (b) intersect? 
Explain. Based on your answer and news reports about the 
fund, will these models be accurate for long-term analysis? 


Lorenz Curve Economists use Lorenz curves to illustrate the 
distribution of income in a country. A Lorenz curve, y = f(x), 
represents the actual income distribution in the country. In this 
model, x represents percents of families in the country and y 
represents percents of total income. The model y = x represents 
a country in which each family has the same income. The area 
between these two models, where 0 < x < 100, indicates a 
country’s “income inequality.” The table lists percents of income 
y for selected percents of families x in a country. 


x 10 20 30 40 50 


WE 3.35 6.07 9.17 | 13.39 | 19.45 


x 60 70 80 90 


y | 28.03 | 39.77 | 55.28 | 75.12 


(a) Use a graphing utility to find a quadratic model for the 
Lorenz curve. 


(b) Plot the data and graph the model. 


(c) Graph the model y = x. How does this model compare with 
the model in part (a)? 

(d) Use the integration capabilities of a graphing utility to 
approximate the “income inequality.” 


85. Profit The chief financial officer of a company reports that 
profits for the past fiscal year were $893,000. The officer pre- 
dicts that profits for the next 5 years will grow at a continuous 
annual rate somewhere between 35% and 5%. Estimate the 
cumulative difference in total profit over the 5 years based on 
the predicted range of growth rates. 


86. Area The shaded region in the figure consists of all points 
whose distances from the center of the square are less than their 
distances from the edges of the square. Find the area of the 


region. 
y y 
A A 
2 
1 
>x X2 
-2| -1 1 f2 
2i 7i 
x 
-2 
Figure for 86 Figure for 87 


87. Mechanical Design The surface of a machine part is the 
region between the graphs of y, = |x| and y, = 0.08x? + k 
(see figure). 


(a) Find k if the parabola is tangent to the graph of y4. 
(b) Find the area of the surface of the machine part. 


88. Building Design Concrete sections for a new building have 
the dimensions (in meters) and shape shown in the figure. 
y 


(a) Find the area of the face of the section superimposed on the 
rectangular coordinate system. 


(b) Find the volume of concrete in one of the sections by 
multiplying the area in part (a) by 2 meters. 

(c) One cubic meter of concrete weighs 5000 pounds. Find the 
weight of the section. 


89. Building Design To decrease the weight and to aid in the 
hardening process, the concrete sections in Exercise 88 often 
are not solid. Rework Exercise 88 to allow for cylindrical 
openings such as those shown in the figure. 

1 1 y 
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rue or False? In Exercises 90-92, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


90. If the area of the region bounded by the graphs of f and g 
is 1, then the area of the region bounded by the graphs of 
h(x) = f(x) + C and k(x) = g(x) + C is also 1. 


91. rf [f(x) — g(x)] dx = A, ten Í [e(x) — f(x)] dx = —A. 


92. If the graphs of f and g intersect midway between x = a and 
x = b, then 


b 
Í Cone oe 


93. Area Find the area between the graph of y = sinx and 


the line segments joining the points (0, 0) and (2 -1), as 


shown in the figure. 


Figure for 93 Figure for 94 
94. Area Leta > 0andb > 0. Show that the area of the ellipse 
2 y 


arp! 


is ab (see figure). 


Putnam Exam Challenge 


95. The horizontal line y = c intersects the curve y = 2x — 3x? in 
the first quadrant as shown in the figure. Find c so that the areas 
of the two shaded regions are equal. 

y 


A 
y= 2x — 3x3 


> xX 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Volume: The Disk Method 


e Find the volume of a solid of revolution using the disk method. 
e Find the volume of a solid of revolution using the washer method. 
e Find the volume of a solid with known cross sections. 


The Disk Method 


In Chapter 4 we mentioned that area is only one of the many applications of the 
definite integral. Another important application is its use in finding the volume of a 
three-dimensional solid. In this section you will study a particular type of three- 
dimensional solid—one whose cross sections are similar. Solids of revolution are used 
commonly in engineering and manufacturing. Some examples are axles, funnels, pills, 
bottles, and pistons, as shown in Figure 7.12. 


w || SET] 
= el EE a 
Rectangle . a 


|. _—————_——_——_——_] 
Figure 7.12 


Volume of a disk: mR?w If a region in the plane is revolved about a line, the resulting solid is a solid of 
Figure 7.13 revolution, and the line is called the axis of revolution. The simplest such solid is a 


right circular cylinder or disk, which is formed by revolving a rectangle about an axis 


Axis of revolution 


adjacent to one side of the rectangle, as shown in Figure 7.13. The volume of such a 
disk is 
Volume of disk = (area of disk)(width of disk) 
= mR?w 


where R is the radius of the disk and w is the width. 

To see how to use the volume of a disk to find the volume of a general solid of 
revolution, consider a solid of revolution formed by revolving the plane region in 
Figure 7.14 about the indicated axis. To determine the volume of this solid, consider 
a representative rectangle in the plane region. When this rectangle is revolved about 
the axis of revolution, it generates a representative disk whose volume is 


AV = wR? Ax. 


Approximating the volume of the solid by n such disks of width Ax and radius R(x,) 
produces 


Volume of solid ~ X, a[R(x;)]? Ax 


i=1 


= TS [R(x,)]? Ax. 


i=l 


NOTE In Figure 7.15, note that you 
can determine the variable of integration 
by placing a representative rectangle in 
the plane region “perpendicular” to the 
axis of revolution. If the width of the 
rectangle is Ax, integrate with respect to 
x, and if the width of the rectangle is Ay, 
integrate with respect to y. 
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Representative Axis of 
rectangle 


Representative 
disk 


revolution 


Plane region 


R 
x=a WwW x=b 
Ax 
Solid of n 
revolution UI Approximation 
Ax by n disks 
Disk method 
Figure 7.14 


This approximation appears to become better and better as ||A|| > 0 (n — 00). So, you 
can define the volume of the solid as 
b 


Volume of solid = mn T2 [R(x,)]? Ax = m| [R(@)]? dx. 
>H i=l a 
Schematically, the disk method looks like this. 
Known Precalculus Representative New Integration 
Formula Element Formula 


Solid of revolution 


Volume of disk => AV = a[R(x)P Ax => ee [ two z 


V = TRW 


A similar formula can be derived if the axis of revolution is vertical. 


The Disk Method 


To find the volume of a solid of revolution with the disk method, use one of 
the following, as shown in Figure 7.15. 


Horizontal Axis of Revolution Vertical Axis of Revolution 
b d 
Volume = V = Í [R(x)]? dx Volume = V = Í [R(y)]2 dy 
Ven [TROP ade 7" 


= = d 9 #8 
i a varie 6) 


R(x) i 
4 c 
a b OW RO) 
Horizontal axis of revolution Vertical axis of revolution 
Figure 7.15 
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The simplest application of the disk method involves a plane region bounded by 
the graph of f and the x-axis. If the axis of revolution is the x-axis, the radius R(x) is 
simply f(x). 


EXAMPLE | Using the Disk Method 


Find the volume of the solid formed by revolving the region bounded by the graph of 


y 
A f(x) = Vsin x f(x) = sin x 
a oes and the x-axis (0 < x < 7) about the x-axis. 
R(x) 
A \ aa Solution From the representative rectangle in the upper graph in Figure 7.16, you 
U \ z ne z can see that the radius of this solid is 
-1 Plane region R(x) = J (x) 
= Vsinx. 


So, the volume of the solid of revolution is 


y b T 
Solid of revolution V= f [ R(x) |? dx = 7 f (V sin x P dx Apply disk method. 
a 
=T f sin x dx Simplify. 
: T 
= n|- cos x Integrate. 
= m(1 + 1) 


Figure 7.16 


= 27. 


EXAMPLE 2 Revolving About a Line That Is Not a Coordinate Axis 


y 
| FQ) =2-x? Find the volume of the solid formed by revolving the region bounded by 
Plane region 2 
gx) = f(x) =2 - x? 
and g(x) = 1 about the line y = 1, as shown in Figure 7.17. 
FA 
v; avs re Solution By equating f(x) and g(x), you can determine that the two graphs intersect 
i evolution when x = +1. To find the radius, subtract g(x) from f(x). 
= R(x) = f(x) — g) 
=Q2=77)=1 
y =l|- x? 
Solid of ; : 
fe on Finally, integrate between — 1 and 1 to find the volume. 
b 1 
V= f [R(x)]2 dx = af (1 = x2)? dx Apply disk method. 
a i 
=i Í (1 — 2x? + x4) dx Simplify. 
=p 
2x3 x5]! 
= al — 3) al na Integrate. 
_ 167 
Figure 7.17 15 — 


Solid of revolution 


Figure 7.18 


yaVvx 


R= 


Plane region 


l 


Solid of 
revolution 


Solid of revolution 
Figure 7.20 


| Rotatale Graph || 
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The Washer Method 


The disk method can be extended to cover solids of revolution with holes by replac- 
ing the representative disk with a representative washer. The washer is formed by 
revolving a rectangle about an axis, as shown in Figure 7.18. If r and R are the inner 
and outer radii of the washer and w is the width of the washer, the volume is given by 


Volume of washer = m(R? — r?)w. 


To see how this concept can be used to find the volume of a solid of revolution, 
consider a region bounded by an outer radius R(x) and an inner radius r(x), as 
shown in Figure 7.19. If the region is revolved about its axis of revolution, the volume 
of the resulting solid is given by 


V= Í (R(x) |? = [r(x) 7) dx. Washer method 


Note that the integral involving the inner radius represents the volume of the hole and 
is subtracted from the integral involving the outer radius. 


Solid of revolution 
with hole 


Plane region 


Figure 7.19 


EXAMPLE 3 Using the Washer Method 


Find the volume of the solid formed by revolving the region bounded by the graphs of 
y = Vx and y = x? about the x-axis, as shown in Figure 7.20. 


Solution In Figure 7.20, you can see that the outer and inner radii are as follows. 


R(x) = Vx 
r(x) = x? 


Integrating between 0 and 1 produces 


II 
FS) 
T 

| 
ta 
Re, 
a 
S 


x2 x5]! 

sa m] 
_ 3a 
10 


Outer radius 


Inner radius 


Apply washer method. 


Simplify. 


Integrate. 
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In each example so far, the axis of revolution has been horizontal and you have 
integrated with respect to x. In the next example, the axis of revolution is vertical and 


you integrate with respect to y. In this example, you need two separate integrals to 
compute the volume. 


EXAMPLE 4 Integrating with Respect to y, Two-Integral Case 


Find the volume of the solid formed by revolving the region bounded by the graphs of 
y=x? + 1,y = 0,x = 0, and x = 1 about the y-axis, as shown in Figure 7.21. 


o aR i Solid of 

[=R Sip revolution 
Ror sy; z (1, 2) 
R=" 

¥ 
r=j/y—1 —— 
Ay 

For0<y<1 1 
Reo 
ral) [Ay 


L > x 


Plane region 


Figure 7.21 

[Potatame sram | 

Solution For the region shown in Figure 7.21, the outer radius is simply R = 1. 
There is, however, no convenient formula that represents the inner radius. When 


0 < y < 1,r = 0, but when 1 < y < 2, r is determined by the equation y = x? + 1, 
which implies that r = Vy — 1. 


1 
2 


o) = 4° : 
ae 1 


Using this definition of the inner radius, you can use two integrals to find the volume. 


1 2 
V= f (12 = 0?) dy F af [12 = (Vy = 1)?] dy Apply washer method. 
0 1 


y 
y 


IA IA 
IA IA 


1 2 
= al 1 dy + al (2 — y) dy Simplify. 
o 1 sE 
= >| + a2 = z] Integrate. 
0 241 
1 37 
=mt@m4—2-2+-)=— 
T a( 1) 7 
A Note that the first integral 7 ifs 1 dy represents the volume of a right circular cylinder 
eS of radius 1 and height 1. This portion of the volume could have been determined 
Yipes without using calculus. a 
| X<2es= SI 
NESS 
SSZ iyi] [Eponina] [Explorations | 
NSE 
NSIS ea 
NSS ea, 
NSS ELEY 
NWSE oe es - 
WEE ZZ TECHNOLOGY Some graphing utilities have the capability to generate (or 
SSS A have built-in software capable of generating) a solid of revolution. If you have 
S22 


access to such a utility, use it to graph some of the solids of revolution described in 
this section. For instance, the solid in Example 4 might appear like that shown in 
Figure 7.22 Figure 7.22. 


Generated by Mathematica 


vw Experienced writers 


© On-time delivery 


® 100% plagiarism free 


EXAMPLE 5 Manufacturing 


A manufacturer drills a hole through the center of a metal sphere of radius 5 inches, 
as shown in Figure 7.23(a). The hole has a radius of 3 inches. What is the volume of 
the resulting metal ring? 


Solution You can imagine the ring to be generated by a segment of the circle whose 
equation is x? + y? = 25, as shown in Figure 7.23(b). Because the radius of the hole 
is 3 inches, you can let y = 3 and solve the equation x? + y? = 25 to determine that 
the limits of integration are x = +4. So, the inner and outer radii are r(x) = 3 and 
R(x) = 25 — x? and the volume is given by 


Solid of revolution 


ai Van í CRAI - ro) dx = 7 [I =a) = 3) ae 
Rò =v- B =m ea 
x314 
= a| 16x = z] 7 
25677 


= cubic inches. 


- 3 — 
Plane region == ane ae] (SaaS ae S| 
Figure 7.23 
SS Solids with Known Cross Sections 
[oat sram | With the disk method, you can find the volume of a solid having a circular cross 


section whose area is A = mR?. This method can be generalized to solids of any 
shape, as long as you know a formula for the area of an arbitrary cross section. Some 
common cross sections are squares, rectangles, triangles, semicircles, and trapezoids. 


Volumes of Solids with Known Cross Sections 


1. For cross sections of area A(x) taken perpendicular to the x-axis, 


b 
Volume = Í A(x) dx. See Figure 7.24(a). 
2. For cross sections of area A(y) taken perpendicular to the y-axis, 
d 
Volume = | A(y) dy. See Figure 7.24(b). 


yd 


y 
y 


(a) Cross sections perpendicular to x-axis (b) Cross sections perpendicular to y-axis 


Figure 7.24 
[y [m 
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EXAMPLE 6 Triangular Cross Sections 


Find the volume of the solid shown in Figure 7.25. The base of the solid is the region 


bounded by the lines 
fa)=1-3, a) =-14+35, and x= 0. 


The cross sections perpendicular to the x-axis are equilateral triangles. 


Solution The base and area of each triangular cross section are as follows. 


Base = ( = z) = (-1 T z) =2-x Length of base 
2 2 

Area = 3 (base)? Area of equilateral triangle 

A(x) = Bo — x)? Area of cross section 

A 

i fœ@=1-3 Because x ranges from 0 to 2, the volume of the solid is 
v= fa ars | Ka- aar 
É o Aea, 
Ax 4 3 b 3 
= 


=— x 


Triangular base in xy-plane 


Beer EXAMPLE 7 An Application to Geometry 


Prove that the volume of a pyramid with a square base is V = ShB, where h is the 
height of the pyramid and B is the area of the base. 


Solution As shown in Figure 7.26, you can intersect the pyramid with a plane 
parallel to the base at height y to form a square cross section whose sides are of length 
b’. Using similar triangles, you can show that 


b h-y pe Ope 
E e or b = AG y) 
where b is the length of the sides of the base of the pyramid. So, 
b2 
AO) = (PP = Fala — y. 


Integrating between 0 and h produces 


h kpa 
v=f AQ) dy = | yt — y)? dy 


b2 
= al (h — y? dy 
ea | 
h? 3 0 
b?(h3 
= -2 X) 
1 


= ane. B = b? 
Figure 7.26 m 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 
In Exercises 1-6, set up and evaluate the integral that gives the 


volume of the solid formed by revolving the region about the 
x-axis. 


1ly=-x+1 2y=4- x? 
y bi 
A A 
1 
> X 
1 r 
3 4 
3. y= Vx 
y 
A 
4+ 
3+ 
2+ 
1+ 
ply —4 +x 
1 2 3 4 
5. y=x7,y=x3 
y y 
A A 
5+ 
| AD 
1+ 
}—» x p++} 444+ + 
1 3-2-1 | 12 3 


In Exercises 7-10, set up and evaluate the integral that gives the 
volume of the solid formed by revolving the region about the 
y-axis. 


7. y =x? 8. y = V16- x? 


9. y = x73 10. x = —y? + 4y 
y y 
A A 


Y 


In Exercises 11-14, find the volume of the solid generated by 
revolving the region bounded by the graphs of the equations 
about the given lines. 
11. y= Vx, y=0, x=4 

(a) the x-axis (b) the y-axis 

(c) the linex = 4 (d) the line x = 6 
12. y = 2x7, y=0, x =2 

(a) the y-axis (b) the x-axis 

(c) the liney = 8 (d) the line x = 2 
13. y=x?, y = 4x — x? 


(a) the x-axis (b) the line y = 6 
14. y=6-—2x-x7, y=x+6 
(a) the x-axis (b) the line y = 3 


In Exercises 15-18, find the volume of the solid generated by 
revolving the region bounded by the graphs of the equations 
about the line y = 4. 


5 


15. y=x, y=3, x=0 16. y = 52, y=4, x=0 
1 
1+x 


17. y= 


w 


y=0, x=0, x 


18. y = secx, y= 0, C2255 


In Exercises 19-22, find the volume of the solid generated by 
revolving the region bounded by the graphs of the equations 
about the line x = 6. 


19. y=x, y=0, y=4, x=6 
20. y=6-x, y=0, y=4, x=0 
2.x=y*, x=4 

22. xy =6, y=2, y=6, x=6 


In Exercises 23-30, find the volume of the solid generated by 
revolving the region bounded by the graphs of the equations 
about the x-axis. 


464 CHAPTER 7 Applications of Integration 
25 : 0, x=1, x=4 
y x’ y d , 
26 3 0, x=0, x=8 
"S= gp ~ , 
27. y=e*, y=0, x=0, = 1 
28. y =e, y=0, x=0, x=4 


In Exercises 31 and 32, find the volume of the solid generated by 
revolving the region bounded by the graphs of the equations 
about the y-axis. 


31. y=3(2-—x), y=0, x=0 
32. y=9- x, y=0, x=2, x=3 


In Exercises 33-36, find the volume of the solid generated by 
revolving the region bounded by the graphs of the equations 
about the x-axis. Verify your results using the integration 
capabilities of a graphing utility. 


33. y = sinx, y=0, x=0, x= 7 


34. y = cosx, y=0, x =0, x 


35. y=e*"!, y=0, x=1, x=2 
36. y = ev? +e°7?, y=0, x i S72) 


In Exercises 37-40, use the integration capabilities of a graph- 
ing utility to approximate the volume of the solid generated by 
revolving the region bounded by the graphs of the equations 
about the x-axis. 


ll 
2 
tal 

ll 


37. y=e"", y=0, x 
38. y=Inx, y=0, x=1, x=3 

39. y = 2arctan(0.2x), y=0, x=0, x=5 
40. y= Vx, y=x 


Writing About Concepts 


In Exercises 41 and 42, the integral represents the volume of 
a solid. Describe the solid. 


m/2 
41. al sin? x dx 
0 


4 
42. | y‘ dy 
2 


Think About It In Exercises 43 and 44, determine which 
value best approximates the volume of the solid generated by 
revolving the region bounded by the graphs of the equations 
about the x-axis. (Make your selection on the basis of a 
sketch of the solid and not by performing any calculations.) 


43. y=e*?, y=0, x=0, x=2 

(a) 3 (b) -5 (c) 10 (d) 7 (e) 20 
44. y = arctan x, y=0, x=0, x=1 

(a) 10 œf (@5 @-6 (©) 15 
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Writing About Concepts (continued) 


47. 


48. 


49. 


50. 


51. 


52. 


53. 


45. A region bounded by the parabola y = 4x — x? and the 


46. The region in the figure is revolved about the indicated axes 


x-axis is revolved about the x-axis. A second region bounded 
by the parabola y = 4 — x? and the x-axis is revolved about 
the x-axis. Without integrating, how do the volumes of the 
two solids compare? Explain. 


and line. Order the volumes of the resulting solids from 
least to greatest. Explain your reasoning. 


(c) x = 8 


(a) x-axis (b) y-axis 


If the portion of the line y = 5x lying in the first quadrant is 
revolved about the x-axis, a cone is generated. Find the volume 
of the cone extending from x = 0 to x = 6. 


Use the disk method to verify that the volume of a right circular 
cone is 5arh, where r is the radius of the base and h is the 
height. 


Use the disk method to verify that the volume of a sphere is 

rr’. 

A sphere of radius r is cut by a plane h (h < r) units above the 

equator. Find the volume of the solid (spherical segment) above 

the plane. 

A cone of height H with a base of radius r is cut by a plane 

parallel to and h units above the base. Find the volume of the 

solid (frustum of a cone) below the plane. 

The region bounded by y = \/x, y = 0, x = 0, and x = 4 is 

revolved about the x-axis. 

(a) Find the value of x in the interval [0, 4] that divides the 
solid into two parts of equal volume. 

(b) Find the values of x in the interval [0, 4] that divide the 
solid into three parts of equal volume. 

Volume of a Fuel Tank A tank on the wing of a jet aircraft is 

formed by revolving the region bounded by the graph of 

y= tx? v2 — x and the x-axis about the x-axis (see figure), 

where x and y are measured in meters. Find the tank’s volume. 


Sa) 
<= 


54. 


55. 


56. 


Volume of a Lab Glass A glass container can be modeled by 
revolving the graph of 


O.1x° — 2.2x7 + 10.9x + 22.2, O<x< 115 
2:95, 11S5<x< 15 


about the x-axis, where x and y are measured in centimeters. 
Use a graphing utility to graph the function and find the volume 
of the container. 


Find the volume of the solid generated if the upper half of the 
ellipse 9x7 + 25y? = 225 is revolved about (a) the x-axis to 
form a prolate spheroid (shaped like a football), and (b) the 
y-axis to form an oblate spheroid (shaped like half of a candy). 


y y 


Figure for 55(a) 


| Rotatabe Graph | 


Figure for 55(b) 


| Rotatable Graph | 


Minimum Volume The arc of 
2 
=4-2 
4 4 


on the interval [0, 4] is revolved about the line y = b (see figure). 
(a) Find the volume of the resulting solid as a function of b. 


(b) Use a graphing utility to graph the function in part (a), and 
use the graph to approximate the value of b that minimizes 
the volume of the solid. 


(c) Use calculus to find the value of b that minimizes the 
volume of the solid, and compare the result with the answer 
to part (b). 


Figure for 56 Figure for 58 
T 
57. Water Depth in a Tank A tank on a water tower is a sphere of 


radius 50 feet. Determine the depths of the water when the tank 
is filled to one-fourth and three-fourths of its total capacity. 
(Note: Use the zero or root feature of a graphing utility after 
evaluating the definite integral.) 


59. 


60. 


6l. 
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draftsman 1s asked to determine the 
amount of material required to produce a machine part (see 
figure in first column). The diameters d of the part at equally 
spaced points x are listed in the table. The measurements are 
listed in centimeters. 


ce |G 1 2 3 4 5 


d | 4.2 | 38| 4.2 | 4.7 | 5.2 | 5.7 


Ka 6 7 8 9 10 


d | 58 | 54 | 4.9 | 44 | 4.6 


(a) Use these data with Simpson’s Rule to approximate the 
volume of the part. 

(b) Use the regression capabilities of a graphing utility to find 
a fourth-degree polynomial through the points representing 
the radius of the solid. Plot the data and graph the model. 

(c) Use a graphing utility to approximate the definite integral 

yielding the volume of the part. Compare the result with the 
answer to part (a). 

Think About It Match each integral with the solid whose 

volume it represents, and give the dimensions of each solid. 

(b) Ellipsoid 

(d) Right circular cone 


(a) Right circular cylinder 


(c) Sphere (e) Torus 


(v) af [(R + JP — x2) - (R - VP 


Cavalieri’s Theorem Prove that if two solids have equal 
altitudes and all plane sections parallel to their bases and at 
equal distances from their bases have equal areas, then the 
solids have the same volume (see figure). 


Area of R, = area of R, 
a) 
Find the volume of the solid whose base is bounded by the 


graphs of y = x + 1 and y = x? — 1, with the indicated cross 
sections taken perpendicular to the x-axis. 


(a) Squares (b) Rectangles of height 1 
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62. Find the volume of the solid whose base is bounded by the 
circle 


x+y?=4 
with the indicated cross sections taken perpendicular to the 
X-axis. 


(a) Squares (b) Equilateral triangles 


sa 
tal 


x 


(c) Semicircles 


e 


63. The base of a solid is bounded by y = x°, y = 0, and x = 1. 
Find the volume of the solid for each of the following cross 
sections (taken perpendicular to the y-axis): (a) squares, 
(b) semicircles, (c) equilateral triangles, and (d) semiellipses 
whose heights are twice the lengths of their bases. 


[Rotatale Graph | 


(d) Isosceles right triangles 


x 


64. Find the volume of the solid of intersection (the solid common 
to both) of the two right circular cylinders of radius r whose 
axes meet at right angles (see figure). 


~~ 
ti 
x 


Two intersecting cylinders 


Solid of intersection 


FOR FURTHER INFORMATION For more information on this 
problem, see the article “Estimating the Volumes of Solid Figures 
with Curved Surfaces” by Donald Cohen in Mathematics Teacher. 


65. A manufacturer drills a hole through the center of a metal 
sphere of radius R. The hole has a radius r. Find the volume of 
the resulting ring. 


66. For the metal sphere in Exercise 65, let R = 5. What value of r 
will produce a ring whose volume is exactly half the volume of 
the sphere? 
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, find ume generated by rotating 
given region about the specified line. 


67. R, aboutx = 0 
69. R, abouty = 0 
71. R, aboutx = 0 
73. R, aboutx = 0 


68. R, about x = 1 
70. R, about y = 1 
72. R, about x = 1 
74. R, about x = 1 


75. The solid shown in the figure has cross sections bounded by the 
graph of |x|“ + |y|¢ = 1, where 1 < a < 2. 


(a) Describe the cross section when a = 1 anda = 2. 


(b) Describe a procedure for approximating the volume of the 
solid. 


|x'+bP=1 


76. Two planes cut a right circular cylinder to form a wedge. One 
plane is perpendicular to the axis of the cylinder and the second 
makes an angle of 6 degrees with the first (see figure). 


(a) Find the volume of the wedge if 0 = 45°. 


(b) Find the volume of the wedge for an arbitrary angle 6. 
Assuming that the cylinder has sufficient length, how does 
the volume of the wedge change as @ increases from 0° 
to 90°? 


Figure for 76 Figure for 77 
m 


77. (a) Show that the volume of the torus shown is given by the 


integral sak] Jr? = y? dy, where R > r > 0. 
0 


(b) Find the volume of the torus. 
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Volume: The Shell Method 


Axis of revolution 


Figure 7.27 


| Rotatable Graph | 


hO) 
d 1 
-- Sw 
Ë 
pO) l © Plane region 


Axis of 
revolution 


Solid of revolution 


Figure 7.28 


| Rotatale Graph | 


e Find the volume of a solid of revolution using the shell method. 
e Compare the uses of the disk method and the shell method. 


The Shell Method 


In this section, you will study an alternative method for finding the volume of a solid 
of revolution. This method is called the shell method because it uses cylindrical 
shells. A comparison of the advantages of the disk and shell methods is given later in 
this section. 

To begin, consider a representative rectangle as shown in Figure 7.27, where w is 
the width of the rectangle, h is the height of the rectangle, and p is the distance 
between the axis of revolution and the center of the rectangle. When this rectangle is 
revolved about its axis of revolution, it forms a cylindrical shell (or tube) of thickness 
w. To find the volume of this shell, consider two cylinders. The radius of the larger 
cylinder corresponds to the outer radius of the shell, and the radius of the smaller 
cylinder corresponds to the inner radius of the shell. Because p is the average radius 
of the shell, you know the outer radius is p + (w/2) and the inner radius is 
p — (w/2). 


Outer radius 


N= Vis 


Inner radius 


So, the volume of the shell is 


Volume of shell = (volume of cylinder) — (volume of hole) 


dezhi} 


= 2mphw 


= 27(average radius)(height)(thickness). 


You can use this formula to find the volume of a solid of revolution. Assume that 
the plane region in Figure 7.28 is revolved about a line to form the indicated solid. If 
you consider a horizontal rectangle of width Ay, then, as the plane region is revolved 
about a line parallel to the x-axis, the rectangle generates a representative shell whose 
volume is 


AV = 27| p(y)h(y)] Ay. 


You can approximate the volume of the solid by n such shells of thickness Ay, height 
h(y,), and average radius p(y;). 


Volume of solid ~ X 27l ply,)aly,)] Ay = 27X Lp(v,)h(y,)] Ay 


t=1 i=1 


This approximation appears to become better and better as ||Al| —> 0(n — 00). So, 
the volume of the solid is 


Volume of solid = dim 2nd [p(y h(y,)] Ay 


Ee [ Revoir 
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The Shell Method 


To find the volume of a solid of revolution with the shell method, use one of 
the following, as shown in Figure 7.29. 


Horizontal Axis of Revolution Vertical Axis of Revolution 
d b 
piy)h(y) dy Volume = V = 2m | P(x)h(x) dx 


a 


Volume = V = 2m | 


C 


hO) 
dS ` 
Ay - h(x) 
pO) 
tai 
4 ; 
u P(x) 
Horizontal axis of revolution Vertical axis of revolution 
Figure 7.29 


EXAMPLE | Using the Shell Method to Find Volume 


Find the volume of the solid of revolution formed by revolving the region bounded by 


yH=x-x 


and the x-axis (0 < x < 1) about the y-axis. 


Solution Because the axis of revolution is vertical, use a vertical representative 
rectangle, as shown in Figure 7.30. The width Ax indicates that x is the variable of 
integration. The distance from the center of the rectangle to the axis of revolution is 
p(x) = x, and the height of the rectangle is 


h(x) = x — xX. 
Because x ranges from 0 to 1, the volume of the solid is 
y b 1 
A V=2r Í P(x)h(x) dx = 27 f x(x — x3) dx Apply shell method. 
a 0 
3 1 
y=x=x 
wll Ax =r f (—x4 + x?) dx Simplify. 
0 
37! 
A(x) =x- x3 = 27 | = a F | Integrate. 
5 3 Io 
z F > xX 1 
Axis of 5 3 
revolution = 4r 
Figure 7.30 15 — 
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EXAMPLE 2 Using the Shell Method to Find Volume 


Find the volume of the solid of revolution formed by revolving the region bounded by 
the graph of 


x= e? 


and the y-axis (0 < y < 1) about the x-axis. 


Solution Because the axis of revolution is horizontal, use a horizontal representative 
rectangle, as shown in Figure 7.31. The width Ay indicates that y is the variable of 
integration. The distance from the center of the rectangle to the axis of revolution is 
p(y) = y, and the height of the rectangle is h(y) = e~Y*. Because y ranges from 0 to 
1, the volume of the solid is 


d 1 
y= 2| P(y)A(y) dy = 2m | yey” dy Apply shell method. 
0 
= ° 1 
pO) =y KG) =< = — nfe*| Integrate. 
0 
€ 
; =a 1 
Axis of LS = (1 - 1) 
revolution e 
Figure 7.31 = 1.986 [e] 
[Try te] [Eorna] 
NOTE To see the advantage of using the shell method in Example 2, solve the equation 
x =e” for y. 
_ i O<x< l/e 
y J-Inx, l/e<x<l 
Then use this equation to find the volume using the disk method. 
Comparison of Disk and Shell Methods 
The disk and shell methods can be distinguished as follows. For the disk method, the 
representative rectangle is always perpendicular to the axis of revolution, whereas 
for the shell method, the representative rectangle is always parallel to the axis of 
revolution, as shown in Figure 7.32. 
Ven [PR r?) aes 1 V=2r f phase’ 1o V=2n ff pha 
re ee, aes 
h 
| i —_, 1 
4 1 r 1 1 P 1 
>X > X 
| Y a b Sip a b 
Vertical axis Horizontal axis Vertical axis Horizontal axis 


of revolution 


Disk method: Representative rectangle is 
perpendicular to the axis of revolution. 
Figure 7.32 


of revolution 


of revolution of revolution 


Shell method: Representative rectangle is 
parallel to the axis of revolution. 
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Often, one method is more convenient to use than the other. The following 
example illustrates a case in which the shell method is preferable. 


EXAMPLE 3 Shell Method Preferable 


Find the volume of the solid formed by revolving the region bounded by the graphs of 


y y=x? +1, y=0, x=0, and x=1 
A 
about the y-axis. 
For 1 Sy $2: Solution In Example 4 in the preceding section, you saw that the washer method 
esl i requires two integrals to determine the volume of this solid. See Figure 7.33(a). 
r=/y— 
1 2 
V= | (1? = 02) dy + | [12 = (Vy = 1)'] dy Apply washer method. 
For0<y<1l: 0 1 
R=1 1 2 
r=0 = | ldy+ | (2 — y) dy Simplify. 
| > Xx 0 1 
1 1 272 
= al y| F a | 2y = z] Integrate. 
Axis of 0 2h 
revolution 1 
(a) Disk method =m + n4 =2-2+4+ z) 
_ 3a 
y O2 
In Figure 7.33(b), you can see that the shell method requires only one integral to find 
at D the volume. 
P(x) =x % 
fa V= 2m | P(x)h(x) dx Apply shell method. 
1 1 
hater = 2n | x(x? + 1) dx 
0 
xt x2]! 
>x = 2r E F a Integrate. 
Axis of = 2r (7) 
revolution 4 
(b) Shell method _ 3T 
Figure 7.33 n 


Suppose the region in Example 3 were revolved about the vertical line x = 1. 
Would the resulting solid of revolution have a greater volume or a smaller volume than 
the solid in Example 3? Without integrating, you should be able to reason that the 
resulting solid would have a smaller volume because “more” of the revolved region 
would be closer to the axis of revolution. To confirm this, try solving the following 
integral, which gives the volume of the solid. 


1 
v=2n| (1 — x)(x? + 1) dx p(x) =1-—x 
0 


FOR FURTHER INFORMATION To learn more about the disk and shell methods, see the article 
“The Disk and Shell Method” by Charles A. Cable in The American Mathematical Monthly. 
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EXAMPLE 4 Volume of a Pontoon 


A pontoon is to be made in the shape shown in Figure 7.34. The pontoon is designed 
< 8 ft =i by rotating the graph of 


Figure 7.34 2 
ysl- -4sxs4 


about the x-axis, where x and y are measured in feet. Find the volume of the pontoon. 


Solution Refer to Figure 7.35(a) and use the disk method as follows. 


4 x2\2 
V= | (1 = z) dx Apply disk method. 
zà 16 
4 2 4 
x x 
= 7 LH z) dx Simplify. 
-4 -32-a 1234W L 8 256 
(a) Disk method 7 |x e w i N 
— = n ate. 
24 ` 1280|, = 
64 
1 = “7 = 13.4 cubic feet 
gt 15 
2+ hA(y)=4/1-y Try using Figure 7.35(b) to set up the integral for the volume using the shell method. 
=, ain, =y Does the integral seem more complicated? — 
E. za > Xx 


SSS | eee] 
(b) Shell method 
Figure 7.35 


For the shell method in Example 4, you would have to solve for x in terms of y 
in the equation 


y= 1 — (7/16). 


Sometimes, solving for x is very difficult (or even impossible). In such cases you 
must use a vertical rectangle (of width Ax), thus making x the variable of integration. 
The position (horizontal or vertical) of the axis of revolution then determines the 
method to be used. This is shown in Example 5. 


EXAMPLE 5 Shell Method Necessary 


Find the volume of the solid formed by revolving the region bounded by the graphs of 
y=xX +x+ 1,y = 1, and x = 1 about the line x = 2, as shown in Figure 7.36. 


y Axisof Solution In the equation y = x? + x + 1, you cannot easily solve for x in terms of 
revolution y. (See Section 3.8 on Newton’s Method.) Therefore, the variable of integration must 
be x, and you should choose a vertical representative rectangle. Because the rectangle 
is parallel to the axis of revolution, use the shell method and obtain 
b 1 
V= 2a] P(x)h(x) dx = 27} (2 — x)(x +x + 1 — 1) dx Apply shell method. 
0 


a 
1 


= 2m | (—x4 + 2x3 — x? + 2x) dx Simplify. 


{ 
terasse a 5 4 3 1 
vA =2-x = 27| -5 + 5 = Z + J Integrate. 
1 1 1 
=x =27r|--+>--+1 
2m 5. 3° 3 


a _ 29m 


15 
E [Eseeseeedy 


Figure 7.36 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 
In Exercises 1-12, use the shell method to set up and evaluate 


the integral that gives the volume of the solid generated by 
revolving the plane region about the y-axis. 


ly=x 2y=1-x 


y y 


S| 
4 y=x +4 
y 
A 
8+ 
ar 
4 
2+ 
are 
-4 -2692 4 
5 y=x, y=0, x=2 
6. y =53x, y=0, x=6 
7T. y =x, y=4x- x? 
8 y=4-x, y= 
9. y=4x= x, x=0, y=4 
10. y= 2x, y=4, x=0 
1 2 
11. y= eo 2, =0, x=0, x=1 
1° Jam i 
sinx P 
12. y=; x >, y=0, x=0, XIT 
1, x= 


In Exercises 13-20, use the shell method to set up and evaluate 
the integral that gives the volume of the solid generated by 
revolving the plane region about the x-axis. 


13. y=x 14. y=2-x 


15. y =~ 16. x + y? = 16 


17. y=x7, x=0, y=8 18. y=x*, x=0, y=9 
19x+y=4, y=x, y=0 


20. y= JV/x+2, y=x, y=0 


In Exercises 21-24, use the shell method to find the volume of 
the solid generated by revolving the plane region about the 
given line. 


21. y =x, y= 4x — x’, about the line x = 4 
22. y =x?, y = 4x — x, about the line x = 2 
23. y = 4x — x?, y = 0, about the line x = 5 
24. y= Vx, y=0, x= 4, about the line x = 6 


In Exercises 25 and 26, decide whether it is more convenient to 
use the disk method or the shell method to find the volume of 
the solid of revolution. Explain your reasoning. (Do not find the 
volume.) 


25. (y —- 2} =4-x 26. y =4-— e* 


y y 
A 
5 a 


In Exercises 27-30, use the disk or the shell method to find the 
volume of the solid generated by revolving the region bounded 
by the graphs of the equations about each given line. 


27,.y=x, y=0, x=2 


(a) the x-axis (b) the y-axis (c) the line x = 4 
10 
28. y Pr y=0, x=1, x=5 
(a) the x-axis (b) the y-axis (c) the line y = 10 
29, x1/2 + yl/2 = ql/2, =0, y=0 
(a) the x-axis (b) the y-axis (c) the line x = a 


30. 12/3 + yP = @/3, 
(b) the y-axis 


a > 0 (hypocycloid) 


(a) the x-axis 


Writing About Concepts 


31. Consider a solid that is generated by revolving a plane 
region about the y-axis. Describe the position of a repre- 
sentative rectangle when using (a) the shell method and (b) 
the disk method to find the volume of the solid. 

. The region in the figure is revolved about the indicated axes 
and line. Order the volumes of the resulting solids from 
least to greatest. Explain your reasoning. 

(c) x =5 


(a) x-axis (b) y-axis 


In Exercises 33 and 34, give a geometric argument that 
explains why the integrals have equal values. 


5 2 


33. 7 y[5 — (y? + 1)] dy 


1 


2 
34. | 
0 


In Exercises 35-38, (a) use a graphing utility to graph the plane 
region bounded by the graphs of the equations, and (b) use the 
integration capabilities of the graphing utility to approximate 
the volume of the solid generated by revolving the region about 
the y-axis. 


@- a= z| 


0 


[16 — (2y)*]dy = 2f (3) dx 


35. x43 + y*⁄3 = 1, x = 0, y = 0, first quadrant 

36. y= V1- x, y=0,x=0 

37. y = J (x — 2) (x — 6, y =0,x=2,x=6 
2 

38. y EE 0.x =1,x=3 


Think About It In Exercises 39 and 40, determine which value 
best approximates the volume of the solid generated by 
revolving the region bounded by the graphs of the equations 
about the y-axis. (Make your selection on the basis of a sketch 
of the solid and not by performing any calculations.) 


39. y = 2e*,y=0,x =0,x =2 

(a) 5 (bt) -2 ©) 4 (475 (e)15 
40. y = tan x, y = 0, x = 0, x i 

@ 35 ©- ©8 @W10 @)1 


w Experienced writers 


© On-time delivery 


2} 100% plagiarism free 


. Machine Part A solid ıs generated by revolving the region 
bounded by y = 5x2 and y = 2 about the y-axis. A hole, 
centered along the axis of revolution, is drilled through this 
solid so that one-fourth of the volume is removed. Find the 
diameter of the hole. 


42. Machine Part A solid is generated by revolving the region 
bounded by y = V9 — x? and y = 0 about the y-axis. A hole, 
centered along the axis of revolution, is drilled through this 
solid so that one-third of the volume is removed. Find the 


diameter of the hole. 


43. Volume ofa Torus A torus is formed by revolving the region 
bounded by the circle x? + y? = 1 about the line x = 2 (see 
figure). Find the volume of this “doughnut-shaped”’ solid. 
(Hint: The integral f}, 1 = x? dx represents the area of a 


semicircle.) 
y 
A 


1 


> xX 


1 
1 
1 
'] 
1 
1 
| 
T 
1 2 
1 
1 
1 


oe 


44. Volume of a Torus Repeat Exercise 43 for a torus formed by 
revolving the region bounded by the circle x? + y? = r? about 


the line x = R, where r < R. 


45. (a) Use differentiation to verify that 


f xsinxas siny = xcosx + C. 


(b) Use the result of part (a) to find the volume of the solid 
generated by revolving each plane region about the y-axis. 


(i) y (ii) y 


A A DS 2s 


Ø 
46. (a) Use differentiation to verify that 


[ xeosxat = cosx + xsinx + C. 


(b) Use the result of part (a) to find the volume of the solid 
generated by revolving each plane region about the y-axis. 
(Hint: Begin by approximating the points of intersection.) 

(ii) y 

y=4cosx 


y=(x-2)? 
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Applications of Integration 


In Exercises 47-50, the integral represents the volume of a solid 
of revolution. Identify (a) the plane region that is revolved and 
(b) the axis of revolution. 


47. 


49. 


51. 


52. 


53. 


54. 


2 1 
2| x? dx 48. 2| y — yl dy 
0 


0 


6 1 
2m| (y + 2)/6 — ydy 50. 27] (4 — x)e* dx 
0 0 


Volume of a Segment of a Sphere Let a sphere of radius r be 
cut by a plane, thereby forming a segment of height h. Show 
that the volume of this segment is }7rh2(3r — h). 


Volume of an Ellipsoid Consider the plane region bounded 
by the graph of 


where a > O and b > 0. Show that the volume of the ellipsoid 


: : . . 4ma@ b 
formed when this region revolves about the y-axis is : 


Exploration Consider the region bounded by the graphs of 
y = ax", y = ab", and x = 0 (see figure). 


y 


ab” 


(a) Find the ratio R,(n) of the area of the region to the area of 
the circumscribed rectangle. 


(b) Find lim R(n) and compare the result with the area of the 
n> 
circumscribed rectangle. 


(c) Find the volume of the solid of revolution formed by 
revolving the region about the y-axis. Find the ratio R,(n) of 
this volume to the volume of the circumscribed right 
circular cylinder. 

(d) Find lim R,(n) and compare the result with the volume of 

n= 
the circumscribed cylinder. 

(e) Use the results of parts (b) and (d) to make a conjecture about 
the shape of the graph of y = ax” (0 < x < b) asn—oo. 

Think About It Match each integral with the solid whose 

volume it represents, and give the dimensions of each solid. 


(a) Right circular cone (b) Torus (c) Sphere 


(d) Right circular cylinder (e) Ellipsoid 


r 


(i) 2m | hx dx (ii) 2m | (1 - x) dx 
0 0 r 


r b 2; 
(iii) 2m | x/r x dx (iv) 2 2ax ~/ 1 - 7 dx 
0 0 


(v) 2m | (R — x)(2/r? = x?) dx 
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orage A storage shed 
of diameter 80 feet (see figure). Starting at the center, the inte- 
rior height is measured every 10 feet and recorded in the table. 


a O | 10 | 20 | 30 | 40 


Height | 50 | 45 | 40 | 20 | 0 


(a) Use Simpson’s Rule to approximate the volume of the shed. 


(b) Note that the roof line consists of two line segments. Find 
the equations of the line segments and use integration to 
find the volume of the shed. 


y 


9s 
50 


40 


Height 


10 20 30 40 50 


Distance from center 


56. Modeling Data A pond is approximately circular, with a 


diameter of 400 feet (see figure). Starting at the center, the depth 
of the water is measured every 25 feet and recorded in the table. 


E Ps] [5 e [5] so] 5a 
19 | 17 |15 14 | 10 6 0 


Depth | 20 | 19 


(a) Use Simpson’s Rule to approximate the volume of water in 
the pond. 


(b) Use the regression capabilities of a graphing utility to find 
a quadratic model for the depths recorded in the table. Use 
the graphing utility to plot the depths and graph the model. 
(c) Use the integration capabilities of a graphing utility and the 
model in part (b) to approximate the volume of water in the 
pond. 


(d) Use the result of part (c) to approximate the number of 
gallons of water in the pond if 1 cubic foot of water is 
approximately 7.48 gallons. 


y 


Depth 


Distance from center 


57. Consider the graph of y* = x(4 — x)? (see figure). Find the 


volumes of the solids that are generated when the loop of this 
graph is revolved around (a) the x-axis, (b) the y-axis, and 
(c) the line x = 4. 


y 
4 y? =x(4-2)? 


Figure for 57 Figure for 58 


8. Consider the graph of y4 = x(x + 


59. 
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(see figure). Find the 
volume of the solid that is generated when the loop of this 
graph is revolved around (a) the x-axis, (b) the y-axis, and (c) 
the line x = —5. 

Let V, and V, be the volumes of the solids that result when 
the plane region bounded by y = 1/x, y=0, x = i, and 
x=C (c > 1) is revolved about the x-axis and y-axis, respec- 
tively. Find the value of c for which V, = V}. 
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Section 7.4 Arc Length and Surfaces of Revolution 


e Find the arc length of a smooth curve. 

CHRISTIAN HUYGENS (1629-1695) e Find the area of a surface of revolution. 
The Dutch mathematician Christian Huygens, 
who invented the pendulum clock, and James 
Gregory EAS a Scottish mathemati- Arc Length 
cian, both made early contributions to the 
problem of finding the length of a rectifiable 
curve. 


In this section, definite integrals are used to find the arc lengths of curves and the areas 
of surfaces of revolution. In either case, an arc (a segment of a curve) is approximated 
by straight line segments whose lengths are given by the familiar Distance Formula 


d= J = x)? + O = y). 


MathBio : i . ; : 
A rectifiable curve is one that has a finite arc length. You will see that a sufficient 


condition for the graph of a function f to be rectifiable between (a, f(a)) and (b, f(b)) 
| ==] is that f’ be continuous on [a, b]. Such a function is continuously differentiable on 
[History] [a, b], and its graph on the interval [a, b] is a smooth curve. 

Consider a function y = f(x) that is continuously differentiable on the interval 

[a, b]. You can approximate the graph of f by n line segments whose endpoints are 

determined by the partition 


A=%< A< yb 
as shown in Figure 7.37. By letting Ax, = x, — x,_, and Ay; = y; — y;_,, you can 
approximate the length of the graph by 


S= Zve: X + (y; = Je 


This approximation appears to become better and better as ||A||— 0 (n +00). So, the 
length of the graph is 


= ee Nh Ay; 
s= tim, 2ay tt i) (Aay: 


7 Because f'(x) exists for each x in (x;_,,x;), the Mean Value Theorem guarantees the 
A y=f@) existence of c; in (x;_ ,, x;) such that 


Fo) =f) KH flee x) 


AYi 
Ax; = f(c). 


s = length of 
curve from 
atob 


Because f’ is continuous on [a, b], it follows that V1 + [f’(x)]* is also continuous 
(and therefore integrable) on [a, b], which implies that 


v1 + [FAT (Ax) 


> xX 


A s= lim 
Figure 7.37 A> 0 4 


= i V1 + [FOP dx 


where s is called the arc length of f between a and b. 


-y 


f@=mx+b 


> xX 


The arc length of the graph of f from 

(x1, y1) to (x2, y2) is the same as the standard 
Distance Formula. 

Figure 7.38 
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Definition of Arc Length 


Let the function given by y = f(x) represent a smooth curve on the interval 
[a, b]. The arc length of f between a and b is 


s= fv + [rO a. 


Similarly, for a smooth curve given by x = g(y), the arc length of g between c 
and d is 


= i Jit le OP dy. 


Because the definition of arc length can be applied to a linear function, you can 
check to see that this new definition agrees with the standard Distance Formula for the 
length of a line segment. This is shown in Example 1. 


EXAMPLE |I The Length of a Line Segment 


Find the arc length from (x,, y,) to (x5, y2) on the graph of f(x) = mx + b, as shown 
in Figure 7.38. 


Solution Because 


B = Yi 
m= ft) = 2— 
it follows that 
s= L V1 + [fx]? dx Formula for arc length 
-f 1+ = A) ax 
( HA 
7, “2 a Oz u (x) Integrate and simplify. 
(x — a a 


-Je =x) + (y2 =a — x) 
ie = ay)" 2 i 


m V(x, = z) + (yz im wr 
which is the formula for the distance between two points in the plane. <== 
G | [Beaten 
TECHNOLOGY Definite integrals representing arc length often are very 
difficult to evaluate. In this section, a few examples are presented. In the next 
chapter, with more advanced integration techniques, you will be able to tackle more 
difficult arc length problems. In the meantime, remember that you can always use a 
numerical integration program to approximate an arc length. For instance, use the 


numerical integration feature of a graphing utility to approximate the arc lengths in 
Examples 2 and 3. 
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EXAMPLE 2 Finding Arc Length 


Find the arc length of the graph of 


PY 1 
y 6 2x 


on the interval l, 2], as shown in Figure 7.39. 


1 > y 


1 2 3 Solution Using 
The arc length of the graph of y on |4, 2] dy 3x? 1 lf, 1 
Figure 7.39 ac éE oe at 32 


et . 
|| Eitanie Graph | yields an arc length of 
b 2 2 2 
/ 1 1 
s= Í 1+ (2) dx = f J gg E (e = 4)| dx Formula for arc length 
a dx 1/2 2 Xx 


f OA 
1 1 
=i gerja 
FOR FURTHER INFORMATION To see 2N 4 x 
how arc length can be used to define | 1 
trigonometric functions, see the article = z (e + 4) dx Simplify. 
“Trigonometry Requires Calculus, Not 1/2 : 3 
Vice Versa” by Yves Nievergelt in = 1 X 1 a 
UMAP Modules. 2L3 xhi/2 f 
1/13 47 
— | —— + =Z 
2 ( 6 57) 
33 
1 
[Try te] [Explration | 
EXAMPLE 3 Finding Arc Length 
a 
y Find the arc length of the graph of (y — 1)3 = x? on the interval [0, 8], as shown in 


t 8,5) Figure 7.40. 


Solution Begin by solving for x in terms of y: x = +(y — 1)3/2 Choosing the 


(y- Di =x? positive value of x produces 


(0, 1) 
a3 yn, 
123 4567 8 dy 2 
The arc length of the graph of y on [0, 8] The x-interval [0, 8] corresponds to the y-interval [1,5], and the arc length is 


Figure 7.40 d Ae 5 3 2 
a S= 1+ (>) dy = Ji ag E (y - 1e] dy Formula for arc length 
CA vE- E 

i go 5 


-Í 24” 


if? 
= 35 Í V9y — 5 dy Simplify. 
1 
— 5)3/2]5 
= + [e> z2 l Integrate. 
1 


= 57 (40%? i 47/2) 


| Try 1t_] [Exploration a | 


> Xx 


NIA -- 


y = In(cos x) 


The arc length of the graph of y on [0, z] 
Figure 7.41 


[_Esitable Graph | 


Catenary: x 
y= 150 cosh 150 


Figure 7.42 
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EXAMPLE 4 Finding Arc Length 


Find the arc length of the graph of y = In(cos x) from x = 0 to x = 7/4, as shown in 
Figure 7.41. 
Solution Using 


dy sin x i 
— = ——— = —tanx 
dx cos x 


yields an arc length of 


b 7/4 
d 2 
s= Í "F a (2) dx = [ V1 + tan? x dx Formula for are length 
a x 0 


1/4 
= f vV sec? x dx Trigonometric identity 
na 
= f sec x dx Simplify. 
0 
1/4 
= [infec x + tan al, Integrate. 


= In(/2 +1) -In1 
~ 0.881. 


EXAMPLE 5 Length of a Cable 


An electric cable is hung between two towers that are 200 feet apart, as shown in 
Figure 7.42. The cable takes the shape of a catenary whose equation is 


y = 75(e/150 + e—*/150) = 150 cosh sae 


Find the arc length of the cable between the two towers. 
. , 1 /150 —x/150 i 
Solution Because y’ = ze — e™™/150), you can write 


1 
(y’)? = ge SDE e™=*/15) 


and 


2 
i+ Y = yers +2 + e7*/15) = Frage + e-v0)| . 


Therefore, the arc length of the cable is 
100 


b 
1 
s= Í V1 + (yF dx = Al (e*/150 + e7=*/150) dy Formula for arc length 


=100 
100 


=75 Jew = evi] Integrate. 
—100 


= 150 (e?/3 n e72/3) 


= 215 feet. = 


[ Try tt] [Exploration a | 


l 
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Area of a Surface of Revolution 


In Sections 7.2 and 7.3, integration was used to calculate the volume of a solid 
of revolution. You will now look at a procedure for finding the area of a surface of 
revolution. 


Definition of Surface of Revolution 


If the graph of a continuous function is revolved about a line, the resulting 
surface is a surface of revolution. 


L , The area of a surface of revolution is derived from the formula for the lateral 
surface area of the frustum of a right circular cone. Consider the line segment in 
"g Figure 7.43, where L is the length of the line segment, r, is the radius at the left end 
of the line segment, and r, is the radius at the right end of the line segment. When the 


line segment is revolved about its axis of revolution, it forms a frustum of a right 
circular cone, with 


Axis of S=2rrL Lateral surface area of frustum 
revolution 
where 
. r= E ri + r3). Average radius of frustum 
Figure 7.43 2 
| Rotatable Graph || (In Exercise 60, you are asked to verify the formula for S.) 
Suppose the graph of a function f, having a continuous derivative on the interval 


[a, b], is revolved about the x-axis to form a surface of revolution, as shown in Figure 
7.44. Let A be a partition of [a, b], with subintervals of width Ax,. Then the line 
segment of length 


AL, = J/Ax? + Ay? 


generates a frustum of a cone. Let r; be the average radius of this frustum. By the 
Intermediate Value Theorem, a point d; exists (in the ith subinterval) such that 
r; = f(d,). The lateral surface area A'S, of the frustum is 


AS, = 27r AL; 
= 2mf(d.)/Ax? + Ay? 
_ Ay, \° 
= 2rnf(a)./ 1+ ( = hee. 


i 


F u 


Axis of 
revolution 


Figure 7.44 


[Rotate Graph | 
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‘| By the Mean Value Theorem, a point c; exists in (x,_,,x;) such that 
y=foo 
/ (x) — fæ) 
re) = 
Xi ~ Xi-1 
(x, fœ) _ Ay 
Ax; 
r=f@4 | : 
| gi So, AS, = 2mf(d) v 1 + [fc]? Ax, and the total surface area can be approximated 
Axis of a bw = by 
revolution i 
S = 20S f(d) VT + PAS, 
iZi 
y ae : : : 
A =a Tt can be ee that the limit of the right side as \|A\| >0 (n > oo) Is 
E 7 
E s= 2r | FOV 1 + [FPF dx. 
[e] a 
> 
5 In a similar manner, if the graph of f is revolved about the y-axis, then S is 
2 b 
= S= 2m | xv 1 + [FF dx. 
Sis In both formulas for S, you can regard the products 27f(x) and 27 x as the circum- 
ference of the circle traced by a point (x, y) on the graph of f as it is revolved about 
Figure 7.45 the x- or y-axis (Figure 7.45). In one case the radius is r = f(x), and in the other case 


the radius is r = x. Moreover, by appropriately adjusting r, you can generalize the 
formula for surface area to cover any horizontal or vertical axis of revolution, as 
indicated in the following definition. 


Definition of the Area of a Surface of Revolution 


Let y = f(x) have a continuous derivative on the interval [a, b]. The area S of 
the surface of revolution formed by revolving the graph of f about a horizontal 
or vertical axis is 


b 
S = 2m | r(ix)V1 + [FoF dx y is a function of x. 


where r(x) is the distance between the graph of f and the axis of revolution. If 
x = g(y) on the interval [c, d], then the surface area is 


d 
S= 2| ray) v1 + [g O) dy x is a function of y. 


where r(y) is the distance between the graph of g and the axis of revolution. 


The formulas in this definition are sometimes written as 
b 
S= 2m | r(x) ds y is a function of x. 
a 
and 
d 
S= 2m | r(y) ds x is a function of y. 
Cc 


where ds = V1 + [f(x)]? dx and ds = V1 + [g’(y)]? dy, respectively. 
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f@= (1,1) 


Axis of 
revolution 


Figure 7.46 


| Rotatable Graph | 


Axis of revolution 


Figure 7.47 
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EXAMPLE 6 The Area of a Surface of Revolution 


Find the area of the surface formed by revolving the graph of 
Jo) =x 
on the interval [0, 1] about the x-axis, as shown in Figure 7.46. 


Solution The distance between the x-axis and the graph of f is r(x) = f(x), and 
because f(x) = 3x?, the surface area is 


Formula for surface area 


S= 2n| r(x) v 1 + [ f(x) ]? dx 


a 


1 
= 2m | 8V1 + (3x32 dx 
0 


1 
= EÈ (a6xy(1 + 9x) V2de simpy 
0 
43/27! 
a0 0 | Integrate. 
0 


= 5 - 1) 


= 3.563. 
C | [bpbratons 


EXAMPLE7 The Area of a Surface of Revolution 


Find the area of the surface formed by revolving the graph of 
ioe 
on the interval [o, J2 ] about the y-axis, as shown in Figure 7.47. 


Solution In this case, the distance between the graph of f and the y-axis is r(x) = x. 
Using f'(x) = 2x, you can determine that the surface area is 


S= 2af rovi + [FŒ] dx 


Formula for surface area 
a 


J2 
= 2n| xV1 + (2x)? dx 
Ji 
27 
= (1 + 4x2)2(8x) dx Simplify. 
0 
=| + ae ee 
4 3/2 ls ntegrate. 


cirai] 


137 
3 


= 13.614. 


| Try rt | (Exploration a | 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1 and 2, find the distance between the points using 
(a) the Distance Formula and (b) integration. 


1. (0,0), (5, 12) 2. (1,2), (7, 10) 


In Exercises 3-14, find the arc length of the graph of the 
function over the indicated interval. 


3 y= x+] 4. y = 2x32 + 3 


4+ / 
FF / 
at Sf 
1 LZ y= 23/24 il 
} t—}+—_+—_}-> * 
-1 1 2 3 4 
-1 pa EN 
3 x 1 
5. y = x8 6.9 22 bs 
. 8 4x? 
y y 
A A 
127 A 57] | 
lof yaaa 44 | 
| 
8T 3H | 


t +—+—+—_}+—_ +> x 
2+ 2 4 6 8 10 12 
x? 1 ce 

a ae ee 25/5 

T= pota 162 8. y=3x?/3 +4, [1,27] 
; T 30 7 T 

9. y = In(sin x), E 4 l 10. y = In(cos x), [o, z] 
1. y =3(e" + e™), [0,2] 
12. y= n( + n), [n 2, In 3] 


13. x =4(y2 + 2}, O<y<4 
14. x=3Vy(y—3), 1<y<4 


In Exercises 15-24, (a) graph the function, highlighting the part 
indicated by the given interval, (b) find a definite integral that 
represents the arc length of the curve over the indicated interval 
and observe that the integral cannot be evaluated with the 
techniques studied so far, and (c) use the integration capabilities 
of a graphing utility to approximate the arc length. 


15. y=4- x, 0<x<2 
16. y=x +x-2, —2<x<1 


17. y=-—, 1<x<3 


1 
18. y = —— <x<l 
Bey x+V ve 
19. y = sinx, OSX T 
T T 
y= -5 <x<Ż 
20. y = cos x, a) 


21. x=e”, O<sy<2 
22. y=lnx, 1<x 
23. y = 2arctanx, O0<x<1 


24. x= V36- y, 0<y<3 


Approximation In Exercises 25 and 26, determine which value 
best approximates the length of the arc represented by the 
integral. (Make your selection on the basis of a sketch of the arc 
and not by performing any calculations.) 


= [Veal 


(a) 25 (b) 5 (c) 2 (d) —4 (e) 3 


a/4 d 2 
26. Í 1+ | tan »| dx 
0 dx 


4 
(a) 3 (b) —2 (c) 4 (d) 7 (e) 1 


Approximation In Exercises 27 and 28, approximate the arc 
length of the graph of the function over the interval [0, 4] in four 
ways. (a) Use the Distance Formula to find the distance between 
the endpoints of the arc. (b) Use the Distance Formula to find 
the lengths of the four line segments connecting the points on 
the arc when x = 0, x = 1, x = 2, x = 3, and x = 4. Find the 
sum of the four lengths. (c) Use Simpson’s Rule with n = 10 to 
approximate the integral yielding the indicated arc length. 
(d) Use the integration capabilities of a graphing utility to 
approximate the integral yielding the indicated arc length. 


27. f(x) = x3 28. f(x) = (x? — 4)? 


2 


29. (a) Use a graphing utility to graph the function f(x) = x/%. 
(b) Can you integrate with respect to x to find the arc length of 
the graph of f on the interval [— 1, 8]? Explain. 
(c) Find the arc length of the graph of f on the interval [— 1, 8]. 


30. Astroid Find the total length of the graph of the astroid 
x23 + y2/? = 4. 
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31. 


32. 


33. 


34. 


35. 


Think About It The figure shows the graphs of the functions 
y= x, ya = 5x32, y, = x2, and y, = 3x°/? on the interval 
[0,4]. To print an enlarged copy of the graph, select the 
MathGraph button. 


(a) Label the functions. 
(b) List the functions in order of increasing arc length. 


(c) Verify your answer in part (b) by approximating each arc 
length accurate to three decimal places. 


Think About It Explain why the two integrals are equal. 


e 1 
VEET. [viva 
1 0 


Use the integration capabilities of a graphing utility to verify 
that the integrals are equal. 


Length of Pursuit A fleeing object leaves the origin and 
moves up the y-axis (see figure). At the same time, a pursuer 
leaves the point (1, 0) and always moves toward the fleeing 
object. The pursuer’s speed is twice that of the fleeing object. 
The equation of the path is modeled by 


y= 5? — 3x!/2 + 2), 


How far has the fleeing object traveled when it is caught? Show 
that the pursuer has traveled twice as far. 


y y 


i 30 100 ft 


7 -20 20 
I 


= ae ie 
y= 3" —3x* +2) y= 31 —10(e*!20 + e#/20) 


Figure for 33 Figure for 34 


T 
Roof Area A barn is 100 feet long and 40 feet wide (see 
figure). A cross section of the roof is the inverted catenary 


y = 31 — 10(e*/% + e~*/2°), Find the number of square feet 
of roofing on the barn. 


Length of a Catenary Electrical wires suspended between 
two towers form a catenary (see figure) modeled by the equation 


y= 20 cosh 55, —20 < x < 20 


where x and y are measured in meters. The towers are 40 meters 
apart. Find the length of the suspended cable. 
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T T | T T T T 
—400 -200 200 400 
Figure for 35 Figure for 36 
36. Length of Gateway Arch The Gateway Arch in St. Louis, 
Missouri, is modeled by 
y = 693.8597 — 68.7672 cosh 0.0100333x, 
— 299.2239 < x < 299.2239. 
(See Section 5.8, Section Project: St. Louis Arch.) Find the 
length of this curve (see figure). 


37. Find the arc length from (0, 3) clockwise to (2, 5) along the 
circle x? + y? = 9. 

38. Find the arc length from (—3, 4) clockwise to (4, 3) along the 
circle x? + y? = 25. Show that the result is one-fourth the 
circumference of the circle. 


In Exercises 39-42, set up and evaluate the definite integral for 
the area of the surface generated by revolving the curve about 
the x-axis. 


39. y= De 40. y =2/x 


In Exercises 43 and 44, set up and evaluate the definite integral 
for the area of the surface generated by revolving the curve 
about the y-axis. 


43. y= Jx +2 44. y=9-= x? 


In 


Exercises 45 and 46, use the integration capabilities of a 


graphing utility to approximate the surface area of the solid of 


revolution. 
Function Interval 
45. y = sinx [0, a] 
revolved about the x-axis 
46. y = Inx [1, e] 


revolved about the y-axis 


Writing About Concepts 


51 


52. 


53. 


54. 


55. 


. Define a rectifiable curve. 


. What precalculus formula and representative element are 
used to develop the integration formula for arc length? 


. What precalculus formula and representative element are 
used to develop the integration formula for the area of a 
surface of revolution? 


. The graphs of the functions f, and f, on the interval [a, b] 
are shown in the figure. The graph of each is revolved about 
the x-axis. Which surface of revolution has the greater 
surface area? Explain. 


. A right circular cone is generated by revolving the region 
bounded by y = Ax/r, y = h, and x = 0 about the y-axis. 
Verify that the lateral surface area of the cone is 


S=arJ/P +P. 


A sphere of radius r is generated by revolving the graph of 
y = \/r* — x? about the x-axis. Verify that the surface area of 
the sphere is 47 r°. 

Find the area of the zone of a sphere formed by revolving the 
graph of y = V9 = x2,0 < x < 2, about the y-axis. 


Find the area of the zone of a sphere formed by revolving the 
graph of y = Vr? — x°, 0 < x < a, about the y-axis. Assume 
thata < r. 


Bulb Design An ornamental light bulb is designed by 
revolving the graph of 


1 1 
yaar? — 33, O<x<3 


about the x-axis, where x and y are measured in feet (see 
figure). Find the surface area of the bulb and use the result to 
approximate the amount of glass needed to make the bulb. 
(Assume that the glass is 0.015 inch thick.) 


56. 


57. 
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Figure for 55 
Tamm 

L y 
Think About It Consider the equation 9 + 17 1. 


(a) Use a graphing utility to graph the equation. 

(b) Set up the definite integral for finding the first quadrant arc 
length of the graph in part (a). 

(c) Compare the interval of integration in part (b) and the 
domain of the integrand. Is it possible to evaluate the 
definite integral? Is it possible to use Simpson’s Rule to 
evaluate the definite integral? Explain. (You will learn how 
to evaluate this type of integral in Section 8.8.) 


Modeling Data The circumference C (in inches) of a vase is 
measured at three-inch intervals starting at its base. The 
measurements are shown in the table, where y is the vertical 
distance in inches from the base. 


y 0 3 6 9 12 15 18 


C } 50 | 65.5 | 70 66 58 51 48 


(a) Use the data to approximate the volume of the vase by 
summing the volumes of approximating disks. 


(b) Use the data to approximate the outside surface area 
(excluding the base) of the vase by summing the outside 
surface areas of approximating frustums of right circular 
cones. 


(c) Use the regression capabilities of a graphing utility to find 
a cubic model for the points (y, r) where r = C/(27). Use 
the graphing utility to plot the points and graph the model. 


(d) Use the model in part (c) and the integration capabilities of 
a graphing utility to approximate the volume and outside 
surface area of the vase. Compare the results with your 
answers in parts (a) and (b). 


58. Modeling Data Property bounded by two perpendicular 


roads and a stream is shown in the figure on the next page. All 

distances are measured in feet. 

(a) Use the regression capabilities of a graphing utility to fit a 
fourth-degree polynomial to the path of the stream. 

(b) Use the model in part (a) to approximate the area of the 
property in acres. 

(c) Use the integration capabilities of a graphing utility to find 
the length of the stream that bounds the property. 
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y F roject Select a solid of revolution from everyday 
d A life. Measure the radius of the solid at a minimum of seven 
4 (150, 430) points along its axis. Use the data to approximate the volume of 
/ (200,425) the solid and the surface area of the lateral sides of the solid. 


62. Writing Read the article “Arc Length, Area and the Arcsine 
Function” by Andrew M. Rockett in Mathematics Magazine. 
Then write a paragraph explaining how the arcsine function can 
be defined in terms of an arc length. 


a = N aa 
MathArticle 
Figure for 58 


59. Let R be the region bounded by y = 1/x, the x-axis, x = 1, and 63. Astroid Find the area of the surface formed by revolving the 
x = b, where b > 1. Let D be the solid formed when R is portion in the first quadrant of the graph of x?/3 + y?/3 = 4, 
revolved about the x-axis. 0 < y < 8 about the y-axis. 

(a) Find the volume V of D. y 


7 y= a-a)? 


(b) Write the surface area S as an integral. 


(c) Show that V approaches a finite limit as b — o0. 


(d) Show that S > œœ as b Sco. 


60. (a) Given a circular sector with radius L and central angle 0 
(see figure), show that the area of the sector is given by 


S= 1 126. 
2 Figure for 63 Figure for 64 


(b) By joining the straight line edges of the sector in part (a), a 


—hkkkE~E ad 
right circular cone is formed (see figure) and the lateral [ Rotatable Graph | 


surface area of the cone is the same as the area of the sector. 


Show that the area is S = mrL, where r is the radius of the 64. Consider the graph of y? = $ x(4 — x)? (see figure). Find the 
base of the cone. (Hint: The arc length of the sector equals area of the surface formed when the loop of this graph is 
the circumference of the base of the cone.) revolved around the x-axis. 


65. Suspension Bridge A cable for a suspension bridge has the 
shape of a parabola with equation y = kx. Let h represent the 
height of the cable from its lowest point to its highest point and 
let 2w represent the total span of the bridge (see figure). Show 
that the length C of the cable is given by 


w 2 
c=af it Baran 
A w 

bi 


Figure for 60(a) Figure for 60(b) 

m 

(c) Use the result of part (b) to verify that the formula for the 
lateral surface area of the frustum of a cone with slant height 
L and radii r; andr, (see figure) is S$ = T(r ga r5)L. 


(Note: This formula was used to develop the integral for 
finding the surface area of a surface of revolution.) ne 


66. Suspension Bridge The Humber Bridge, located in the 
L United Kingdom and opened in 1981, has a main span of about 

1400 meters. Each of its towers has a height of about 155 

ai r, meters. Use these dimensions, the integral in Exercise 65, and 


the integration capabilities of a graphing utility to approximate 
the length of a parabolic cable along the main span. 


a 
Axis of Putnam Exam Challenge 
revolution 


67. Find the length of the curve y? = x? from the origin to the point 
where the tangent makes an angle of 45° with the x-axis. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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e Find the work done by a constant force. 
e Find the work done by a variable force. 


Work Done by a Constant Force 


The concept of work is important to scientists and engineers for determining the 
energy needed to perform various jobs. For instance, it is useful to know the amount 
of work done when a crane lifts a steel girder, when a spring is compressed, when a 
rocket is propelled into the air, or when a truck pulls a load along a highway. 

In general, work is done by a force when it moves an object. If the force applied 
to the object is constant, then the definition of work is as follows. 


Definition of Work Done by a Constant Force 


If an object is moved a distance D in the direction of an applied constant force 
F, then the work W done by the force is defined as W = FD. 


There are many types of forces—centrifugal, electromotive, and gravitational, to 
name a few. A force can be thought of as a push or a pull; a force changes the state 
of rest or state of motion of a body. For gravitational forces on Earth, it is common to 
use units of measure corresponding to the weight of an object. 


EXAMPLE | Lifting an Object 
Determine the work done in lifting a 50-pound object 4 feet. 


Solution The magnitude of the required force F is the weight of the object, as shown 
in Figure 7.48. So, the work done in lifting the object 4 feet is 


W = FD Work = (force)(distance) 
a 50(4) Force = 50 pounds, distance = 4 feet 


= 200 foot-pounds. <== 


[eect] 
In the U.S. measurement system, work is typically expressed in foot-pounds 


(ft-lb), inch-pounds, or foot-tons. In the centimeter-gram-second (C-G-S) system, the 
basic unit of force is the dyne—the force required to produce an acceleration of 


4 ft 


ee ee 


The work done in lifting a 50-pound object 1 centimeter per second per second on a mass of | gram. In this system, work is 
4 feet is 200 foot-pounds. typically expressed in dyne-centimeters (ergs) or newton-meters (joules), where 
Figure 7.48 1 joule = 10” ergs. 


| Simulation | 


How Much Work? In Example 1, 200 foot-pounds of work was needed to lift 
the 50-pound object 4 feet vertically off the ground. Suppose that once you lifted 
the object, you held it and walked a horizontal distance of 4 feet. Would this 
require an additional 200 foot-pounds of work? Explain your reasoning. 
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Work Done by a Variable Force 


In Example 1, the force involved was constant. If a variable force is applied to an 
object, calculus is needed to determine the work done, because the amount of force 
changes as the object changes position. For instance, the force required to compress a 
spring increases as the spring is compressed. 

Suppose that an object is moved along a straight line from x = a to x = b by a 
continuously varying force F(x). Let A be a partition that divides the interval [a, b] 
into n subintervals determined by 


a=% <x, <x, << x, Hd 


and let Ax; = x; — x;_,. For each i, choose c, such that x,_, < c; < x;. Then at c, the 
force is given by F(c,). Because F is continuous, you can approximate the work done 


in moving the object through the ith subinterval by the increment 


AW, = F(c,) Ax; 
The amount of force changes as an object 
changes position (Ax). as shown in Figure 7.49. So, the total work done as the object moves from a to b is 
Figure 7.49 approximated by 
w= SAW, 
{Z1 
= X Fle) Ax;. 
= 


This approximation appears to become better and better as ||A ||— 0 (n > 00). So, the 
work done is 


|| Allo 


= f z (x) dx. 


W= lim X Ec) Ax; 
= 


Definition of Work Done by a Variable Force 


If an object is moved along a straight line by a continuously varying force 
F(x), then the work W done by the force as the object is moved from x = a 
tox = bis 


W= lim $ aw, 


= 1 
laj=o & 


b 
EMILIE DE BRETEUIL (1706—1749) = f F(x) dx. 


Another major work by de Breteuil was the 
translation of Newton’s“Philosophiae 
Naturalis Principia Mathematica” into 
French. Her translation and commentary 
greatly contributed to the acceptance of 
Newtonian science in Europe. 


The remaining examples in this section use some well-known physical laws. The 
discoveries of many of these laws occurred during the same period in which calculus 
was being developed. In fact, during the seventeenth and eighteenth centuries, there 
was little difference between physicists and mathematicians. One such physicist- 
mathematician was Emilie de Breteuil. Breteuil was instrumental in synthesizing the 


MathBio work of many other scientists, including Newton, Leibniz, Huygens, Kepler, and 
Descartes. Her physics text Institutions was widely used for many years. 
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The following three laws of physics were developed by Robert Hooke 
(1635-1703), Isaac Newton (1642—1727), and Charles Coulomb (1736-1806). 


1. Hooke’s Law: The force F required to compress or stretch a spring (within its 
elastic limits) is proportional to the distance d that the spring is compressed or 
stretched from its original length. That is, 


F=kd 


where the constant of proportionality k (the spring constant) depends on the 
specific nature of the spring. 


2. Newton’s Law of Universal Gravitation: The force F of attraction between two 
particles of masses m, and m, is proportional to the product of the masses and 
inversely proportional to the square of the distance d between the two particles. 
That is, 


If m,and m, are given in grams and d in centimeters, F will be in dynes for a value 
of k = 6.670 x 10-8 cubic centimeter per gram-second squared. 


3. Coulomb’s Law: The force between two charges g, and q, in a vacuum is 


The work done in compressing the proportional to the product of the charges and inversely proportional to the square 
spring in Example 2 from x = 3 of the distance d between the two charges. That is, 

inches to x = 6 inches is 3375 

inch-pounds. Should the work done Nd 

in compressing the spring from x = 0 Ek Ge 


inches to x = 3 inches be more than, 
the same as, or less than this? 


Explain. If q, and q, are given in electrostatic units and d in centimeters, F will be in dynes 


for a value of k = 1. 


EXAMPLE 2. Compressing a Spring 


A force of 750 pounds compresses a spring 3 inches from its natural length of 15 
inches. Find the work done in compressing the spring an additional 3 inches. 


Solution By Hooke’s Law, the force F(x) required to compress the spring x units 
(from its natural length) is F(x) = kx. Using the given data, it follows that F(3) = 
750 = (k)(3) and so k = 250 and F(x) = 250x, as shown in Figure 7.50. To find the 
increment of work, assume that the force required to compress the spring over a small 
increment Ax is nearly constant. So, the increment of work is 


Natural length (F = 0) AW = (force)(distance increment) = (250x) Ax. 


MW YWVYVF--- : Because the spring is compressed from x = 3 to x = 6 inches less than its natural 
0 15 ‘red j 


length, the work required is 


6 


b 
W= | F(x)dx = f 250x dx Formula for work 
a 3 


Compressed 3 inches (F = 750) 


0 } 3 WY 15 ‘ 
= 12544] = 4500 — 1125 = 3375 inch-pounds. 


Compressed x inches (F = 250x) 3 


NMS Note that you do not integrate from x = 0 to x = 6 because you were asked to 
0 x 15 . . . . oo . 


determine the work done in compressing the spring an additional 3 inches eu 
Figure 7.50 including the first 3 inches). 


6 
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EXAMPLE 3 Moving a Space Module into Orbit 


A space module weighs 15 metric tons on the surface of Earth. How much work is 
done in propelling the module to a height of 800 miles above Earth, as shown in 
Figure 7.51? (Use 4000 miles as the radius of Earth. Do not consider the effect of air 
resistance or the weight of the propellant.) 


Solution Because the weight of a body varies inversely as the square of its distance 
from the center of Earth, the force F(x) exerted by gravity is 


Not drawn to scale 


C : TEREA 
+ O sls x F (x) = <5: C is the constant of proportionality. 
4000 cs 4800 x 
a Because the module weighs 15 metric tons on the surface of Earth and the radius of 
Figure 7.51 Earth is approximately 4000 miles, you have 
Ç 
15 = -z 
(4000)? 


240,000,000 = C. 
So, the increment of work is 


AW = (force)(distance increment) 
_ 240,000,000 


x2 


Ax. 


Finally, because the module is propelled from x = 4000 to x = 4800 miles, the total 
work done is 


b 4800 
W= f F(x) dx = f a dx Formula for work 
a 4000 x 
= 240,000,000 f" 
= Integrate. 
x 4000 


= —50,000 + 60,000 
= 10,000 mile-tons 
= 1.164 x 10!! foot-pounds. 


In the C-G-S system, using a conversion factor of 1 foot-pound ~ 1.35582 joules, the 
work done is 


W = 1.578 x 10! joules. pa 
A A (Eee 

The solutions to Examples 2 and 3 conform to our development of work as the 
summation of increments in the form 


AW = (force)(distance increment) = (F)(Ax). 
Another way to formulate the increment of work is 


AW = (force increment)(distance) = (AF) (x). 


This second interpretation of AW is useful in problems involving the movement of 
nonrigid substances such as fluids and chains. 


Figure 7.52 


[Rotatable Graph | 
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EXAMPLE 4 Emptying a Tank of Oil 


A spherical tank of radius 8 feet is half full of oil that weighs 50 pounds per cubic 
foot. Find the work required to pump oil out through a hole in the top of the tank. 


Solution Consider the oil to be subdivided into disks of thickness Ay and radius x, 
as shown in Figure 7.52. Because the increment of force for each disk is given by its 
weight, you have 


AF = weight 


_ (2 pounds 


cubic mds) volume) 


= 50(ax?Ay) pounds. 
For a circle of radius 8 and center at (0, 8), you have 
x? + (y — 8)? = 8? 
x? = 16y — y? 
and you can write the force increment as 
AF = 50(ax7Ay) 
= 50(l6y — y?) Ay. 


In Figure 7.52, note that a disk y feet from the bottom of the tank must be moved a 
distance of (16 — y) feet. So, the increment of work is 


AW = AF(16 — y) 
= 507(16y — y?) Ay(16 — y) 
= 50m(256y — 32y? + y3) Ay. 


Because the tank is half full, y ranges from 0 to 8, and the work required to empty the 
tank is 


8 

W= | 507(256y — 32y? + y?) dy 
0 

478 

= 50n| 128, - 2 + z] 


4 Jo 
_ 50n( 1425) 


= 589,782 foot-pounds. C] 
[try te] [Bpteraton a] 
To estimate the reasonableness of the result in Example 4, consider that the 
weight of the oil in the tank is 


(4)ivotume)(density) = 1 (428850) 


= 53,616.5 pounds. 


Lifting the entire half-tank of oil 8 feet would involve work of 8(53,616.5) = 428,932 
foot-pounds. Because the oil is actually lifted between 8 and 16 feet, it seems reason- 
able that the work done is 589,782 foot-pounds. 
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EXAMPLE 5 Lifting a Chain 


A 20-foot chain weighing 5 pounds per foot is lying coiled on the ground. How much 
work is required to raise one end of the chain to a height of 20 feet so that it is fully 
extended, as shown in Figure 7.53? 


Solution Imagine that the chain is divided into small sections, each of length Ay. 
Then the weight of each section is the increment of force 


= (weight) = (5 ponds) ten gth) = 5Ay. 


Because a typical section (initially on the ground) is raised to a height of y, the incre- 
ment of work is 


AW = (force increment)(distance) = (5 Ay)y = 5y Ay. 


Work required to raise one end of the chain Because y ranges from 0 to 20, the total work is 
Figure 7.53 


a0 400 
W= Bau 5y dy = S zh A K ) = 1000 foot-pounds. 


In the next example you will consider a piston of radius r in a cylindrical casing, 
as shown in Figure 7.54. As the gas in the cylinder expands, the piston moves and 
work is done. If p represents the pressure of the gas (in pounds per square foot) against 
the piston head and V represents the volume of the gas (in cubic feet), the work 
increment involved in moving the piston Ax feet is 


AW = (force)(distance increment) = F(Ax) = p(rr?) Ax = p AV. 


Work done by expanding gas So, as the volume of the gas expands from V to V,, the work done in moving the 
Figure 7.54 piston is 
W= |l p dV. 
Vo 


Assuming the pressure of the gas to be inversely proportional to its volume, you have 
p = k/V and the integral for work becomes 


V 
'k 
W=] dV. 
k 


EXAMPLE 6 Work Done by an Expanding Gas 
A quantity of gas with an initial volume of 1 cubic foot and a pressure of 500 pounds 
per square foot expands to a volume of 2 cubic feet. Find the work done by the gas. 


(Assume that the pressure is inversely proportional to the volume.) 


Solution Because p = k/V and p = 500 when V = 1, you have k = 500. So, the 
work is 


Vi 
w= $ Ey 


af ae 


2 
= 500 inv | =~ 346.6 foot-pounds. 
1 


[Try 1t | [Exploration | 


Exercises for Section 7.5 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


Constant Force In Exercises 1—4, determine the work done by 
the constant force. 

1. A 100-pound bag of sugar is lifted 10 feet. 

2. An electric hoist lifts a 2800-pound car 4 feet. 


3. A force of 112 newtons is required to slide a cement block 
4 meters in a construction project. 


4. The locomotive of a freight train pulls its cars with a constant 
force of 9 tons a distance of one-half mile. 


Writing About Concepts 


5. State the definition of work done by a constant force. 
6. State the definition of work done by a variable force. 


7. The graphs show the force F; (in pounds) required to move 
an object 9 feet along the x-axis. Order the force functions 
from the one that yields the least work to the one that yields 
the most work without doing any calculations. Explain your 
reasoning. 


(b) F 


2 4 6 8 


8. Verify your answer to Exercise 7 by calculating the work for 
each force function. 


Hooke’s Law In Exercises 9-16, use Hooke’s Law to determine 
the variable force in the spring problem. 


9. A force of 5 pounds compresses a 15-inch spring a total of 
4 inches. How much work is done in compressing the spring 
7 inches? 


10. How much work is done in compressing the spring in Exercise 
9 from a length of 10 inches to a length of 6 inches? 


11. A force of 250 newtons stretches a spring 30 centimeters. How 
much work is done in stretching the spring from 20 centimeters 
to 50 centimeters? 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


19. 


20. 


21. 


A force of 800 newtons stretches a spring 70 centimeters on a 
mechanical device for driving fence posts. Find the work done 
in stretching the spring the required 70 centimeters. 


A force of 20 pounds stretches a spring 9 inches in an exercise 
machine. Find the work done in stretching the spring 1 foot 
from its natural position. 


An overhead garage door has two springs, one on each side of 
the door. A force of 15 pounds is required to stretch each spring 
1 foot. Because of the pulley system, the springs stretch only 
one-half the distance the door travels. The door moves a total of 
8 feet and the springs are at their natural length when the door 
is open. Find the work done by the pair of springs. 


Eighteen foot-pounds of work is required to stretch a spring 4 
inches from its natural length. Find the work required to stretch 
the spring an additional 3 inches. 


Seven and one-half foot-pounds of work is required to com- 
press a spring 2 inches from its natural length. Find the work 
required to compress the spring an additional one-half inch. 


Propulsion Neglecting air resistance and the weight of the 
propellant, determine the work done in propelling a five-ton 
satellite to a height of 


(a) 100 miles above Earth. 
(b) 300 miles above Earth. 


Propulsion Use the information in Exercise 17 to write the 
work W of the propulsion system as a function of the height h 
of the satellite above Earth. Find the limit (if it exists) of W as 
h approaches infinity. 


Propulsion Neglecting air resistance and the weight of the 
propellant, determine the work done in propelling a 10-ton 
satellite to a height of 


(a) 11,000 miles above Earth. 
(b) 22,000 miles above Earth. 


Propulsion A lunar module weighs 12 tons on the surface of 
Earth. How much work is done in propelling the module from 
the surface of the moon to a height of 50 miles? Consider the 
radius of the moon to be 1100 miles and its force of gravity to 
be one-sixth that of Earth. 


Pumping Water A rectangular tank with a base 4 feet by 5 
feet and a height of 4 feet is full of water (see figure). The water 
weighs 62.4 pounds per cubic foot. How much work is done in 
pumping water out over the top edge in order to empty (a) half 
of the tank? (b) all of the tank? 
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22. 


23. 


24. 


25. 


26. 


27. 


28. 
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Think About It Explain why the answer in part (b) of 
Exercise 21 is not twice the answer in part (a). 


Pumping Water A cylindrical water tank 4 meters high with 
a radius of 2 meters is buried so that the top of the tank is 1 
meter below ground level (see figure). How much work is done 
in pumping a full tank of water up to ground level? (The water 
weighs 9800 newtons per cubic meter.) 


Figure for 23 Figure for 24 
TE ce 
Pumping Water Suppose the tank in Exercise 23 is located on 
a tower so that the bottom of the tank is 10 meters above the 
level of a stream (see figure). How much work is done in filling 


the tank half full of water through a hole in the bottom, using 
water from the stream? 


Pumping Water An open tank has the shape of a right circular 
cone (see figure). The tank is 8 feet across the top and 6 feet 
high. How much work is done in emptying the tank by pumping 
the water over the top edge? 


y 


Figure for 25 Figure for 28 
een) m 
Pumping Water Water is pumped in through the bottom of 
the tank in Exercise 25. How much work is done to fill the tank 


(a) to a depth of 2 feet? 
(b) from a depth of 4 feet to a depth of 6 feet? 


Pumping Water A hemispherical tank of radius 6 feet is 
positioned so that its base is circular. How much work is 
required to fill the tank with water through a hole in the base if 
the water source is at the base? 


Pumping Diesel Fuel The fuel tank on a truck has 
trapezoidal cross sections with dimensions (in feet) shown in 
the figure. Assume that an engine is approximately 3 feet above 
the top of the fuel tank and that diesel fuel weighs approxi- 
mately 53.1 pounds per cubic foot. Find the work done by the 
fuel pump in raising a full tank of fuel to the level of the engine. 
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umping Gasoline In Exercises ; 

in pumping gasoline that weighs 42 pounds per cubic foot. 
(Hint: Evaluate one integral by a geometric formula and the 
other by observing that the integrand is an odd function.) 


29. A cylindrical gasoline tank 3 feet in diameter and 4 feet long 
is carried on the back of a truck and is used to fuel tractors. 
The axis of the tank is horizontal. The opening on the tractor 
tank is 5 feet above the top of the tank in the truck. Find the 
work done in pumping the entire contents of the fuel tank into 
a tractor. 


30. The top of a cylindrical storage tank for gasoline at a service 
station is 4 feet below ground level. The axis of the tank is 
horizontal and its diameter and length are 5 feet and 12 feet, 
respectively. Find the work done in pumping the entire contents 
of the full tank to a height of 3 feet above ground level. 


Lifting a Chain In Exercises 31-34, consider a 15-foot chain 
that weighs 3 pounds per foot hanging from a winch 15 feet 
above ground level. Find the work done by the winch in winding 
up the specified amount of chain. 


31. Wind up the entire chain. 

32. Wind up one-third of the chain. 

33. Run the winch until the bottom of the chain is at the 10-foot 
level. 


34. Wind up the entire chain with a 500-pound load attached to it. 


Lifting a Chain In Exercises 35 and 36, consider a 15-foot 
hanging chain that weighs 3 pounds per foot. Find the work 
done in lifting the chain vertically to the indicated position. 


35. Take the bottom of the chain and raise it to the 15-foot level, 
leaving the chain doubled and still hanging vertically (see 
figure). 


36. Repeat Exercise 35 raising the bottom of the chain to the 
12-foot level. 


Demolition Crane In Exercises 37 and 38, consider a demoli- 
tion crane with a 500-pound ball suspended from a 40-foot cable 
that weighs 1 pound per foot. 

37. Find the work required to wind up 15 feet of the apparatus. 
38. Find the work required to wind up all 40 feet of the apparatus. 


Boyle’s Law In Exercises 39 and 40, find the work done by the 
gas for the given volume and pressure. Assume that the pressure 
is inversely proportional to the volume. (See Example 6.) 


39. A quantity of gas with an initial volume of 2 cubic feet and a 
pressure of 1000 pounds per square foot expands to a volume 
of 3 cubic feet. 


40. A quantity of gas with an initial volume of 1 cubic foot and a 
pressure of 2500 pounds per square foot expands to a volume 
of 3 cubic feet. 


41. Electric Force Two electrons repel each other with a force 
that varies inversely as the square of the distance between them. 
One electron is fixed at the point (2, 4). Find the work done in 
moving the second electron from (—2, 4) to (1, 4). 


42. Modeling Data The hydraulic cylinder on a woodsplitter has 
a four-inch bore (diameter) and a stroke of 2 feet. The hydraulic 
pump creates a maximum pressure of 2000 pounds per square 
inch. Therefore, the maximum force created by the cylinder is 
2000(72?) = 80007 pounds. 


(a) Find the work done through one extension of the cylinder 
given that the maximum force is required. 


(b) The force exerted in splitting a piece of wood is variable. 
Measurements of the force obtained when a piece of wood 
was split are shown in the table. The variable x measures 
the extension of the cylinder in feet, and F is the force in 
pounds. Use Simpson’s Rule to approximate the work done 
in splitting the piece of wood. 
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1 2 4 5 
x 0 3 3 l 3 3 2 


F(x) | 0 | 20,000 | 22,000 | 15,000 | 10,000 | 5000 | 0 


Table for 42(b) 


(c) Use the regression capabilities of a graphing utility to find 
a fourth-degree polynomial model for the data. Plot the data 
and graph the model. 


(d) Use the model in part (c) to approximate the extension of 
the cylinder when the force is maximum. 


(e) Use the model in part (c) to approximate the work done in 
splitting the piece of wood. 


Hydraulic Press In Exercises 43-46, use the integration 
capabilities of a graphing utility to approximate the work done 
by a press in a manufacturing process. A model for the variable 
force F (in pounds) and the distance x (in feet) the press moves 
is given. 


Force Interval 
43. F(x) = 1000[1.8 — In(x + 1)] O<x<5 
e-l 
; = <xs<s 
44. F(x) T O<x<4 
45. F(x) = 100x./125 — x3 O<x< 
46. F(x) = 1000 sinh x O<sx< 
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Section 7.6 Moments, Centers of Mass, and Centroids 


e Understand the definition of mass. 

e Find the center of mass in a one-dimensional system. 

e Find the center of mass in a two-dimensional system. 

e Find the center of mass of a planar lamina. 

e Use the Theorem of Pappus to find the volume of a solid of revolution. 


Mass 


In this section you will study several important applications of integration that are 
related to mass. Mass is a measure of a body’s resistance to changes in motion, and is 
independent of the particular gravitational system in which the body is located. 
However, because so many applications involving mass occur on Earth’s surface, an 
object’s mass is sometimes equated with its weight. This is not technically correct. 
Weight is a type of force and as such is dependent on gravity. Force and mass are 
related by the equation 


Force = (mass)(acceleration). 


The table below lists some commonly used measures of mass and force, together with 
their conversion factors. 


System of Measure of 

Measurement Mass Measure of Force 

US. Slug Pound = (slug)(ft/sec*) 
International Kilogram Newton = (kilogram)(m/sec”) 
C-G-S Gram Dyne = (gram)(cm/sec?) 
Conversions: 

1 pound = 4.448 newtons 1 slug = 14.59 kilograms 
1 newton = 0.2248 pound 1 kilogram = 0.06852 slug 
1 dyne = 0.000002248 pound 1 gram = 0.00006852 slug 
1 dyne = 0.00001 newton 1 foot = 0.3048 meter 


EXAMPLE I Mass on the Surface of Earth 
Find the mass (in slugs) of an object whose weight at sea level is 1 pound. 


Solution Using 32 feet per second per second as the acceleration due to gravity 
produces 


force 
Mass = ——_——W Force = (mass)(acceleration) 
acceleration 


= 1 pound 
32 feet per second per second 


pound 
foot per second per second 


= 0.03125 slug. 


= 0.03125 


Because many applications involving mass occur on Earth’s surface, this amount of 
mass is called a pound mass. e 


[Try 1t | Exploration a | 
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Center of Mass in a One-Dimensional System 


You will now consider two types of moments of a mass—the moment about a point 
and the moment about a line. To define these two moments, consider an idealized 
situation in which a mass m is concentrated at a point. If x is the distance between this 
point mass and another point P, the moment of m about the point P is 


Moment = mx 


and x is the length of the moment arm. 

The concept of moment can be demonstrated simply by a seesaw, as shown in 
Figure 7.55. A child of mass 20 kilograms sits 2 meters to the left of fulcrum P, and 
an older child of mass 30 kilograms sits 2 meters to the right of P. From experience, 
The seesaw will balance when the left and the you know that the seesaw will begin to rotate clockwise, moving the larger child 
right moments are equal. down. This rotation occurs because the moment produced by the child on the left is 
Figure 7.55 less than the moment produced by the child on the right. 


Left moment = (20)(2) = 40 kilogram-meters 
Right moment = (30)(2) = 60 kilogram-meters 


To balance the seesaw, the two moments must be equal. For example, if the larger 
child moved to a position ; meters from the fulcrum, the seesaw would balance, 
because each child would produce a moment of 40 kilogram-meters. 

To generalize this, you can introduce a coordinate line on which the origin 
corresponds to the fulcrum, as shown in Figure 7.56. Suppose several point masses are 
located on the x-axis. The measure of the tendency of this system to rotate about the 
origin is the moment about the origin, and it is defined as the sum of the n products 


m;X;. 
My = mx, + mx, +++ + + MAXa 
| MD) n—1 
t t t ł ł t x 
ži %2 0 Sr- 

If mx, + myx, + +++ + m,x, = 0, the system is in equilibrium. 

Figure 7.56 


If M, is 0, the system is said to be in equilibrium. The concept of equilibrium is 
demonstrated in the simulation below. 


For a system that is not in equilibrium, the center of mass is defined as the point 
X at which the fulcrum could be relocated to attain equilibrium. If the system were 
translated X units, each coordinate x, would become (x; — xX), and because the moment 
of the translated system is 0, you have 


n n n 
> m,(x; — X) = D? m;X; — `, m;x = 0. 
a) a) a) 


Solving for X produces 


_ Æ 1! _ moment of system about origin 


a total mass of system 
2m; 


If mix; + mx, +--+ ++ m,x, = 0, the system is in equilibrium. 
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Moments and Center of Mass: One-Dimensional System 


Let the point masses m,,m,,. . .,m,, be located at x4, X3, . . .,X,. 

1. The moment about the origin is Mọ = m,x, + mx, +--+ + + m,Xx,. 
M, : 

2. The center of mass is ¥ = —, where m = m, +m, +- + - + m, is the 
m 


total mass of the system. 


EXAMPLE2 The Center of Mass of a Linear System 


Find the center of mass of the linear system shown in Figure 7.57. 


Oe O Oa O, 


-5 -4 3 2 -il 0 1 2 3 4 5 6 7 8 9 
Figure 7.57 


Solution The moment about the origin is 
Mo = mx, + mX, + mX; + M4X4 
= 10(—5) + 15(0) + 5(4) + 10(7) 
=50 + 0 + 20 + 70 


= 40. 
Because the total mass of the system is m = 10 + 15 + 5 + 10 = 40, the center of 
mass is 
Mo _ 40 
ge Oe Se 4 
= m 40 Say 


[Try te] [Exoration 
NOTE In Example 2, where should you locate the fulcrum so that the point masses will be in 
equilibrium? 


Rather than define the moment of a mass, you could define the moment of a force. 
In this context, the center of mass is called the center of gravity. Suppose that a 
system of point masses m,,m,,. . .,m,, is located at x,,x,,. . .,x,. Then, because 
force = (mass)(acceleration), the total force of the system is 
F=matmat:::+m,a 
= ma. 
The torque (moment) about the origin is 
ae (mya)x, + (ma)x, ++ > + + (m,a)x, 
= Ma 
and the center of gravity is 


Tọ Ma M, 


F ma m 


So, the center of gravity and the center of mass have the same location. 
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Gas) Let the point masses m,,m,,. . .,m,, be located at (x,, y1), X2; Y2), - -> X Yn- 
In a two-dimensional system, there is a 1. The moment about the y-axis is M, = m,x, + myx, +> + © + m,X,. 
moment about the y-axis, M,, and a moment 2. The moment about the x-axis is M, = m,y, + my, +++ © + M, Yw 


about the x-axis, M,. 


Center of Mass in a Two-Dimensional System 


You can extend the concept of moment to two dimensions by considering a system of 
masses located in the xy-plane at the points (x,,y,), (X>, Y2), © © -> (x, Yp), as shown in 
Figure 7.58. Rather than defining a single moment (with respect to the origin), two 
moments are defined—one with respect to the x-axis and one with respect to the 
y-axis. 


Moments and Center of Mass: Two-Dimensional System 


3. The center of mass (x, y) (or center of gravity) is 


Figure 7.58 
M, M 
x= — and y= 
m m 
where m = m, + m, + : - - + m, is the total mass of the system. 

The moment of a system of masses in the plane can be taken about any horizontal 
or vertical line. In general, the moment about a line is the sum of the product of the 
masses and the directed distances from the points to the line. 

Moment = my, —b)+ my(y> —b)+--+-+ m,y, — b) Horizontal line y = b 

Moment = m(x; —a)+ m(x a) +t: + m, x, — a) Vertical line x = a 
EXAMPLE 3 The Center of Mass of a Two-Dimensional System 

5 A Find the center of mass of a system of point masses m, = 6, m, = 3, m, = 2, and 
"3 @ 34 m, = m, = 9, located at 
CRD 2f ©) (3, —2), (0, 0), (—5, 3), and (4, 2) 
1+ 8 (4, 2) 
a 0, o) P : je as shown in Figure 7.59. 
-5 -4 -3 -2 -1 1 2 3 4 

Sa my = 6 : 
ot © Solution 
“37 G. -2 m =6 + 3 +2 +9 = 20 Mass 

Figure 7.59 M, = 6(3) + 3(0) + 2(—5) + 9(4) = 44 Moment about y-axis 

M, = 6(—2) + 3(0) + 2(3) + 9(2) = 12 Moment about x-axis 
So, 

-M 4 

“m 20 5 
and 

PTEE EE E ER 

Y m 20 5 
and so the center of mass is (4, 3). — 


[Try tt_| [Exploration a | 
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(x, ¥) (x, ¥) Center of Mass of a Planar Lamina 


CD eA 7” So far in this section you have assumed the total mass of a system to be distributed at 
A discrete points in a plane or on a line. Now consider a thin, flat plate of material of 
constant density called a planar lamina (see Figure 7.60). Density is a measure of 
mass per unit of volume, such as grams per cubic centimeter. For planar laminas, 
however, density is considered to be a measure of mass per unit of area. Density is 
U 


A 
denoted by p, the lowercase Greek letter rho. 

Consider an irregularly shaped planar lamina of uniform density p, bounded by 
al the graphs of y = f(x), y = g(x), and a < x < b, as shown in Figure 7.61. The mass 
U of this region is given by 
You can think of the center of mass (x, P) 


: : : i , m = (density)(area) 
of a lamina as its balancing point. For a cir- 


b 
cular lamina, the center of mass is the center =p f [flx) — g(x)] dx 
of the circle. For a rectangular lamina, the 5 

center of mass is the center of the rectangle. = pA 

Figure 7.60 


where A is the area of the region. To find the center of mass of this lamina, partition 
the interval [a, b] into n subintervals of equal width Ax. Let x; be the center of the ith 
subinterval. You can approximate the portion of the lamina lying in the ith subinterval 
by a rectangle whose height is h = f(x) — g(x,). Because the density of the rectangle 
is p, its mass is 


m; = (density) (area) 
= pl fx) — g(,)] Ax. 
[_ ee 
Density Height Width 


Now, considering this mass to be located at the center (x,, y;) of the rectangle, the 
directed distance from the x-axis to (x; y;) is y; = [f(x,) + g(x,)]/2. So, the moment 
of m; about the x-axis is 


Moment = (mass)(distance) 


MY; 


1 
1 
1 
1 
a x, 


pL f(x) — gx] Ay] ed = a) 


Planar lamina of uniform density p 
Figure 7.61 Summing the moments and taking the limit as n > co suggest the definitions below. 


Moments and Center of Mass of a Planar Lamina 


Let f and g be continuous functions such that f(x) = g(x) on [a, b], and 
consider the planar lamina of uniform density p bounded by the graphs of 
y = f(x), y = g(x), anda < x < b. 


1. The moments about the x- and y-axes are 


m= of [EO] - eoa 


M, =p f xL fla) = g(x)] dx. 


a 


M M 
2. The center of mass (x, Y) is given by X = — and y = —, where 
m m 


m = pS’ f(x) — g(x)] dx is the mass of the lamina. 


fa) =4—3° 


> xX 


Figure 7.62 


[_Esitabe Graph | 


The center of mass is the balancing point. 
Figure 7.63 
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EXAMPLE 4 The Center of Mass of a Planar Lamina 


Find the center of mass of the lamina of uniform density p bounded by the graph of 
f(x) = 4 — x? and the x-axis. 


Solution Because the center of mass lies on the axis of symmetry, you know that 
x = 0. Moreover, the mass of the lamina is 


2 
m=p| (4 — x?) dx 
-2 


LT 
= 4. = 5, 
ol 4s L 


_ 32p. 
3 
To find the moment about the x-axis, place a representative rectangle in the region, as 
shown in Figure 7.62. The distance from the x-axis to the center of this rectangle is 


f(x) _ 4 — x? 


yi pi 2 
Because the mass of the representative rectangle is 
pf(x) Ax = p(4 — x?) Ax 


you have 


2 J-2 

p 8x3 | 
= =| 16x — + 

Al Os SIL 
_ 256p 

15 


and y is given by 


__ M, _256p/15 _ 8. 
VY m 32/3 5 


So, the center of mass (the balancing point) of the lamina is (0, 8), as shown in 
Figure 7.63. SS 


[enya] | [eae] ES 
The density p in Example 4 is a common factor of both the moments and the 
mass, and as such divides out of the quotients representing the coordinates of the 


center of mass. So, the center of mass of a lamina of uniform density depends only on 
the shape of the lamina and not on its density. For this reason, the point 


(x, y) Center of mass or centroid 


is sometimes called the center of mass of a region in the plane, or the centroid of the 
region. In other words, to find the centroid of a region in the plane, you simply assume 
that the region has a constant density of p = 1 and compute the corresponding center 
of mass. 
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y 
fœ@=4-x° A ga)=x+2 


f + ew) 
2 


(-2, 0) 


> xX 


Figure 7.64 


| Editable Graph | 


Cut an irregular shape from a piece 
of cardboard. 


a. Hold a pencil vertically and move 
the object on the pencil point until 
the centroid is located. 


b. Divide the object into representa- 
tive elements. Make the necessary 
measurements and numerically 
approximate the centroid. 
Compare your result with the 
result in part (a). 


—\nr—! 


| 

Da 
i °(3.5) 
| 
1 2 3 4 5 6 
(b) The centroids of the three rectangles 
Figure 7.65 


EXAMPLE 5 The Centroid of a Plane Region 


Find the centroid of the region bounded by the graphs of f(x) = 4 — x? and 
g(x) =x +2. 


Solution The two graphs intersect at the points (—2,0) and (1,3), as shown in 
Figure 7.64. So, the area of the region is 


iE f iw sgass Í, E E > 


The centroid (x, y) of the region has the following coordinates. 
1 


z=3/ a4 = x4) = + ae =2 | e Er 


-3|-5-=+ | tl 
og 4 3 h 2 


y= f [É ESD ia- a) -et Dae 


-2(5) | (=? + a+ G)l— 2" — 2 + 2) de 


if? 
-if (x4 — 9x? — 4x + 12) dx 
9J 
1 
— 3x3 — 2x? + 12x = = 


-2 


So, the centroid of the region is (x, y) = (—3, z). 
M A 

For simple plane regions, you may be able to find the centroids without resorting 
to integration. 


EXAMPLE 6 The Centroid of a Simple Plane Region 
Find the centroid of the region shown in Figure 7.65(a). 


Solution By superimposing a coordinate system on the region, as shown in Figure 
7.65(b), you can locate the centroids of the three rectangles at 


13 5 1 
(3.3) (3.3) and (5, 1). 


Using these three points, you can find the centroid of the region. 
A = area of region = 3 +3+4= 10 


(1/2)(3) + (5/26) + (5)(4) _ 29 


= 10 ait ald 
— _ (3/2)(3) + (1/2)(3) + 04A _ 10 | i 
y 10 10 


So, the centroid of the region is (2.9, 1). 
[try re] [Eperona] 


NOTE In Example 6, notice that (2.9, 1) is not the “average” of (3, 3), G, 5), and (5, 1). 


ye 
The volume V is 27r rA, where A is the area 
of region R. 
Figure 7.66 


Use the shell method to show that the 
volume of the torus is given by 


3 
v= Í A l = (Ge = DY dhe, 
1 
Evaluate this integral using a graph- 


ing utility. Does your answer agree 
with the one in Example 7? 
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Theorem of Pappus 


The final topic in this section is a useful theorem credited to Pappus of Alexandria (ca. 
300 A.D.), a Greek mathematician whose eight-volume Mathematical Collection is a 
record of much of classical Greek mathematics. The proof of this theorem is given in 
Section 14.4. 


THEOREM 7.1 The Theorem of Pappus 


Let R be a region in a plane and let L be a line in the same plane such that L 
does not intersect the interior of R, as shown in Figure 7.66. If r is the distance 
between the centroid of R and the line, then the volume V of the solid of revo- 
lution formed by revolving R about the line is 


V=271raA 


where A is the area of R. (Note that 27rr is the distance traveled by the centroid 
as the region is revolved about the line.) 


The Theorem of Pappus can be used to find the volume of a torus, as shown in 
the following example. Recall that a torus is a doughnut-shaped solid formed by 
revolving a circular region about a line that lies in the same plane as the circle (but 
does not intersect the circle). 


EXAMPLE 7 Finding Volume by the Theorem of Pappus 


Find the volume of the torus shown in Figure 7.67(a), which was formed by revolving 
the circular region bounded by 


(x- 2)? +y=1 


about the y-axis, as shown in Figure 7.67(b). 


Centroid 


Torus 


(a) (b) 
Figure 7.67 


Solution In Figure 7.67(b), you can see that the centroid of the circular region is 


(2,0). So, the distance between the centroid and the axis of revolution is r = 2. 
Because the area of the circular region is A = 7, the volume of the torus is 


V = 2mrA 
= 2n(2)(r) 
= 4r? 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-4, find the center of mass of the point masses 
lying on the x-axis. 


1. m = 6,m, = 3,m, =5 


XS Ste = ley = 3 


2. m, = 7,m, = 4,m, = 3,m, = 8 

2, x, =5,x, = 6 

3. m = 1,m, = 1,m, = 1,m, = 1,m; = 1 
x, = 7, x, = 8,x, = 12, x, = 15, x5 = 18 


4. m; = 12,m, = 1,m; = 6, m, = 3, m; = 11 


x, 3, Xy 


xy 6, X2 4, x3 2,X%4 = 0,%, = 8 
5. Graphical Reasoning 


(a) Translate each point mass in Exercise 3 to the right five 
units and determine the resulting center of mass. 


(b) Translate each point mass in Exercise 4 to the left three 
units and determine the resulting center of mass. 


6. Conjecture Use the result of Exercise 5 to make a conjecture 
about the change in the center of mass that results when each 
point mass is translated k units horizontally. 


Statics Problems In Exercises 7 and 8, consider a beam of 
length L with a fulcrum x feet from one end (see figure). There 
are objects with weights W, and W, placed on opposite ends of 
the beam. Find x such that the system is in equilibrium. 


mw x I~ L-x >| 


7. Two children weighing 50 pounds and 75 pounds are going to 
play on a seesaw that is 10 feet long. 


8. In order to move a 550-pound rock, a person weighing 200 
pounds wants to balance it on a beam that is 5 feet long. 


In Exercise 9-12, find the center of mass of the given system of 
point masses. Fe 


5. 5 1 3 


i 


(py) | (2,2) | (-3,1) | 0, =4 


10. 10 2 5 


i 


(x15) G, —1) (5, 5) (=4, 0) 


11. TD: 3 4 
py) (=2; —3) (5, 5) 
m; 2 1 6 
Gy) | (7.1) | (0,0) | (-3,0) 
12. 15 
m; 12 6 3 15 
œ) | (2,3) | (-1,5) | (6,8) (2, =2) 


In Exercises 13-24, find M,, M,, and (x, y) for the laminas of 
uniform density p bounded by the graphs of the equations. 

13. y= Vx,y =0,x=4 

14. y = }x?,y=0,x =2 

15. y = x?, y = xX 

16. y = Vx, y =x 

17. y= -x? + 4x +2,y=x+2 

18. y= Vx +4 Ne acer + 1 

19. y=xX,y=0,x = 8 


20. y= PB, y = 

2.x =4-y2,x= 

22. x = 2y — y? x = 
23. x = —y, x = 2y — y? 


24. x= y +2,x = y? 


In Exercises 25-28, set up and evaluate the integrals for finding 
the area and moments about the x- and y-axes for the region 
bounded by the graphs of the equations. (Assume p = 1.) 
25. y =x? y =x 
1 
26. y= y=0.1 <x<4 
27. y=2x+4,y=0,0<sx<3 
28. y=x*?-4,y=0 


ll 


In Exercises 29-32, use a graphing utility to graph the region 
bounded by the graphs of the equations. Use the integration 
capabilities of the graphing utility to approximate the centroid 
of the region. 


29. y = 10x. /125 — 3, y = 0 

30. y = xe, y =0,x = 0, x =4 

31. Prefabricated End Section of a Building 
y=5 400 — x?, y=0 

32. Witch of Agnesi 
y = 8/@? + 4),y = 0,x = —2,x = 2 


In Exercises 33-38, find and/or verify the centroid of the 
common region used in engineering. 


33. Triangle Show that the centroid of the triangle with vertices 
(—a, 0), (a, 0), and (b,c) is the point of intersection of the 
medians (see figure). 


y 


y 
A 
(b, c) 
(b, c) (a + b,c) 
x x 
(a, 0) (a, 0) 


Figure for 34 


Ca, 0) 


40. 


Figure for 33 


34. Parallelogram Show that the centroid of the parallelogram 
with vertices (0, 0), (a, 0), (b, c), and (a + b, c) is the point of 


intersection of the diagonals (see figure). 


35. Trapezoid Find the centroid of the trapezoid with vertices 
(0, 0), (0, a), (c, b), and (c, 0). Show that it is the intersection of 
the line connecting the midpoints of the parallel sides and the 


line connecting the extended parallel sides, as shown in the 


figure. 

bi 
A 
r 

> xX 

=F r 
Figure for 35 Figure for 36 
Fy 41. 
36. Semicircle Find the centroid of the region bounded by the 


graphs of y = Vr? — x? and y = 0 (see figure). 


37. Semiellipse Find the centroid of the region bounded by the 


graphs of y = ? Va — x? and y = 0 (see figure). 


4 Parabolic spandrel 


A d, 1) 
b 
y =2x-x? 
> xX > X 
—a a (0, 0) 
Figure for 37 Figure for 38 


38. Parabolic Spandrel Find the centroid of the parabolic 
spandrel shown in the figure. 
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raphical Reasoning 
graphs of y = x? and y = b, where b > 0. 


(a) Sketch a graph of the region. 
(b) Use the graph in part (a) to determine x. Explain. 


(c) Set up the integral for finding M,. Because of the form of the 
integrand, the value of the integral can be obtained without 
integrating. What is the form of the integrand and what is the 
value of the integral? Compare with the result in part (b). 


(d) Use the graph in part (a) to determine whether y > ; or 
b 
y< 7 Explain. 


(e) Use integration to verify your answer in part (d). 


Graphical and Numerical Reasoning Consider the region 
bounded by the graphs of y = x?” and y = b, where b > 0 and 
n is a positive integer. 


(a) Set up the integral for finding M,. Because of the form of 
the integrand, the value of the integral can be obtained 
without integrating. What is the form of the integrand and 
what is the value of the integral? Compare with the result in 
part (b). 


(b) Isy > Poy < 9 Explain. 


(c) Use integration to find y as a function of n. 


(d) Use the result of part (c) to complete the table. 


n| 1 2 3 4 


y 


(e) Find limy. 


noo 


(f) Give a geometric explanation of the result in part (e). 


Modeling Data The manufacturer of glass for a window in a 
conversion van needs to approximate its center of mass. A coor- 
dinate system is superimposed on a prototype of the glass (see 
figure). The measurements (in centimeters) for the right half of 
the symmetric piece of glass are shown in the table. 


(a) Use Simpson’s Rule to approximate the center of mass of 
the glass. 

(b) Use the regression capabilities of a graphing utility to find 
a fourth-degree polynomial model for the data. 

(c) Use the integration capabilities of a graphing utility and the 


model to approximate the center of mass of the glass. 
Compare with the result in part (a). 
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42. Modeling Data The manufacturer of a boat needs to approx- 
imate the center of mass of a section of the hull. A coordinate 
system is superimposed on a prototype (see figure). The 
measurements (in feet) for the right half of the symmetric 
prototype are listed in the table. 


L | 1.50 | 1.45 | 1.30 | 0.99 0 


d | 0.50 | 0.48 | 0.43 | 0.33 0 


(a) Use Simpson’s Rule to approximate the center of mass of 
the hull section. 


(b) Use the regression capabilities of a graphing utility to find 
fourth-degree polynomial models for both curves shown in 
the figure. Plot the data and graph the models. 

(c) Use the integration capabilities of a graphing utility and the 
model to approximate the center of mass of the hull section. 
Compare with the result in part (a). 


y 
A 


In Exercises 43-46, introduce an appropriate coordinate 
system and find the coordinates of the center of mass of the 
planar lamina. (The answer depends on the position of the 
coordinate system.) 


44, l> 


— 2 —>1<_ ] >= 


— 2 — me] > 


e—a n — 1 
x— n 


a Or 


ool 


I 


5 <2 1 


47. Find the center of mass of the lamina in Exercise 43 if the 
circular portion of the lamina has twice the density of the 
square portion of the lamina. 


48. Find the center of mass of the lamina in Exercise 43 if the 
square portion of the lamina has twice the density of the 
circular portion of the lamina. 
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In Exercises 49-52, use the Theorem of Pappus to find the 
volume of the solid of revolution. 


49. The torus formed by revolving the circle (x — 5)? + y? = 16 
about the y-axis 


50. The torus formed by revolving the circle x? + (y — 3)? = 4 
about the x-axis 


51. The solid formed by revolving the region bounded by the 
graphs of y = x, y = 4, and x = 0 about the x-axis 


52. The solid formed by revolving the region bounded by the 
graphs of y = 2Vx — 2, y = 0, and x = 6 about the y-axis 


Writing About Concepts 


53. Let the point masses m,,m,. . . , m, be located at (x,, y,), 
(x, Y2) < «> Xn Yn). Define the center of mass (x, Y). 


54. What is a planar lamina? Describe what is meant by the 
center of mass (x, y) of a planar lamina. 


55. The centroid of the plane region bounded by the graphs of 
y = f(x), y = 0, x = 0, and x = 1 is G, 3). Is it possible to 
find the centroid of each of the regions bounded by the 
graphs of the following sets of equations? If so, identify the 
centroid and explain your answer. 


(a) y= f(x) + 2, y= 2, x =0, and x 

(b) y = f(x — 2), y= 0, x = 2, and x 

(c) y= —f(x), y= 0, x = 0, and x 

(d) y = fx), y=0, x 1, and x 
56. State the Theorem of Pappus. 


In Exercises 57 and 58, use the Second Theorem of Pappus, 
which is stated as follows. If a segment of a plane curve C is 
revolved about an axis that does not intersect the curve (except 
possibly at its endpoints), the area S of the resulting surface of 
revolution is given by the product of the length of C times the 
distance d traveled by the centroid of C. 


57. A sphere is formed by revolving the graph of y = Vr? — x? 
about the x-axis. Use the formula for surface area, § = 47rr?, to 
find the centroid of the semicircle y = Vr? — x?. 

58. A torus is formed by revolving the graph of (x — 1)? + y? = 1 
about the y-axis. Find the surface area of the torus. 


59. Let n = 1 be constant, and consider the region bounded by 
f(x) = x", the x-axis, and x = 1. Find the centroid of this 
region. As n — 00, what does the region look like, and where is 
its centroid? 


Putnam Exam Challenge 


60. Let V be the region in the cartesian plane consisting of all 
points (x, y) satisfying the simultaneous conditions 


|x] <y < |x] +3 and ys 4. 


Find the centroid (x, y) of V. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Fluid Pressure and Fluid Force 


e Find fluid pressure and fluid force. 


Fluid Pressure and Fluid Force 


Swimmers know that the deeper an object is submerged in a fluid, the greater the 
pressure on the object. Pressure is defined as the force per unit of area over the 
surface of a body. For example, because a column of water that is 10 feet in height and 
1 inch square weighs 4.3 pounds, the fluid pressure at a depth of 10 feet of water is 
4.3 pounds per square inch.* At 20 feet, this would increase to 8.6 pounds per square 
inch, and in general the pressure is proportional to the depth of the object in the fluid. 


Definition of Fluid Pressure 
The pressure on an object at depth h in a liquid is 
Pressure = P = wh 


where w is the weight-density of the liquid per unit of volume. 


Below are some common weight-densities of fluids in pounds per cubic foot. 


Ethyl alcohol 49.4 

Gasoline 41.0-—43.0 

Glycerin 78.6 

Kerosene 51.2 

BLAISE PASCAL (1623—1662) Mercury 849.0 

Pascal is well known for his work in many Seawater 64.0 


areas of mathematics and physics, and also 
for his influence on Leibniz. Although much Water 62.4 
of Pascal’s work in calculus was intuitive and 
lacked the rigor of modern mathematics, he 
nevertheless anticipated many important 
results. 


When calculating fluid pressure, you can use an important (and rather surprising) 
physical law called Pascal’s Principle, named after the French mathematician Blaise 
Pascal. Pascal’s Principle states that the pressure exerted by a fluid at a depth h is 
transmitted equally in all directions. For example, in Figure 7.68, the pressure at the 
indicated depth is the same for all three objects. Because fluid pressure is given in 


l MathBi = ] terms of force per unit area (P = F/A), the fluid force on a submerged horizontal 


surface of area A is 


Fluid force = F = PA = (pressure)(area). 


The pressure at / is the same for all three objects. 
Figure 7.68 


| Rotatable Graph | 
* The total pressure on an object in 10 feet of water would also include the pressure due to 


Earth’s atmosphere. At sea level, atmospheric pressure is approximately 14.7 pounds per 
square inch. 
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EXAMPLE I Fluid Force on a Submerged Sheet 


Find the fluid force on a rectangular metal sheet measuring 3 feet by 4 feet that is 
submerged in 6 feet of water, as shown in Figure 7.69. 


Solution Because the weight-density of water is 62.4 pounds per cubic foot and the 
sheet is submerged in 6 feet of water, the fluid pressure is 
P = (62.4)(6) P=wh 
= 374.4 pounds per square foot. 
Because the total area of the sheet is A = (3)(4) = 12 square feet, the fluid force is 


pounds 
square foot 


= 4492.8 pounds. 


F=PA= (374.4 Ie square feet) 


This result is independent of the size of the body of water. The fluid force would be 
The fluid force on a horizontal metal sheet is the same in a swimming pool or lake. —— 


equal to the fluid pressure times the area. 
[try tt] [Eqtoration a] 


Figure 7.69 

In Example 1, the fact that the sheet is rectangular and horizontal means that you 
do not need the methods of calculus to solve the problem. Consider a surface that is 
submerged vertically in a fluid. This problem is more difficult because the pressure is 
not constant over the surface. 

Suppose a vertical plate is submerged in a fluid of weight-density w (per unit of 
volume), as shown in Figure 7.70. To determine the total force against one side of the 
region from depth c to depth d, you can subdivide the interval [c, d] into n subinter- 
vals, each of width Ay. Next, consider the representative rectangle of width Ay and 
length L(y,), where y, is in the ith subinterval. The force against this representative 
rectangle is 


AF, = w(depth)(area) 
= wh(y)L(y,) Ay. 


The force against n such rectangles is 


Calculus methods must be used to find the 
fluid force on a vertical metal plate. 5 AF=w 5 Lly år 


Figure 7.70 2 = 

E . . . . 

| Rotatable Graph || Note that w is considered to be constant and is factored out of the summation. 
Therefore, taking the limit as ||A|| > 0 (n —> oo) suggests the following definition. 


Definition of Force Exerted by a Fluid 


The force F exerted by a fluid of constant weight-density w (per unit of 
volume) against a submerged vertical plane region from y = c to y = d is 


F=w jim, 2 AO)LO,) dy 


ay Í n(y)L(y) dy 


where h(y) is the depth of the fluid at y and L(y) is the horizontal length of the 
region at y. 
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EXAMPLE 2. Fluid Force on a Vertical Surface 


A vertical gate in a dam has the shape of an isosceles trapezoid 8 feet across the top 
and 6 feet across the bottom, with a height of 5 feet, as shown in Figure 7.71(a). What 
is the fluid force on the gate when the top of the gate is 4 feet below the surface of the 
water? 


Solution In setting up a mathematical model for this problem, you are at liberty to 
locate the x- and y-axes in several different ways. A convenient approach is to let the 
y-axis bisect the gate and place the x-axis at the surface of the water, as shown in 
Figure 7.71(b). So, the depth of the water at y in feet is 


Depth = h(y) = —y. 


To find the length L(y) of the region at y, find the equation of the line forming the 
right side of the gate. Because this line passes through the points (3, —9) and (4, — 4), 


A its equation is 
24 _ 4-9) 
y-(-9 = Że) 
y+ 9 = 5(x — 3) 
y = 5x — 24 
ae eas 
ae. 


In Figure 7.71(b) you can see that the length of the region at y is 


Length = 2x 
(b) The fluid force against the gate 2 
Figure 7.71 = 5 ly +24) 
= L(y). 
Finally, by integrating from y = —9 to y = —4, you can calculate the fluid force to be 


F= wf h(y)L(y) dy 


= 624 i KE aa 


— 62.4 (2){ (y? + 24y) dy 
-9 


2\[ y3 ly 
~62.4(=)|2 + ay 
? QE a 


ES) 


= 13,936 pounds. ey 
eae] Ey (eee 
NOTE In Example 2, the x-axis coincided with the surface of the water. This was convenient, 
but arbitrary. In choosing a coordinate system to represent a physical situation, you should 
consider various possibilities. Often you can simplify the calculations in a problem by locating 


the coordinate system to take advantage of special characteristics of the problem, such as 
symmetry. 
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7 EXAMPLE 3 Fluid Force on a Vertical Surface 
Eee 
e 8 e 
i A circular observation window on a marine science ship has a radius of 1 foot, and the 
7+ center of the window is 8 feet below water level, as shown in Figure 7.72. What is the 
7 fluid force on the window? 
gL Solution To take advantage of symmetry, locate a coordinate system such that the 
Be origin coincides with the center of the window, as shown in Figure 7.72. The depth at 
caT y is then 
357 Depth = A(y) = 8 — y. 
27 The horizontal length of the window is 2x, and you can use the equation for the circle, 
LŽ x? + y? = 1, to solve for x as follows. 
i Ay Length = 2x 
= — E 
Observation ee: =2/1-—y = L(y) 
sody Finally, because y ranges from — 1 to 1, and using 64 pounds per cubic foot as the 


The fluid force on the window weight-density of seawater, you have 


Figure 7.72 d 
F= f h(y)L(y) dy 
1 
= sf (8 — y)(2)V/1 — y dy. 
-1 
Initially it looks as if this integral would be difficult to solve. However, if you break 
the integral into two parts and apply symmetry, the solution is simple. 
1 1 
F= sao | V1 — y*dy — “o| yv1 — y? dy 
-1 -1 
The second integral is O (because the integrand is odd and the limits of integration are 
symmetric to the origin). Moreover, by recognizing that the first integral represents 
the area of a semicircle of radius 1, you obtain 
T 
F = 64(16(2) - u00 
= 5127r 
= 1608.5 pounds. 
So, the fluid force on the window is 1608.5 pounds. <== 
[Try te] [Exmoration’ 
TECHNOLOGY To confirm the result obtained in Example 3, you might have 
considered using Simpson’s Rule to approximate the value of 
10 1 
128] (8 — x) V1 — x? dx. 
-1 
From the graph of 
Fx) = (8 — x) v1 - x? 
-1.5 1.5 
however, you can see that f is not differentiable when x = +1 (see Figure 7.73). 
-2 


This means that you cannot apply Theorem 4.19 from Section 4.6 to determine 
f is not differentiable at x = +1. the potential error in Simpson’s Rule. Without knowing the potential error, the 
Figure 7.73 approximation is of little value. Use a graphing utility to approximate the integral. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


Force on a Submerged Sheet In Exercises 1 and 2, the area of 
the top side of a piece of sheet metal is given. The sheet metal is 
submerged horizontally in 5 feet of water. Find the fluid force 
on the top side. 


1. 3 square feet 2. 16 square feet 


Buoyant Force In Exercises 3 and 4, find the buoyant force of 
a rectangular solid of the given dimensions submerged in water 
so that the top side is parallel to the surface of the water. The 
buoyant force is the difference between the fluid forces on the 
top and bottom sides of the solid. 


3. 


[oat sram | [toate sram | 
Fluid Force on a Tank Wall In Exercises 5-10, find the fluid 


force on the vertical side of the tank, where the dimensions are 
given in feet. Assume that the tank is full of water. 


5. Rectangle 6. Triangle 


< 4 ——>1 —— 4 ———_>1 


| 
| 


7. Trapezoid 8. Semicircle 


—<— 4 ——_+1 


— 2 —>1 


9. Parabola, y = x? 10. Semiellipse, 


y= 4/36 — oF 


me 4 ———_>} 


me 4 —— >| 


g 
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Exercises for Section 7.7 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Fluid Force of Water In Exercises 11-14, find the fluid force on 
the vertical plate submerged in water, where the dimensions are 
given in meters and the weight-density of water is 9800 newtons 
per cubic meter. 


11. Square 12. Square 


| 
| 


— vw — 


13. Triangle 14. Rectangle 


mm © — ew! 


i 6 —— 


Force on a Concrete Form In Exercises 15-18, the figure is the 
vertical side of a form for poured concrete that weighs 140.7 
pounds per cubic foot. Determine the force on this part of the 
concrete form. 


15. Rectangle 16. Semiellipse, 
y=-}V16— 2 


<4 ft —_ 


f2 


—— ] 0 ft— 7 


17. Rectangle 18. Triangle 


mec 5 ft ——_ 


pi 
W 
—— m a. 


6ft 


19. Fluid Force of Gasoline A cylindrical gasoline tank is placed 
so that the axis of the cylinder is horizontal. Find the fluid force 
on a circular end of the tank if the tank is half full, assuming 
that the diameter is 3 feet and the gasoline weighs 42 pounds 
per cubic foot. 
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20. Fluid Force of Gasoline Repeat Exercise 19 for a tank that is 
full. (Evaluate one integral by a geometric formula and the 
other by observing that the integrand is an odd function.) 


21. Fluid Force on a Circular Plate A circular plate of radius r 
feet is submerged vertically in a tank of fluid that weighs w 
pounds per cubic foot. The center of the circle is k (k > r) feet 
below the surface of the fluid. Show that the fluid force on the 
surface of the plate is 


F = wk(rr’). 


(Evaluate one integral by a geometric formula and the other by 
observing that the integrand is an odd function.) 


22. Fluid Force ona Circular Plate Use the result of Exercise 21 
to find the fluid force on the circular plate shown in each figure. 
Assume the plates are in the wall of a tank filled with water and 
the measurements are given in feet. 


(a) ry (b) I 
2 
| 


23. Fluid Force on a Rectangular Plate A rectangular plate of 
height h feet and base b feet is submerged vertically in a tank 
of fluid that weighs w pounds per cubic foot. The center is k 
feet below the surface of the fluid, where h < k/2. Show that 
the fluid force on the surface of the plate is 


F = wkhb. 


24. Fluid Force on a Rectangular Plate Use the result of 
Exercise 23 to find the fluid force on the rectangular plate 
shown in each figure. Assume the plates are in the wall of a tank 
filled with water and the measurements are given in feet. 


(a) (b) 


1 
—>1 


10 


25. Submarine Porthole A porthole on a vertical side of a 
submarine (submerged in seawater) is 1 square foot. Find the 
fluid force on the porthole, assuming that the center of the 
square is 15 feet below the surface. 


26. Submarine Porthole Repeat Exercise 25 for a circular 
porthole that has a diameter of 1 foot. The center is 15 feet 
below the surface. 
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posed coordinate system is shown in the figure. The table shows 
the width w of the stern at indicated values of y. Find the fluid 
force against the stern if the measurements are given in feet. 


w}O]3]5 } 8 ]9 | 10] 10.25} 10.5 | 10.5 


28. Irrigation Canal Gate The vertical cross section of an 
irrigation canal is modeled by 
5x? 
r+ 4 


f(x) = 


where x is measured in feet and x = 0 corresponds to the 
center of the canal. Use the integration capabilities of a graph- 
ing utility to approximate the fluid force against a vertical gate 
used to stop the flow of water if the water is 3 feet deep. 


In Exercises 29 and 30, use the integration capabilities of a 
graphing utility to approximate the fluid force on the vertical 
plate bounded by the x-axis and the top half of the graph of the 
equation. Assume that the base of the plate is 12 feet beneath the 
surface of the water. 


29. x23 + ys = 423 


31. Think About It 


(a) Approximate the depth of the water in the tank in Exercise 5 
if the fluid force is one-half as great as when the tank is full. 


(b) Explain why the answer in part (a) is not 3, 


Writing About Concepts 


. Define fluid pressure. 
. Define fluid force against a submerged vertical plane region. 


. Two identical semicircular windows are placed at the same 
depth in the vertical wall of an aquarium (see figure). 
Which has the greater fluid force? Explain. 


nal id 


Review Exercises for Chapter 7 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on || 


to print an enlarged copy of the graph. 


In Exercises 1-10, sketch the region bounded by the graphs of fp 


the equations, and determine the area of the region. 


ly > y=0O,x=1,x=5 

Pe 

1 
2 yom ya4 x= 
3. y= : =0,x=-l,x=1 

e+? i > 
4.x=y?—2y,x=-1, y=0 
5. y=xy=x7 
6x=yV+1x=y+3 
Ry=,y=e,x= 
8. y = csc x, y = 2 (one region) 

: T Sa 
yas E <xs 
9. y = sinx, y cosx, 7 SxS] 

lr Tr 
10. x = a r E r 
0. x = cos y, x 23553 


In Exercises 11-14, use a graphing utility to graph the region 
bounded by the graphs of the functions, and use the integration 
capabilities of the graphing utility to find the area of the region. 
11. y =x? — 8x +3, y =3 + 8x- x 

12. y= x2 — 4x +3, y= xX, x=0 

13. Vx + /y=1, y=0, x =0 

14. y = x4 — 2x?, y = 2x? 


In Exercises 15-18, use vertical and horizontal representative 
rectangles to set up integrals for finding the area of the region 
bounded by the graphs of the equations. Find the area of the 
region by evaluating the easier of the two integrals. 


15. x = y? — 2y, x =0 


16. y= Vx T, y=2 


oe ak 2,y=1 


18. y= Vx-—1, y=2, y=0,x=0 


19. Think About It A person has two job offers. The starting 
salary for each is $30,000, and after 10 years of service each 
will pay $56,000. The salary increases for each offer are shown 
in the figure. From a strictly monetary viewpoint, which is the 
better offer? Explain. 


17. y=1 


Salary (in dollars) 


20. Modeling Data The table shows the annual service revenue R, 
in billions of dollars for the cellular telephone industry for the 
years 1995 through 2001. (Source: Cellular Telecommunications 
& Internet Association) 


Year | 1995 | 1996 | 1997 | 1998 | 1999 | 2000 | 2001 


R, 19.1 | 23.6 | 27.5 | 33.1 | 40.0 | 52.5 | 65.0 


(a) Use the regression capabilities of a graphing utility to find an 
exponential model for the data. Let t represent the year, with 
t = 5 corresponding to 1995. Use the graphing utility to plot 
the data and graph the model in the same viewing window. 

(b) A financial consultant believes that a model for service 
revenue for the years 2005 through 2010 is 


R, = 5 + 6.83¢°, 


What is the difference in total service revenue between the 
two models for the years 2005 through 2010? 


In Exercises 21-28, find the volume of the solid generated by 
revolving the plane region bounded by the equations about the 
indicated line(s). 

21. y=x, y=0,x=4 


(a) the x-axis (b) the y-axis 
(c) the linex = 4 (d) the line x = 6 


22. y= Vx, y=2, x =0 


(a) the x-axis (b) the line y = 2 
(c) the y-axis (d) the line x = —1 
ey 
23. 6 + 37 1 (a) the y-axis (oblate spheroid) 
(b) the x-axis (prolate spheroid) 
2 y 
24. 2 + Bp 1 (a) the y-axis (oblate spheroid) 
(b) the x-axis (prolate spheroid) 
1 
25. y= ay 7 a x=0, x=1 


revolved about the y-axis 


26. 0, x= =1,.x=1 


1 
y= VESA yo 
revolved about the x-axis 
27. y= 1/1 + Vx- 2), y=0,x=2,x=6 
revolved about the y-axis 
28. y=e*% y=0,x=0,x=1 


revolved about the x-axis 


In Exercises 29 and 30, consider the region bounded by the 
graphs of the equations y = xvx + land y = 0. 
29. Area Find the area of the region. 


30. Volume Find the volume of the solid generated by revolving 
the region about (a) the x-axis and (b) the y-axis. 
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31. Depth of Gasoline in a Tank A gasoline tank is an oblate 
spheroid generated by revolving the region bounded by the 
graph of (x?/16) + (y?/9) = 1 about the y-axis, where x and y 
are measured in feet. Find the depth of the gasoline in the tank 
when it is filled to one-fourth its capacity. 


32. Magnitude of a Base The base of a solid is a circle of radius 
a, and its vertical cross sections are equilateral triangles. The 
volume of the solid is 10 cubic meters. Find the radius of 
the circle. 


In Exercises 33 and 34, find the arc length of the graph of the 
function over the given interval. 


4 1 1 
33. f(x) = rae [0, 4] 34. y= 6° + ay [1,3] 


35. Length of a Catenary A cable of a suspension bridge forms 
a catenary modeled by the equation 


x 


— — <x< 
aa) 280, 2000 < x < 2000 


y = 300 cosh( 
where x and y are measured in feet. Use a graphing utility to 
approximate the length of the cable. 


36. Approximation Determine which value best approximates 
the length of the arc represented by the integral 


1/4 
Í V1 + (sec? x)? dx. 
0 


(Make your selection on the basis of a sketch of the arc and not 
by performing any calculations.) 


@) -2 (1 r (d4 (e3 


37. Surface Area Use integration to find the lateral surface area 
of a right circular cone of height 4 and radius 3. 


38. Surface Area The region bounded by the graphs of 
y = 2/x, y = 0, and x = 3 is revolved about the x-axis. Find 
the surface area of the solid generated. 


39. Work A force of 4 pounds is needed to stretch a spring | inch 
from its natural position. Find the work done in stretching the 
spring from its natural length of 10 inches to a length of 
15 inches. 


40. Work The force required to stretch a spring is 50 pounds. 
Find the work done in stretching the spring from its natural 
length of 9 inches to double that length. 


41. Work A water well has an eight-inch casing (diameter) and is 
175 feet deep. The water is 25 feet from the top of the well. 
Determine the amount of work done in pumping the well dry, 
assuming that no water enters it while it is being pumped. 


42. Work Repeat Exercise 41, assuming that water enters the well 
at a rate of 4 gallons per minute and the pump works at a rate 
of 12 gallons per minute. How many gallons are pumped in 
this case? 


43. Work A chain 10 feet long weighs 5 pounds per foot and is 
hung from a platform 20 feet above the ground. How much 
work is required to raise the entire chain to the 20-foot level? 


45. 


46. 
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, 200 feet above ground level on the top of a 
building, uses a cable weighing 4 pounds per foot. Find the 
work done in winding up the cable if 


(a) one end is at ground level. 
(b) there is a 300-pound load attached to the end of the cable. 


Work The work done by a variable force in a press is 80 foot- 
pounds. The press moves a distance of 4 feet and the force is a 
quadratic of the form F = ax?. Find a. 


Work Find the work done by the force F shown in the figure. 


F 


A 
12 resem 


2 4 6 8 10 12 
Feet 


In Exercises 47—50, find the centroid of the region bounded by 
the graphs of the equations. 


47. 
48. 
49. 
50. 


51. 


52. 


53. 


54. 


Vx+ JVy=vVa x=0,y=0 

y=xX,y=2x +3 

y=a-x,y=0 

pore yam 

Centroid A blade on an industrial fan has the configuration of 


a semicircle attached to a trapezoid (see figure). Find the 
centroid of the blade. 


y 


> xX 


Fluid Force A swimming pool is 5 feet deep at one end and 
10 feet deep at the other, and the bottom is an inclined plane. 
The length and width of the pool are 40 feet and 20 feet. If the 
pool is full of water, what is the fluid force on each of the 
vertical walls? 


Fluid Force Show that the fluid force against any vertical 
region in a liquid is the product of the weight per cubic volume 
of the liquid, the area of the region, and the depth of the 
centroid of the region. 


Fluid Force Using the result of Exercise 53, find the fluid 
force on one side of a vertical circular plate of radius 4 feet that 
is submerged in water so that its center is 5 feet below the 
surface. 
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| PS. | Problem Solving 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Tl] to print an enlarged copy of the graph. 


1. Let R be the area of the region in the first quadrant bounded by 5. A hole is cut through the center of a sphere of radius r (see 
the parabola y = x? and the line y = cx, c > 0. Let T be the area figure). The height of the remaining spherical ring is h. Find the 
of the triangle AOB. Calculate the limit volume of the ring and show that it is independent of the radius 

T of the sphere. 
dim, R 

ki 

c? A B(c, c’) 

le 

yax? 
| > xX 

O c 

2. Let R be the region bounded by the parabola y = x — x? and the 6. A rectangle R of length / and width w is revolved about the 
x-axis. Find the equation of the line y = mx that divides this line L (see figure). Find the volume of the resulting solid of 
region into two regions of equal area. revolution. 

L 
£ 
Be z 
d 
w 
3. (a) A torus is formed by revolving the region bounded by the 
ircl 
ee Figure for 6 Figure for 7 


a? 2 + 2— 1 
( ) sf 7. (a) The tangent line to the curve y = x° at the point A(1, 1) 


about the y-axis (see figure). Use the disk method to calcu- intersects the curve at another point B. Let R be the area of 
late the volume of the torus. the region bounded by the curve and the tangent line. The 
y tangent line at B intersects the curve at another point C 
A (see figure). Let S be the area of the region bounded by the 
2+ (-2P+y?=1 curve and this second tangent line. How are the areas R and 

S related? 


(b) Repeat the construction in part (a) by selecting an arbitrary 
point A on the curve y = x. Show that the two areas R and 
S are always related in the same way. 


8. The graph of y = f(x) passes through the origin. The arc length 


Centroid 
es eniron of the curve from (0, 0) to (x, f(x)) is given by 


s(x) = [vi + e' dt. 


(b) Use the disk method to find the volume of the general torus 
if the circle has radius r and its center is R units from the 


axis of rotation. Identify the function f. 


4. Graph the curve 9. Let f be rectifiable on the interval [a, b], and let 


By? = x°(1 — x2). s(x) = fy 1 + [FOF dt. 


Use a computer algebra system to find the surface area of the 
solid of revolution obtained by revolving the curve about the (a) Find ds 
x-axis. dx 


(b) Find ds and (ds}. 
(c) If f(t) = #9”, find s(x) on [1, 3]. 
(d) Calculate s(2) and describe what it signifies. 
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10. The Archimedes Principle states that the upward or buoyant 
force on an object within a fluid is equal to the weight of the 
fluid that the object displaces. For a partially submerged object, 
you can obtain information about the relative densities of the 
floating object and the fluid by observing how much of the 
object is above and below the surface. You can also determine 
the size of a floating object if you know the amount that is 
above the surface and the relative densities. You can see the top 
of a floating iceberg (see figure). The density of ocean water is 
1.03 x 10° kilograms per cubic meter, and that of ice is 
0.92 x 10% kilograms per cubic meter. What percent of the total 
iceberg is below the surface? 


11. Sketch the region bounded on the left by x = 1, bounded above 
by y = 1/x3, and bounded below by y = — 1/x°. 


(a) Find the centroid of the region for 1 < x < 6. 
(b) Find the centroid of the region for 1 < x < b. 
(c) Where is the centroid as b — 00? 


12. Sketch the region to the right of the y-axis, bounded above by 
y = 1/x* and bounded below by y = —1/x*. 


(a) Find the centroid of the region for 1 < x < 6. 
(b) Find the centroid of the region for 1 < x < b. 
(c) Where is the centroid as b 400? 
13. Find the work done by each force F. 
(a) » b) » 
44 
34 
ot 
14 


14. Estimate the surface area of the pond using (a) the Trapezoidal 
Rule and (b) Simpson’s Rule. 


w Experienced writers 


© On-time delivery 


@) 100% plagiarism free 


In Exercises 15 and 16, find the consumer surplus and producer 
surplus for the given demand [p,(x)] and supply [p,(x)] curves. 
The consumer surplus and producer surplus are represented by 
the areas shown in the figure. 


P 
A 


Consumer 
surplus 


Supply 
: curve 
Point of \ 


equilibrium 


Pilteaaa sae ae ' Go Po) 
D f d 
Producer l STan, 
surplus IANG 
— d sf 


15. pix) = 50 — 0.5x, p(x) = 0.125x 
16. p,(x) = 1000 — 0.4x?, p(x) = 42x 


17. A swimming pool is 20 feet wide, 40 feet long, 4 feet deep at 
one end, and 8 feet deep at the other end (see figure). The 
bottom is an inclined plane. Find the fluid force on each 
vertical wall. 


J 
| fi fi | eK 


18. (a) Find at least two continuous functions f that satisfy each 
condition. 


(i) f(x) = 0 on[0, 1] (ii) f(0) = 0 and f(1) = 0 
(iii) The area bounded by the graph of f and the x-axis for 

O < x < 1 equals 1. 
(b) For each function found in part (a), approximate the arc 


length of the graph of the function on the interval [0, 1]. 
(Use a graphing utility if necessary.) 


(c) Can you find a function f that satisfies the conditions in 
part (a) and whose graph has an arc length of less than 3 on 
the interval [0, 1]? 
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Section 8.1 Basic Integration Rules 


e Review procedures for fitting an integrand to one of the basic integration rules. 


Fitting Integrands to Basic Rules 


In this chapter, you will study several integration techniques that greatly expand the set 
of integrals to which the basic integration rules can be applied. These rules are reviewed 
on page 520. A major step in solving any integration problem is recognizing which 
basic integration rule to use. As shown in Example 1, slight differences in the integrand 
can lead to very different solution techniques. 


EXAMPLE | A Comparison of Three Similar Integrals 


Find each integral. 


= EXPLORATION | 
2 

A Comparison of Three Similar a. ne dx b. i ee aes 
Integrals Which, if any, of the x +9 A X 
following integrals can be evaluated 
using the 20 basic integration rules? Solution 
For any that can be evaluated, do so. 
For any that can’t, explain why. 


a. Use the Arctangent Rule and let u = x and a = 3. 


4 1 i 
a. [zee |z +9 dx = af eee dx Constant Multiple Rule 
1 
b By k = 4(2 arctan z) +C Arctangent Rule 
Dao a 
4 x 
3x = -arctan z + C Simplify. 

Sre o 


b. Here the Arctangent Rule does not apply because the numerator contains a factor 
of x. Consider the Log Rule and let u = x? + 9. Then du = 2x dx, and you have 


a dx = 2 ae Constant Multiple Rul 
= onstan e Rule 
+9 +9 er 
du 
=2]/— Substitution: u = x? + 9 
u 


= 2 In|u| + C=2In(x? +9) + C. Log Rule 


c. Because the degree of the numerator is equal to the degree of the denominator, you 
should first use division to rewrite the improper rational function as the sum of a 
ee and a proper rational function. 


[= 249 dx = f(e- o =) dx Rewrite using long division. 
1 
oo. = 4 dx — 36 Wot. dx Write as two integrals. 
NOTE Notice in Example 1(c) that x7 + 9 
some preliminary algebra is required x 
before applying the rules for integration, = 4x - 26(4 3 arctan z) +C Integrate. 
and that subsequently more than one 
: 3 x 
rule is needed to evaluate the resulting =A aca 46 Simplify. 
integral. 3 ——— 


The area of the region is approximately 
1.839. 
Figure 8.1 


| Estab Graph | 


Y TIP Rules 18, 19, and 20 of the 
basic integration rules on the next page 
all have expressions involving the sum or 
difference of two squares: 


ay 
at wv 
u2= a? 


With such an expression, consider the 
substitution u = f(x), as in Example 3. 
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EXAMPLE 2 Using Two Basic Rules to Solve a Single Integral 


l 2943 


Evaluate | —=— dx. 
0 wv 4- x? 
Solution Begin by writing the integral as the sum of two integrals. Then apply the 
Power Rule and the Arcsine Rule as follows. 
1 


ee a= | a at [ ease 
o v4- o v4- 0 V4- 2 


if * i 
=--> | 4-A -2d +3 | ——— a 
If a2 de +3 -h 
1 
= | -« = x)? 3 arsin] 
2o 


=(-/3+7)- (2+0) 
= 1.839 

See Figure 8.1. 

m Eee] (ee 
TECHNOLOGY _ Simpson’s Rule can be used to give a good approximation of 
the value of the integral in Example 2 (for n = 10, the approximation is 1.839). 
When using numerical integration, however, you should be aware that Simpson’s 
Rule does not always give good approximations when one or both of the limits of 
integration are near a vertical asymptote. For instance, using the Fundamental 


Theorem of Calculus, you can obtain 


1.99 4+3 


0 V4 — x? 


Applying Simpson’s Rule (with n = 10) to this integral produces an approximation 
of 6.889. 


dx = 6.213. 


EXAMPLE 3 A Substitution Involving a? — u? 


x2 
Find | ———— dx. 
i J/16 — x® 
Solution Because the radical in the denominator can be written in the form 
Ja- w= /4 — 3p 
you can try the substitution u = x3. Then du = 3x? dx, and you have 


i x? dx = 1 3x? dx 
16 = 2° a) sf 16 = (0) 


Rewrite integral. 


1 

= 3 f re Substitution: u = x? 
1 

= 3 arcsin 7 +C 


1 R x3 ; f 
= 3 arcsin — + C. Rewrite as a function of x. 


4 O] 


Arcsine Rule 
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Surprisingly, two of the most commonly overlooked integration rules are the Log 
Rule and the Power Rule. Notice in the next two examples how these two integration 
rules can be disguised. 


EXAMPLE 4 A Disguised Form of the Log Rule 


: 1 
Find f ite dx. 


Solution The integral does not appear to fit any of the basic rules. However, the 
quotient form suggests the Log Rule. If you let u = 1 + e*, then du = e* dx. You can 
Review of Basic Integration obtain the required du by adding and subtracting e* in the numerator, as follows. 


Rules (a > 0) f i fa 
1. i} if) du = k i flu) du 


Add and subtract e* in numerator. 


+ He e* 
= = z dx Rewrite as two fractions. 


2. [LFO + s] du = 


e* dx 
f f(u)du+ J glu) du = | dx— i+ Rewrite as two integrals. 
CG 
3 fau =u+C =x In(1 F e*) ) + C Integrate. y] 
n d = + C. a 
4. i| u” du nei n#—1 
du _ 
5. J To lnļu| + C NOTE There is usually more than one way to solve an integration problem. For instance, in 
Example 4, try integrating by multiplying the numerator and denominator by e™* to obtain an 
6. J eddu Ge = 6 integral of the form — f du/u. See if you can get the same answer by this procedure. (Be 


careful: the answer will appear in a different form.) 


I 


1 
i fav du = (‘e+ C 
Ina 


EXAMPLE 5 A Disguised Form of the Power Rule 
8. Jsin udu = m= sr E 


9. Joos udu = sinu + C Find feo x)[In(sin x)] dx. 


10. fran udu = —In|cos u| + C í , f ; 
Solution Again, the integral does not appear to fit any of the basic rules. However, 


i í ni = rend tE considering the two primary choices for u [u = cot x and u = In(sin x)], you can see 
i that the second choice is the appropriate one because 


12. fsec udu = cos 
u=In(sinx) and du=-— * dx = cot x dx. 
In|sec u + tan u| + C Siy 
13. Joscudu = So, 
In|esc u + cotu| + C f (cot x)[In(sin x)] dx = f u du Substitution: u = In(sin x) 
14. J sec? u du = tanu + C 
=+ Integrate. 
15. fese? udu = —cotu + C 2 
1 
s2 : 2 j P 
16. f sec Pan ied = See EC 5 LIn(sin x)] +C: Rewrite as a function of x. 


17. Jescucot udu = —eseu + C 
[ Try tt_| [Explorations] | Technology | 
eC 


u 2h 
18. 5 = arcsin- 4 
Ja =u a 
u 
a 


d 1 7 ivati 
19. | : u = = Satctan = 4¢ NOTE In Example 5, try checking that the derivative of 
GP or Tt a 1 
dù 1l |u| =[In(sin x)]? + C 
20. iF mae eee G 2 


is the integrand of the original integral. 
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TECHNOLOGY 
access to a computer algebra system, 


If you have 


try using it to evaluate the integrals in 
this section. Compare the form of the 
antiderivative given by the software 
with the form obtained by hand. 
Sometimes the forms will be the same, 
but often they will differ. For instance, 
why is the antiderivative In 2x + C 
equivalent to the antiderivative 

my tG? 


Trigonometric identities can often be used to fit integrals to one of the basic 
integration rules. 


EXAMPLE 6 Using Trigonometric Identities 


Find i tan’ 2x dx. 


Solution Note that tan? u is not in the list of basic integration rules. However, sec? u 
is in the list. This suggests the trigonometric identity tan? u = sec? u — 1. If you let 
u = 2x, then du = 2 dx and 


1 
f 2x dx = zf tan? u du 


= 5] ecu - 1) du 


E go as 
= Zf sec u du fa 


1 
=Ztnu-Z+C 


Substitution: u = 2x 
Trigonometric identity 
Rewrite as two integrals. 
Integrate. 


1 
= -tan 2x — x + C. Rewrite as a function of x. 
2 SESE 


[try te] [Extoratons] 
This section concludes with a summary of the common procedures for fitting 
integrands to the basic integration rules. 


Procedures for Fitting Integrands to Basic Rules 


Technique 


Example 


Expand (numerator). 


Separate numerator. 


Complete the square. 


Divide improper rational function. 


Add and subtract terms in numerator. 


Use trigonometric identities. 


Multiply and divide by Pythagorean conjugate. 


(1 + e”)? = 1 + 2e* + e™ 


see a, X 
el a +i 
1 1 
Jax- A-o l 
i 1 
EIR ET 
2x _xt2-2  %+2 D 
ett tae +21 œF 


GO? = ese? xv = Il 


1 = 1 l=sing\ il = sing 
1+ sinx il sp Sin sel = Sit) 3 1 — sin? x 
1 = sinx 2 sin x 
5 = sec? x — 5 
cos? x cos? x 


NOTE Remember that you can separate numerators but not denominators. Watch out for this 
common error when fitting integrands to basic rules. 


Do not separate denominators. 


1 1 1 
—+- 
Pol’ g 1 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| 


to print an enlarged copy of the graph. 


In Exercises 1—4, select the correct antiderivative. 


L8- 
dx JP] 


(a) 2/7 F1+C 
(c) 3x7 FI +C 


b) V Pisce 
(d) Inx? + 1) + C 


dy_ x 

a dx x? +1 
(a) nv +1 +C (b) pr 
(c) arctan x + C (d) Inx? + 1) + C 
dy 1 

2 dx x? +1 


2x 
© Grip 
(d) Inx? +1) + C 


(a) Invx? +14+C 


(c) arctanx + C 


FC 


dy à 
25 + 
4 k7 * cos(x 1) 
(a) 2x sin(x? + 1) + C (b) -} sin(x? + 1) + C 


(c) $ sin(x? + 1) + C (d) —2x sin(x? + 1) + C 


In Exercises 5-14, select the basic integration formula you 
can use to find the integral, and identify u and a when 
appropriate. 


2—1 
= 4 See 
s. | (a 2)4 dx s | Pte 
7 jam 
"J Axl- 27x) 


3 2x 
9. | ———— dt 10. 
| JI =? Je 
11. [ tsin 2a 


2 
i PA 


12. Í sec 3x tan 3x dx 


; 1 
13. mg 14. | — = d. 
Í (cos x)e Be Í ET lx 


In Exercises 15-50, find the indefinite integral. 


2 
15. [oo = 4)5 dx 16. | om 
17. errs dz 18. fe Yt — ldt 
k=4) 
19 [v + ar dv 20 E = TEE dx 
: Bv- 1) ` (2x + 3)? 
t? — 3 xt] 
x? 2x 
23. | as 24, | a 


e* 1 1 
2s. {Soa 26. | (H-a 


3 
27. fo + 2x2)? dx 28. [> + z) dx 
29. freos 27x? dx 30. [ 4x dx 
31. [es qx cot Tx dx 32. Í nt 
33. Í e™ dx 34. f xe dx 
35. = a 36. [ia 
37. [Ea m a 38. Í (tan x)[In(cos x)] dx 
39. jitara 40. [Haa 
cos x sin @ 

2 

4r faa 1 a lee 1) a 
1 
= | J= = PoE a È page 
1/t 
45. Í ne 46. | at 
t t 
47 Í > g 
`J J- x? 


1 
48. ————————— 
rao í 


4 
49: aaa ee 
E + 4x + 65" 


50. Í o i, dx 
iea F 


Slope Fields In Exercises 51-54, a differential equation, a 
point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the given point. (b) Use integration to 
find the particular solution of the differential equation and use 
a graphing utility to graph the solution. Compare the result 
with the sketches in part (a). To print an enlarged copy of the 
graph, select the MathGraph button. 


of Sa 52, 2 = 
dx 


d Si-f 


tan?(2x) 


(0, 0) 


53. = = (sec x + tan x)? 54. — = ——— 

dx dx JA -— x 

(0, 1) (2,3) 

y y 
A 

--/179H417-217 Vin et Adda aa 

ext aad = LLRERAL CAPO AL EE | 
= E ihe q 1 ¢ Apg bss ese ee ss 7777 N 
PE ge Sie ae eee od LPPAHAPPAACPEALLS | 
-—/ilvaern ils-eli ltl fee eee erererrce sss | 
-=—/i4-#1 7-217 ES PEI 

pss er EEEE 
HEN $ Levee ee PHAPEP PRIA AAI AL 
+—++-+ H= Hepp x 
=F e l E b= # (| LELPOCRACE REAREA A 
Saf | FS PSS a, SAA aaa 
LPAFLBAAREZEABREEADE | 
ee We ey Be eee Se ee ee ee ee | 
-—-/Iiv—rtl re-sell LP AALOALLAAL AEA | 
sep peck] fee fz oe 
PRERA EREEREER 

ASe aoe ee eae —VAPAAAAL AAPL Ee PALSFS | 


Slope Fields In Exercises 55 and 56, use a computer algebra 
system to graph the slope field for the differential equation and 
graph the solution through the specified initial condition. 


dy 


55. d 


= 0.2y, y(0) = 3 


dy = 
56. B 5-— y, y0) = 1 


In Exercises 57—60, solve the differential equation. 


dy 5 dr_ (1+ e}? 
[S + er)- So = 
ae dx ae) a8 dt e 
1 
59, (4 + tan? x)y’ = sec? 60. y = ——— 
( an? x) y’ = sec? x are rae 


In Exercises 61-68, evaluate the definite integral. Use the inte- 
gration capabilities of a graphing utility to verify your result. 


7/4 T 
6l. Í cos 2x dx 62. Í sin? t cos t dt 
0 0 


64. Í l-in i 
i x 


4 2 = 
65. Í A iy 66. Í 2i 

o vx? +9 1 

2/3 1 4 1 
7 -i 
6 f ioe 68. | eae 


Area In Exercises 69-74, find the area of the region. 
70. y = xVJ/8 — 2x? 


69. y = (—2x + 5)3/? 
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0.5- 


i 

T 
z 
4 


In Exercises 75-78, use a computer algebra system to find the 
integral. Use the computer algebra system to graph two 
antiderivatives. Describe the relationship between the two 
graphs of the antiderivatives. 


1 
ae Iz + 4x + 13 
y=2 
mG: fz + 4x +13 
77 —! y 
` 1+ sin 8 


x =x\3 
78. Í (ete) dx 


Writing About Concepts 


dx 


dx 


In Exercises 79-82, state the integration formula you would 
use to perform the integration. Explain why you chose that 
formula. Do not integrate. 


79. þe + 1) dx 80. f sec(x? + 1) tan(x? + 1) dx 


1 
82. [= dx 


83. Explain why the antiderivative y, = e**% is equivalent to 
the antiderivative y, = Ce*. 


x 
81. ES dx 


84. Explain why the antiderivative y, = sec? x + C, is equiva- 
lent to the antiderivative y, = tan? x + C. 
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85. Determine the constants a and b such that 


sin x + cos x = a sin(x + b). 


dx 


Use this result to integrate Í a 
sin x + cos x 


86. Area The graphs of f(x) = x and g(x) = ax? intersect at the 
points (0, 0) and (1/a, 1/a). Find a (a > 0) such that the area 
of the region bounded by the graphs of these two functions is Z, 


87. Think About It Use a graphing utility to graph the function 
f(x) = (x3 — 7x? + 10x). Use the graph to determine whether 


5 
Í f(x) dx is positive or negative. Explain. 
0 


88. Think About It When evaluating 


1 
Í x? dx 
=i 


d 

is it appropriate to substitute u = x2, x = Vu, and dx = " 

2V/u 
to obtain 
if! 
5 Í Vudu =0? 
2 ji 
Explain. 


Approximation In Exercises 89 and 90, determine which value 
best approximates the area of the region between the x-axis and 
the function over the given interval. (Make your selection on the 
basis of a sketch of the region and not by integrating.) 


4x 


89. f(x) = warp [0, 2] 
@) 3 (b) 1 (c) -8 «(d)8 (e) 10 
4 
90. f(x) = CTL [0, 2] 


(a) 3 (b) 1 (@—4 «(d)4 (e)10 


Interpreting Integrals Yn Exercises 91 and 92, (a) sketch the 
region whose area is given by the integral, (b) sketch the solid 
whose volume is given by the integral if the disk method is used, 
and (c) sketch the solid whose volume is given by the integral if 
the shell method is used. (There is more than one correct answer 
for each part.) 


2 4 
o. | Qa x? dx v2. | ay dy 
0 


0 


93. Volume The region bounded by y = eo, y = 0, x = 0, and 
x = b (b > 0) is revolved about the y-axis. 


(a) Find the volume of the solid generated if b = 1. 


(b) Find b such that the volume of the generated solid is $ cubic 
units. 


94. Arc Length Find the arc length of the graph of y = In(sin x) 
from x = 7/4 to x = 7/2. 
95. Surface Area Find the area of the surface formed by 


revolving the graph of y = 2./x on the interval [0, 9] about the 
X-axis. 
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. Centrota ind the x-coordinate of the centroid of the region 
bounded by the graphs of 


x=0, and x=4. 


5 
= ; = 0, 
7 o =x A 


In Exercises 97 and 98, find the average value of the function 
over the given interval. 


97. f(x) =y = LRS 3 


98. f(x) = sinnx, 0 < x < m/n, nis a positive integer. 


Arc Length In Exercises 99 and 100, use the integration 
capabilities of a graphing utility to approximate the arc length 
of the curve over the given interval. 


99. y = tan Tx, o, 1 100. y = x?3, [1,8] 


101. Finding a Pattern 


(a) Find [cost x de. 
(b) Find J cos? x dx. 


(c) Find J cos? x dx. 


(d) Explain how to find fcos!*xdx without actually 
integrating. 
102. Finding a Pattern 


(a) Write ftan?xdx in terms of ftanxdx. Then find 
J tan? x dx. 


(b) Write f tanë x dx in terms of f tan? x dx. 


(c) Write f tan**! x dx, where k is a positive integer, in terms 
of f tan**~! x dx. 


(d) Explain how to find f tan!’ xdx without actually 
integrating. 


103. Methods of Integration Show that the following results are 
equivalent. 


Integration by tables: 


[we H Tdr = 3(x/P +14 In|x + Sx? 4 1|) KC 


Integration by computer algebra system: 


E + 1dx ove +14 arcsinh(x)) +C 


Putnam Exam Challenge 


4 ita 
104. Evaluate Í In(9 — x) dx : 
2 Vn — x) + VIn + 3) 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


Integration by Parts 


Proof Without Words Here is a 
different approach to proving the 
formula for integration by parts. 
Exercise taken from “Proof Without 
Words: Integration by Parts” by 
Roger B. Nelsen, Mathematics 
Magazine, April 1991, by permission 
of the author. 


u=f(x) v=g(x) 


| p=fta) a= FO) 


Area + Area = GE = jar 


s 'P (4:5) 
Í wav | vdu =| w| 
F A (pr) 
s (q.s) p 
| u dv = [w] = Í v du 
f (pr) q 


Explain how this graph proves the 
theorem. Which notation in this proof 
is unfamiliar? What do you think it 
means? 
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e Find an antiderivative using integration by parts. 
e Use a tabular method to perform integration by parts. 


Integration by Parts 


In this section you will study an important integration technique called integration by 
parts. This technique can be applied to a wide variety of functions and is particularly 
useful for integrands involving products of algebraic and transcendental functions. For 
instance, integration by parts works well with integrals such as 


[oma fear and fesinxax 


Integration by parts is based on the formula for the derivative of a product 


d dv du 
= + 

dx [w] = u dx 5 dx 
= uv’ + vu’ 


where both u and v are differentiable functions of x. If u’ and v’ are continuous, you 
can integrate both sides of this equation to obtain 


w= fwar + four 
= fuar + [vd 


By rewriting this equation, you obtain the following theorem. 


THEOREM 8.| Integration by Parts 


If u and v are functions of x and have continuous derivatives, then 


feav= w- [vau 


This formula expresses the original integral in terms of another integral. Depend- 
ing on the choices of u and dv, it may be easier to evaluate the second integral than 
the original one. Because the choices of u and dv are critical in the integration by parts 
process, the following guidelines are provided. 


Guidelines for Integration by Parts 
1. Try letting dv be the most complicated portion of the integrand that fits 
a basic integration rule. Then u will be the remaining factor(s) of the integrand. 


2. Try letting u be the portion of the integrand whose derivative is a function 
simpler than u. Then dv will be the remaining factor(s) of the integrand. 
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EXAMPLE | Integration by Parts 


Find xe” dx. 


Solution To apply integration by parts, you need to write the integral in the form 
J u dv. There are several ways to do this. 


Gera), etak | (ean, i (xe*\(dx) 
ytd Regattas oat hy ee 
u dv u dv u dv u dv 


The guidelines on page 525 suggest choosing the first option because the derivative 
of u = x is simpler than x, and dv = e* dx is the most complicated portion of the 
integrand that fits a basic integration formula. 


n 
= 


dv =e*dx > v= |a= ferd = 
u=x =æ du = dx 


NOTE In Example 1, note that it is Now, integration by parts produces 
not necessary to include a constant of 
integration when solving udv = uv — | v du Integration by parts formula 
v= | edx=e+C,. 
Í ' f xe* dx = xe* — f e* dx Substitute. 


To illustrate this, replace v = e* by 
v = e* + C, and apply integration by 
parts to see that you obtain the same To check this, differentiate xe* — e* + C to see that you obtain the original integrand. 


result. 


EXAMPLE 2 Integration by Parts 


=xe*—e*+C. Integrate. 


Find x? In x dx. 


Solution In this case, x? is more easily integrated than ln x. Furthermore, the 
derivative of In x is simpler than In x. So, you should let dv = x? dx. 


3 
dv =x dx E> v= fea=% 
1 
u=Inx => du = -dx 
x 
Integration by parts produces 
| udv = uv — i v du Integration by parts formula 
3 3\/1 
2 Inxdx = Inx- B9 dx Substitute. 
3 3/\x 
? 1 
= 3 nx -3 i x? dx Simplify. 
TECHNOLOGY Try graphing 3 3 
X x 
3 3 = 3 lnx — 9 + C. Integrate. 
femra and nx z ` 
You can check this result by differentiating. 
on your graphing utility. Do you get atë 3 3/1 P 
the same graph? (This will take a É nr=” l a ( ) tinde e 
while, so be patient.) dx| 3 9 3 aaja 3 —— 


(1.3) 


y = arcsin x 


| > X 


The area of the region is approximately 
0.571. 
Figure 8.2 


| Estab Gran 
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One surprising application of integration by parts involves integrands consisting 
of a single term, such as f In x dx or f arcsin x dx. In these cases, try letting dv = dx, 
as shown in the next example. 


EXAMPLE 3 An Integrand with a Single Term 


1 
Evaluate f arcsin x dx. 
0 


Solution Let dv = dx. 


dv = dx => y= far=x 


u = arcsinx (> du = —=——=dx 


Integration by parts now produces 


Integration by parts 
[ud = w- fod np 


formula 


Xx 
arcsin x dx = x arcsin x — | —===dx Substitute. 
i f V1- x? 
. 1 
= x arcsin x + | (1 — x?)~!/2 (—2x) dx Rewrite. 


=xaresinx + /1 — x? + C. Integrate. 


Using this antiderivative, you can evaluate the definite integral as follows. 


1 1 
f arcsin x dx = E arcsin x + V1 — =| 
0 10) 
T 
=2_] 
2 


= 0.571 


The area represented by this definite integral is shown in Figure 8.2. — 

a A A 
TECHNOLOGY Remember that there are two ways to use technology to eval- 
uate a definite integral: (1) you can use a numerical approximation such as the 
Trapezoidal Rule or Simpson’s Rule, or (2) you can use a computer algebra system 
to find the antiderivative and then apply the Fundamental Theorem of Calculus. Both 
methods have shortcomings. To find the possible error when using a numerical 
method, the integrand must have a second derivative (Trapezoidal Rule) or a fourth 
derivative (Simpson’s Rule) in the interval of integration: the integrand in Example 


3 fails to meet either of these requirements. To apply the Fundamental Theorem of 
Calculus, the symbolic integration utility must be able to find the antiderivative. 


Which method would you use to evaluate 
1 
f arctan x dx? 
0 
Which method would you use to evaluate 


1 
f arctan x? dx? 
0 
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Try to find 


[ervos2rax 


by letting u = cos 2x and dv = e* dx 
in the first substitution. For the 
second substitution, let u = sin 2x 
and dv = e* dx. 
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Some integrals require repeated use of the integration by parts formula. 


EXAMPLE 4 Repeated Use of Integration by Parts 


Find f x? sin x dx. 


Solution The factors x? and sin x are equally easy to integrate. However, the 
derivative of x? becomes simpler, whereas the derivative of sin x does not. So, you 
should let u = x?. 


dv = sinxdx Œ> p= | sinxa = -cosx 


u = x? > du = 2xdx 
Now, integration by parts produces 
fe sin x dx = —x? cos x + | 2x cos x dx. First use of integration by parts 
This first use of integration by parts has succeeded in simplifying the original integral, 
but the integral on the right still doesn’t fit a basic integration rule. To evaluate that 


integral, you can apply integration by parts again. This time, let u = 2x. 


dv =cosxdx E v= f cos x= sinx 


u = 2x => du=2d& 


Now, integration by parts produces 


x cos x dx = 2x sin x — f 2 sin x dx Second use of integration by parts 


= 2x sin x + 2 cos x + C. 


Combining these two results, you can write 


[esinca = —x?cosx + 2x sin x + 2cosx + C. 


E 
m (ee ee) eee 
When making repeated applications of integration by parts, you need to be careful 
not to interchange the substitutions in successive applications. For instance, in 
Example 4, the first substitution was u = x? and dv = sin x dx. If, in the second 


application, you had switched the substitution to u = cos x and dv = 2x, you would 
have obtained 


f sinxa = —x*cosx + f rxcos as 


— x? cos x + x? cos x + fe sin x dx 


fe sin x dx 


thereby undoing the previous integration and returning to the original integral. When 
making repeated applications of integration by parts, you should also watch for the 
appearance of a constant multiple of the original integral. For instance, this occurs 
when you use integration by parts to evaluate f e*cos 2x dx, and also occurs in the 
next example. 


NOTE The integral in Example 5 is an 
important one. In Section 8.4 (Example 
5), you will see that it is used to find the 
arc length of a parabolic segment. 


P The trigonometric 


identities 
slices 1 — cos 2x 
sin? x =Á 
2 
5 1 + cos 2x 
cos? x = -a 


play an important role in this chapter. 


>y% 


Figure 8.3 


| _Enitatte Gran | 
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EXAMPLE 5 Integration by Parts 


Find i sec? x dx. 


Solution The most complicated portion of the integrand that can be easily integrated 
is sec? x, so you should let dv = sec? x dx and u = sec x. 


dv = sec?xdx > v= f sectade = tanx 


u = secx => du = sec x tan x dx 


Integration by parts produces 


i udv = uv — f v du o oTa 
f sec? x dx = sec x tan x — f sec x tan? x dx Substitute. 
f sec? x dx = sec x tan x — i sec x(sec? x — 1) dx Trigonometric identity 
sec? x dx = sec x tan x — | sec? x dx + f sec x dx Rewrite. 
2 f sec? x dx = sec x tan x + f sec x dx Collect like integrals. 


Integrate and divide 


1 1 
3 ae a 
[ se x dx = 5 sec x tan x + 5 In|sec x + tan x| + C. by 2. 


EXAMPLE 6 Finding a Centroid 


A machine part is modeled by the region bounded by the graph of y = sin x and the 
x-axis, 0 < x < 7/2, as shown in Figure 8.3. Find the centroid of this region. 


Solution Begin by finding the area of the region. 


m/2 1/2 
a= | sin x dx = | —cos x =1 
0 


0 


Now, you can find the coordinates of the centroid as follows. 


n/2 . n/2 . P 

1 1 l : 

y= 5 “2 sinx) ax = ¢ | (1 = cos 2x) de = Fla - d 2E 
i 0 


A 2 4 2 Jo 8 
You can evaluate the integral for x, (1/A) Jo” ’? x sin x dx, with integration by parts. To 
do this, let dv = sin x dx and u = x. This produces v = —cos x and du = dx, and you 


can write 


f xsinvax = — xcosx + [ cosxat 
= —xcosx + sinx + C. 


Finally, you can determine x to be 


j m/2 m/2 
z=3| xsin xdr = | =x cosx + sin | =]1. 
0 


So, the centroid of the region is (1, 7/8). SS 


[Try tt_| [Exploration a | 
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[P You can use the acronym 
LIATE as a guideline for choosing u in 
integration by parts. In order, check the 
integrand for the following. 


Is there a Logarithmic part? 

Is there an Inverse trigonometric part? 
Is there an Algebraic part? 

Is there a Trigonometric part? 


Is there an Exponential part? 


FOR FURTHER INFORMATION 

For more information on the tabular 
method, see the article “Tabular 
Integration by Parts” by David Horowitz 
in The College Mathematics Journal, 
and the article “More on Tabular 
Integration by Parts” by Leonard 
Gillman in The College Mathematics 
Journal. 


MathArticle 
MathArticle 
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As you gain experience in using integration by parts, your skill in determining u 
and dv will increase. The following summary lists several common integrals with 
suggestions for the choices of u and dv. 


Summary of Common Integrals Using Integration by Parts 


1. For integrals of the form 
E G abs, i se? Sin Be Che, or i x" cos ax dx 


let u = x” and let dv = e% dx, sin ax dx, or cos ax dx. 


2. For integrals of the form 
i KAINE abe, x” arcsin ax dx, or Í x” arctan ax dx 


let u = In x, arcsin ax, or arctan ax and let dv = x” dx. 
3. For integrals of the form 


fee sin bx dx or i e™ cos bx dx 


let u = sin bx or cos bx and let dv = e% dx. 


Tabular Method 


In problems involving repeated applications of integration by parts, a tabular method, 
illustrated in Example 7, can help to organize the work. This method works well for 
integrals of the form f x” sin ax dx, f x” cos ax dx, and f x” e” dx. 


EXAMPLE 7 Using the Tabular Method 
Find f x? sin 4x dx. 


Solution Begin as usual by letting u = x? and dv = v’ dx = sin 4x dx. Next, create 
a table consisting of three columns, as shown. 


Alternate u and Its v'and Its 

Signs Derivatives Antiderivatives 
+ x2 aoa sin 4x 
= e Dy boa -4 cos 4x 
+ — 2 ac = 6 sin 4x 
= a i a cos 4x 


Differentiate until you obtain 
0 as a derivative. 


The solution is obtained by adding the signed products of the diagonal entries: 


1 1 1 
2 si = -— x? + = xsin 4x + = +C. 
f sin 4x dx 4% cos 4x g * sin 4x 32 cos 4x + C 


[ Try 1t | [Open Exeioration | 
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Exercises for Section 8.2 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on [al to print an enlarged copy of the graph. 
In Exercises 1-4, match the antiderivative with the correct In Exercises 37—42, solve the differential equation. 
integral. [Integrals are labeled (a), (b), (c), and (d).] 5 
37. y’ = xe* 38. y'= lnx 
(a) fInx dx (b) f x sin x dx d 2 d 
De 40, Z =P Ve-1 
(c) fx2e* dx (d) fx? cos x dx t V2 + 3t X 
1. y = sinx — xcosx 41. (cos y)y’ = 2x 42. y'= arctan 5 
2. y = x? sin x + 2x cos x — 2 sin x 
3. y = x7e* — 2xe* + 2e* fp Slope Fields In Exercises 43 and 44, a differential equation, a 
4. y=-x+xlnx point, and a slope field are given. (a) Sketch two approximate 


solutions of the differential equation on the slope field, one of 

which passes through the given point. (b) Use integration to find 

the particular solution of the differential equation and use a 

graphing utility to graph the solution. Compare the result with 

5 zd 6 22d the sketches in part (a). To print an enlarged copy of the graph, 
i a ee lial select the MathGraph button. 


In Exercises 5-10, identify u and dv for finding the integral 
using integration by parts. (Do not evaluate the integral.) 


2 dy d P 
7. Í (In x}? dx 8. Í In 3x dx 43. = = xVy cos x, (0, 4) 44. Y = 9-4/3 sin 2x, (0, —18) 
dx dx i 
y y 
9. f sec? x dx 10. Í x? cos x dx A í 
Srp 1i~ll-yv FAV TGs VI TO1I DS So 
Pe Oe Se oe ee C1 AL WHO 
CEEE ee SENTZ ae aN ZENNE 
n . ENER it eee eee IIIENA I PPO en 
In Exercises 11-36, find the integral. (Note: Solve by the ERR eee: aan mina! VENIEN IIR 
. ae . VAT EEIN SAANA ZINA SSN 
simplest method—not all require integration by parts.) MPL PT TSS eTee eh ee MIENNE ee 
WHoneeeeee So aera Ree, ANT SS Oe 
VEL EL LSS PNIS ENN A 11 S71 SS a aanne 
2x i ; f i eee aan i N a C1 WT SO E 
11. | xe~?* dx 12. |—dx VE EE TASCA NUN NE VENNINNER É 
e* Ne Ci aoa NN N Bs EN EN SPIRE | 
ATLL LCN ZENNAANANNT TI SNSAT IS perane 
ell a see ie ER 
13. | x°e* dx 14. | -z dt AE by tence ase a V1I-XSN-01 1 SSA 
yet! { Ss damd a eset Gamal sdk X sh =a à E CRIS Sine 
T_T irl be te aL C1 WA We oe 
-4 -2 lt 2 4 he er Aa eee 
15. Í xe" dx 16. I. x4 ln x dx MENN EEN 
17. Í tin(t + 1) dt 18 Í 1 -dx Pe Slope Fields In Exercises 45 and 46, use a computer algebra 
x(In x) system to graph the slope field for the differential equation and 
(In x)? Inx graph the solution through the specified initial condition. 
19 — dx 20 -i 
“ dy x dy x 
ate ae 45, Z = “ev 46, =~ sinx 
21. | ——v ax 22:.| e575 a a x oY ees 
(2x + 1)? (x2 + 1)? y(0) = 2 y(0) = 4 
In = 
23. x? — 1)e* dx 24. dx : ee 
( ) In Exercises 47—58, evaluate the definite integral. Use a graph- 
ing utility to confirm your result. 
25. | xvx — ladx 26. dx 
J2 + 3x + 3x 4 
47. | xe™ dx 48. x? e* dx 
27. | xeosxd 28. a 0 
T 
49. ji x cos x dx 50. Í x sin 2x dx 
29. fe sin x dx 30. fe cos x dx a 
51. K arccos x dx 52. Í x arcsin x? dx 
31. [ese reot ea 32. Í 0 sec 0 tan 8 d0 i 
53. [ e* sin x dx 54. [ e™* cos x dx 
33. Í arctan x dx 34. Í 4 arccos x dx 2 
55. ie x? In x dx 56. Í In(1 + x?) dx 
35. Í e?” sin x dx 36. Í e* cos 2x dx 0 jå 
T, 
57. it x arcsec x dx 58. Í x sec? x dx 
0 
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In Exercises 59-64, use the tabular method to find the integral. 


59. [vera 60. frena 


6l. Í xX sin x dx 62. Í xX cos 2x dx 


63. je sec? x dx 64. Í x2(x — 2)3/2 dx 


In Exercises 65-70, find or evaluate the integral using substitu- 
tion first, then using integration by parts. 


65. [sn x dx 66. Í 2x3 cos x? dx 


4 2 
67. Í xJ/4 -= x dx as. | ev dx 
0 0 


69. Í cos(In x) dx 70. Í In(x? + 1) dx 


Writing About Concepts 
71. Integration by parts is based on what differentiation rule? 
Explain. 


72. In your own words, state guidelines for integration by parts. 


In Exercises 73-78, state whether you would use integration 
by parts to evaluate the integral. If so, identify what you 
would use for u and dv. Explain your reasoning. 


73. Í Ine e 


x 


74. femra 


75. fee dx 76. [x e* dx 


x x 
77. (=d. 78. | — = d. 
j+ R+ 


In Exercises 79-82, use a computer algebra system to (a) find or 
evaluate the integral and (b) graph two antiderivatives. 
(c) Describe the relationship between the graphs of the 
antiderivatives. 


79. fe e “dt 80. Í at sin ma da 


m/2 5 
81. Í e™™ sin 3x dx 82. Í x4(25 — xX) dx 
0 0 


83. Integrate | 2x./2x — 3 dx 


(a) by parts, letting dv = /2x — 3 dx. 
(b) by substitution, letting u = 2x — 3. 


84. Integrate i xJ/4 + x dx 


(a) by parts, letting dv = V4 + x dx. 
(b) by substitution, letting u = 4 + x. 
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85. Integrate | ————= dx 


(a) by parts, letting dv = (x/ V4 + x?) dx. 
(b) by substitution, letting u = 4 + x?. 


86. Integrate J % J4—x dx 


(a) by parts, letting dv = V4 — x dx. 
(b) by substitution, letting u = 4 — x. 


In Exercises 87 and 88, use a computer algebra system to find 
the integral for n = 0, 1, 2, and 3. Use the result to obtain a 
general rule for the integral for any positive integer n and test 
your results for n = 4. 


87. [© In x dx 88. fea 


In Exercises 89-94, use integration by parts to verify the for- 
mula. (For Exercises 89-92, assume that n is a positive integer.) 


89. fe sin x dx = ~x” cos x + n | == cos xas 


90. [ cos xdr = xsinx = n fa sinc 
n+l 
91. femra TE pet 1+ (n+ 1)Inx]+C 
92. fresa aneia 2 farres 
a a 
das en ee (a sin bx — b cos bx) LC 
a + b? 
i e“ (a cos bx + b sin bx) | 
94. f ecos nea = PLP } 


In Exercises 95—98, find the integral by using the appropriate 
formula from Exercises 89—94. 


95. Í x? In x dx 
96. Í x? cos x dx 
97. Í e?°™ cos 3x dx 


98. Í x3e?* dx 


Area In Exercises 99-102, use a graphing utility to graph the 
region bounded by the graphs of the equations, and find the 
area of the region. 

99. y = xe ™, y =0,x=4 
100. y = gxe*3,y = 0, x=0,x=3 
101. y =e “sin mx, y = 0,x =0,x=1 
102. y = xsinx, y = 0, x = 0,x = T 


103. Area, Volume, and Centroid Given the region bounded by 
the graphs of y = Inx, y = 0, and x = e, find 
(a) the area of the region. 

(b) the volume of the solid generated by revolving the region 
about the x-axis. 

(c) the volume of the solid generated by revolving the region 
about the y-axis. 

(d) the centroid of the region. 
104. Volume and Centroid Given the region bounded by the 
graphs of y = x sin x, y = 0, x = 0, and x = m, find 
(a) the volume of the solid generated by revolving the region 
about the x-axis. 

(b) the volume of the solid generated by revolving the region 
about the y-axis. 

(c) the centroid of the region. 

105. Centroid Find the centroid of the region bounded by the 
graphs of y = arcsin x, x = 0, and y = 7/2. How is this 
problem related to Example 6 in this section? 

106. Centroid Find the centroid of the region bounded by the 
graphs of f(x) = xX, g(x) = 2%, x = 2, and x = 4. 

107. Average Displacement A damping force affects the 
vibration of a spring so that the displacement of the spring is 
given by y = e * (cos 2t + 5 sin 2t). Find the average value 
of y on the interval from tf = 0 tot = m. 

108. Memory Model A model for the ability M of a child to 
memorize, measured on a scale from 0 to 10, is given by 
M=1+4+1.6tlnt, 0 < t < 4, where ¢ is the child’s age in 
years. Find the average value of this model 
(a) between the child’s first and second birthdays. 


(b) between the child’s third and fourth birthdays. 


Present Value In Exercises 109 and 110, find the present value 
P of a continuous income flow of c(t) dollars per year if 


ti 


P -| c(t)e-" dt 


0 


where ¢, is the time in years and r is the annual interest rate 
compounded continuously. 


109. c(t) = 100,000 + 40007, r = 5%, t, = 10 
110. c(t) = 30,000 + 5002, r = 7%, t, = 5 


Integrals Used to Find Fourier Coefficients In Exercises 111 
and 112, verify the value of the definite integral, where n is a 
positive integer. 


T i 
—>  nisodd 


u. | x sin nx dx = 
—7 2T 


> niseven 


112. Í x? cos nx dx = aie 


ae n 
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. Vibrating String A string stretched between the two points 
(0, 0) and (2, 0) is plucked by displacing the string h units at 
its midpoint. The motion of the string is modeled by a Fourier 
Sine Series whose coefficients are given by 


1 2 
b= a x sin = dx 4 a| (—x + 2) sin Z dx. 
0 2 1 2 


Find b,. 
114. Find the fallacy in the following argument that 0 = 1. 


dv=dx Œ> v= fde=x 


1 
->à 
p 


o+ fE- (io [( Z)@ar-1+ |E 


So, 0 = 1. 

115. Let y = f(x) be positive and strictly increasing on the interval 
0 < a < x < b. Consider the region R bounded by the graphs 
of y = f(x), y = 0, x = a, and x = b. If R is revolved about 
the y-axis, show that the disk method and shell method yield 
the same volume. 


=> du 


= [ 


116. Euler’s Method Consider the differential equation 
f(x) = xe™ with the initial condition f(0) = 0. 
(a) Use integration to solve the differential equation. 


(b) Use a graphing utility to graph the solution of the 
differential equation. 


(c) Use Euler’s Method with h = 0.05, and the recursive 
capabilities of a graphing utility, to generate the first 80 
points of the graph of the approximate solution. Use the 
graphing utility to plot the points. Compare the result with 
the graph in part (b). 

(d) Repeat part (c) using h = 0.1 and generate the first 40 
points. 


(e) Why is the result in part (c) a better approximation of the 
solution than the result in part (d)? 


Euler’s Method In Exercises 117 and 118, consider the 
differential equation and repeat parts (a)—(d) of Exercise 116. 
117. f(x) = 3x sin(2x) 118. f(x) = cosx 

fo) = 0 f(0) = 1 


119. Think About It Give a geometric explanation to explain why 


m/2 m/2 
Í xsin x dx < Í x dx. 
0 0 


Verify the inequality by evaluating the integrals. 

120. Finding a Pattern Find the area bounded by the graphs of 
y = x sin x and y = 0 over each interval. 
(a) [0,7] (b) [m, 2m] (0) [20,37] 


Describe any patterns that you notice. What is the area 
between the graphs of y = x sin x and y = 0 over the interval 
[nm, (n + 1)r], where n is any nonnegative integer? Explain. 
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Section 8.3 Trigonometric Integrals 


e Solve trigonometric integrals involving powers of sine and cosine. 
e Solve trigonometric integrals involving powers of secant and tangent. 
e Solve trigonometric integrals involving sine-cosine products with different angles. 


Integrals Involving Powers of Sine and Cosine 


In this section you will study techniques for evaluating integrals of the form 
SHEILA SCOTT MACINTYRE (1910—1960) 


Sheila Scott Macintyre published her first f sin” x cos” x dx and f sec” x tan” x dx 

paper on the asymptotic periods of integral 

functions in 1935. She completed her doctor- where either m or n is a positive integer. To find antiderivatives for these forms, try to 
pie wori SUR ES Umirarity, virare cie break them into combinations of trigonometric integrals to which you can apply the 


taught. In 1958 she accepted a visiting 
research fellowship at the University of 
Cincinnati. 


Power Rule. 
For instance, you can evaluate fsin° x cos x dx with the Power Rule by letting 
u = sin x. Then, du = cos x dx and you have 


6 - 6 
[sin.xeosx dr = [rau = +C= ot C. 


To break up f sin” x cos” x dx into forms to which you can apply the Power Rule, 
use the following identities. 


sin? x + cos? x = 1 Pythagorean identity 

£5 1 — cos 2x oe N 

sine x = a Half-angle identity for sin? x 
7 1 + cos 2x ees 

cos“ x = > Half-angle identity for cos? x 


Guidelines for Evaluating Integrals Involving Sine and Cosine 


1. If the power of the sine is odd and positive, save one sine factor and convert the remaining factors to 
cosines. Then, expand and integrate. 


Odd Convert to cosines Save for du 
(<a a a 
[sm l eos 2 eke = [sie x) cos" x sin x dx = fo — cos? x)“ cos” x sin x dx 


2. If the power of the cosine is odd and positive, save one cosine factor and convert the remaining factors 
to sines. Then, expand and integrate. 


Odd Convert to sines Save for du 
EA e So 
| Sin” 7 ose! we abe = Í sin” x(cos?x)* cos x dx = | sin” x (1 — sin? x)‘ cos x dx 


3. If the powers of both the sine and cosine are even and nonnegative, make repeated use of the identities 


oD 1 — cos 2x 2 1 T O 2x 
sin’ x = — y and cost x = — 


to convert the integrand to odd powers of the cosine. Then proceed as in guideline 2. 
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TECHNOLOGY Useacomputer EXAMPLE! Power of Sine Is Odd and Positive 
algebra system to find the integral in 


Example 1. You should obtain : f 
Find | sin? x cos* x dx. 
[so x cos* x dx = 
Solution Because you expect to use the Power Rule with u = cos x, save one sine 
ee 2 a : : 
cos? x 7 sin? x 4 35 H C. factor to form du and convert the remaining sine factors to cosines. 
Is this equivalent to the result obtained [so x cost x dx = [sve x cos* x(sin x) dx Rewrite. 
in Example 1? 
= fo — cos? x) cos* x sin x dx Trigonometric identity 
= i (cost x — cos® x) sin x dx Multiply. 
= f cos* x sin x dx — i cos® x sin x dx Rewrite. 


= pees dx + [eosea-sin.) dx 


3 x 7 
__ cos COS’ x 
= aa +C Integrate. 


In Example 1, both of the powers m and n happened to be positive integers. 
However, the same strategy will work as long as either m or n is odd and positive. For 


instance, in the next example the power of the cosine is 3, but the power of the sine 
ll 
is —5. 


EXAMPLE 2 Power of Cosine Is Odd and Positive 


m/3 


cos? x 
Evaluate dx. 
f a/6 V Sin x 


Solution Because you expect to use the Power Rule with u = sin x, save one cosine 
an to form du and convert the remaining cosine factors to sines. 


T/3 3 
> cos? x COS~ X COS x 


y z 
N TE ane x 6 vsin ri n/6 ~<SiINX 


dx 


m LP (1 — sin? x)(cos x) ae 
FE vsin x 
T/3 
= [(sin x)~!/2 cos x — (sin x)?/ cos x] dx 
1/6 
[6 x)!" (sin | ae 
1/2 5/2 Live 
T T 1/2 5/2 
m ea - aaa 
The area of the region is approximately 
0.239. = 0.239 
Figure 8.4 Figure 8.4 shows the region whose area is represented by this integral. n 
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EXAMPLE 3 Power of Cosine Is Even and Nonnegative 
Find [eos x dx. 


Solution Because m and n are both even and nonnegative (m = 0), you can replace 
cost x by [(1 + cos 2x)/2]?. 


1+ 2x \2 
fost xar = (==) dx 
2 
l1  cos2x cos? 2x 
= + + 
fG 2 4 Jax 
1  cos2x 1/1 + cos 4x 
= + + 
| k 2 a 2 IG 


3 1 1 
= Š fax + f2 cos 2x dx + z4 cos 4xdr 


3x  sin2x  sin4x 
8 + 4 + 32 +C 


Use a symbolic differentiation utility to verify this. Can you simplify the derivative to 
obtain the original integrand? — 


In Example 3, if you were to evaluate the definite integral from 0 to 7/2, you 
would obtain 


m/2 : : a/2 
3 sin 2 sin 4 
f cost xdr = $ + “4 z] 
0 


8 4 32 Jo 

= (*Z+0+0)-@+0+0 
16 

zor 
16 


Note that the only term that contributes to the solution is 3x/8. This observation is 
generalized in the following formulas developed by John Wallis. 


Wallis’s Formulas 


1. If nis odd (n = 3), then 


2 og op FEA WO 
Joun WaLs (1616-1703) | POEET 


Wallis did much of his work in calculus prior 
to Newton and Leibniz, and he influenced the 


thinking of both of these men. Wallis is also a/2 1\/3\/5 
credited with introducing the present symbol cos” x dx = aN\4 fa = 3 
0 


(co) for infinity. 


MathBio These formulas are also valid if cos” x is replaced by sin” x. (You are asked to 


prove both formulas in Exercise 104.) 


2. If nis even (n > 2), then 
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Integrals Involving Powers of Secant and Tangent 


The following guidelines can help you evaluate integrals of the form 


f sec” x tan” x dx. 


Guidelines for Evaluating Integrals Involving Secant and Tangent 


1. If the power of the secant is even and positive, save a secant-squared factor and convert the remaining fac- 
tors to tangents. Then expand and integrate. 


Even Convert to tangents Save for du 
a — ea, 
Í sec~* x tan” x dx = f laa inn? x Gee? eke = Í (1 + tan? x)! tan” x sec? x dx 


2. If the power of the tangent is odd and positive, save a secant-tangent factor and convert the remaining factors 
to secants. Then expand and integrate. 


Odd Convert to secants Save for du 
[seem renega = [son 1 x(tan? x) sec x tan x dx = [sor 'x(sec?x — 1)* sec x tan x dx 


3. If there are no secant factors and the power of the tangent is even and positive, convert a tangent-squared 
factor to a secant-squared factor, then expand and repeat if necessary. 


Convert to secants 
——— 
[uw Kak = [am x(tan? x) dx = em x(sec? x — 1) dx 


4. If the integral is of the form fsec” x dx, where m is odd and positive, use integration by parts, as illustrated in 
Example 5 in the preceding section. 


5. If none of the first four guidelines applies, try converting to sines and cosines. 


EXAMPLE 4 Power of Tangent Is Odd and Positive 


tan? x 


Find 
vsec x 


dx. 


Solution Because you expect to use the Power Rule with u = sec x, save a factor of 
(sec x tan x) to form du and convert the remaining tangent factors to secants. 


vV SCC x 


f ows dx = | (sec x)~'/? tan? x dx 
= [vee x)~3/2(tan? x)(sec x tan x) dx 
= [ove x)~3/2(sec? x — 1)(sec x tan x) dx 
= fice x)!/2 — (sec x)~3/?](sec x tan x) dx 


= (sec x)3/2 + 2(sec x)! + C 
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NOTE In Example 5, the power of the 
tangent is odd and positive. So, you 
could also find the integral using the 
procedure described in guideline 2 on 
page 537. In Exercise 85, you are asked 
to show that the results obtained by these 
two procedures differ only by a constant. 


The area of the region is approximately 
0.119. 
Figure 8.5 


| Esitabie Graph 
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EXAMPLE 5 Power of Secant Is Even and Positive 


Find f sect 3x tan? 3x dx. 
Solution Letu = tan 3x, then du = 3 sec? 3x dx and you can write 
f sect 3x tan? 3x dx = sec? 3x tan? 3x(sec? 3x) dx 
= (1 + tan? 3x) tan? 3x(sec? 3x) dx 


= ; f (tan? 3x + tan? 3x)(3 sec? 3x) dx 


~ 3\ 4 6 


tant+3x  tan® 3x 
= + 


12 18 
aires i sc) 


EXAMPLE 6 Power of Tangent Is Even 


1 ee 3x tan® 3x) 
4 +e 


+G; 


T/4 
Evaluate f tantx dx. 
0 


Solution Because there are no secant factors, you can begin by converting a tangent- 
squared factor to a secant-squared factor. 


tant x dx = i tan? x(tan? x) dx 
= [an x(sec? x — 1) dx 
= [on x sec? x dx — [en x dx 


= [ons sec? x dx — [veces — 1)dx 


tan? x 


= 7 tanx +x+ C 
You can evaluate the definite integral as follows. 
1/4 3 a/4 
Í tantx dx = fe ~ — tanx + x| 
0 3 0 
-7_2 
4 3 
= 0.119 


The area represented by the definite integral is shown in Figure 8.5. Try using 
Simpson’s Rule to approximate this integral. With n = 18, you should obtain an 
approximation that is within 0.00001 of the actual value. 
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For integrals involving powers of cotangents and cosecants, you can follow a 
strategy similar to that used for powers of tangents and secants. Also, when integrat- 
ing trigonometric functions, remember that it sometimes helps to convert the entire 
integrand to powers of sines and cosines. 


EXAMPLE 7 Converting to Sines and Cosines 


: sec x 
Find Í 5 dx. 
tan~ x 


Solution Because the first four guidelines on page 537 do not apply, try converting 
the integrand to sines and cosines. In this case, you are able to integrate the resulting 
powers of sine and cosine as follows. 


[= i N 1 ye x) ds 
tan x cos x/\ sin x 
= feina x)~?(cos x) dx 


— (sinx)! + C 


= —cscx + C m 
[Try tt | | Exploration a | 


Integrals Involving Sine-Cosine Products with Different Angles 


FOR FURTHER INFORMATION To Integrals involving the products of sines and cosines of two different angles occur in 
learn more about integrals involving many applications. In such instances you can use the following product-to-sum 
sine-cosine products with different identities. 


angles, see the article “Integrals of 
Products of Sine and Cosine with 


Different Arguments” by Sherrie J. : : = 1 a = a 
Nicol in The College Mathematics ao a 2 osa a oe a 


Journal. 1 
sin mx cos nx = ~(sin[(m — n)x] + sin[(m + n)x]) 


MathArticle : 


cos mx cos nx = z (cosL(m — n)x] + cos[(m + n)x]) 


EXAMPLE 8 Using Product-to-Sum Identities 
Find f sin 5x cos 4x dx. 


Solution Considering the second product-to-sum identity above, you can write 
1 
[sm 5x cos 4x dx = fisin x + sin 9x) dx 


= H -cosx - = 2252) +C 


cosx cos 9x 
- - TE 
18 i 


[ Try 1t | [Exploration a | 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on || 


to print an enlarged copy of the graph. 


In Exercises 1-4, use differentiation to match the antiderivative 
with the correct integral. [Integrals are labeled (a), (b), (c), 
and (d).] 


(a) Í sin x tan? x dx (b) 8 Í cost x dx 


(c) Í sin x sec? x dx (d) Í tant x dx 


1. y = secx 

2. y = cosx + secx 

3. y =x — tan x + 4 tan? x 

4. y = 3x + 2 sin x cos? x + 3 sin x cos x 


In Exercises 5-18, find the integral. 


x? sin? x dx 


S; [os x sin x dx 6. [os x sint x dx 
7. Í sin? 2x cos 2x dx 8. Í sin? x dx 
9. fsm x cos? x dx 10. [os 5 dx 
11. Í cos? 6V/sin 6 dO 12. Í TL dt 
13. [evs 3x dx 14. [si 2x dx 
15. [si a cos? ada 16. [sin 20d0 
J 


17. [x sin? x dx 18. 


In Exercises 19-24, use Wallis’s Formulas to evaluate the 
integral. 


m/2 m/2 š 
19. Í cos? x dx 20. Í cos” x dx 
0 0 


1/2 1/2 E 
21. Í cos’ x dx 22. Í sin’ x dx 
o 0 
a/2 é m/2 P 
23. Í sin x dx 24. Í sin x dx 
0 0 


In Exercises 25-42, find the integral involving secant and tan- 
gent. 


25. Je 3x dx 26. freer — 1) dx 


sect 5x dx 28. Í sec® 3x dx 
31. 


29. at mx dx 30. [antxax 


tan> — dx 32; Í tan? = sec? = dx 


33. Í sec? x tan x dx 34. Í tan? 2t sec? 2t dt 
35. fi x sec? x dx 36. fin 5 2x sec? 2x dx 
37. fres 4x tan 4x dx 38. [ed 3 tan, * dx 
39. = sec? x tan x dx 40. [= tan? 3x dx 


In Exercises 43-46, solve the differential equation. 


43. 2 = sint 70 44. ae sin? = cos? 2 


da 2 2 
45. y’ = tan? 3x sec 3x 46. y’ = vtan x sect x 


Slope Fields In Exercises 47 and 48, a differential equation, a 
point, and a slope field are given. (a) Sketch two approximate 
solutions of the differential equation on the slope field, one of 
which passes through the given point. (b) Use integration to find 
the particular solution of the differential equation and use a 
graphing utility to graph the solution. Compare the result with 
the sketches in part (a). To print an enlarged copy of the graph, 
select the MathGraph button. 


dy : d Í 
47. — = sin? x, (0, 0) 48. © = sec? x tan? x, |0, —— 
dx dx 4 
y y 
A 
PETER E TER me +——/ 
a ee AY Ea aca i de ctl od + / 
a Pi a Ie ee 
Fem I SP RPI SS om 


PSA LS DAFF L FOSS 
ESA L Eh PARE SL LOSS 


PASSA LSE SL oS 
Fame t SL Petes fem 7 Tey Te 

2 x 
Aono t sl foment lf -—— 4 = e— 
Ee alee A ee 1.5 is 1.5 
aaa A GO a AA LOSS 


Le 
Fem Pmt Sm 
me rn ey ee 
FSS es Ce ee ae 
FRED fhe ff eee 


Serer ee 
CAAA AFRIN 


aM | 
| 
AA AAS 


Slope Fields In Exercises 49 and 50, use a computer algebra 
system to graph the slope field for the differential equation, and 
graph the solution through the specified initial condition. 

dy _ 3sinx 


_ — dy _ 2 = 
49. ; , y(0) = 2 50. 7 3./y tan? x, y(0) = 3 


In Exercises 51-54, find the integral. 


51. [sn 3x cos 2x dx 52. [eos 40 cos(—36) d0 


53. [sn 0 sin 36 d0 54. finca cos 3x dx 


In Exercises 55-64, find the integral. Use a computer algebra 
system to confirm your result. 


55. [ove 2x dx 56. [en * sect ~ dx 


2 2 


57. [ex 0d0 58. ew 3x cot 3x dx 


2 3 
59. Í Oe a 60. Í EOP T jy 
csc t csc f 
aa _ 2 
61. Í = 62. Í SINK = COSTA y 
sec x tan x COS X 
63. Í (tant t — sec* t) dt 


64. pam — ee h 
cost — | 


In Exercises 65-72, evaluate the definite integral. 


65. Í sin? x dx 


ae i 


T/3 

66. Í tan? x dx 
0 
1/4 

67. Í tan? x dx 
0 


1/2 
t 
69. Í <l at 
o 1+sint 


m/2 a/2 
71. Í cos? x dx 72. Í (sin? x + 1) dx 
= T/2 — 1/2 


a/4 
68. Í sec? t./tan t dt 
0 


70. Í sin 30 cos@ d0 


N: 


In Exercises 73-78, use a computer algebra system to find the 
integral. Graph the antiderivatives for two different values of 
the constant of integration. 


73. [eos i dx 74. fimes cos? x dx 


75. l sec ax dx 76. Í tan°(1 — x) dx 


77. Í sec? mx tan mx dx 78. Í sec*(1 — x) tan(1 — x) dx 


In Exercises 79-82, use a computer algebra system to evaluate 
the definite integral. 
m/4 m/2 
79. Í sin 20 sin 30 d0 80. Í (1 — cos 6? dé 
0 0 


m/2 a/2 
81. Í sinf x dx 82. Í sinf x dx 
0 0 


Writing About Concepts 


83. In your own words, describe how you would integrate 
J sin” x cos” x dx for each condition. 


(a) m is positive and odd. 
(b) n is positive and odd. 


(c) mand n are both positive and even. 
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Writing About Concepts (continued) 
84. In your own words, describe how you would integrate 
J sec” x tan” x dx for each condition. 
(a) m is positive and even. 
(b) n is positive and odd. 
(c) n is positive and even, and there are no secant factors. 


(d) m is positive and odd, and there are no tangent factors. 


In Exercises 85 and 86, (a) find the indefinite integral in two 
different ways. (b) Use a graphing utility to graph the anti- 
derivative (without the constant of integration) obtained by 
each method to show that the results differ only by a constant. 
(c) Verify analytically that the results differ only by a constant. 


85. Í sect 3x tan? 3x dx 86. Í sec? x tan x dx 


Area In Exercises 87-90, find the area of the region bounded 
by the graphs of the equations. 

87. y = sinx, y= sinx, x=0, x= 7/2 

88. y = sin? mx, y=0, x=0, x=1 

89. y = cos? x, y= sin? x, x=- T/4, x= 7/4 


90. y = cos? x, y= sinxcosx, x= —7/2, x= 7/4 


Volume In Exercises 91 and 92, find the volume of the solid 
generated by revolving the region bounded by the graphs of the 
equations about the x-axis. 


91. y = tanx, y=0, x=- T/4 x= m/4 
92. y = cos, y = sin}, x=0, x= 7/2 


Volume and Centroid Yn Exercises 93 and 94, for the region 
bounded by the graphs of the equations, find (a) the volume of 
the solid formed by revolving the region about the x-axis and 
(b) the centroid of the region. 


93. y=sinx,y=0,x =O0,x = 7 


94. y = cos x, y = 0, x = 0, x = 7/2 


In Exercises 95-98, use integration by parts to verify the 
reduction formula. 


; sin’ !xcosx n-1][. 
95. [siorra = sin’~ 2x dx 


n n 
cos”™! xsinx n-1 
96. | cos” x dx + cos"~2 x dx 
n n 
: cos” *! x sin?! x 
97. | cos” x sin” x dx } 
m+n 
n= 


cos” x sin”? x dx 
m+n 


98. Í sec” x dx = 


n—2 
sec”? x tan x + sec"”~2 x dx 
n-1 n—-1 


542 


CHAPTER 8 Integration Techniques, L’ H6pital’s Rul 


In Exercises 99-102, use the results of Exercises 95—98 to find 
the integral. 


99. 


101. 


103. 


104. 


Í sin? x dx 


2 
Í sect a dx 


100. [eos x dx 


102. | sin x cos? x dx 


Modeling Data The table shows the normal maximum 
(high) and minimum (low) temperatures (in degrees 
Fahrenheit) for Erie, Pennsylvania for each month of the year. 
(Source: NOAA) 


Month | Jan | Feb | Mar | Apr | May | Jun 


Max 33.5 | 35.4 | 44.7 | 55.6 | 67.4 | 76.2 


Min 20.3 | 20.9 | 28.2 | 37.9 | 48.7 | 58.5 


Month | Jul | Aug | Sep | Oct | Nov | Dec 


Max 80.4 | 79.0 | 72.0 | 61.0 | 49.3 | 38.6 


Min 63.7 | 62.7 | 55.9 | 45.5 | 36.4 | 26.8 


The maximum and minimum temperatures can be modeled by 


Tt 
6 


f(t) = a + a, cos a + b, sin 


where t = 0 corresponds to January and dp, a}, and b are as 
follows. 


1 12 
ay = T A f(t) dt 


if”? Tt 
a, = Al fÀ cos ~g dt 


if? Tt 
b = Al fÀ sin dt 


(a) Approximate the model H(t) for the maximum 
temperatures. (Hint: Use Simpson’s Rule to approximate 
the integrals and use the January data twice.) 


(b) Repeat part (a) for a model L(t) for the minimum temper- 
ature data. 


(c) Use a graphing utility to compare each model with the 
actual data. During what part of the year is the difference 
between the maximum and minimum temperatures 
greatest? 


Wallis’s Formulas Use the result of Exercise 96 to prove the 
following versions of Wallis’s Formulas. 


(a) If nis odd (n = 3), then 


[ores BUR) 


(b) If n is even (n > 2), then 


m/2 
Í cos” x dx 
0 


ll 
Pai 
Nile 
Nase 
Pci 
| bo 
es Se 
gira. 
Dolu 
A 
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05. The inner product of two functions f and g on La, b} is given 


by (f, 2) = J? fx)g(x) dx. Two distinct functions f and g are 
said to be orthogonal if (f, g) = 0. Show that the following 
set of functions is orthogonal on [— m, 7]. 


{sin x, sin 2x, sin 3x, . . . , cos x, cos 2x, cos 3x, . . .} 


106. Fourier Series The following sum is a finite Fourier series. 


N 
fx) = 5 a; sin ix 
= 
= q sinx + a, sin 2x + a, sin 3x +++ + + ay sin Nx 
(a) Use Exercise 105 to show that the nth coefficient a,, is 


T 
given by a, = 1 Í f(x) sin nx dx. 
T =n 


(b) Let f(x) = x. Find a,, ay, and az. 
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Section 8.4 Trigonometric Substitution 


e Use trigonometric substitution to solve an integral. 
e Use integrals to model and solve real-life applications. 


Trigonometric Substitution 


Now that you can evaluate integrals involving powers of trigonometric functions, you 
can use trigonometric substitution to evaluate integrals involving the radicals 


Integrating a Radical Function 
Up to this point in the text, you have 


not evaluated the following integral. Ja — ë, [e+ Ww, and ie =e. 
1 
Í EER The objective with trigonometric substitution is to eliminate the radical in the 
=il integrand. You do this with the Pythagorean identities 


From geometry, you should be able to 
find the exact value of this integral— cos? 0 = 1 — sin? 0, sec?0 = 1 + tan? 0, and tan? 6 = sec? 0 -— 1. 
what is it? Using numerical integra- 
tion, with Simpson’s Rule or the 


s For example, if a > 0, let u = a sin 6, where — 77/2 < 0 < 7/2. Then 
Trapezoidal Rule, you can’t be sure 


of the accuracy of the approximation. Ja — w= Ja — asin? 6 
? : 
Why = J/a*(1 — sin? 0) 
Try finding the exact value using the = /@cos2 6 

substitution 
= a cos 0. 


A an cos at Note that cos 0 > 0, because — 7/2 < 0 < 7/2. 


Does your answer agree with the 
value you obtained using geometry? 


Trigonometric Substitution (a > 0) 


1. For integrals involving va? — uv’, let 


u = asin @. u 
Then Va — u* = a cos 0, where 0 
—T/2 < 0 < 7/2. nie. 
2. For integrals involving Va? + u?, let 
g 
u = a tan 0. Ap i 
Then Va? + u? = a sec 0, where f 
= T/2 < 0 < 7/2. a 
3. For integrals involving /u? — a’, let 
u = asec 0. Pog 
Then Vu? — a* = +a tan 0, where f 
0< 60< Tm/2on/2 <0 T. a 


Use the positive value if u > a and 
the negative value if u < —a. 


NOTE The restrictions on @ ensure that the function that defines the substitution is one-to-one. 
In fact, these are the same intervals over which the arcsine, arctangent, and arcsecant are defined. 
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EXAMPLE | Trigonometric Substitution: u = a sin 0 


dx 
3 x Find = m 
x7/S9 — x? 

Z\ c Solution First, note that none of the basic integration rules applies. To use trigono- 

o2 metric substitution, you should observe that ./9 — x? is of the form V'a? — wu. So, 

you can use the substitution 
f x 9— x ae er ae ae 
sin 6 = 3, cot @ = x = asin 6 = 3 sin 0. 
x 

Figure 8.6 Using differentiation and the triangle shown in Figure 8.6, you obtain 


dx = 3 cos 0 d0, V9 — x? = 3 cos 0, and x? = 9 sin? 0. 


So, trigonometric substitution yields 


dx z 3 cos 0 d0 E 
x2/9 — x2 (9 sin? 6)(3 cos 6) em 
me Simplif 
9} sin? 6 ores 
= ; i csc? 6d@ Trigonometric identity 
1 
= -9 cot 0 + C Apply Cosecant Rule. 
/0 — y2 
= -(2) FCE Substitute for cot 6. 
9 x 
— y2 
= oe +C. 
X 


opp. 
J9 — x? 


xX —as 


TECHNOLOGY Use a computer algebra system to find each definite integral. 


f dx | dx | dx f dx 
JI =g xJ/9 — x? KP / O ye PSO — x? 
Then use trigonometric substitution to duplicate the results obtained with the 


computer algebra system. 


In an earlier chapter, you saw how the inverse hyperbolic functions can be used 
to evaluate the integrals 


du du and du 
fe ta” g =y” uVe +u 
You can also evaluate these integrals using trigonometric substitution. This is shown 
in the next example. 
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EXAMPLE 2. Trigonometric Substitution: u = a tan 0 


Find i = o 
J4x2 +1 
Solution Letu = 2x, a = 1, and 2x = tan 0, as shown in Figure 8.7. Then, 


1 
dx = = sec? 6d0 and J4x? + 1 = sec 0. 


2 
tan 6 = 2x,sec 0 = \/4x2 + 1 Trigonometric substitution produces 
Figure 8.7 1 jee 1 fsec?0d0 aoe 
ae | FI z aed ubstitute. 
1 
= 3 f sec 0d0 Simplify. 
1 
= 7 In|sec 0 + tan 6| +C Apply Secant Rule. 
1 
= z Plv 4x7 + 14+ 2x| + C. Back-substitute. 
Try checking this result with a computer algebra system. Is the result given in this 
form or in the form of an inverse hyperbolic function? — 
| Try te | 
E a] [Exploration] [Erpleratonc] [Exploration D] 
You can extend the use of trigonometric substitution to cover integrals involving 
expressions such as (a? — u?)"/? by writing the expression as 
(a2 = u2)r/2 = (Va — Ww)". 
EXAMPLE 3 Trigonometric Substitution: Rational Powers 
i dx 
x Find | CASEG 
$ x 
x 
Solution Begin by writing (x? + 1)?/? as (V2 + TY. Then, let a = 1 and 
u = x = tan 0, as shown in Figure 8.8. Using 
é 
T dx = sec? 0 d0 and J/x? + 1 = sec 0 
ee ee x you can apply trigonometric substitution as follows. 
, Vx? +1 d d 
Figure 8.8 x = z Rewrite denominator. 
+ D J(e TY 
_ |sec?0d0 , 
= see Substitute. 
_ |28 Simplify 
ae 6 impury. 
= i cos 0 d0 Trigonometric identity 
= sin + C Apply Cosine Rule. 
= x +E Back-substitut 
= A ack-substitute. 
«/ x? +1 Se 
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For definite integrals, it is often convenient to determine the integration limits for 
0 that avoid converting back to x. You might want to review this procedure in Section 
4.5, Examples 8 and 9. 


EXAMPLE 4 Converting the Limits of Integration 
2 fe 

Evaluate f ae dx. 
tS X 


Solution Because \/x? — 3 has the form Vu? — a?, you can consider 
0 u =X, a= V3, and x = /3sec 0 
V3 as shown in Figure 8.9. Then, 
das dx = \/3 sec 0 tan 0 d0 and J? —3 = /3 tan 0. 


sec 0 = t tan 0 = . eos : : are 
S3 3 To determine the upper and lower limits of integration, use the substitution 
Figure 8.9 x = J3 sec 0, as follows. 


x°—3 


Lower Limit Upper Limit 


When x = J3, sec 0 = 1 When x = 2, sec 0 = 
and 6 = 0. 


a5 


and 0 = 


ala 


So, you have 


Integration Integration 
limits for x limits for 0 


| | 


f f= 3 x = — 6)(/3 sec 0 tan 6) d0 
B3 x 0 V3 sec 0 


= i "A tan? 0 d0 

SA3 Í a 0 — 1)d0 
= V3] tan i= J 
= Vaa 7 z) 


1/6 


0 


In Example 4, try converting back to the variable x and evaluating the antiderivative 
at the original limits of integration. You should obtain 


2 Se =3 Je = 3 
l p re y3 


x 2 
— arcsec — = . 


AB] 
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When using trigonometric substitution to evaluate definite integrals, you must be 
careful to check that the values of 0 lie in the intervals discussed at the beginning of 
this section. For instance, if in Example 4 you had been asked to evaluate the definite 
integral 


f =y ae 
— dx 
-2 x 
then using u = x and a = V3 in the interval [- 25.= V3] would imply that u < —a. 
So, when determining the upper and lower limits of integration, you would have to 
choose @ such that 7/2 < 6 < 7. In this case the integral would be evaluated as 
follows. 


[<= =3 pe 7 (— 3 tan 6)(./3 sec 0 tan 6) d0 
E x 


2 57/6 /3 sec 0 
-Í — 3 tan? 0 d0 
57/6 
=-/3 (sec? 6 — 1) d0 
57/6 
= - 3| tan 0—= e] 
57/6 
1 Sa 
- -v3[0- ») -(--F)| 
S30 
= es + ea AnA 
: 6 
= —0.0931 


Trigonometric substitution can be used with completing the square. For instance, 
try evaluating the following integral. 


[vw — 2x dx 


To begin, you could complete the square and write the integral as 
[ve = 1p? = dx. 


Trigonometric substitution can be used to evaluate the three integrals listed in the 
following theorem. These integrals will be encountered several times in the remainder 
of the text. When this happens, we will simply refer to this theorem. (In Exercise 85, 
you are asked to verify the formulas given in the theorem.) 


THEOREM 8.2 Special Integration Formulas (a > 0) 

1. [vere du = Ha arcsin = + ua =P) +C 

2, [Vea -lu JETE- emut VERA) +C, u>a 
3. [Vea = uve Fe + a In|u + Ju? F @|)+C 
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Applications 


EXAMPLE 5 Finding Arc Length 


7 Find the arc length of the graph of f(x) = $x? from x = 0 to x = 1 (see Figure 8.10). 
fœ) = 5x? Solution Refer to the arc length formula in Section 7.4. 
1 
pS Í V1 +[F œF dx Formula for arc length 
0 
1 
= [iF Ras f@=x 
0 
T > x Tm/4 
0,0 
oe i =| sec? 6 d0 Let a = 1 and = tan 0. 
The arc length of the curve from (0, 0) to 0 
1,3 7 1 ' 1/4 
Figure 8.10 = 5| sec Otan 6 + n|sec @ + tan 6| P Example 5, Section 8.2 


- slv2 + In(./2 + 1)] ~ 1.148 
EE 


EXAMPLE 6 Comparing Two Fluid Forces 


A sealed barrel of oil (weighing 48 pounds per cubic foot) is floating in seawater 
(weighing 64 pounds per cubic foot), as shown in Figures 8.11 and 8.12. (The barrel 
is not completely full of oil—on its side, the top 0.2 foot of the barrel is empty.) 
Compare the fluid forces against one end of the barrel from the inside and from the 
outside. 


Solution In Figure 8.12, locate the coordinate system with the origin at the center 


The barrel is not quite full of oil—the top of the circle given by x? + y? = 1. To find the fluid force against an end of the barrel 
0.2 foot of the barrel is empty. from the inside, integrate between — 1 and 0.8 (using a weight of w = 48). 
Figure 8.11 d 

F= wf h(y)L(y) dy General equation (see Section 7.7) 


0.8 
Fine = 48{ 08 -OTE 
Thos 0.8 
= 8| VI= yay ~ 96f yyl — y? dy 
-1 -1 


To find the fluid force from the outside, integrate between — 1 and 0.4 (using a weight 
of w = 64). 


0.4 
Fouside = 64 f (0.4 — y)(2)V1 — y* dy 
-1 
0.4 0.4 
= s12 f V1- ydy — 128 yV1 — y? dy 
-1 -1 


The details of integration are left for you to complete in Exercise 84. Intuitively, 
would you say that the force from the oil (the inside) or the force from the seawater 
(the outside) is greater? By evaluating these two integrals, you can determine that 


Figure 8.12 F, 


inside 


=~ 121.3 pounds and F 


outside 


= 93.0 pounds. Sey 


Exercises for Section 8.4 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
P 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1—4, use differentiation to match the antiderivative 
with the correct integral. [Integrals are labeled (a), (b), (c), and 


(d).] 
x? Vx? + 16 
(a) = dx (b) Í x dx 


2 
(c) [Teea (d) jr 
a 


[2 _ 
1. 41n Z 8 ‘| J+ 16+C 
i 
2. 8 In| /x? — 16 + x| 4 * = 16 + C 
[JE x2 
3 garint = YS Soe 
4 2 
m erie T; 2 
4. 8 arcsin = + @ wT oen + C 


In Exercises 5-8, find the indefinite integral using the 
substitution x = 5 sin 0. 


1 
5. le A2 dx 
JI =a 
T: ax 


s a 
* 2/25 — x? 
s. | S g 
Ve 


In Exercises 9-12, find the indefinite integral using the 
substitution x = 2 sec 0. 


Je —4 
9. =l jy 10. NA Ty 
Jx? — 4 X 

3 
11. 3./x2 —4d. 12: |== d 
f Vx x [SS x 


In Exercises 13-16, find the indefinite integral using the 
substitution x = tan 0. 


3 
13. [rv 1+ x? dx 14, Weal 


15 ey 16 E i 
` J (1 + x)? ` J (1+ x)? 


In Exercises 17-20, use the Special Integration Formulas 
(Theorem 8.2) to find the integral. 


17. [~a + 9x? dx 18. [vi + x? dx 


19. Í V25 — 4x? dx 20. Í / 2x? = 1 dx 


In Exercises 21-42, find the integral. 


x Xx. 
21. |- 22. |e 


1 1 
23. -=a 24. |= d. 
la = las x 
25. [ve — 4x? dx 26. [xv 16 — 4x? dx 
a7, | — ax 28. |— dt 
I Jaa 
[1 = 72 /4x2 + 
29. — dx 30. = dx 
Xx x 
31 laa dx 32 Peres dx 
J x42 +9 ` J x/4x? + 16 
=x. 1 
a | ory apa 34. Í ey 
35. fe V1 + e% dx 36. fe + 1)Vx? + 2x + 2 dx 
37. [evl — e™dx 38. } =e dx 
Jx 
1 Die te | 
i | a+ ae = | aoe 
41. [ resee 2x dx, x > 2 42. f arcsin x dx 


In Exercises 43—46, complete the square and find the integral. 


1 x 
43. | —— d. 44. | ————d 
l- E [= i 


45. —___* _ gy 46. i a dx 
Jx? + 4x +8 yx — 6x + 5 


In Exercises 47-52, evaluate the integral using (a) the given 
integration limits and (b) the limits obtained by trigonometric 
substitution. 


V3/2 2 J3/2 1 
. 7 n 48. ap 
47 | a- mya 8 f G@ — 25 t 


3 3 
x 
49. ——— dy 
f JSx2 +9 
3/5 
50. Í J9 — 25x? dx 
0 


6 2 
x 
51. | ————d 
l- 7 
6 fr 
s2 [a 
3 


In Exercises 53 and 54, find the particular solution of the 
differential equation. 


IV 


oy x2-9, x 


53. x T > 


3, y3)=1 


IV 


54. Jee Si, eo. y0 =4 
dx 
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In Exercises 55-58, use a computer algebra system to find the 
integral. Verify the result by differentiation. 


2 
55. lr dx 56. fe + 2x + 11)3/2 dx 
Jx? + 10x + 9 


es 
57. -e 58. [eve A dx 


Writing About Concepts 


59. State the substitution you would make if you used trigono- 
metric substitution and the integral involving the given 
radical, where a > 0. Explain your reasoning. 


(a) Ja2— u? (b) Jae +u? (c) Vu? -— a? 
. State the method of integration you would use to perform 


each integration. Explain why you chose that method. Do 
not integrate. 


(a) [re + ldx (b) Jove — I dx 


x 
>—— dx using (a) u-substitution 
2+9 g (a) 

and (b) trigonometric substitution. Discuss the results. 


. Evaluate the integral Í 


2 
. Evaluate the integral i apo (a) algebraically using 


xw?=(x2+9)-9 and (b) 
substitution. Discuss the results. 


using trigonometric 


True or False? In Exercises 63-66, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


dx 
63. If x = sin 0, then | ———= = | dO. 
\7Es-] 
fr 
64. If x = sec 6, then [== dx = | sec 0 tan 0 dð. 
J3 dx 4T/3 
65. If x = tan 6, then ma om cos 6 dé. 
0 (+x ) / 0 
1 1/2 
66. If x = sin 0, then f x? V1 — x? dx = of sin? 0 cos? 0 dé. 
-1 0 
67. Area Find the area enclosed by the ellipse shown in the figure. 
2 2 
seers 
a b? 
y= b a? —x2 
y 
A 
pt 
+ Hx 
a 
y= -2 a? —x2 


69. 


70. 


w Experienced writers 
© On-time delivery 


2) 100% plagiarism free 


. d 
a, if the chord is h units (0 < h < a) from the center of the 
circle (see figure). 


y 
A 


a 


Mechanical Design The surface of a machine part is the 
region between the graphs of y = |x| and x? + (y — k)? = 25 
(see figure). 


(a) Find k if the circle is tangent to the graph of y = |x|. 
(b) Find the area of the surface of the machine part. 
(c) Find the area of the surface of the machine part as a func- 


tion of the radius r of the circle. 


Volume The axis of a storage tank in the form of a right 
circular cylinder is horizontal (see figure). The radius and 
length of the tank are 1 meter and 3 meters, respectively. 


e 
ie anaes = m Á 


(a) Determine the volume of fluid in the tank as a function of 
its depth d. 

(b) Use a graphing utility to graph the function in part (a). 

(c) Design a dip stick for the tank with markings of i is and A 

(d) Fluid is entering the tank at a rate of 1 cubic meter per 
minute. Determine the rate of change of the depth of the 
fluid as a function of its depth d. 

(e) Use a graphing utility to graph the function in part (d). 
When will the rate of change of the depth be minimum? 
Does this agree with your intuition? Explain. 


Volume of a Torus Yn Exercises 71 and 72, find the volume of 
the torus generated by revolving the region bounded by the 
graph of the circle about the y-axis. 


71. (x — 3)? + y? = 1 (see figure) 


y 


| Rotatatte sram | 
72. x- h} +y =r, h>r 


Arc Length In Exercises 73 and 74, find the arc length of the 
curve over the given interval. 


73. y=lnx, [1,5] 
74. y =3x?, [0,4] 


75. Arc Length Show that the length of one arch of the sine curve 
is equal to the length of one arch of the cosine curve. 


76. Conjecture 

(a) Find formulas for the distance between (0, 0) and (a, a?) 
along the line between these points and along the parabola 
y = x, 

(b) Use the formulas from part (a) to find the distances for 
a = l anda = 10. 

(c) Make a conjecture about the difference between the two 
distances as a increases. 


Projectile Motion In Exercises 77 and 78, (a) use a graphing 
utility to graph the path of a projectile that follows the path 
given by the graph of the equation, (b) determine the range 
of the projectile, and (c) use the integration capabilities of a 
graphing utility to determine the distance the projectile travels. 


77. y = x — 0.005x? 


Centroid In Exercises 79 and 80, find the centroid of the region 
determined by the graphs of the inequalities. 


79. y < 3/ V2 +9,y 2 0, x> —4,x< 4 
80. y < ¢x2, (x — 4) + y? < 16,y > 0 


81. Surface Area Find the surface area of the solid generated by 
revolving the region bounded by the graphs of y = x?, y = 0, 
x = 0, and x = JZ about the x-axis. 
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teld Streng e field streng of a magnet of lengt 
on a particle r units from the center of the magnet is 


_ 2mL 
A (r2 4. L?)3/2 


where +m are the poles of the magnet (see figure). Find the 
average field strength as the particle moves from 0 to R units 
from the center by evaluating the integral 


1(® 2mL 
-| — dr. 
RJ (P+ LP? 


+m y 


P 
3-y 27 
2L T --e | 
| >x 
-2 2 
=m 
Figure for 82 Figure for 83 


r 

83. Fluid Force Find the fluid force on a circular observation 
window of radius 1 foot in a vertical wall of a large water-filled 
tank at a fish hatchery when the center of the window is (a) 3 feet 
and (b) d feet (d > 1) below the water’s surface (see figure). Use 
trigonometric substitution to evaluate the one integral. (Recall 
that in Section 7.7 in a similar problem, you evaluated one 


integral by a geometric formula and the other by observing that 
the integrand was odd.) 


84. Fluid Force Evaluate the following two integrals, which 
yield the fluid forces given in Example 6. 


0.8 
(a) Finside = asf (0.8 — y)(2)/1 — y? dy 
=] 


0.4 
(b) F outside m sf (0.4 = y)(2) w J= y? dy 
-1 


85. Use trigonometric substitution to verify the integration formu- 
las given in Theorem 8.2. 


86. Arc Length Show that the arc length of the graph of y = sin x 
on the interval [0, 27r] is equal to the circumference of the 
ellipse x? + 2y? = 2 (see figure). 


A 

3m | 
2 

T 
2 

m 27 

E 

2 


—7 + 


Figure for 86 Figure for 87 


87. Area of a Lune The crescent-shaped region bounded by two 
circles forms a lune (see figure). Find the area of the lune given 
that the radius of the smaller circle is 3 and the radius of the 
larger circle is 5. 
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Section 8.5 


e Understand the concept of a partial fraction decomposition. 

e Use partial fraction decomposition with linear factors to integrate rational functions. 

e Use partial fraction decomposition with quadratic factors to integrate rational 
functions. 


Partial Fractions 


This section examines a procedure for decomposing a rational function into simpler 

rational functions to which you can apply the basic integration formulas. This 

procedure is called the method of partial fractions. To see the benefit of the method 
2V x°- 5x +6 of partial fractions, consider the integral 


1 
[wae 


To evaluate this integral without partial fractions, you can complete the square and use 


sec @ = 2x — 5 : i ae f : 
Figure 8.13 trigonometric substitution (see Figure 8.13) to obtain 
1 dx 
dx = sjeiks 
EL | east ee ee 
(1/2) sec 0 tan 0 d0 E a 
= = 5 Sec an 
(1/4) tan? 6 d 
=2 i csc 0 d0 
= 2 In|csc 0 — cot 6| + C 
2x= 5 1 
=2I1n 2 = +C 
2/x7-—5x+6 2/x7 = 5x +6 
=3 
= 2 In| +C 
Jx? — 5x +6 
SAS 
= 2 In| ~= + C 
E 2 
= 3 
=In +C 
y= | 
= ln|x = 3| — In|x — 2| + C. 
Now, suppose you had observed that 
: : Partial fraction d iti 
a a e acC er 
x2 _ 5x m 6 y= 3 y= 2 Ii Ti 10n composition 
Then you could evaluate the integral easily, as follows. 
Jonn BERNOULLI (1667—1748) 1 1 1 
; ; 5 dx = = dx 
The method of partial fractions was intro- x= 5x + 6 x= 3° x=2 
duced by John Bernoulli, a Swiss mathemati- = In| ites 3| = In|x = 2| +C 
cian who was instrumental in the early 
development of calculus. John Bernoulli was This method is clearly preferable to trigonometric substitution. However, its use 
a professor at the University of Basel and depends on the ability to factor the denominator, x? — 5x + 6, and to find the partial 
taught many outstanding students, the most fractions 
famous of whom was Leonhard Euler. 
1 1 
and = 


m x—3 x—-2 
MathBio 
| mathBio | In this section, you will study techniques for finding partial fraction decompositions. 


P In precalculus you learned 
how to combine functions such as 


x-2 x+3 (x-2)~4+3) 


The method of partial fractions shows 
you how to reverse this process. 
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Recall from algebra that every polynomial with real coefficients can be factored 
into linear and irreducible quadratic factors.* For instance, the polynomial 


xwet+x4—x-1 
can be written as 


eet a x Lawes |) (xt 1) 


1) 
(x* — 1)(x + 1) 
= (x? + 1)? — 1I)@ + 1) 
= + DG + Da = I+ 1) 
= (x — 1)(x + 1)2(x? + 1) 
where (x — 1) is a linear factor, (x + 1)? is a repeated linear factor, and (x? + 1) is an 
irreducible quadratic factor. Using this factorization, you can write the partial fraction 
decomposition of the rational expression 
N(x) 

wtxt-—x-1 

where N(x) is a polynomial of degree less than 5, as follows. 
N(x) A B C 
(x — 1)(x + 1)(x2 + 1) x+1 («+ 1)? 


Dx + E 
x +1 


y=] 


Decomposition of N(x)/D(x) into Partial Fractions 


1. Divide if improper: If N(x)/D(x) is an improper fraction (that is, if the 
degree of the numerator is greater than or equal to the degree of the denomi- 
nator), divide the denominator into the numerator to obtain 


M(x) NQ) 
D(x) D(x) 


= (a polynomial) + 


where the degree of N(x) is less than the degree of D(x). Then apply Steps 2, 
3, and 4 to the proper rational expression N,(x)/D(x). 

2. Factor denominator: Completely factor the denominator into factors of the 
form 


(px + q)” and (ax? + bx + c)" 


where ax? + bx + c is irreducible. 
3. Linear factors: For each factor of the form (px + q)”, the partial fraction 
decomposition must include the following sum of m fractions. 
A, A, Ay, 
7 Se ee Ve + Fan, A 
(px +q)  (px+4q) (px + q) 


4. Quadratic factors: For each factor of the form (ax? + bx + c)”, the partial 
fraction decomposition must include the following sum of n fractions. 
Bix + C Bix +C, 
ax? + bx +¢ (ax? + bx + c)” 


Bux + Cy 
(ax? + bx + c} 


* For a review of factorization techniques, see Precalculus, 6th edition, by Larson and Hostetler 
or Precalculus: A Graphing Approach, 4th edition, by Larson, Hostetler, and Edwards (Boston, 
Massachusetts: Houghton Mifflin, 2004 and 2005, respectively). 
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Linear Factors 


Algebraic techniques for determining the constants in the numerators of a partial 
decomposition with linear or repeated linear factors are shown in Examples | and 2. 


EXAMPLE I Distinct Linear Factors 


1 


Write the partial fraction decomposition for ——————— - 
P P x? = 5x +6 


Solution Because x? — 5x + 6 = (x — 3)(x — 2), you should include one partial 
fraction for each factor and write 
1 A B 
= + 
7—5x+6 x-3 x-2 


where A and B are to be determined. Multiplying this equation by the least common 
denominator (x — 3)(x — 2) yields the basic equation 


1 = A(x — 2) + B(x — 3). Basic equation 


Because this equation is to be true for all x, you can substitute any convenient values 
for x to obtain equations in A and B. The most convenient values are the ones that 
make particular factors equal to 0. 


NOTE Note that the substitutions for To solve for A, let x = 3 and obtain 

x in Example 1 are chosen for their f l i 

convenience in determining values for = A(3 -= 2) + BG — 3) Lets = iiy basie equation, 

A and B; x = 2 is chosen to eliminate 1 = A(1) + B(0) 

the term A(x — 2), and x = 3 is chosen A= il 

to eliminate the term B(x — 3). The goal 

is to make convenient substitutions To solve for B, let x = 2 and obtain 

whenever possible. 

p 1= A(2 = 2) + B(2 = 3) Let x = 2 in basic equation. 

1 = A(0) + B(-1) 
B=-1. 


So, the decomposition is 


1 t i 
2— 5x+6 x-3 x-2 


as shown at the beginning of this section. 
[try te} [Boomen] [Eont] [epi] 
Be sure you see that the method of partial fractions is practical only for integrals 


of rational functions whose denominators factor “nicely.” For instance, if the 
denominator in Example 1 were changed to x? — 5x + 5, its factorization as 


“Pa 
2 


2—5x+5=|(xt+ 
2-5455 7 


would be too cumbersome to use with partial fractions. In such cases, you should use 
completing the square or a computer algebra system to perform the integration. If you 
do this, you should obtain 


f ds = m2r- 5- 5| - Lifar + 5- 5| + € 


r= 5+5 
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TECHNOLOGY Most computer 
algebra systems, such as Derive, 
Maple, Mathcad, Mathematica, and 
the TI-89, can be used to convert a 
rational function to its partial fraction 
decomposition. For instance, using 
Maple, you obtain the following. 


7 conver( 220 * 6 ome a) 
PtH P ? 
6 4 9 1 


(x+1)? x+1 


EXAMPLE 2. Repeated Linear Factors 


. 5x? + 20x + 6 
Fog f xe + 2x? + x 
Solution Because 
x3 + 2x? + x = x(x? + 2x + 1) 
= x(x + 1)? 
you should include one fraction for each power of x and (x + 1) and write 


5x2 +20x+6_A, B E 
x(x + 1)? x xt1 («t+ 1)” 


Multiplying by the least common denominator x(x + 1)? yields the basic equation 


5x2 + 20x + 6 = A(x + 1)? + Bx(x + 1) + Cx. 


Basic equation 
To solve for A, let x = 0. This eliminates the B and C terms and yields 
6=A(1)+0+0 


A= 6. 
To solve for C, let x = — 1. This eliminates the A and B terms and yields 
5-20+6=0+0-C 


C= 9. 
The most convenient choices for x have been used, so to find the value of B, you can 
use any other value of x along with the calculated values of A and C. Using x = 1, 
A = 6, and C = 9 produces 
5+ 20 + 6 = A(4) + B22) + C 
31 = 6(4)+2B +9 
—2 = 2B 
B = -1. 


So, it follows that 


5x? + 20x + 6 6 1 9 
= - + 
| x(x + 1} a f(E xti ee Te a 


1 
= 6 Tal] — taje + 1| +98 +c 
Ke 9 
= |- 25+ 


Try checking this result by differentiating. Include algebra in your check, pai 
the derivative until you have obtained the i aa integrand. 


NOTE It is necessary to make as many substitutions for x as there are unknowns 


(A,B,C, . . .) to be determined. For instance, in Example 2, three substitutions (x = 0, 
x = —1, and x = 1) were made to solve for A, B, and C. 


w Experienced writers 


F ; ; ©On-ti del 
556 CHAPTER 8 Integration Techniques, L’H6pital’s Rule, a nae cee eae 


® 100% plagiarism free 


Quadratic Factors 


When using the method of partial fractions with linear factors, a convenient choice of 
x immediately yields a value for one of the coefficients. With quadratic factors, 
a system of linear equations usually has to be solved, regardless of the choice of x. 


EXAMPLE 3 Distinct Linear and Quadratic Factors 


: 2x3 — 4x — 8 
Find =a eo dx. 


Solution Because 
(x2 — x)(x2 + 4) = x(x — 1)(x? + 4) 
you should include one partial fraction for each factor and write 


2x3 — 4x — 8 A B Cx + D 


+ ; 
x(x- 1x2 +4) x x-1 x+4 


Multiplying by the least common denominator x(x — 1)(x? + 4) yields the basic 
equation 


2x3 — 4x — 8 = A(x — 1)(x? + 4) + Bx(x2 + 4) + (Cx + D)(x)(x — 1). 
To solve for A, let x = 0 and obtain 


-8 = A(—1)\(4)+0 +0 WD 2=A. 


To solve for B, let x = 1 and obtain 


—10 = 0 + B(5)+0 æ -2=B. 


At this point, C and D are yet to be determined. You can find these remaining 
constants by choosing two other values for x and solving the resulting system of linear 


equations. If x = — 1, then, using A = 2 and B = —2, you can write 
=6 = (2)(=2)(3) + (= 2-16) + (C+ D)(— 12) 
2=-C+D. 


If x = 2, you have 


0 = (2)(1)(8) + (—2)(2)(8) + (2€ + DX(2)01) 
8=2C +D. 
Solving the linear system by subtracting the first equation from the second 
-¢€+D=2 
2C+D=8 
yields C = 2. Consequently, D = 4, and it follows that 


2x3 — 4x — 8 2 2 2x 4 
= - + + 
[se IC x-1 x+ spaja 


= 2In|x| — 21In|x — 1| + In(x? + 4) + 2 arctan 5 +C. 
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In Examples 1, 2, and 3, the solution of the basic equation began with substituting 
values of x that made the linear factors equal to 0. This method works well when the 
partial fraction decomposition involves linear factors. However, if the decomposition 
involves only quadratic factors, an alternative procedure is often more convenient. 


EXAMPLE 4 Repeated Quadratic Factors 


: 8x3 + 13x 
Find | G2 + 2) dx. 
Solution Include one partial fraction for each power of (x? + 2) and write 


8x3 + I3x _ Ax + By Cx + D 
(x2 + 2)? x2 +2 (x? + 2)?" 


Multiplying by the least common denominator (x? + 2)? yields the basic equation 
8x3 + 13x = (Ax + B)(x? + 2) + Cx + D. 

Expanding the basic equation and collecting like terms produces 
8x3 + 13x = Ax? + 2Ax + Bx? + 2B + Cx +D 
8x3 + 13x = Ax? + Bx? + (2A + C)x + (2B + D). 

Now, you can equate the coefficients of like terms on opposite sides of the equation. 


BSA 0=2B+D 


| } | 


8x3 + Ox? + 13x + 0 = Ax? + Bx? + (2A + C)x + (2B + D) 


| j 


0=B 


13 =2A+C 
Using the known values A = 8 and B = 0, you can write 
13=2A+C=2(8)+C WMD C=-3 
0=2B+D=2(0)+D  D=o0. 


Finally, you can conclude that 


8x3 + 13x 8x —3x 
| G2 +27 a- | (S35 = an) 


3 
son tC 
2(x2 F 2) £ o 


[mye] [E a 
TECHNOLOGY Use a computer algebra system to evaluate the integral in 


Example 4—you might find that the form of the antiderivative is different. For 
instance, when you use a computer algebra system to work Example 4, you obtain 


— 3 
2(x? + 2) 


= 4 ln(x? + 2) + 


34 
[pHa = In(x® + 8x6 + 24x4 + 32x? + 16) + +C. 


(x? + 2)? 


Is this result equivalent to that obtained in Example 4? 
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When integrating rational expressions, keep in mind that for improper rational 
expressions such as 

NG) Oe a = 7x+7 

D(x) xX+x-2 


you must first divide to obtain 


N(x) —2x +5 
DE = 2x -1+———"* 
D(x) a= x +x-2 


The proper rational expression is then decomposed into its partial fractions by the 
usual methods. Here are some guidelines for solving the basic equation that is 
obtained in a partial fraction decomposition. 


Guidelines for Solving the Basic Equation 


Linear Factors 


1. Substitute the roots of the distinct linear factors into the basic equation. 


2. For repeated linear factors, use the coefficients determined in guideline 1 to 
rewrite the basic equation. Then substitute other convenient values of x and 
solve for the remaining coefficients. 


Quadratic Factors 


1. Expand the basic equation. 
2. Collect terms according to powers of x. 


3. Equate the coefficients of like powers to obtain a system of linear equations 
involving A, B, C, and so on. 


4. Solve the system of linear equations. 


Before concluding this section, here are a few things you should remember. First, 
it is not necessary to use the partial fractions technique on all rational functions. For 
instance, the following integral is evaluated more easily by the Log Rule. 


xX +l d 1 3x2 + 3 d 
e+ eed” 3) S $3e=4 
= Linj + 3x = 4| + C 


Second, if the integrand is not in reduced form, reducing it may eliminate the need for 
partial fractions, as shown in the following integral. 


x= = 2 E (x + 1)(« — 2) 
[a eE 


x+1 d 
xX +2x+2 i 


= mp? + 2x + 2 +C 


Finally, partial fractions can be used with some quotients involving transcendental 
functions. For instance, the substitution u = sin x allows you to write 


cos x ne dü eee / 
sin x(sin x — 1) uu — 1) u = sin x, du = cos x dx 


Exercises for Section 8.5 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on El to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-6, write the form of the partial fraction decom- 
position of the rational expression. Do not solve for the 
constants. 


5 4x? + 3 
1 x? = 10x 2. (x =5) 
3 2S3 x-—2 
“x3 + 10x "x2 + 4x +3 
5 16 24> Ih 
“x? — 10x ` x(x2 + 1)? 


In Exercises 7—28, use partial fractions to find the integral. 


1 
8. ESL 


11. Í Eee ;& a | <n 
ntti m faia 
ajaaa Pe 

19. | ae 7 7. al J x + - m 
a. |Ha 2 | oan 
a L = wie # 
25. Í r 26. | Pen “ 


In Exercises 29-32, evaluate the definite integral. Use a graph- 
ing utility to verify your result. 


1 5 
3 x= 
29. => r4 0. = 
| at : (ae 
2 1 
x+1 K= 
1. =a x d 2. = 
i [eye esc 


In Exercises 33-40, use a computer algebra system to 
determine the antiderivative that passes through the given 
point. Use the system to graph the resulting antiderivative. 


3x 6x? + 1 
33. [ete (4,0) 34. [sce (2, 1) 


2 x3 
35. —— dx, (0, 1) 36. | oR (3, 4) 


wW—x?-x-2 


x(2x — 9) 
ant fz — 6x? + 12x — 8 dx, (3,2) 


i 
x? — 2x + 
37. pea (3, 10) 


1 
39. Í ag (64) 


Dy ate 
i: Í _¥a=xt2 4 0) 


SPE eS 1 


In Exercises 41-46, use substitution to find the integral. 


ee, 42, | —“"* _ x 
cos x(cos x — j” cos x + cos? x 
3 cos x sec? x 
a Í sin? x + sin x — 2 a as Í tan x(tan x + jË 
e* e 
45. lei Pery dx 46. lecies Fei dx 


In Exercises 47-50, use the method of partial fractions to verify 
the integration formula. 


1 1 x 
a. {ate a ee ee 
1 1 at+x 
ss. [toa za Pa C 
$ 1 a 
49. dx = 1 + by H 
lz + bx BP G + bx ale ‘) G 


x 
a + bx 


1 1 b 
i. E + bx) dx ax a? n 


Slope Fields In Exercises 51 and 52, use a computer algebra 
system to graph the slope field for the differential equation and 
graph the solution through the given initial condition. 


dy 6 dy _ 4 
a dx 4-2 are x? — 2x — 3 
y(0) = y(0) = 


Writing About Concepts 


3 
53. What is the first step when integrating Í = 5 dx? Explain. 
ma 


54. Describe the decomposition of the proper rational function 
N(x)/D(x) (a) if D(x) = (px + q)”, and (b) if D(x) = 
(ax? + bx + c)", where ax? + bx+ c is irreducible. 
Explain why you chose that method. 


. State the method you would use to evaluate each integral. 
Explain why you chose that method. Do not integrate. 


wkl Tx +4 
(a) |e (b) je 


©) E C 
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Writing About Concepts (continued) 


56. Determine which value best approximates the area of the 


region between the x-axis and the graph of 
f(x) = 10/[x(x? + 1)] over the interval [1, 3]. Make your 


selection on the basis of a sketch of the region and not by 
performing any calculations. Explain your reasoning. 


(a) -6 (6 ©3 (05 ©8 


57. Area Find the area of the region bounded by the graphs of 


y = 12/(? + 5x + 6), y = 0, x = 0, and x = 1. 


58. Area Find the area of the region bounded by the graphs of 


59. 


y = 7/(16 — x?) andy = 1. 


Modeling Data The predicted cost C (in hundreds of thousands 
of dollars) for a company to remove p% of a chemical from its 
waste water is shown in the table. 


O| 10 | 20 | 30 | 40 | 50 | 60 | 70 | 80 | 90 


0} 0.7 | 10) 1.3 | 1.7 | 2.0 | 2.7 | 3.6 | 5.5 | 11.2 


60. 


A model for the data is given by 


124p 
(10 + p)(100 — p)’ 


C 


0< p< 100. 


Use the model to find the average cost for removing between 
75% and 80% of the chemical. 


Logistic Growth In Chapter 6, the exponential growth equa- 
tion was derived from the assumption that the rate of growth 
was proportional to the existing quantity. In practice, there 
often exists some upper limit L past which growth cannot occur. 
In such cases, you assume the rate of growth to be proportional 
not only to the existing quantity, but also to the difference 
between the existing quantity y and the upper limit L. That is, 
dy/dt = ky(L — y). In integral form, you can write this 
relationship as 


[a [ee 


(a) A slope field for the differential equation dy/dt = y(3 — y) 
is shown. Draw a possible solution to the differential 
equation if y(0) = 5, and another if y(0) = $. To print 
an enlarged copy of the graph, select the MathGraph button. 


5 
LNH 
Pe ee Se 
NAPENLU RIPE VEE DY 
ASNVVE EAE AS CY 
VAN AE SOM OE NE 
NYAS SN SARA ANNES SCAN, 
3 SVS AAAS AAS AOS 
AAO LALPS APP ELEPS ES CLEP? 
LLLLIIL ILL LEELA LES 
CLE LEED EEL ELE EEL Bb 
aT ATT 
HTT ETAL 
Eee 
1 st et 
LELLELPALEEL ELA LL LES 
CTA ISLES EALIAEELL AL 
ad ee i a a ae oe ae il a ae at ok 

rs es ee ee 

| 1 2 3 4 5 


61. 


62. 


63. 


64. 


65. 


Putnam Exam Challenge 


66. Prove aoe T= Í 
7 0 
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(b) Where y(0) is greater than 3, what is the sign of the slope 
of the solution? 


(c) For y > 0, find lim y(r). 


t—> 00 
(d) Evaluate the two given integrals and solve for y as a func- 
tion of t, where yọ is the initial quantity. 


(e) Use the result of part (d) to find and graph the solutions in 
part (a). Use a graphing utility to graph the solutions and 
compare the results with the solutions in part (a). 


(£) The graph of the function y is a logistic curve. Show that 
the rate of growth is maximum at the point of inflection, 
and that this occurs when y = L/2. 

Volume and Centroid Consider the region bounded by the 

graphs of y = 2x/(x2 + 1), y = 0, x = 0, and x = 3. Find 

the volume of the solid generated by revolving the region about 
the x-axis. Find the centroid of the region. 


Volume Consider the region bounded by the graph of 
y? = (2 — x)?/(1 + x)? on the interval [0, 1]. Find the volume 
of the solid generated by revolving this region about the x-axis. 


Epidemic Model A single infected individual enters a 
community of n susceptible individuals. Let x be the number of 
newly infected individuals at time t. The common epidemic 
model assumes that the disease spreads at a rate proportional to 
the product of the total number infected and the number not yet 
infected. So, dx/dt = k(x + 1)(n — x) and you obtain 


Iz a ne =a) dx frar 


Solve for x as a function of t. 


Chemical Reactions In a chemical reaction, one unit of 
compound Y and one unit of compound Z are converted into a 
single unit of compound X. x is the amount of compound X 
formed, and the rate of formation of X is proportional to the 
product of the amounts of unconverted compounds Y and Z. So, 
dx/dt = k(yy — x)(zọ — x), where yọ and zy are the initial 
amounts of compounds Y and Z. From this equation you obtain 


1 
omen" frar 


(a) Perform the two integrations and solve for x in terms of t. 


(b) Use the result of part (a) to find x as t > 00 if (1) yọ < Zo 
(2) Yo > Zo, and (3) yo = Zo. 
Evaluate 


1 
x 
— d 
| . 


in two different ways, one of which is partial fractions. 


"x41 — x4 
1+x 


dx. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


Integration by Tables and Other Integration Techniques 


TECHNOLOGY A computer 
algebra system consists, in part, of a 
database of integration formulas. The 
primary difference between using a 
computer algebra system and using 
tables of integrals is that with a 
computer algebra system the computer 
searches through the database to find a 
fit. With integration tables, you must 
do the searching. 
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e Evaluate an indefinite integral using a table of integrals. 
e Evaluate an indefinite integral using reduction formulas. 
e Evaluate an indefinite integral involving rational functions of sine and cosine. 


Integration by Tables 


So far in this chapter you have studied several integration techniques that can be used 
with the basic integration rules. But merely knowing how to use the various 
techniques is not enough. You also need to know when to use them. Integration is first 
and foremost a problem of recognition. That is, you must recognize which rule or 
technique to apply to obtain an antiderivative. Frequently, a slight alteration of an 
integrand will require a different integration technique (or produce a function whose 
antiderivative is not an elementary function), as shown below. 


x? x? 
xInxdx = > Inx — a +C Integration by parts 
Inx In x)? 
= = Ain? +C Power Rule 
x 2 
1 
dx = ln|ln x| + C Log Rule 
xlnx 
X 
Tn =? Not an elementary function 
Inx 


Many people find tables of integrals to be a valuable supplement to the integra- 
tion techniques discussed in this chapter. Tables of common integrals can be found in 
Appendix B. Integration by tables is not a “cure-all” for all of the difficulties that 
can accompany integration—using tables of integrals requires considerable thought 
and insight and often involves substitution. 

Each integration formula in Appendix B can be developed using one or more of 
the techniques in this chapter. You should try to verify several of the formulas. For 
instance, Formula 4 


u 1 a 
f (a + bu)? de= b? (. + bu + Inja + bu) +C Tomna 


can be verified using the method of partial fractions, and Formula 19 


va + bu f du 
———_ du = 2/a + bu + ——— Formula 19 
P u a u a uda Eo ormula 


can be verified using integration by parts. Note that the integrals in Appendix B are 
classified according to forms involving the following. 
u” (a + bu) 
(a + bu + cu?) Ja + bu 
(a? + u?) Jw + a 
aw Trigonometric functions 
Inverse trigonometric functions Exponential functions 


Logarithmic functions 
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EXAMPLE | Integration by Tables 


= EXPLORATION 

Use the tables of integrals in Find dx 
Appendix B and the substitution xJ/x— 1 

Bees Solution Because the expression inside the radical is linear, you should consider 
to evaluate the integral in Example 1. forms involving va + bu. 
If you do this, you should obtain 

at - mra] — ee Formula 17 (a < 0) 
_ ‘ormula a< 
| dx - | aes : u/at+bu v-a =a 
safe = I We se il 
Leta = —1, b = 1, and u = x. Then du = dx, and you can write 
Does this produce the same result as 
that obtained in Example 1? dx 
——— _ = Z arctan /x = IFC 
f xJ/x-1 


[Try te] [Exieatons] 
EXAMPLE 2_ Integration by Tables 


Find f xv xí — 9 dx. 


Solution Because the radical has the form vu? — a°, you should consider 
Formula 26. 


1 
| ea = Lu TE - nju + Vi a)) + C 
Let u = x? and a = 3. Then du = 2x dx, and you have 
1 
[ave — 9 dx = f VJP — 3? (2x) dx 
1 ee 
= ee =9 —9in\x? + Vx? -9|) + C. 
d M Pare 
EXAMPLE 3 Integration by Tables 


: x 
Find | Sea 


Solution Of the forms involving e”, consider the following formula. 


du 
=u He sb 
f ite u In(1 e ) C Formula 84 


Let u = —x?. Then du = —2x dx, and you have 


x 1 — 2x dx 
| aee- ,/ 4 


1 2 
= -317 = ln(1 + e>] + C 


= L? + ind +e + C. 


[Try te ] [Explorations 
TECHNOLOGY Example 3 shows the importance of having several solution 
techniques at your disposal. This integral is not difficult to solve with a table, but 


when it was entered into a well-known computer algebra system, the utility was 
unable to find the antiderivative. 


TECHNOLOGY Sometimes 
when you use computer algebra systems 
you obtain results that look very differ- 
ent, but are actually equivalent. Here is 
how several different systems evaluated 
the integral in Example 5. 


Maple 
/3= i= 
V3 arctanh(}./3 — 5x/3 ) 
Derive 
J/@-s- 3 
J3 In G 59 4 i 
VG = 5x) 
Mathematica 
Sqrt[3 — 5x] — 
Mathcad 
V3 — 5x + 
A | 16 + 5x+ aaa] 


Notice that computer algebra systems 
do not include a constant of integration. 
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Reduction Formulas 
Several of the integrals in the integration tables have the form f f(x) dx = g(x) + 


J h(x) dx. Such integration formulas are called reduction formulas because they 
reduce a given integral to the sum of a function and a simpler integral. 


EXAMPLE 4 Using a Reduction Formula 
Find f x? sin x dx. 


Solution Consider the following three formulas. 


fe sin u du = sinu — u cosu + C Formula 52 
fe sin u du = — u” cos u + n | w= cosudu Formula 54 
f u” cos u du = u” sinu — n Jeo sin u du Formula 55 


Using Formula 54, Formula 55, and then Formula 52 produces 
[x sin x dx = —x3 cos x + 3 f Peosxa 
= =x cosx + 3 (e sin x — 2 | xsin xan) 
= —x3 cos x + 3x? sin x + 6x cosx — 6 sinx + C. 
[try te ] [Esplerationa] 
EXAMPLE 5 Using a Reduction Formula 


Find ee dx. 


Solution Consider the following two formulas. 


du 1 Ja + bu — Ja 
= In +C F la 17 0 
n Ja Wee Ja een 
va + bu du 
X| du =2Va + bu + a | ——=—— 
f T du 2/a bu a Ja © ba Formula 19 
Using Formula 19, with a = 3, b = —5, and u = x, produces 
1 | V3 = 5x 1 dx 
= —(2/3 —5x+3 | —=——— 
Al z ~“ 5(2v3 me | 2] 
3 dx 
= V3 — 5x + — | ——. 
x S — 5x 
Using Formula 17, with a = 3, b = —5, and u = x, produces 
[Ape vires} Ep =e 8) ig 
2x 2\/3 [V3 = 5x + V3 
3 = = 5x — /3 
= V3 — 5x + l + C. 
á 2 n V3 — 5x + J3 ss 
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Rational Functions of Sine and Cosine 


EXAMPLE 6 Integration by Tables 


: sin 2x 
Fae i 2+ oa 


Solution Substituting 2 sin x cos x for sin 2x produces 
sin 2x sin x COs x 
fz + one | 2 een 
A check of the forms involving sin u or cos u in Appendix B shows that none of those 
listed applies. So, you can consider forms involving a + bu. For example, 


d 1 
[4 a = pe (ou — alnļ|a + bu|) + C. Formula 3 
Let a = 2,b = 1, and u = cos x. Then du = —sin x dx, and you have 
sin x cos x cos x(—sin x dx ) 
2 | SECO ae = a| 2 + cosx 


= —2(cos x — 2 In|2 + cos x|) + C 


—2 cosx + 4In|2 + cos x| + C. = 
[mye ] [Explorations] 
Example 6 involves a rational expression of sin x and cos x. If you are unable to 


find an integral of this form in the integration tables, try using the following special 
substitution to convert the trigonometric expression to a standard rational expression. 


Substitution for Rational Functions of Sine and Cosine 
For integrals involving rational functions of sine and cosine, the substitution 


sin x 


tan = 
” 1 + cos x 2 
yields 
1-w s _ 2u _ 2du 
cosx = T7, sinx = ae and dx = 77 2 


Proof From the substitution for u, it follows that 


3 sin? x I = cosx — 1 = cosx 
(1 + cosx) (1 + cosx) 1 + cosx 


u 


Solving for cosx produces cosx = (1 — w?)/(1 + u?). To find sinx, write 
u = sin x/(1 + cos x) as 


inx = u(1 + cos x) = +i au 
sinx = u sx) =u aw faa 
Finally, to find dx, consider u = tan(x/2). Then you have arctan u = x/2 and 


dx = (2 du)/(1 F u?). Sa) 
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Exercises for Section 8.6 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on El to view the complete solution of the exercise. 


Click on M to print an enlarged copy of the graph. 
In Exercises 1 and 2, use a table of integrals with forms involving 
a + bu to find the integral. 21. age 2 x? + aTa + a4 
x 2 
=n 23. 24. 
1 | fe 2. | zay t — [bem 
In Exercises 3 and 4, use a table of integrals with forms involving a Í pa arocosigt a 6: [- 1 — tan e* 
vu? + a’ to find the integral. 
fea gi [= sec ee Pres + (In yj” 
a | eT Ra 4 [a 0 
A 2 7 + 2 
22: oe 30 f AE eee 
In Exercises 5 and 6, use a table of integrals with forms involving J šio 
Ja? — u? to find the integral. 31. er dx 32. x arctan x°? dx 
1 r In x e 
5. | SS & 6. | aaa 3. | Gruan a eee a 
eal l = x =x 
. g i ; . 35. | Soop 
In Exercises 7-10, use a table of integrals with forms involving (x? — 6x + 10) 
the trigonometric functions to find the integral. 
36. Í (2x — 3P V (2x — 3)? + 4 dx 
7. Í sint 2x dx 8. ae WE ay 
Vx 37. Í — a 
1 1 Jx* — 6x7 + 5 Jsin? x + 1 
9. | Ss x 10. | ———z ax 
laren fe a Í x3 r i: 3x 
. >= ax 
jhe Nara" 
In Exercises 11 and 12, use a table of integrals with forms ex 
involving e” to find the integral. 41. Í OF eP 42. Í tan? 9 d0 
1 
—x/2 o; 
11. Í a” 12. Í e “7 sin 2x dx In Exercises 43-50, use integration tables to evaluate the 
integral. 
In Exercises 13 and 14, use a table of integrals with forms ss 3 
involving In u to find the integral. 43. Í xe” dx 44. Í = dx 
0 0 x 
3 T 
13. Í x? In x dx 14. fo x) dx 45. Í x? In x dx 46. Í x sin x dx 
1 
7/2 cosx x 
In Exercises 15-18, find the indefinite integral (a) using 47. Í IESni dx 48. Í Br- 5p dx 
integration tables and (b) using the given method. hi 3 i 
a/2 1 
Integral Method 49. Í Ë cos t dt 50. Í J34+ dx 
—— e ———— == =--— — —-.- 0 0 
15. Í x? e dx Integration by parts 
In Exercises 51-56, verify the integration formula. 
16. Í x4 In x dx Integration by parts 2 1 2 
; 51. E F pu) du = -3 (vu a bu 2aln|a + bu) tC 
17. Í at) dx Partial fractions uw yn! 
52. du Ja 
1 [= - ol una dl ) 
18. 3 dx Partial fractions 
eG 1 tu , 
53. (u? 4 a2y3/2 du = a aa = 7 rac 


In Exercises 19-42, use integration tables to find the integral. 
54, fe cos u du = u” sin u — n fur sin u du 


19. [ xaresect + 1) dx 20. f arse 2x dx 
55. f arctan wu = uwarctanu — In/l + u? + C 
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56. Í (In u)” du = u(Inu)" — nf (In u)” ! du 


In Exercises 57-62, use a computer algebra system to determine 
the antiderivative that passes through the given point. Use the 
system to graph the resulting antiderivative. 


57 dx, (3,5) 58. Í x/x2 + 2x dx, (0,0) 


1 
` E —x 
1 
59. |e (3,0) 


60. |a (0, Ja) 


x+1 
61. | —~— aa, (2,2) 
sin @tan@.” `P 
62 sitio do, (0, 1) 


* J (cos @)(1 + sin 0) 


In Exercises 63-70, find or evaluate the integral. 


1 sin 6 
e [a a EE 
1/2 1 m/2 1 
os. | 1 F sin 6 + cos 9 oo. | ET 
sin 0 cos 0 
or. | 5a os. | ea 


cos J6 1 
69. Í Jb do 70. lz ST 


Area In Exercises 71 and 72, find the area of the region 
bounded by the graphs of the equations. 


71 0.x =8 72. y »y=0,x=2 


x 
Ite 


X 
EEE 


Writing About Concepts 


In Exercises 73-78, state (if possible) the method or 
integration formula you would use to find the antiderivative. 
Explain why you chose that method or formula. Do not 
integrate. 


e* 
74. Í EN dx 


76. f e* dx 


78. fev e% + ldx 


79. (a) Evaluate f x” In x dx for n = 1, 2, and 3. Describe any 
patterns you notice. 


(b) Write a general rule for evaluating the integral in part 
(a), for an integer n = 1. 


80. Describe what is meant by a reduction formula. Give an 
example. 
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rue or False? In Exercises 81 and 82, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


81. To use a table of integrals, the integral you are evaluating must 
appear in the table. 


82. When using a table of integrals, you may have to make substi- 
tutions to rewrite your integral in the form in which it appears 
in the table. 


83. Work A hydraulic cylinder on an industrial machine pushes a 
steel block a distance of x feet (0 < x < 5), where the variable 
force required is F(x) = 2000xe~* pounds. Find the work done 
in pushing the block the full 5 feet through the machine. 


84. Work Repeat Exercise 83, using F(x) = = pounds. 
ZA 


85. Building Design The cross section of a precast concrete 
beam for a building is bounded by the graphs of the equations 
2 =2 


x= ,y = 0, and y = 3 
1+ y? Toye? 1 


where x and y are measured in feet. The length of the beam is 
20 feet (see figure). (a) Find the volume V and the weight W of 
the beam. Assume the concrete weighs 148 pounds per cubic 
foot. (b) Then find the centroid of a cross section of the beam. 


86. Population A population is growing according to the logistic 
model 


5000 
N= 1+ 8- 


where ¢ is the time in days. Find the average population over the 
interval [0, 2]. 


In Exercises 87 and 88, use a graphing utility to (a) solve the 
integral equation for the constant k and (b) graph the region 
whose area is given by the integral. 


4 k 
87. Í k dx = 10 88. Í 6x? e~*/? dx = 50 
p2 3x 0 
Putnam Exam Challenge 


mle dx 
89. Evaluate | T+ Gan? 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


Section 8.7 Indeterminate Forms and L’H6pital’s Rule 


-4 3 2 -l 123 4 


The limit as x approaches 0 appears to be 2. 
Figure 8.14 
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e Recognize limits that produce indeterminate forms. 
e Apply LHôpital’s Rule to evaluate a limit. 


Indeterminate Forms 


Recall from Chapters 1 and 3 that the forms 0/0 and co/o0 are called indeterminate 
because they do not guarantee that a limit exists, nor do they indicate what the limit is, 
if one does exist. When you encountered one of these indeterminate forms earlier in the 
text, you attempted to rewrite the expression by using various algebraic techniques. 


Indeterminate 
Form Limit Algebraic Technique 
2x? — 2 
2 lim ae ar = lim, 2(x = 1) Divide numerator and 
came ee ane denominator by (x + 1). 
=-4 
oo im w= ji 3 — (1/x?) Divide numerator and 
oo Dot] ert (1/x?) denominator by x?. 
we: 
2 


Occasionally, you can extend these algebraic techniques to find limits of 
transcendental functions. For instance, the limit 

. ex] 

lim 

x30 et — 1 


produces the indeterminate form 0/0. Factoring and then dividing produces 


7 (e* + 1)(e*— 1) 


x30 e* — 1 x0 e*— 1 


= lim (e* + 1) = 2. 
x30 


However, not all indeterminate forms can be evaluated by algebraic manipulation. 
This is often true when both algebraic and transcendental functions are involved. For 
instance, the limit 


ex*—1 


lim 
x0 x 


produces the indeterminate form 0/0. Rewriting the expression to obtain 


merely produces another indeterminate form, oo — oo. Of course, you could use tech- 
nology to estimate the limit, as shown in the table and in Figure 8.14. From the table 
and the graph, the limit appears to be 2. (This limit will be verified in Example 1.) 


0.865 | 1.813 | 1.980 1.998 | ? | 2.002 | 2.020 | 2.214 | 6.389 
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L’H6pital’s Rule 


To find the limit illustrated in Figure 8.14, you can use a theorem called L’H6pital’s 
Rule. This theorem states that under certain conditions the limit of the quotient 
f(x)/g(x) is determined by the limit of the quotient of the derivatives 


GUILLAUME L'HÔPITAL (1661-1704) 


L Hôpital’s Rule is named after the French 
mathematician Guillaume François Antoine de 
L'Hôpital. UH6pital is credited with writing 
the first text on differential calculus (in 1696) f~ x) 
in which the rule publicly appeared. It was 


ox 
recently discovered that the rule and its proof g(x) 
were written in a letter from John Bernoulli To prove this theorem, you can use a more general result called the Extended Mean 
to LH6pital.“... I acknowledge that I owe Value Theorem. 
very much to the bright minds of the 
Bernoulli brothers. ... I have made free use of 
their di ies ..., said L Hopital. 
NE imag tp THEOREM 8.3 The Extended Mean Value Theorem 
c If f and g are differentiable on an open interval (a, b) and continuous on [a, b] 
MathBio such that g'(x) # 0 for any x in (a, b), then there exists a point c in (a, b) such 
that 


fo) _ fle) = fla) 
gc) gb) = gla) 


NOTE To see why this is called the Extended Mean Value Theorem, consider the special case 
in which g(x) = x. For this case, you obtain the “standard” Mean Value Theorem as presented 
in Section 3.2. 


The Extended Mean Value Theorem and L’Hôpital’s Rule are both proved in 
Appendix A. 


THEOREM 8.4 ĽHôpital’s Rule 


Let f and g be functions that are differentiable on an open interval (a, b) con- 
taining c, except possibly at c itself. Assume that g(x) # 0 for all x in (a, b), 
except possibly at c itself. If the limit of f(x)/g(x) as x approaches c produces 
the indeterminate form 0/0, then 

tine =i 

xc g(x) xc g(x) 


provided the limit on the right exists (or is infinite). This result also applies if 
the limit of f(x)/g(x) as x approaches c produces any one of the indeterminate 
forms 00/00, (—œ0)/œ, œ0/(— o0), or (—00)/(— 00). 


NOTE People occasionally use L’ H6pital’s Rule incorrectly by applying the Quotient Rule to 


FOR FURTHER INFORMATION To f(x)/g(x). Be sure you see that the rule involves f(x)/g(x), not the derivative of f(x)/g(x). 
enhance your understanding of the 

necessity of the restriction that g'(x) be L’H6pital’s Rule can also be applied to one-sided limits. For instance, if the limit 
nonzero for all x in (a, b), except possibly of f(x)/g(x) as x approaches c from the right produces the indeterminate form 
at c, see the article “Counterexamples to 0/0, then 


L’HOpital’s Rule” by R. P. Boas in The 
American Mathematical Monthly. 


fe) _ | f% 


lim —~ = lm —~ 
) 


= x—>c+t g(x) xc g'(x 
MathArticle f e, an 
provided the limit exists (or is infinite). 
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TECHNOLOGY Numerical EXAMPLE |I Indeterminate Form 0/0 
and Graphical Approaches Use a 
numerical or a graphical approach to . ex-—) 
approximate each limit. Evaluate a : a 
i a 7 1 . . . . . . . 
a. lim m Solution Because direct substitution results in the indeterminate form 0/0 
POE: m lim (e% — 1) = 
b. lim aa ) 
x0 x 
ex — 1 
_ 4-1 lim ——— 
c. lim z350 a 
x30 x lim x= 0 
52x — | x0 
d. lim m you can apply L’Hôpital’s Rule as shown below. 
What pattern do you observe? Does an dy x, 
— [e> — 1] 
analytic approach have an advantage „e*I a d eae 
for these limits? If so, explain your lim x lim Apply LNOpitals Riil: 
reasoning. dx [x] 
2e>* 
= lim Differentiate numerator and denominator. 
x>0 | 
=2 Evaluate the limit. ay 
ee) ee] (ee 
NOTE In writing the string of equations in Example 1, you actually do not know that the first 
limit is equal to the second until you have shown that the second limit exists. In other words, if 
the second limit had not existed, it would not have been permissible to apply L’ H6pital’s Rule. 
Another form of L’H6pital’s Rule states that if the limit of f(x)/g(x) as x 
approaches oo (or — o0) produces the indeterminate form 0/0 or 00/00, then 
: x a. ff 
lim flo) = lim A ) 
x—> 00 g(x) x00 g (x) 
provided the limit on the right exists. 
EXAMPLE 2 Indeterminate Form co/co 
. nx 
Evaluate Jim —. 
x>o X 
Solution Because direct substitution results in the indeterminate form 00/00, you 
can apply L’H6pital’s Rule to obtain 
d 
, — [Inx] 
NOTE Try graphing y, = Inx and . lnx . dx ; 
— os ae i lim = lim Apply L’H6pital’s Rule. 
yy = x in the same viewing window. x00 xX x>% d 
Which function grows faster as x ze] 
approaches co? How is this observation 1 
related to Example 2? = lim — Differentiate numerator and denominator. 
x> X 
= 0. Evaluate the limit. | 
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Occasionally it is necessary to apply L’H6pital’s Rule more than once to remove 
an indeterminate form, as shown in Example 3. 


EXAMPLE 3 Applying L’Hopital’s Rule More Than Once 


x2 


Evaluate lim 


x>- e * 


Solution Because direct substitution results in the indeterminate form oo/o0, you 
can apply L’ H6pital’s Rule. 


d 2 
2 . dx [x’] 2x 
lim —= lm = lim = 
x>- e x—— oo d Te] x——co — e x 
dx 


This limit yields the indeterminate form (—00)/(— o0), so you can apply L’H6pital’s 
Rule again to obtain 


[Bey te | [Explrationa] 
In addition to the forms 0/0 and co /o00, there are other indeterminate forms such 


as 0 + o0, 1%, 00°, 0°, and co — oo. For example, consider the following four limits 
that lead to the indeterminate form 0 + oo. 


mofi) mof) tim ofi) im oi) 


Limit is 1. Limit is 2. Limit is 0. Limit is oo. 


Because each limit is different, it is clear that the form 0 - co is indeterminate in the 
sense that it does not determine the value (or even the existence) of the limit. The fol- 
lowing examples indicate methods for evaluating these forms. Basically, you attempt 
to convert each of these forms to 0/0 or co /00 so that L’ Hôpital’s Rule can be applied. 


EXAMPLE 4 Indeterminate Form 0 - co 


Evaluate jim e-*./x. 


X> 


Solution Because direct substitution produces the indeterminate form 0 + co, you 
should try to rewrite the limit to fit the form 0/0 or co/oo. In this case, you can rewrite 
the limit to fit the second form. 

[vx 


lim e*J/x = lim — 
%00 x00 e* 


Now, by L’H6pital’s Rule, you have 


ve = lim (evs) = lim l =0. 
7 X00 2./x e* paee] 


lim 
X00 e* x00 E 
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= 


The limit of [1 + (1/x)]* as x approaches 
infinity is e. 
Figure 8.15 


| Etitabe Graph 


If rewriting a limit in one of the forms 0/0 or co/00 does not seem to work, try 
the other form. For instance, in Example 4 you can write the limit as 
: ae Ie La, OE 
ps Š a Bus X 1/2 
which yields the indeterminate form 0/0. As it happens, applying L’ H6pital’s Rule to 
this limit produces 
=x é * 


lim 2 = lim = 
1/2 x—00 — 1/(2x3/2) 


x00 X 


which also yields the indeterminate form 0/0. 

The indeterminate forms 1%, co°, and 0° arise from limits of functions that have 
variable bases and variable exponents. When you previously encountered this type of 
function, you used logarithmic differentiation to find the derivative. You can use a 
similar procedure when taking limits, as shown in the next example. 


EXAMPLE 5 Indeterminate Form |< 


Evaluate lim (1 + 1) ; 
X 


Xx—> 00 


Solution Because direct substitution yields the indeterminate form 1%, you can 
proceed as follows. To begin, assume that the limit exists and is equal to y. 


‘ 1\* 
y= in (142) 
Taking the natural logarithm of each side produces 
; 1\* 
lny = In} lim | 1 + —} |. 
x—0o xX 
Because the natural logarithmic function is continuous, you can write 


Iny = lim [x tn( T n| 
xXx—> 00 xX 


Indeterminate form co - 0 


= lim (mu = wen) Indeterminate form 0/0 
x00 1/x 

= lim (© NAL olt L’H6pital’s Rule 
x00 = 1/x? 

= 4) 1 

= Se Lae (a) 

=]. 


Now, because you have shown that In y = 1, you can conclude that y = e and obtain 


1\* 
lim (1 + 1) =e. 
x—-0co ae. 


You can use a graphing utility to confirm this result, as shown in Figure 8.15. 


[Try tt} [Exploration a | 
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L’H6pital’s Rule can also be applied to one-sided limits, as demonstrated in 
Examples 6 and 7. 


EXAMPLE 6 Indeterminate Form 0° 


Find lim, (sin x)*. 


Solution Because direct substitution produces the indeterminate form 0°, you can 
proceed as shown below. To begin, assume that the limit exists and is equal to y. 


y= lim (sin x)* Indeterminate form 0° 
x—=>0+ 
lny = Inf lim (sin x] Take natural log of each side. 
x>0+ 
= lim [In(sin x}] Continuity 
x—=>0+ 
= lim [x In(sin x) | Indeterminate form 0 + (— o0) 
x30* 
. In(sin x) 
= li Indeterminate form — 00/00 
x0" 1/x 
li a L’H6pital’s Rul 
= i ’H6pital’s Rule 
x>0* —1/x? p 
be ee 
= lim Indeterminate form 0/0 
x>0* tan x 
o DK f 
= lim i 0 L’H6pital’s Rule 
x0* sec*x 


Now, because In y = 0, you can conclude that y = e? = 1, and it follows that 
lim (sin x) =]. ——— 
x3>0* 

m [eect] | [pet] 
TECHNOLOGY When evaluating complicated limits such as the one in 
Example 6, it is helpful to check the reasonableness of the solution with a computer 
or with a graphing utility. For instance, the calculations in the following table and 


the graph in Figure 8.16 are consistent with the conclusion that (sin x)* approaches 
1 as x approaches 0 from the right. 


2 y = (sin x)* 
x 1.0 0.1 0.01 0.001 | 0.0001 | 0.00001 
(sin x)* | 0.8415 | 0.7942 | 0.9550 | 0.9931 | 0.9991 | 0.9999 
-1 2 Use a computer algebra system or graphing utility to estimate the following limits: 
lim (1 — cos x)“ 
x=>0 
E and 
The limit of (sin x)* is 1 as x approaches 0 lim (tan x)*. 
from the right. say 


Figure 8.16 Then see if you can verify your estimates analytically. 


_ In each of the examples 
presented in this section, L’ H6pital’s 
Rule is used to find a limit that exists. It 
can also be used to conclude that a limit 
is infinite. For instance, try using 
L’H6pital’s Rule to show that 
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EXAMPLE 7 Indeterminate Form œ — co 


Evaluate lim E = - ) 
xlt 


Solution Because direct substitution yields the indeterminate form oo — oo, you 
should try to rewrite the expression to produce a form to which you can apply 
L Hôpital’s Rule. In this case, you can combine the two fractions to obtain 


li (4 - 1 j [i] 

r (nx x-1) r| -hnl 
Now, because direct substitution produces the indeterminate form 0/0, you can apply 
L’H6pital’s Rule to obtain 


. 1 1 . ax 

a Inx x—1) ae d 

sd = 2 —[(x — 1) Inx] 
dx 


= E = a In -| 


= lim ( eo ) 
x>1* \x — 14+ xInx/ 
This limit also yields the indeterminate form 0/0, so you can apply L’H6pital’s Rule 
again to obtain 


: l 1 f 1 
infi x= z) 7 sim |; + x(1/x) + | 


The forms 0/0, 00/00, co — 00, 0 -+ co, 0°, 1%, and o0? have been identified as 
indeterminate. There are similar forms that you should recognize as “determinate.” 


co + co > œ Limit is positive infinity. 

=o = co => =6o Limit is negative infinity. 
07 > 0 Limit is zero. 

07% > co Limit is positive infinity. 


(You are asked to verify two of these in Exercises 106 and 107.) 

As a final comment, remember that L’H6pital’s Rule can be applied only to 
quotients leading to the indeterminate forms 0/0 and oo/oo. For instance, the 
following application of L’H6pital’s Rule is incorrect. 


a 1G pee, C : 
lim — Slim — = 1 Incorrect use of L’Hôpital’s Rule 


The reason this application is incorrect is that, even though the limit of the denom- 
inator is 0, the limit of the numerator is 1, which means that the hypotheses of 
L’HO6pital’s Rule have not been satisfied. 
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Exercises for Section 8.7 


Click on to view the complete solution of the exercise. 


Click on |Ħ| 


Numerical and Graphical Analysis 
the table and use the result to estimate the limit. Use a graphing 
utility to graph the function to support your result. 


sin 5x 
1. lim ~ 
x—>0 sin 2x 


to print an enlarged copy of the graph. 


In Exercises 1-4, complete 


Ey =0.1 


—0.01 


—0.001 


0.001 | 0.01 | 0.1 


x —0.1 


—0.01 


—0.001 


0.001 | 0.01 | 0.1 


f(x) 


3. Jim x5 e7+/100 
x00 


x 1 10 


10? 


10° 


104 | 10° 


f(x) 


4. lim — 

z> 3x2 — Ox 
x 1 | 10 | 10 | 10 f 20* | 105 
f(x) 


In Exercises 5-10, evaluate the limit (a) using techniques from 
Chapters 1 and 3 and (b) using L’H6pital’s Rule. 


. 2(x — 3) 
as 
JVx+1—-2 
7. im — 
x33 x= 3 
2 — 3x + 
9 lim = 3x 1 


6. 


10. | 


. lim 


2x7 —x-3 


li 
sak xt+1 


x7-1 
sin 4x 
x20 2x 


im 2x + 1 
x00 4x? FX 


In Exercises 11-36, evaluate the limit, using L’H6pital’s Rule if 
necessary. (In Exercise 18, n is a positive integer.) 


) peOaN = 
isim 
x72 ~~ — 2 
ae ee 
ie = 
x0 X 
15. lim a (lx) 
x>0 X 
17. lim a 
x—=>0+t x 
19. lim 2 


x30 sin 3x 


16. 


18. 


20. 


. sin ax 
lim ——— 


x30 sin bx 


21. lim 


23. 


25. 


27. 


29. li 


31. 


33. 


35. 


arcsin x 


x30 x 


22. 


24. 


26. lim 


28. 


30. li 


32. 


34. 


36. 
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arctan x — (7/4) 


lim 


x1 x—- 1 


i v= 1 
ga + e435 


In Exercises 37—54, (a) describe the type of indeterminate form 
(if any) that is obtained by direct substitution. (b) Evaluate the 
limit, using L’H6pital’s Rule if necessary. (c) Use a graphing 
utility to graph the function and verify the result in part (b). 


37. 


39. 


41. 


43. 


45. 
47. 


49. 


51. 


53. 


lim 
X—FOO: 


il 
lim (x sin 1) 
x00 x 


lim x!/* 
x30* 


xInx 


lim x!/* 
x00 


lim (1 + x)! 
x30* 


lim (30) 


lim (In x)*~! 
x1t 


lim ( eee ) 
x =A x2 


mÈ- ) 
xolt\Inx x-1 


38. 


40. 


42. 


44. 


46. 
48. 


50. 


54. 


lim x? cot x 
x>0* 


: 1 
lim x tan — 
x00 x 


lim (e* + x)?/* 
x-0F 


; 1\* 
lim (1 + 1) 
x00 JX 
lim (1 + x)!/* 
x00 


lim [3(x — 4)]=74 


lim eos(7 = x)| 
x—>0+* 2 


In Exercises 55-58, use a graphing utility to (a) graph the func- 
tion and (b) find the required limit (if it exists). 


55. 


56. 


57. 


58. 


ia 
pae In(2x — 5) 


lim (sin x)* 
x—0* 


lim (Vx? te See 2 x) 


x00 
ne 
lim Er 

x= e~ 


Writing About Concepts 


59. List six different indeterminate forms. 
60. State L’ Hôpital’s Rule. 


61. Find the differentiable functions f and g that satisfy the 
specified condition such that 


lim f(x) = 0 and lim g(x) = 0. 


Explain how you obtained your answers. (Note: There are 
many correct answers.) 


(b) tim £4) = 9 
x35 g(x) 


. Find differentiable functions f and g such that 
lim f(x) = lim g(x) = ce and 
lim [f@) -= g(a)] = 25. 


Explain how you obtained your answers. (Note: There are 
many correct answers.) 


63. Numerical Approach Complete the table to show that x 
eventually “overpowers” (In x)‘. 


x 10 107 | 10* | 10° | 108 | 101° 


(In x)4 


x 


64. Numerical Approach Complete the table to show that e* 


eventually “overpowers” x°. 


x | 1 ]5/] 10} 20 | 30 | 40 | 50 | 100 


Comparing Functions In Exercises 65-70, use L’H6pital’s 
Rule to determine the comparative rates of increase of the 
functions 


fœ) =x", g(x) =e", and h(x) = (lnx) 


where n > 0,m > 0, and x > oo. 


2 


y x ` x 
65. B e7 66. Ee 
3 2 
or. tim te 
x00 x x00 X 
goi ig T 70. lim ~~ 
x00 x x> e 
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In Exercises 71-74, find any asymptotes and relative extrema 
that may exist and use a graphing utility to graph the function. 
(Hint: Some of the limits required in finding asymptotes have 
been found in preceding exercises.) 


Tle y=x', x>0 72.y=x, x>0 
73. y = 2xe™* 74. y= 


Think About It In Exercises 75-78, L’H6pital’s Rule is used 
incorrectly. Describe the error. 


Analytical Approach In Exercises 79 and 80, (a) explain why 
L’H6pital’s Rule cannot be used to find the limit, (b) find the 
limit analytically, and (c) use a graphing utility to graph the 
function and approximate the limit from the graph. Compare 
the result with that in part (b). 


80. lim tanx 


x 
. in = i 
x 300 \/x2 + 1 x 11/27 sec x 


Graphical Analysis In Exercises 81 and 82, graph f(x)/g(x) 
and f(x)/g(x) near x = 0. What do you notice about these 
ratios as x — 0? How does this illustrate L’H6pital’s Rule? 


81. f(x) = sin 3x, g(x) = sin 4x 
82. Ja) =e*—1, eG) =x 
83. Velocity in a Resisting Medium The velocity v of an object 


falling through a resisting medium such as air or water is given 
by 


2(1 He ski 
k 32 

where vy is the initial velocity, t is the time in seconds, and k is 
the resistance constant of the medium. Use L’ H6pital’s Rule to 
find the formula for the velocity of a falling body in a vacuum 
by fixing vy and ¢ and letting k approach zero. (Assume that the 
downward direction is positive.) 
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84. Compound Interest The formula for the amount A in a 
savings account compounded n times per year for t years at an 
interest rate r and an initial deposit of P is given by 


nt 
A= Pi + z) . 
n 
Use L’H6pital’s Rule to show that the limiting formula as the 
number of compoundings per year becomes infinite is given by 
A= Pe", 

85. The Gamma Function The Gamma Function T(n) is defined 
in terms of the integral of the function given by 
f(x) = x"~!e-*, n > 0. Show that for any fixed value of n, 
the limit of f(x) as x approaches infinity is zero. 

86. Tractrix A person moves from the origin along the positive 
y-axis pulling a weight at the end of a 12-meter rope (see 
figure). Initially, the weight is located at the point (12, 0). 


y 
A 


Weight 


/ 


pepe See eee (x, y) 


> xX 


ł H 
6 8 10 12 


(a) Show that the slope of the tangent line of the path of the 


weight is 
dy VIATA 
dx x 


(b) Use the result of part (a) to find the equation of the path of 
the weight. Use a graphing utility to graph the path and 
compare it with the figure. 

(c) Find any vertical asymptotes of the graph in part (b). 


(d) When the person has reached the point (0, 12), how far has 
the weight moved? 


In Exercises 87-90, apply the Extended Mean Value Theorem to 
the functions f and g on the given interval. Find all values c in 
the interval (a, b) such that 


fo) _ f(b) - fa) 
gc) gb) — g(a)" 


Functions Interval 
87. f(xy) =x, es) =x? 4+1 [0, 1] 
88. fl) = +, gx) = -4 [1,2] 
89. f(x) = sinx, g(x) = cosx [o, z| 
90. f(x) = lnx, g(x) = 8 [1, 4] 


w Experienced writers 

© On-time delivery 

® 100% plagiarism free 
rue or ratse: xercises 9 , determine whether e 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


a 
91. lim E Ht lim [=#H]-: 


x>0 x x30 
92. If y = e*/x?, then y’ = e*/2x. 


93. If p(x) is a polynomial, then lim [p(x)/e*] = 0. 
94. If lim ‘it 1, then lim [ f(x) — g(x)] = 0. 
x00 glx) F ii 
95. Area Find the limit, as x approaches 0, of the ratio of the 
area of the triangle to the total shaded area in the figure. 


i Ff) = 1-cos x 


(—x, 1 —cos x) (x, 1 —cos x) 


i | 
t t 

T T 
2 2 


96. In Section 1.3, a geometric argument (see figure) was used to 
prove that 


(a) Write the area of AABD in terms of 0. 
(b) Write the area of the shaded region in terms of 0. 


(c) Write the ratio R of the area of AABD to that of the 
shaded region. 


(d) Find lim R. 
60 


Continuous Functions In Exercises 97 and 98, find the value of 
c that makes the function continuous at x = 0. 


4x — 2 sin 2x 


97. f(x) = ap + ee 
Cc, x=0 
x 1/x 
98. f(x) = i +x), x #0 
c x=0 
99. Find the values of a and b such that lim a = 2. 


n 


100. Show that lim X = 0 for any integer n > 0. 


x—- 00 e 


101. (a) Let f(x) be continuous. Show that 


_ f(x +h) — f(x — h) 
ce 2h 


Fo. 


(b) Explain the result of part (a) graphically. 


y 
A 


102. Let f(x) be continuous. Show that 


im Lt 2f(x) + fæ — h) 


h=>0 h? 


Fo). 
103. Sketch the graph of 


g= e12, x £0 
£ 0, x=0 


and determine g (0). 
104. Use a graphing utility to graph 


xk — J 
fl) = 
for k = 1, 0.1, and 0.01. Then evaluate the limit 
lim p= 
k>0t k 


105. Consider the limit lim (—xIn x). 
x07 


(a) Describe the type of indeterminate form that is obtained 
by direct substitution. 


(b) Evaluate the limit. 
(c) Use a graphing utility to verify the result of part (b). 


FOR FURTHER INFORMATION For a geometric approach to 
this exercise, see the article “A Geometric Proof of 
jim (—dInd) = 0” by John H. Mathews in the College 
Exige 


Mathematics Journal. 


MathArticle 


106. Prove that if f(x) = 0, lim f(x) = 0, and lim g(x) = oo, then 
lim f(x)s™ = 0. 


107. Prove that if f(x) = 0, lim f(x) = 0, and lim g(x) = — o0, 


then lim f(x)8® = oo. 
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. Prove the following generalization of the Mean Value 
Theorem. If f is twice differentiable on the closed interval 
[a, b], then 


b 
f(b) — fla) = fab — a) [ row» dt. 


109. Indeterminate Forms Show that the indeterminate forms 0°, 
oo, and 1% do not always have a value of 1 by evaluating 
each limit. 


(a) lim xin 2/(1 + In x) 
x—-0t 

(b) lim xin 2/( + In x) 
x00 


(c) lim (x + 1)("2)/« 
x0 


110. Calculus History In L’Hopital’s 1696 calculus textbook, he 
illustrated his rule using the limit of the function 


2a x — xt — av/a*x 
f= aS 
a — yax 


as x approaches a, a > 0. Find this limit. 


111. Consider the function 


x + sinx 
h(x) = — 


(a) Use a graphing utility to graph the function. Then use the 
zoom and trace features to investigate lim h(x). 
x00 


(b) Find lim A(x) analytically by writing 
x00 


h(x) = 2 + EE 
X x 


(c) Can you use L’H6pital’s Rule to find lim h(x)? Explain 
your reasoning. — 


Putnam Exam Challenge 


112. Evaluate 


; E a= ty" 
lim |— -° 
x00 | x a-l1 


wherea > 0, a#l. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Improper Integrals 


e Evaluate an improper integral that has an infinite limit of integration. 
e Evaluate an improper integral that has an infinite discontinuity. 


Improper Integrals with Infinite Limits of Integration 


The definition of a definite integral 


[ro dx 


requires that the interval [a, b] be finite. Furthermore, the Fundamental Theorem of 

Calculus, by which you have been evaluating definite integrals, requires that f be 

continuous on [a, b]. In this section you will study a procedure for evaluating integrals 

that do not satisfy these requirements—usually because either one or both of the limits 
y of integration are infinite, or f has a finite number of infinite discontinuities in the 
interval [a, b]. Integrals that possess either property are improper integrals. Note that 
a function f is said to have an infinite discontinuity at c if, from the right or left, 


lim f(x) = 00 or lim f(x) = — o0. 
xc =e 


To get an idea of how to evaluate an improper integral, consider the integral 


"das A. 1 1 
== =--+1=1- 
Hise 1x x b b 
The unbounded region has an area of 1. which can be interpreted as the area of the shaded region shown in Figure 8.17. Taking 
Figure 8.17 the limit as b > 00 produces 


dx ? dx 1 
Z iim ( A) = jim (1-4) - 
1 x booo \}, x b> b 


This improper integral can be interpreted as the area of the unbounded region between 
the graph of f(x) = 1/x? and the x-axis (to the right of x = 1). 


Definition of Improper Integrals with Infinite Integration Limits 


1. If f is continuous on the interval [a, oo), then 


o0 b 
f f(x) dx = Jim Í f(x) dx 


2. If f is continuous on the interval (— co, b], then 


| a= im | foa 


3. If f is continuous on the interval (— oo, co), then 


[waf a f(x) vars | a 


where c is any real number (see Exercise 110). 


In the first two cases, the improper integral converges if the limit exists— 
otherwise, the improper integral diverges. In the third case, the improper integral 
on the left diverges if either of the improper integrals on the right diverges. 


n Diverges 
(infinite area) 


1 2 3 


This unbounded region has an infinite area. 
Figure 8.18 


[Estab aram | 
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EXAMPLE | An Improper Integral That Diverges 


Evaluate f =, 


1 x 
Solution 


Take limit as b > co. 


Apply Log Rule. 


| 

T= 
as: 

Z 

=] 

x 

Ll 
>` 


= jim (In b= 0) Apply Fundamental Theorem of Calculus. 
Noo) 
= 00 Evaluate limit. 


NOTE Try comparing the regions shown in Figures 8.17 and 8.18. They look similar, yet the 
region in Figure 8.17 has a finite area of 1 and the region in Figure 8.18 has an infinite area. 


EXAMPLE 2. Improper Integrals That Converge 


Evaluate each improper integral. 


co 
a. f e*dx 
10) 


foe) b 
Solution 1 Eai 1 
. , b [tia im [ote 
a. e* dx = lim e* dx i i 
o b> Jo = lim | arctan x 
b b— œ 0 
= lim | -« | = lim arctan b 
boo 0 boo 
= lim (-e? + 1) T 
b>oo = > 
=] 
See Figure 8.20. 
See Figure 8.19. 
y y 
A A 
2+ pes 


| \ | 
t t i x t T x 
1 2 3 


The area of the unbounded region is 1. 
Figure 8.19 


[_Esitabe Graph | 
L_Try tt | 


= 
pt 
w 


The area of the unbounded region is 7/2. 
Figure 8.20 


| fsitabe Graph | 
| Exploration A | 
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In the following example, note how L’H6pital’s Rule can be used to evaluate an 
improper integral. 


EXAMPLE 3 Using L-Ho6pital’s Rule with an Improper Integral 
Evaluate f (1 — x)e™ dx. 
1 


Solution Use integration by parts, with dv = e™* dx and u = (1 — x). 


fo — x)e™* dx = —e™*(1 — x) — [eva 
SSO Theo Fee dae 
=xe*+C 


Now, apply the definition of an improper integral. 
b 


4 Í (1 — x)e™ dx = Jim xe i 


( . b ) 1 
>p im a 
-0.03 + PRE e 
-0.06 L Finally, using L’H6pital’s Rule on the right-hand limit produces 
1 
-0.09 lim 2 = lim = = 0 
boo e bow e 
-0.12 + 
Jia from which you can conclude that 
co = E 1 
The area of the unbounded region is i (1 — x)e™ dx = Tz 
|-1/el. 
Figure 8.21 See Figure 8.21. 


EE [try te] [Bptrdon’] 
EXAMPLE 4 Infinite Upper and Lower Limits of Integration 


co 


Evaluate | 


-00 


Solution Note that the integrand is continuous on (—oo, 00). To evaluate the 
integral, you can break it into two parts, choosing c = 0 as a convenient value. 


co 0 oo z 
e* e” e* 
dx = dx + d. 
e ese | +e 


0 
= lim | arctan e| + lim [arctan e 
b boo 


b=- 


b 


0 


; T S T 
= lim |— — arctan e? | + lim (arctan e? — — 
4 boo 4 


b>-co 
T T T 
= ah ae = 
4 PG 
T T | T T > x T 
-2 -1 1 2 = — 
2 


The area of the unbounded region is 7 / 2. 
Figure 8.22 See Figure 8.22. = 


The work required to move a space module 
an unlimited distance away from Earth is 
approximately 6.984 x 10!! foot-pounds. 
Figure 8.23 
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EXAMPLE 5 Sending a Space Module into Orbit 


In Example 3 of Section 7.5, you found that it would require 10,000 mile-tons of work 
to propel a 15-metric-ton space module to a height of 800 miles above Earth. How 
much work is required to propel the module an unlimited distance away from Earth’s 
surface? 


Solution At first you might think that an infinite amount of work would be required. 
But if this were the case, it would be impossible to send rockets into outer space. 
Because this has been done, the work required must be finite. You can determine the 
work in the following manner. Using the integral of Example 3, Section 7.5, replace 
the upper bound of 4800 miles by oo and write 


°° 240,000,000 
dx 


7 4000 x? 

n | 240.000.000 | 

= lim | —-—— — 
pao x 4000 

= lim [| -Hennan ae 
b> b 4000 

= 60,000 mile-tons 

= 6.984 x 10!! foot-pounds. 

See Figure 8.23. — 


[Try te] [Exploration] 

View the video to see the launching of the NASA SOLRAD-10 satellite. 
| Video | 
Improper Integrals with Infinite Discontinuities 


The second basic type of improper integral is one that has an infinite discontinuity at 
or between the limits of integration. 


Definition of Improper Integrals with Infinite Discontinuities 


1. If f is continuous on the interval [a, b) and has an infinite discontinuity at b, 
then 


b c 
[ severe im [sae 


2. If f is continuous on the interval (a, b] and has an infinite discontinuity at a, 
then 


b b 
f f(x) dx = lim, f f(x) dx. 


3. If f is continuous on the interval [a, b], except for some c in (a, b) at which 
f has an infinite discontinuity, then 


[ 10 dx = [ so ac f f(x) dx. 


In the first two cases, the improper integral converges if the limit exists— 
otherwise, the improper integral diverges. In the third case, the improper integral 
on the left diverges if either of the improper integrals on the right diverges. 
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Infinite discontinuity at x = 0 
Figure 8.24 


| Editable Graph | 


2 


The improper integral Í 
Figure 8.25 


| Editable eram | 


1/x? dx diverges. 
1 
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EXAMPLE 6 An Improper Integral with an Infinite Discontinuity 


1 
dx 
Evaluate ae 
l Ix 


Solution The integrand has an infinite discontinuity at x = 0, as shown in Figure 
8.24. You can evaluate this integral as shown below. 


! 1/3 : ay 
E ii sim, [35], 


PE, 5 
2/3 
b> 9 pan 


l 
5 


| 
= 
os 


3 


2 


EXAMPLE 7 An Improper Integral That Diverges 


2 
Evaluate f ca 
x 


a 
0 


Solution Because the integrand has an infinite discontinuity at x = 0, you can write 


eee (ill 
0 x 630" 2x? b 


= 0. 


ll 
> 
l= 
os 
ee Se 
| 
CO | = 
+ 
S| 
Sle 
N 
a A 


So, you can conclude that the improper integral diverges. 
m [Eaten 


EXAMPLE 8 An Improper Integral with an Interior Discontinuity 


2 


d. 
Evaluate f a 
r 


=1 


Solution This integral is improper because the integrand has an infinite discontinuity 
at the interior point x = 0, as shown in Figure 8.25. So, you can write 


* dx _ ° dx * dx 
pe 4 te oe 


From Example 7 you know that the second integral diverges. So, the original improper 
integral also diverges. — 


Ltry te | | Exploration a | 
NOTE Remember to check for infinite discontinuities at interior points as well as endpoints 


when determining whether an integral is improper. For instance, if you had not recognized that 
the integral in Example 8 was improper, you would have obtained the incorrect result 


* dx,~-1/? 1,13 
a) t 3 Incorrect evaluation 
1X 2x 


Se a 
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The integral in the next example is improper for two reasons. One limit of 
integration is infinite, and the integrand has an infinite discontinuity at the outer limit 
of integration. 


EXAMPLE 9 A Doubly Improper Integral 


Evaluate i i ee 
N o væ +1) 
3i Solution To evaluate this integral, split it at a convenient point (say, x = 1) and 
write 
a f 2 dx 7 Í ' dx x f 2 dx 
if vine) o Veee+ 1) Jo Vee +1) J Ve@ + 1) 
1 a 
= lim E arctan d + lim [2 arctan va] 
b>0* b c= 0 1 
ES. T T T 
= — | — + marn en = 
l f (3) - 0+ 3) - 217) 
= 7. 


The area of the unbounded region is 7. 
Figure 8.26 See Figure 8.26. 


Eo Bee) e ee Gee) 
EXAMPLE I0 An Application Involving Arc Length 


Use the formula for arc length to show that the circumference of the circle 
x? + y? = lis 27. 


Solution To simplify the work, consider the quarter circle given by y = V1 — x?, 


where 0 < x < 1. The function y is differentiable for any x in this interval except 
x = 1. Therefore, the arc length of the quarter circle is given by the improper integral 


s= [ FOR 
[i+ (Ge 


a dx 
0 J1 = x? 


y 
1 y=V1-x7,0SxS1 This integral is improper because it has an infinite discontinuity at x = 1. So, you can 
1 write 
= Í ! dx 
Oo v 1 -= x? 
b 
=x = lim [arcsin x| 
"yi 1 b>17 0 
T 
= —=0 
2 
T 
sl “re 
2 
The circumference of the circle is 27r. f a ; . , 
Figure 8.27 Finally, multiplying by 4, you can conclude that the circumference of the circle is 
4s = 277, as shown in Figure 8.27. —— 
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FOR FURTHER INFORMATION For 
further investigation of solids that have 
finite volumes and infinite surface areas, 
see the article “Supersolids: Solids Having 
Finite Volume and Infinite Surfaces” by 
William P. Love in Mathematics Teacher. 


MathArticle 


FOR FURTHER INFORMATION To learn 
about another function that has a finite 
volume and an infinite surface area, see 
the article “Gabriel’s Wedding Cake” 

by Julian F. Fleron in The College 
Mathematics Journal. 


MathArticle 


This section concludes with a useful theorem describing the convergence or 
divergence of a common type of improper integral. The proof of this theorem is left 
as an exercise (see Exercise 49). 


THEOREM 8.5 A Special Type of Improper Integral 


5 1 
f p J p j 
1 


diverges, 


ifp >1 


ifp< 1 


EXAMPLE || An Application Involving A Solid of Revolution 


The solid formed by revolving (about the x-axis) the unbounded region lying between 
the graph of f(x) = 1/x and the x-axis (x > 1) is called Gabriel’s Horn. (See Figure 
8.28.) Show that this solid has a finite volume and an infinite surface area. 


Solution Using the disk method and Theorem 8.5, you can determine the volume 
to be 


f a 
(= 


The surface area is given by 


S=2r EO + [FF dx = 2m 


1 


Theorem 8.5, p = 2 > 1 


1 
1+ sd. 


Feoi 
x x 


Because 


1 
L r=] 
V x47 


on the interval [1, oo), and the improper integral 


et | 
Í —dx 
p4 


diverges, you can conclude that the improper integral 


=] 
Í Sa) te T. 
1 x x 


also diverges. (See Exercise 52.) So, the surface area is infinite. 


Gabriel’s Horn has a finite volume and an infinite surface area. 
Figure 8.28 
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Exercises for Section 8.8 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-4, decide whether the integral is improper. 2 
Explain your reasoning. 13. 14. dx = 0 


i 1 dx 3 3 dx 
“Jo 3x -2 “h e In Exercises 15-32, determine whether the improper integral 
toy — 5 co diverges or converges. Evaluate the integral if it converges. 
3 >= dx 4 In(x?) dx 
0 x? — 5x+6 1 oo 1 oo 5 
15. Í = dx 16. 3 dx 
1 X 1 
In Exercises 5-10, explain why the integral is improper and 2 3 oo 4 
determine whether it diverges or converges. Evaluate the 17 Í Vx dx 18 Í Vi dx 
integral if it converges. M x as * 
44 19. Í xe~>* dx 20. Í xe*/? dx 
5: Í — dx = 0 
0 Jx ed oe 
, 21. Í xe ™ dx 22. Í (x — 1)e™ dx 
0 0 
23. Í e™* cos x dx 24. Í e “sin bx dx, a>0 
0 0 
25. l dr a6. | y 
a x(In x)? p x 
i 2 oe x3 
27 28. d. 
K eee i f (x? + 1)? . 
= 1 o e 
29 f eee 30. f i 7 ee 
31. Í cos 77x dx 32. Í sin z dx 
0 0 2 


In Exercises 33-48, determine whether the improper integral 
diverges or converges. Evaluate the integral if it converges, and 
check your results with the results obtained by using the 
integration capabilities of a graphing utility. 


1 4 
1 
33 -z dx 34. Í s dx 
o * 0 
35 = dx 36 Í = dx 
0 3/8 -x : 0 V6—-x 
I e 
37. Í x In x dx 38. Í In x? dx 
0 0 
a/2 a/2 
39. Í tan 0 d0 40. Í sec 0 d0 
0 0 
41 Í ' 2 dx 42 Í Í l dx 
2 XVx? — 4 o v4 -— x? 
4 2 
43. Í = dx 44. Í == 5 dx 
2 Vx — 4 o 47x 
45 Í Í =A dx 46 2 dx 
Jo x1 "J, @ — 2)8/8 
Writing In Exercises 11-14, explain why the evaluation of the 47. r 4 dx 48. ik 1 dx 
integral is incorrect. Use the integration capabilities of a graph- o [vx + 6) ı xInx 


ing utility to attempt to evaluate the integral. Determine 
whether the utility gives the correct answer. 


2 
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In Exercises 49 and 50, determine all values of p for which the 
improper integral converges. 


49 eo 50. 1y 
h æ ` Jo x? 


51. Use mathematical induction to verify that the following integral 
converges for any positive integer n. 


co 
Í x"e* dx 
0 


52. Given continuous functions f and g such that 0 < f(x) < g(x) 
on the interval [a, 00), prove the following. 


(a) If °° g(x) dx converges, then f°° f(x) dx converges. 
(b) If [7 f(x) dx diverges, then [7 g(x) dx diverges. 


In Exercises 53-62, use the results of Exercises 49-52 to deter- 
mine whether the improper integral converges or diverges. 


“i E. 
53. Í pe 54. i a 
55 Í od s. | x4e7* dx 
1 0 
57 gm d 
“h BERS : 
1 


at. | e-* dx 
0 

2 1 
2 


62. 
Sx Inx 


dx 


Writing About Concepts 


. Describe the different types of improper integrals. 


. Define the terms converges and diverges when working 
with improper integrals. 


1 
. Explain why L PE dx + 0. 


. Consider the integral 


W 

E a 
To determine the convergence or divergence of the integral, 
how many improper integrals must be analyzed? What must 


be true of each of these integrals if the given integral 
converges? 
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shaded region. 


67. y= e -co<x<l 


_— 1 — $ 
ye +1 yO +4 

a y 

A A 

oe 6+ 

2+ 4+ 
—_— C x m p x 

-3 -2 -1 1 2 3 -6 -4 -2 2 4 6 

=f =e =F s 

aah ach 

-3+ -6 "u a 


Area and Volume In Exercises 71 and 72, consider the region 
satisfying the inequalities. (a) Find the area of the region. (b) 
Find the volume of the solid generated by revolving the region 
about the x-axis. (c) Find the volume of the solid generated by 
revolving the region about the y-axis. 


1 
Tlyse*,y20,x20 72. yS y20x21 


73. Arc Length Sketch the graph of the hypocycloid of four 
cusps 


x2/3 + y2/3 = 4 


and find its perimeter. 
74. Arc Length Find the arc length of the graph of 


y= V16— 2 
over the interval [0, 4]. 
75. Surface Area The region bounded by 
(x - 2+ y2=1 
is revolved about the y-axis to form a torus. Find the surface 


area of the torus. 


76. Surface Area Find the area of the surface formed by revolving 
the graph of y = 2e~* on the interval [0, o0) about the x-axis. 


Propulsion In Exercises 77 and 78, use the weight of the rocket 
to answer each question. (Use 4000 miles as the radius of Earth 
and do not consider the effect of air resistance.) 


(a) How much work is required to propel the rocket an 
unlimited distance away from Earth’s surface? 


(b) How far has the rocket traveled when half the total work 
has occurred? 


77. 5-ton rocket 78. 10-ton rocket 


Probability A nonnegative function f is called a probability 
density function if 


Í fdt = 1. 

The probability that x lies between a and b is given by 
b 

P(a < x < b) = Í fÒ dt. 

The expected value of x is given by 


E(x) = Í j tf (t) dt. 


In Exercises 79 and 80, (a) show that the nonnegative function 
is a probability density function, (b) find P(0 < x < 4), and 
(c) find E(x). 


1-1/7 

_ je", t20 

79. f(t) ie PaO 
2 —2t/5 

_ ]5e > t20 

80. f(t) f 0 


Capitalized Cost In Exercises 81 and 82, find the capitalized 
cost C of an asset (a) for n = 5 years, (b) for n = 10 years, and 
(c) forever. The capitalized cost is given by 


C=C,+ Í c(t)e™™ dt 


0 


where C, is the original investment, ¢ is the time in years, r is the 
annual interest rate compounded continuously, and c(t) is the 
annual cost of maintenance. 
81. Co = $650,000 

c(t) = $25,000 

r = 0.06 


82. Co = $650,000 
c(t) = $25,000(1 + 0.087) 
r = 0.06 


83. Electromagnetic Theory The magnetic potential P at a point 
on the axis of a circular coil is given by 


_ 2aNir |” 1 
k J. PFA 


P dx 


where N, 1, r, k, and c are constants. Find P. 
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the nonnegative x-axis. The rod has a linear density 6 which 
means that a segment of length dx has a mass of 6 dx. A parti- 
cle of mass m is located at the point (—a, 0). The gravitational 
force F that the rod exerts on the mass is given by 


®© GMô 
r=| OMe a 
o (atx) 
where G is the gravitational constant. Find F. 


True or False? In Exercises 85-88, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


85. If f is continuous on [0, 00) and lim f(x) = 0, then fy° f(x) dx 
converges. me 


86. If f is continuous on [0, 00) and 5° f(x) dx diverges, then 
lim f(x) # 0. 


87. If f’ is continuous on [0,00) and lim f(x) = 0, then 
x00 
So f'(x) dx = —f(0). 
88. If the graph of f is symmetric with respect to the origin or the 
y-axis, then fő f(x) dx converges if and only if f%, f(x) dx 
converges. 


89. Writing 


(a) The improper integrals 


Í Ti and [be 
1 X 1 X 


diverge and converge, respectively. Describe the essential 
differences between the integrands that cause one integral 
to converge and the other to diverge. 

(b) Sketch a graph of the function y = sin x/x over the interval 
(1, 00). Use your knowledge of the definite integral to 
make an inference as to whether or not the integral 


co . 
sin x 
dx 
1 x 


converges. Give reasons for your answer. 


(c) Use one iteration of integration by parts on the integral in 
part (b) to determine its divergence or convergence. 


90. Exploration Consider the integral 


a/2 
esta 
o 1 + (tan x)” 


where n is a positive integer. 
(a) Is the integral improper? Explain. 


(b) Use a graphing utility to graph the integrand for n = 2, 4, 
8, and 12. 


(c) Use the graphs to approximate the integral as n > oo. 


(d) Use a computer algebra system to evaluate the integral for 
the values of n in part (b). Make a conjecture about the 
value of the integral for any positive integer n. Compare 
your results with your answer in part (c). 
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92. 


Laplace Transforms 
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The Gamma Function The Gamma Function P(n) is 
defined by 


T(n) -Í x"~le-x dx, n> 0. 
0 


(a) Find T(1), (2), and T(3). 
(b) Use integration by parts to show that T(n + 1) = nI(n). 


(c) Write T(n) using factorial notation where n is a 
positive integer. 


Prove that J, = (: — r) where 


n+2/"r 


a x2n-l 
= b CEE nee 1. 


Then evaluate each integral. 


a X 
(a) Í @+) + dx 
(c) Í + Ds +8 dx 


Let f(t) be a function defined for all 


positive values of t. The Laplace Transform of f (t) is defined by 


F(s) 


= Í a fÀ dt 
0 


if the improper integral exists. Laplace Transforms are used to 
solve differential equations. In Exercises 93-100, find the 
Laplace Transform of the function. 


93. 
95. 
97. 
99. 


101. 


fj =1 94. f(t) =t 
f=? 96. f(t) = ew 
f(0) = cos at 98. f(t) = sin at 
fÀ = cosh at 100. f(t) = sinh at 


Normal Probability The mean height of American men 
between 18 and 24 years old is 70 inches, and the standard 
deviation is 3 inches. An 18- to 24-year-old man is chosen at 
random from the population. The probability that he is 6 feet 
tall or taller is 


2 1 


-œ-=70}/18 dy. 


P(72 < x < œ) = e 
( ) f 3V2T 


(Source: National Center for Health Statistics) 


(a) Use a graphing utility to graph the integrand. Use the 
graphing utility to convince yourself that the area between 
the x-axis and the integrand is 1. 


(b) Use a graphing utility to approximate P(72 < x < 00). 


(c) Approximate 0.5 —P(70 < x < 72) using a graphing 
utility. Use the graph in part (a) to explain why this result 
is the same as the answer in part (b). 


102. 


103. 


104. 


105. 


106. 
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(a) Sketch the semicircle y = 
(b) Explain why 


2 
34,-| J4— £ dx 
-2 V4 — -2 


without evaluating either integral. 


For what value of c does the integral 


= ( 1 ee: dr 
0 Jx+1 x+1 
converge? Evaluate the integral for this value of c. 


For what value of c does the integral 


el ex 1 
Í (5-a 


converge? Evaluate the integral for this value of c. 


Volume Find the volume of the solid generated by revolving 
the region bounded by the graph of f about the x-axis. 


xInx, O<x<2 
fo) =f x=0 
Volume Find the volume of the solid generated by revolving 
the unbounded region lying between y = —In x and the y-axis 


(y = 0) about the x-axis. 


u-Substitution In Exercises 107 and 108, rewrite the improper 
integral as a proper integral using the given w-substitution. 
Then use the Trapezoidal Rule with n = 5 to approximate the 
integral. 


107. 


108. 


109. 


110. 


1 ox 
sin x 
Í dx, u= Jx 
0 


Jx 
cos x 
dx, u=J/1-x 
0 Jl—-x 


(a) Use a graphing utility to graph the function y = e~. 


1 
tarm | /—In y dy. 
0 


(b) Show that Í 
0 
Let Í f(x) dx be convergent and let a and b be real numbers 


where a # b. Show that 


i f(x) act [rw a= | f(x) dx + [or dx. 


Review Exercises for Chapter 8 


w Experienced writers 


© On-time delivery 


® 100% plagiarism free 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-8, use the basic integration rules to find or 
evaluate the integral. 
2; fetar 


1. [re —ldx 
x x 
3. ES 4. [t 
° In(2x) 4 
S. —— dx 6. 2xJ/2x = 3 dx 
1 3/2 


x 
7 16 dx xt + 2x? Het 1 
"J S16 = x? (x? + 1) 


In Exercises 9-16, use integration by parts to find the integral. 


X 


9. fe sin 3x dx 10. fe — 1)e* dx 


11. Jus —5dx 12. [xian 2x dx 


13. G sin 2x dx 14. [ove —ldx 


15. Í x arcsin 2x dx 16. Í e* arctan e* dx 


In Exercises 17-22, find the trigonometric integral. 


17. f cosstan — 1) dx 18. | sme Baw 


19. Í sect > dx 20. Í tan 0 sect 0 d0 


21. L 22. | cos 26(sin 6 + cos 6)? d0 
1 — sin 0 


Area In Exercises 23 and 24, find the area of the region. 


23. y = sinf x 24. y = cos(3x) cos x 


y y 
A A 
3m | 
4 
z| 
2 
z 


i 
T 
tad 
= 


>JA 
NJA 
alg 
a 
l 
t 


In Exercises 25-30, use trigonometric substitution to find or 
evaluate the integral. 


x>3 


= 2 
25. Í ZL 26. Í S 
x?/4 — x? x 


x3 
27. | —=—=d 28. | V9 — 4x? d 
|e Í AE 


9 m/2 sin 0 
29. Í V4 — x? dx 30. Í 
-2 0 


1 + 2 cos? 0 


In Exercises 31 and 32, find the integral using each method. 


x3 
31. | 
(a) Trigonometric substitution 
(b) Substitution: u? = 4 + x? 
(c) Integration by parts: dv = (x/ V4 + x?) dx 


32. [wa + x dx 


(a) Trigonometric substitution 

(b) Substitution: u? = 4 + x 

(c) Substitution: u = 4 + x 

(d) Integration by parts: dv = \/4 + x dx 


In Exercises 33-38, use partial fractions to find the integral. 


= BF 2 + = 
33. (2-8; dx 34, [2 a = = ti 
x? + Ix 4x — 2 
35. ERSE 36. | coe 
x? sec? 0 
at È +2x- 15 dx a8 la O(tan 0 — 1) ae 


In Exercises 39-46, use integration tables to find or evaluate 
the integral. 


x x 
ye . | ——d 
39 le + 3x2 dx 40 | Ix 


V72 1 
X x 
a1. Í 1 + sin x? a 42, Í 1 +e? a 


x 
i [eriat 
3 1 
44. | — ax, = 
[z fee 


45. Í — 
sin mX COS TX 


1 
46. [rt 


47. Verify the reduction formula 


Í (In x)” dx = x(In x)” — nf (In x)”~! dx. 


48. Verify the reduction formula 


1 
feza = 
i= 


i tan’~! x — fema dx. 
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In Exercises 49-56, find the integral using any method. 
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2 In x)? i 
49. | @sin cos 0 d0 50. | “Y= a 73. lim ®©? 74. lim == 

/x x>1 x— 1 x>0 sin 27x 

x!/4 ex 2 

51. Í Taunt 52. Í 1+ J/xdx 75. lim ~z 76. lim xe” 

3 aL $ 2/x t — 1)Inx 
53. Í V1 + cos x dx 54. er 7s am (in x) 18: pem &= 1) 

0.09\" cee, =, 2 

55. [ cosx In(sin x) dx 56. Í (sin 0 + cos 0)? d0 72: nue 1000( j n ) a am (= y= z) 


In Exercises 57-60, solve the differential equation using any 


In Exercises 81-86, determine whether the improper integral 
diverges or converges. Evaluate the integral if it converges. 


method. 
16 4 1 6 
dy 9 dy_ J4—-x 81. Í qk 82. Í -A 
M = 9 iii dx 2x SR vx o * 2 
59. y’ = In(x? + x) 60. y’ = V1 — cos 0 83. Í x? In x dx 84. Í £ zdy 
1 0 


In Exercises 61-66, evaluate the definite integral using any 


method. Use a graphing utility to verify your result. 


JSS 
61. Í x(x? — 4)3/2 dx 


x 
= j pgg” 


. Present Value The board of directors of a corporation is cal- 


culating the price to pay for a business that is forecast to yield 
a continuous flow of profit of $500,000 per year. If money will 
earn a nominal rate of 5% per year compounded continuously, 


2 
64. Í xe** dx 
0 


= á what is the present value of the business 
x 
65. x sin x dx 66. dx (a) for 20 years? 
f f vl+x í ‘ : 
(b) forever (in perpetuity)? 
(Note: The present value for tọ years is fọ? 500,000e~ °° dt.) 
0 0 


88. Volume Find the volume of the solid generated by revolving 


Area In Exercises 67 and 68, find the area of the region. 


67. y=xJ/4—x 68. y = -o the region bounded by the graphs of y = xe™*, y = 0, and 
25 — x x = 0 about the x-axis. 
Fe 89. Probability The average lengths (from beak to tail) of 


different species of warblers in the eastern United States are 
approximately normally distributed with a mean of 12.9 
centimeters and a standard deviation of 0.95 centimeter (see 
figure). The probability that a randomly selected warbler has a 
length between a and b centimeters is 


: Pla < x<b)= -œ= 12.9)?/2(0.95)? qy, 


1 b 
— | e 
0.95 V27 | 


Use a graphing utility to approximate the probability that a 
randomly selected warbler has a length of (a) 13 centimeters or 
greater and (b) 15 centimeters or greater. (Source: Peterson’s 
Field Guide: Eastern Birds) 


69. y= V1- x, y=0 P 
70. (x — 1} +y?=1, œ- 4)? +7? =4 


Centroid In Exercises 69 and 70, find the centroid of the region 
bounded by the graphs of the equations. 


0.50 
Arc Length In Exercises 71 and 72, approximate to two decimal ans 
places the arc length of the curve over the given interval. f 
Function Interval el x 


T T 
9 10 11 12 13 14 15 16 


71. y = sinx [0, 7] 
72. y = sin? x [0, 7] 
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| PS. | Problem Solving 


The symbol acd indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


1. (a) Evaluate the integrals 7. Consider the problem of finding the area of the region bounded 


[ (1 —x?)dx and fa — XF dx. 


(b) Use Wallis’s Formulas to prove that 


221+ 1(n!)2 


[a ePac PET 


for all positive integers n. 
1 


1 


In x dx and [ (In x)? dx. 


. (a) Evaluate the integrals Í 
0 


0 
(b) Prove that 


fo x)" dx = (-1)"n! 


for all positive integers n. 


. Find the value of the positive constant c such that 


. In the figure, the line x = 1 is tangent to the unit circle at A. The 
length of segment QA equals the length of the circular arc PA. 
Show that the length of segment OR approaches 2 as P 
approaches A. 


A(1, 0) 
>x 


. In the figure, the segment BD is the height of AOAB. Let R be 
the ratio of the area of ADAB to that of the shaded region formed 
by deleting AOAB from the circular sector subtended by angle 
0. Find dm, R. 


y 
A 
B 
6 \ao, 
O D JA 


by the x-axis, the line x = 4, and the curve 


x2 


= (x2 + 9)3/2" 


(a) Use a graphing utility to graph the region and approximate 
its area. 


(b) Use an appropriate trigonometric substitution to find the 
exact area. 


(c) Use the substitution x = 3 sinh u to find the exact area and 
verify that you obtain the same answer as in part (b). 


8. Use the substitution u = tan > to find the area of the shaded 


region under the graph of y = O<x< 7/2 


2 + cosx 
(see figure). 


A 
Iy 
t t t |x 
m xn 3n 27 
2 2 


9. Find the arc length of the graph of the function y = In(1 — x?) 


on the interval 0 < x < 5 (see figure). 


by 


> 


nie 


10. Find the centroid of the region above the x-axis and bounded 


above by the curve y = e~°*’, where c is a positive constant 
(see figure). 


(rin: Show tat | eo dx = 1 e= dx) 
0 CJo 
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11. Some elementary functions, such as f(x) = sin(x?), do not Fy 


have antiderivatives that are elementary functions. Joseph 
Liouville proved that 


[ea 
x 


does not have an elementary antiderivative. Use this fact to 
prove that 


1 
Frets 


is not elementary. 


12. (a) Let y = f~!(x) be the inverse function of f. Use integration 
by parts to derive the formula 


[re dx = xf (x) — [ro dy. 
(b) Use the formula in part (a) to find the integral 


Í arcsin x dx. 


(c) Use the formula in part (a) to find the area under the graph 
of y = Inx, 1 < x < e (see figure). 


13. Factor the polynomial p(x) = x* + 1 and then find the area 
1 
under the graph of y = TIT O < x < 1 (see figure). 


y 
A 


14. (a) Use the substitution u = a — x to evaluate the integral 


ue sin x 
——__.— dx 
o cosx + sinx 


(b) Let n be a positive integer. Evaluate the integral 


2: . 
ia sin” x d 
a an aX 
o cos’ x + sin” x 
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15. Use a graphing utility to estimate each limit. Then calculate 
each limit using L’H6pital’s Rule. What can you conclude 
about the indeterminate form 0 + co? 


1 1 
(a) lim (cor + 1) (b) lim (cot = z) 
x—0+ x x 30+ x 


(c) lim | (cots + H (eot = | 
x30" x x 


16. Suppose the denominator of a rational function can be factored 
into distinct linear factors 


D(x) = (x = c) = &) © + & — cp) 


for a positive integer n and distinct real numbers c}, C2, >. ., Cp 
If N is a polynomial of degree less than n, show that 


N(x) Pi P ,... p B 
Dx) x= xme "x—¢, 
where P, = Mc,)/D(c,) fork = 1,2,.. ., n. Note that this is 


the partial fraction decomposition of N(x)/ D(x). 


17. Use the results of Exercise 16 to find the partial fraction 
decomposition of 


P= 31 
x* — 13x? + 12x 


18. The velocity v (in feet per second) of a rocket whose initial 
mass (including fuel) is m is given by 


m 


v=gt+uln = i P< 
m — rt r 

where u is the expulsion speed of the fuel, r is the rate at which 
the fuel is consumed, and g = —32 feet per second per second 
is the acceleration due to gravity. Find the position equation for 
a rocket for which m = 50,000 pounds, u = 12,000 feet per 
second, and r = 400 pounds per second. What is the height of 
the rocket when t = 100 seconds? (Assume that the rocket was 
fired from ground level and is moving straight upward.) 


19. Suppose that f(a) = f(b) = g(a) = g(b) = 0 and the second 
derivatives of f and g are continuous on the closed interval 
[a, b]. Prove that 


[rove dx = [reve dx. 


20. Suppose that f(a) = f(b) = 0 and the second derivatives of f 
exist on the closed interval [a, b]. Prove that 


i (x — a)(x — bfx) dx = of f(x) dx. 


21. Using the inequality 


1 11 1 i, 12 
"gS 


< 
P o > x 
Sn 


fi = 2, imat Seer 
or x approximate Í Si 
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Section 9.1 


Finding Patterns Describe a pattern 
for each of the following sequences. 
Then use your description to write a 
formula for the nth term of each 
sequence. As n increases, do the 
terms appear to be approaching a 
limit? Explain your reasoning. 


i mt i 
b. (eyo Tae © © 
10 10 10 10 
( lO ars og eo © 
14 BY 1625 
d. 1.42 16 2 


(> Fp Tig ie Tee ao oo 


NOTE Occasionally, it is convenient 
to begin a sequence with dp, so that the 
terms of the sequence become 

AG On inis oA gees 4 


_ Some sequences are 
defined recursively. To define a sequence 
recursively, you need to be given one or 
more of the first few terms. All other 
terms of the sequence are then defined 
using previous terms, as shown in 
Example 1(d). 


List the terms of a sequence. 

e Determine whether a sequence converges or diverges. 

e Write a formula for the nth term of a sequence. 

e Use properties of monotonic sequences and bounded sequences. 


Sequences 


In mathematics, the word “sequence” is used in much the same way as in ordinary 
English. To say that a collection of objects or events is in sequence usually means that 
the collection is ordered so that it has an identified first member, second member, third 
member, and so on. 

Mathematically, a sequence is defined as a function whose domain is the set of 
positive integers. Although a sequence is a function, it is common to represent 
sequences by subscript notation rather than by the standard function notation. For 
instance, in the sequence 


1, 2, 3; 4, 7 on, 
L t fF fF $F FF Sequence 
a, Gy, ay ay > As 
1 is mapped onto a,, 2 is mapped onto a,, and so on. The numbers 4}, a), A3, . . ., Ap 


. . are the terms of the sequence. The number a, is the nth term of the sequence, 
and the entire sequence is denoted by {a,}. 


EXAMPLE | Listing the Terms of a Sequence 


a. The terms of the sequence {a,} = {3 + (—1)”} are 
34+ (-1)', 34+ (-1)2,3+(-)D3, 3+ (-14,... 
2; 4, 2, 4, 


b. The terms of the sequence {b,} = | i £ z! are 


1 2 3 4 
1-2°-11-2-271-2°3 1-2-4 °°" 
> 2 3 4 
2 3” 5 T 


2 
c. The terms of the sequence {c,,} = | z = | are 


12 22 32 42 
af 2-1 e e-7 

1 4 9 16 

r 7 T is 


d. The terms of the recursively defined sequence {d,}, where d) = 25 and 
d,4; = d, — 5 are 


25, 23 —5 = 20, 20-3 = 15, 


[Try tt_| [Exploration a | 


15-5 = 10,2. os 
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Limit of a Sequence 


The primary focus of this chapter concerns sequences whose terms approach limiting 
values. Such sequences are said to converge. For instance, the sequence { 1/2” } 


ne 
2’ 4° 8 16° 327° 


converges to 0, as indicated in the following definition. 


y=dp Definition of the Limit of a Sequence 
À 
° Let L be a real number. The limit of a sequence {a,,} is L, written as 
° lim a, = L 
e noo 
e 
L+ ep- P NEN A if for each e > 0, there exists M > 0 such that |a, — L| < e whenever n > M. 
[ee ae ee ge e oe . bs 
L = iM A Semel If the limit L of a sequence exists, then the sequence converges to L. If the limit 
of a sequence does not exist, then the sequence diverges. 
aay an Sn et DC e e 
123456 M 
For n > M, the terms of the sequence all lie Graphically, this definition says that eventually (for n > M and € > 0) the terms 
within g units of L. of a sequence that converges to L will lie within the band between the lines y = L + e 
Figure 9.1 and y = L — e, as shown in Figure 9.1. 
If a sequence {a,,} agrees with a function f at every positive integer, and if f(x) 
approaches a limit L as x— 00, the sequence must converge to the same limit L. 
THEOREM 9.1 Limit of a Sequence 
Let L be a real number. Let f be a function of a real variable such that 
lim f(x) = L. 
x00 
If {a,,} is a sequence such that f(n) = a, for every positive integer n, then 
lim a, = L. 
noo 
EXAMPLE 2 Finding the Limit of a Sequence 
NOTE There are different ways in Find the limit of the sequence whose nth term is 
which a sequence can fail to have a n 
limit. One way is that the terms of the a= ( F 1) : 
sequence increase without bound or " n 
decrease without bound. These cases 
are written symbolically as follows. Solution In Theorem 5.15, you learned that 
Terms increase without bound: . 1\ 
lim |l +—] =e. 
lim a, = 00 ec x 
n> 
Terms decrease without bound: So, you can apply Theorem 9.1 to conclude that 
li = : . 1\" 
me i lim a, = lim ( + 1) 
noo n—0co n 
=e —— 
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The following properties of limits of sequences parallel those given for limits of 
functions of a real variable in Section 1.3. 


THEOREM 9.2 Properties of Limits of Sequences 
Let lim a, = Land lim b, = K. 


n> n—-co 
1. lim (a, +b) =L+K 2. lim ca, = cL, c is any real number 
noo noo 
; . Ay L 
3. lim (a,b,) = LK 4. lim “ = =, b, + Oand K #0 
n->co nen n—-co b, K e 


EXAMPLE 3 Determining Convergence or Divergence 


a. Because the sequence {a,} = {3 + (— 1)” } has terms 
2,4,2,4,... See Example 1(a), page 594. 
that alternate between 2 and 4, the limit 
i 
Jim. a, 


does not exist. So, the sequence diverges. 


b. For {b,} = l £ z} divide the numerator and denominator by n to obtain 


1 1 
lim 


n . 
~ = E le 1(b 4. 
n>œ | — 2n im (1/n) m 2 See Example 1(b), page 59 


which implies that the sequence converges to -}. 
[try te] [Ewan] [oee ] (RE 
EXAMPLE 4 Using L-H6pital’s Rule to Determine Convergence 


n2 


2" | 


Show that the sequence whose nth term is a, = converges. 


Solution Consider the function of a real variable 


x? 


21 


fa) = 
TECHNOLOGY Usea graphing 
utility to graph the function in Example Applying L’H6pital’s Rule twice produces 


4. Notice that as x approaches infinity, x2 

i lim = lim = lim = 
the value of the function gets closer and wee P= 1 bo (m22 >% (In 2)22* 
closer to 0. If you have access to a 
graphing utility that can generate terms Because f(n) = a, for every positive integer, you can apply Theorem 9.1 to conclude 
of a sequence, try using it to calculate that 
the first 20 terms of the sequence in A 
Example 4. Then view the terms to lim n =0. See Example 1(c), page 594. 

n>œ 2” — 1 


observe numerically that the sequence 
converges to 0. So, the sequence converges to 0. — 
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1.0 


ale 
aye 
0.5 ce A 
D. 
I ~~ N 
tN E aa 
P 
-0.5 | GE 
1.0 : a 
=La e 
(le 
T 
“15 n: 


Forn => 4,(— 1)”/n! is squeezed between 
=1/ 2" and 1/2% 
Figure 9.2 


NOTE Example 5 suggests something 
about the rate at which n! increases as 
n— œ. As Figure 9.2 suggests, both 
1/2” and 1/n! approach 0 as n > 00. 
Yet 1/n! approaches 0 so much faster 
than 1/2” does that 
i Wile ae 

Boe fo 
In fact, it can be shown that for any fixed 
number k, 


lim — = 0. 

noo n! 
This means that the factorial function 
grows faster than any exponential 
function. 


The symbol n! (read “n factorial”) is used to simplify some of the formulas 
developed in this chapter. Let n be a positive integer; then n factorial is defined as 
n!=1:2-3-4---(n—1)-n. 


As a special case, zero factorial is defined as 0! = 1. From this definition, you can 
see that 1! = 1,2! = 1 -2 = 2,3! = 1 : 2 + 3 = 6, and so on. Factorials follow the 
same conventions for order of operations as exponents. That is, just as 2x? and (2x)° 
imply different orders of operations, 2n! and (2n)! imply the following orders. 


2n! = An!) = 21:2-34- --n) 


and 
(2n)!!=1:2+3+4---n+-(n+1)---2n 


Another useful limit theorem that can be rewritten for sequences is the Squeeze 
Theorem from Section 1.3. 


THEOREM 9.3 Squeeze Theorem for Sequences 
If 

lim a, = L= lim b, 

n-oo now 


and there exists an integer N such that a, < c, < b, forall n > N, then 


lim «, = L. 


noo 


EXAMPLE 5 Using the Squeeze Theorem 


1 
Show that the sequence {c,,} = f- 1)” 4 converges, and find its limit. 

n! 
Solution To apply the Squeeze Theorem, you must find two convergent sequences 
that can be related to the given sequence. Two possibilities are a, = — 1/2” and 
b, = 1/2”, both of which converge to 0. By comparing the term n! with 2”, you can 
see that 


n}=1-2:3:4-5:6---n=24-5-6:---n (n = 4) 
p 
n — 4 factors 
and 
2# =2.2.2.-2.2.2...2=16:2:2.-2 (n 2 4) 
—— 


n — 4 factors 


This implies that for n > 4,2” < n!, and you have 


as shown in Figure 9.2. So, by the Squeeze Theorem it follows that 


lim (—1)"= = 0. 
n! 


noo 
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In Example 5, the sequence {c,} has both positive and negative terms. For this 
sequence, it happens that the sequence of absolute values, {|c,,| }, also converges to 0. 
You can show this by the Squeeze Theorem using the inequality 

1 


1 
OSS om n= 4. 
n! 


In such cases, it is often convenient to consider the sequence of absolute values—and 
then apply Theorem 9.4, which states that if the absolute value sequence converges to 
0, the original signed sequence also converges to 0. 


THEOREM 9.4 Absolute Value Theorem 
For the sequence {a,}, if 


lim |a,|=0 then lim a, = 0. 
now 


noo 


Proof Consider the two sequences {|a,|} and {—|a,|}. Because both of these 
sequences converge to 0 and 


lal < a, < |a, 


you can use the Squeeze Theorem to conclude that {a,} converges to 0. a] 


Pattern Recognition for Sequences 


Sometimes the terms of a sequence are generated by some rule that does not 
explicitly identify the nth term of the sequence. In such cases, you may be required to 
discover a pattern in the sequence and to describe the nth term. Once the nth term has 
been specified, you can investigate the convergence or divergence of the sequence. 


EXAMPLE 6 Finding the nth Term of a Sequence 


Find a sequence {a,} whose first five terms are 

a score: 
and then determine whether the particular sequence you have chosen converges or 
diverges. 


Solution First, note that the numerators are successive powers of 2, and the denom- 
inators form the sequence of positive odd integers. By comparing a,, with n, you have 
the following pattern. 


1° 3° 5’ 7°? 9°" "On - 1 
Using L’H6pital’s Rule to evaluate the limit of f(x) = 2*/(2x — 1), you obtain 
_ 2 __ 2¥(In 2) OoOO o mao 
Ma a Oe a 
So, the sequence diverges. = 


[Try 1t | [Exploration | 
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Without a specific rule for generating the terms of a sequence or some knowledge 
of the context in which the terms of the sequence are obtained, it is not possible to 
determine the convergence or divergence of the sequence merely from its first several 
terms. For instance, although the first three terms of the following four sequences are 
identical, the first two sequences converge to 0, the third sequence converges to 4, and 
the fourth sequence diverges. 


11 1 1 1 
{a,}: PPZ le me 
1 1 1 1 6 
Uyy @ 4S * Ga ie =e Oe 
f iod ha 7 n2? — 3n+ 3 
Cni: P P B 62?" °°? On? — 25n 418" ** 
lili —n(n + 1)(n — 4) 
EOE i ghee Re eG Relay oO) 


The process of determining an nth term from the pattern observed in the first several 
terms of a sequence is an example of inductive reasoning. 


EXAMPLE 7 Finding the nth Term of a Sequence 


Determine an nth term for a sequence whose first five terms are 


2 8 26 80 242 
1° 2’ 6’ 24’ 120°" 


and then decide whether the sequence converges or diverges. 


Solution Note that the numerators are | less than 3”. So, you can reason that the 
numerators are given by the rule 3” — 1. Factoring the denominators produces 


1=1 
2=1-2 
6=1:2-3 


24=1:2:3:4 
120=1:2-3-4:5---, 


This suggests that the denominators are represented by n!. Finally, because the signs 
alternate, you can write the nth term as 


a, = Co(s n, 


From the discussion about the growth of n!, it follows that 


ane D 
no 


lim |a,| = lim 0. 
noo 


noo 


Applying Theorem 9.4, you can conclude that 


lim a, = 0. 
n-oo 
So, the sequence {a,,} converges to 0. — 


[try te a] 
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ae 
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b 
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1 2 3 4 


4+ 
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t t t n 
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(c) Not monotonic 


Figure 9.3 
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Monotonic Sequences and Bounded Sequences 


So far you have determined the convergence of a sequence by finding its limit. Even 
if you cannot determine the limit of a particular sequence, it still may be useful to 
know whether the sequence converges. Theorem 9.5 provides a test for convergence 
of sequences without determining the limit. First, some preliminary definitions are 
given. 


Definition of a Monotonic Sequence 
A sequence {a,,} is monotonic if its terms are nondecreasing 


aS aS a,S-°°*<Sa,<-°° 


or if its terms are nonincreasing 


a, >a,>a,2>°°°2>a,2>°°° 


EXAMPLE 8 Determining Whether a Sequence Is Monotonic 


Determine whether each sequence having the given nth term is monotonic. 


a. a, =3+(—1) bb = C c, = 


Solution 
a. This sequence alternates between 2 and 4. So, it is not monotonic. 


b. This sequence is monotonic because each successive term is larger than its 
predecessor. To see this, compare the terms b, and b,,,,. [Note that, because n is 
positive, you can multiply each side of the inequality by (1 + n) and (2 + n) 
without reversing the inequality sign.] 


an ? Wt) _ 

bn l+n -1+(@+) Patt 
? 

2n(2 + n) < (1 + n)(2n + 2) 
9 


4n + 2n? < 2 + 4n + 2n? 
0<2 
Starting with the final inequality, which is valid, you can reverse the steps to 
conclude that the original inequality is also valid. 


c. This sequence is not monotonic, because the second term is larger than the first 
term, and larger than the third. (Note that if you drop the first term, the remaining 
sequence cz, C3, C4,. . . is monotonic.) 


Figure 9.3 graphically illustrates these three sequences. — 
as) (eee Eee 
NOTE In Example 8(b), another way to see that the sequence is monotonic is to argue that the 


derivative of the corresponding differentiable function f(x) = 2x/(1 + x) is positive for all x. 
This implies that f is increasing, which in turn implies that {a,,} is increasing. 
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NOTE All three sequences shown in 
Figure 9.3 are bounded. To see this, Definition of a Bounded Sequence 


consider the following. 
Š 1. A sequence {a,} is bounded above if there is a real number M such that 


2 <a, a, < M for all n. The number M is called an upper bound of the sequence. 
1 


lA 
lA 
aN 


lA 
IA 


2. A sequence {a,} is bounded below if there is a real number N such that 


2 

4 N < a, for all n. The number N is called a lower bound of the sequence. 
0 ee 
3 


IA 
9 
IA 


3. A sequence {a,} is bounded if it is bounded above and bounded below. 


One important property of the real numbers is that they are complete. 
Informally, this means that there are no holes or gaps on the real number line. (The set 
of rational numbers does not have the completeness property.) The completeness 
axiom for real numbers can be used to conclude that if a sequence has an upper bound, 
it must have a least upper bound (an upper bound that is smaller than all other 
upper bounds for the sequence). For example, the least upper bound of the sequence 


{a,} = {n/(n + 1}, 


12 3 4 n 
VBA SS Panto? 


is 1. The completeness axiom is used in the proof of Theorem 9.5. 


THEOREM 9.5 Bounded Monotonic Sequences 


If a sequence {a,,} is bounded and monotonic, then it converges. 


an Proof Assume that the sequence is nondecreasing, as shown in Figure 9.4. For the 
sake of simplicity, also assume that each term in the sequence is positive. Because the 
sequence is bounded, there must exist an upper bound M such that 


37 aSa sas: sa Sos M. 
2+ - 27a, From the completeness axiom, it follows that there is a least upper bound L such that 
4 


a,Sa,8a,8:°::Sas-°''SL. 


For e > 0, it follows that L — e < L, and therefore L — e cannot be an upper 
bound for the sequence. Consequently, at least one term of {a,} is greater than 
L — e. That is, L — £ < ay for some positive integer N. Because the terms of {a,} 
Every bounded nondecreasing sequence are nondecreasing, it follows that a, <a, for n > N. You now know that 
converges. L-—e<aysa,<L<Lte, for every n >N. It follows that ja, — L| < e 
Figure 9.4 for n > N, which by definition means that {a,} converges to L. The proof for a 

nonincreasing sequence is similar. aaa] 


EXAMPLE 9 Bounded and Monotonic Sequences 


a. The sequence {a,} = {1/n} is both bounded and monotonic and so, by Theorem 
9.5, must converge. 


b. The divergent sequence {b,} = {n?/(n + 1)} is monotonic, but not bounded. (It is 
bounded below.) 


c. The divergent sequence {c,} = {(—1)”} is bounded, but not monotonic. 
[Try te | 
[Expiorationa] [Exploration] [Exploration] (Exploration n] 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


In Exercises 1-10, write the first five terms of the sequence. 


1. a, = 2" 2. a, = ae 
n n n! 
3. a, = (—3)" 4.4, =(—3)" 
=. 
5. a, = sin T 6. a, = £ 
—1 n(n+1)/2 
Jy a, = ( i 8. a, = —1yer(2 
r 
1 1 
R N 3. SS 10. a, = 10 += $ 
non 


In Exercises 11-14, write the first five terms of the recursively 
defined sequence. 


2 


= =la 
14. a, = 6, a441 = 30% 


k+1 
11. a, = 3,444, = 2a, - 1) 12 a, = 4, aay 4 Jas 


= — 
13. a, = 32, a4, = 7a, 


In Exercises 15-20, match the sequence with its graph. [The 
graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) an (b) T 
; 4 
ecore? 10+ ae 
6 stoe ° 
e ka 
4te pale . 
4te : 
° 2F ° 
HHHH n —| 7 
2 4 6 8 10 2 4 6 8 10 
(c) an (d) an 
0.6 $ ji 
oat * Aa 
0.2 + ae 1+ e o o o o 
HHHH n 
-2 + 2 406°8%10 HHHH n 
ajA © 2 4 6 8 10 
-~0.6 + -140 o o o o 
-0.8 +- 
-1.0 +0 “2T 
(e) an (f) an 
A 
4--e 4--e 
355 3 
e 
27 0 2 e 
Ai 
Iip e 1 %e 
e “se 
— n HHHH n 
2 4 6 8 10 2 4 6 8 10 
8 8n 
15. a, = 16. a, = 
ee ec ee ~ wel 
qn 
17. a, = 4(0.5)""! 18. a, = A 
n! 
— 1)" 
19. a, = (-1)" 20. a, a ) 


In Exercises 21-24, use a graphing utility to graph the first 10 
terms of the sequence. 
21. a, = Gn 22. a zat 


n 


2n 
= ja =l = 
23. a, = 16(—0.5) 24. a, A 


In Exercises 25-30, write the next two apparent terms of the 
sequence. Describe the pattern you used to find these terms. 


25. 258 e 26. 4,4,3,5... 
27.5, 10,2040 ie a 28. 1,-44,-4... 
29. 3, — ae 3. mo 30. 1,-3,3,-2%2. - 


10! 25! 
31. er 32. 331 
1 
33. (n + 1) 34. (n + 2) 
n! n! 
(2n — 1)! (2n + 2)! 
35. On + D! 36. all 


In Exercises 37—42, find the limit (if possible) of the sequence. 


5n? 1 
37 a, = 277 38. a, = 5 — 55 
39. a, = _2n 40. a, = Sn 
n+ m+a4 
41. a, = sin- 42. a, = cos— 
n n 


In Exercises 43-46, use a graphing utility to graph the first 10 
terms of the sequence. Use the graph to make an inference 
about the convergence or divergence of the sequence. Verify 
your inference analytically and, if the sequence converges, find 
its limit. 


n+1 1 
43. a, => = 44. a, = n32 
nT 1 
45. = = 46. =3-— 
a, = cos = 6. a, =3 > 


In Exercises 47-68, determine the convergence or divergence of 
the sequence with the given nth term. If the sequence converges, 
find its limit. 


47. a =C (4 = | 48. a, = 1 + (1) 


3n2-n+4 Yn 
49. =< 5 
n 2n? + 1 0. a, ee 
cee eee eras, cei 
51. a, = Qn" 
sy i a - Qn- 1) 


n! 


ec 54. a, - 
n n 
3 
55, a, = P0) TE ii 
2n n 
3n i 
57. a, = y 58. a, = (0.5) 
+1)! — 2)! 
Mgt ee ce 
n n! me n! 
n-—1 n 
61. a, = = 5 ED 
n n=l 
n? n? 
ee a mwai 
p 
63. a, =^, p>o0 64. aaa 
e n 
k n 
65. a, = (1 + a 66. a, = 2" 
6T. a, = sin n 68. a, = cos a 
n n 


In Exercises 69-82, write an expression for the nth term of the 
sequence. (There is more than one correct answer.) 


69. 1,4,7, 10,. .. 70. 3,7,11, 15,. .. 
71. —1,2,7, 14, 23,. .. 72. 1,—-4 5- 
EA e E 74. 2,-1,4,-14... 
75. 2,1 +4,1 +4,1+$1+4,. 
76.14+3,1+,1+214+3,14 5, 


TT, = ai 


eke a ee ta 
1 ft 1 1 
78. Lease A ASSE 
1 1 1 
79. 1, l , ae 
{oo e35 35T 
x? x3 xt x5 
AS a 
80. 1x5 > 24° 120 


81. 2, 24, 720, 40,320, 3,628,800, . . . 
82. 1, 6, 120, 5040, 362,880,. . . 


In Exercises 83—94, determine whether the sequence with the 
given nth term is monotonic. Discuss the boundedness of the 
sequence. Use a graphing utility to confirm your results. 


1 3n 
83. a, =4—— 84. Oy de 
85. a, = Ja 86. a, = ne™”/? 
87. a, = ( (+) 88. a, = (-2) 
n 3 
2 n 3 n 
89 a, G) 90. a, = (3) 
. NT _ nT 
91. a, = sin 6 92. a, = cos z ) 
93. a, = 2” 94. a, = sian 


n ees 3 
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sequence with the given mth term converges and (b) use a graph- 
ing utility to graph the first 10 terms of the sequence and find 
its limit. 


sa = S22 96. a, = = 
n n 

1 1 1 

97 =-(1-— =4+— 
a, H z) 98. a, zn 


99. Let {a,} be an increasing sequence such that 2 < a, < 4. 
Explain why {a,} has a limit. What can you conclude about 
the limit? 

100. Let {a,} be a monotonic sequence such that a, < 1. Discuss 
the convergence of {a,}. If {a,} converges, what can you 
conclude about its limit? 


101. Compound Interest Consider the sequence {A,,} whose nth 
term is given by 


rv 
A, = P(1+— 
n ( z) 


where P is the principal, A, is the account balance after n 
months, and r is the interest rate compounded annually. 


(a) Is {A,,} a convergent sequence? Explain. 
(b) Find the first 10 terms of the sequence if P = $9000 and 
r = 0.055. 


102. Compound Interest A deposit of $100 is made at the begin- 
ning of each month in an account at an annual interest rate of 
3% compounded monthly. The balance in the account after n 
months is A, = 100(401)(1.0025” — 1). 


(a) Compute the first six terms of the sequence {A,,}. 


(b) Find the balance in the account after 5 years by computing 
the 60th term of the sequence. 


(c) Find the balance in the account after 20 years by 
computing the 240th term of the sequence. 


Writing About Concepts 


103. In your own words, define each of the following. 
(a) Sequence (b) Convergence of a sequence 
(c) Monotonic sequence (d) Bounded sequence 


. The graphs of two sequences are shown in the figures. 
Which graph represents the sequence with alternating 
signs? Explain. 
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Writing About Concepts (continued) 


In Exercises 105-108, give an example of a sequence 
satisfying the condition or explain why no such sequence 
exists. (Examples are not unique.) 


105. A monotonically increasing sequence that converges to 10 


106. A monotonically increasing bounded sequence that does 


not converge 


107. A sequence that converges to 3 


108. An unbounded sequence that converges to 100 


109. 


110. 


111. 


Government Expenditures A government program that 
currently costs taxpayers $2.5 billion per year is cut back by 
20 percent per year. 


(a) Write an expression for the amount budgeted for this 
program after n years. 

(b) Compute the budgets for the first 4 years. 

(c) Determine the convergence or divergence of the sequence 
of reduced budgets. If the sequence converges, find its 
limit. 

Inflation If the rate of inflation is 45% per year and the 


average price of a car is currently $16,000, the average price 
after n years is 


P, = $16,000(1.045)". 


Compute the average prices for the next 5 years. 


Modeling Data The number a, of endangered and threatened 
species in the United States from 1996 through 2002 is shown 
in the table, where n represents the year, with n = 6 corre- 
sponding to 1996. (Source: U.S. Fish and Wildlife Service) 


n 6 7 8 9 10 11 12 


a 1053 | 1132 | 1194 | 1205 | 1244 | 1254 | 1263 


112. 


(a) Use the regression capabilities of a graphing utility to find 
a model of the form 


a, = bn? + cn + d, n=6,7,...,12 


for the data. Use the graphing utility to plot the points and 
graph the model. 


(b) Use the model to predict the number of endangered and 
threatened species in the year 2008. 


Modeling Data The annual sales a, (in millions of dollars) 
for Avon Products, Inc. from 1993 through 2002 are given 
below as ordered pairs of the form (n, a„), where n represents 
the year, with n = 3 corresponding to 1993. (Source: 2002 
Avon Products, Inc. Annual Report) 


(3, 3844), (4, 4267), (5, 4492), (6, 4814), (7, 5079), 
(8, 5213), (9, 5289), (10, 5682), (11, 5958), (12, 6171) 


113. 


114. 


115. 


116. 


w Experienced writers 


© On-time delivery 


(@) 100% plagiarism free 
a) Use the regression capabilities of a graphing utility to find 
a model of the form 
a,=bnt+c, n=3,4,...,12 
for the data. Graphically compare the points and the 
model. 
(b) Use the model to predict sales in the year 2008. 


Comparing Exponential and Factorial Growth Consider 
the sequence a, = 10"/n!. 


(a) Find two consecutive terms that are equal in magnitude. 


(b) Are the terms following those found in part (a) increasing 
or decreasing? 


(c) In Section 8.7, Exercises 65—70, it was shown that for 
“large” values of the independent variable an exponential 
function increases more rapidly than a polynomial func- 
tion. From the result in part (b), what inference can you 
make about the rate of growth of an exponential function 
versus a factorial function for “large” integer values of n? 


Compute the first six terms of the sequence 


{a,} = {(: + iy‘ 


If the sequence converges, find its limit. 


Compute the first six terms of the sequence {a,,} = {vn }. If 
the sequence converges, find its limit. 


Prove that if {s„} converges to L and L > 0, then there exists 
a number N such that s, > O forn > N. 


True or False? In Exercises 117-120, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


117. 


118. 
119. 
120. 


121. 


If {a,,} converges to 3 and {b,,} converges to 2, then {a, + b,,} 
converges to 5. 


If {a,,} converges, then lim (a, — a,,,) = 0. 
noo 
Ifn > 1, thenn! = n(n — 1)!. 


If {a,} converges, then {a, /n} converges to 0. 


Fibonacci Sequence In a study of the progeny of rabbits, 
Fibonacci (ca. 1170—ca. 1240) encountered the sequence now 
bearing his name. It is defined recursively by 


Qy+2 = 4, +4,,;, Where a, = Landa, =1. 
(a) Write the first 12 terms of the sequence. 
(b) Write the first 10 terms of the sequence defined by 


b= Gn+1 


n ? 


a 


n 


(c) Using the definition in part (b), show that 


n b 


n-1 


(d) The golden ratio p can be defined by lim b, = p. Show 


noo 


that p = 1 + 1/p and solve this equation for p. 


Ay 122. 


123. 


124. 


125. 


126. 


127. 


128. 


Conjecture Let x) = 1 and consider the sequence x, given 
by the formula 


n=1,2,.... 


Use a graphing utility to compute the first 10 terms of the 
sequence and make a conjecture about the limit of the 
sequence. 


Consider the sequence 


Jz, J2+ 72, 2+ J24 A... 


(a) Compute the first five terms of this sequence. 


(b) Write a recursion formula for a,, for n > 2. 


(c) Find lim a,. 
n= 
Consider the sequence 


Je, Jo+ SENEE e+ Ve... 


(a) Compute the first five terms of this sequence. 


n? 


(b) Write a recursion formula for a,, for n => 2. 


(c) Find lim a,. 


n> 
Consider the sequence {a,,} where a, = 
and k > 0. 


(a) Show that {a,,} is increasing and bounded. 


n? 


Vk, ap31 = k+ ån» 


(b) Prove that lim a, exists. 
n-oo 
(c) Find lim a,. 
now 
Arithmetic-Geometric Mean Let a, > by > 0. Let a, be the 
arithmetic mean of dy and by and let b, be the geometric mean 
of dy and Bo. 
ao + bo 
2 


bi = Vabo 


Now define the sequences {a,,} and {b,,} as follows. 


Y Ay — Pn —1 


a, = Arithmetic mean 


Geometric mean 


an—1 + by- 
a, = n E n—1 b, 


(a) Let dy = 10 and by = 3. Write out the first five terms of 
{a,} and {b,}. Compare the terms of {b,}. Compare a, 
and b„. What do you notice? 

(b) Use induction to show that a, > a,,, > 0,4, > bp for 
a > by > 0. 

(c) Explain why {a,,} and {b,} are both convergent. 

(d) Show that lim a, = m Ds, 


noo 


(a) Let f(x) = sin x and a, = n sin 1/n. Show that 


lim a, — f(0) = 1. 


noo 


(b) Let f(x) be differentiable on the interval [0,1] and 
f(0) =0. Consider the sequence {a,}, where 
a, = nf(1/n). Show that Jim a, = f0). 
n—-coo 
Consider the sequence {a,} = {nr}. Decide whether {a} 
converges for each value of r. 


(a) r=3 (b) r=1 r= 
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(d) For what values or r does the sequence {nr" 
129. (a) Show that ff In x dx < In(n!) forn > 2 


converge? 


257° 

2.0 +- Mae 

LSF 

1.07 

0.57 

| t |x 
1234 > n 


(b) Draw a graph similar to the one above that shows 
In(n!) < jr: In x dx. 
(c) Use the results of parts (a) and (b) to show that 


n” (n +1 n+1 
— <n! gee ES eas: 1. 
e” 1 e” 


(d) Use the Squeeze Theorem for Sequences and the result of 
part (c) to show that 


(e) Test the result of part (d) for n = 20, 50, and 100. 


le 1 
130. Consider the sequence {a,,} = $ , i+ rik 


(a) Write the first five terms of {a,,}. 
(b) Show that lim a, = In 2 by interpreting a,, as a Riemann 
noo 


sum of a definite integral. 


131. Prove, using the definition of the limit of a sequence, that 


1 
lim —, = 0. 
n> N 


132. Prove, using the definition of the limit of a sequence, that 


lim 7” = Ofo —1 <r< 1. 
n—-oo 


133. Complete the proof of Theorem 9.5. 


Putnam Exam Challenge 


134. Let {x,,}, n = 0, be a sequence of nonzero real numbers such 
that x2 — x,_)%X,4, = 1 for n= 1,2,3,.... Prove that 
there exists a real number a such that x, ,, = ax, — x, _,, for 
alln > 1. 


135. Let T, = 2, T, = 3, T, = 6, and, for n = 3, 
T, = (n + 4)T,_, — 4nT,,_, + (4n — 8)T,_3. 


n 


The first 10 terms of the sequence are 
2, 3, 6, 14, 40, 152, 784, 5168, 40,576, 363,392. 


Find, with proof, a formula for T, of the form T, = A, + B, 
where {A,,} and {B,,} are well-known sequences. 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Section 9.2 Series and Convergence 


INFINITE SERIES 


The study of infinite series was considered a 
novelty in the fourteenth century. Logician 
Richard Suiseth, whose nickname was 
Calculator, solved this problem. 

If throughout the first half of a given 
time interval a variation continues at a certain 
intensity, throughout the next quarter of the 
interval at double the intensity, throughout the 
following eighth at triple the intensity and so 
ad infinitum; then the average intensity for the 
whole interval will be the intensity of the 
variation during the second subinteryal (or 
double the intensity). 

This is the same as saying that the sum of the 
infinite series 


iS 2. 


U [ As you study this chapter, 
you will see that there are two basic 
questions involving infinite series. Does 
a series converge or does it diverge? If a 
series converges, what is its sum? These 
questions are not always easy to answer, 
especially the second one. 


e Understand the definition of a convergent infinite series. 
e Use properties of infinite geometric series. 
e Use the nth-Term Test for Divergence of an infinite series. 


Infinite Series 


One important application of infinite sequences is in representing “infinite 
summations.” Informally, if {a,,} is an infinite sequence, then 


Gear Chea 33 Infinite series 


[ee] 
D Ga = Oa T O Fat 


n=1 


is an infinite series (or simply a series). The numbers a4, a, a3, are the terms of the 
series. For some series it is convenient to begin the index at n = 0 (or some other 
integer). As a typesetting convention, it is common to represent an infinite series as 
simply È a,,. In such cases, the starting value for the index must be taken from the 
context of the statement. 

To find the sum of an infinite series, consider the following sequence of partial 
sums. 


S| = a, 


S= ad ta 


A 
w 
| 


=a + a, + a, 


S,=@,+a,+a,++--++4, 


If this sequence of partial sums converges, the series is said to converge and has the 
sum indicated in the following definition. 


Definitions of Convergent and Divergent Series 


For the infinite series Ss a 


n=1 


S,=a,+a,+--: 


the nth partial sum is given by 


n?’ 


-+a 


n’ 


If the sequence of partial sums {S,,} converges to S, then the series Ss a, 
n=1 
converges. The limit S is called the sum of the series. 
S=a,ta,t+--+-t+a,t+->:- 


If {S,,} diverges, then the series diverges. 


Finding the Sum of an Infinite Series Find the sum of each infinite series. 


Explain your reasoning. 


a. 0.1 + 0.01 + 0.001 + 0.0001 +- - - 
ce l+zs+gt+gtuEt 


3 n2 3 3 
b. 9 + joo + tooo + m00 + °° 


15 15 15 
d. 100 an 10,000 a 1,000,000 pee 


TECHNOLOGY Figure 9.5 
shows the first 15 partial sums of the 
infinite series in Example 1(a). Notice 
how the values appear to approach the 
line y = 1. 


1:25 


NOTE You can geometrically deter- 
mine the partial sums of the series in 
Example 1(a) using Figure 9.6. 


Nie 


me ltl 
BIA 


E | | 


Figure 9.6 


FOR FURTHER INFORMATION To learn 
more about the partial sums of infinite 
series, see the article “Six Ways to Sum 
a Series” by Dan Kalman in The College 
Mathematics Journal. 


MathArticle 
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EXAMPLE | Convergent and Divergent Series 


a. The series 


ea. i: oe on ee 
V 2'4 8 16 


n=1 


has the following partial sums. 


1 
Si=5 
1 1 3 
=-—-+-=>-— 
S 2 4 4 
1 1 1 7 
ťa 
TEET TOE E 
” 4 a 2” 
Because 
. "i 
im 2n =1 


it follows that the series converges and its sum is 1. 
b. The nth partial sum of the series 


aee 


is given by 


1 
=1- : 
Sn n+1 


Because the limit of S, is 1, the series converges and its sum is 1. 
c. The series 
SiHtel+i14+14++++ 
n=l 


diverges because S,, = n and the sequence of partial sums diverges. 
ea) (ese) (ee g 


The series in Example 1(b) is a telescoping series of the form 


(i = B) t = B) (ba) (by o) a e e 


Telescoping series 


Note that b, is canceled by the second term, b, is canceled by the third term, and so 
on. Because the nth partial sum of this series is 


Sp = b, B bası 


it follows that a telescoping series will converge if and only if b, approaches a finite 
number as n — 00. Moreover, if the series converges, its sum is 


S=b,— lim b,,). 
noo 
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EXAMPLE 2 Writing a Series in Telescoping Form 


es 2 
Find th f th i eo 
ind the sum of the series 2 E] 
Solution 
Using partial fractions, you can write 


2 2 i i 
an= n21 (n—1Qn+1) In—-1 m+’ 


From this telescoping form, you can see that the nth partial sum is 


Tonene 7 Bm 1 
á 1 3 3° 5 2n-1 2n+1 Q2n+ 1° 


So, the series converges and its sum is |. That is, 


oo 2 . . 1 
> 4n? = | ~ ae Sa ~ pi (1 E ) = 


[try te] [Epiorationa] [Epioration e] 
In “Proof Without Words,” by 


Benjamin G. Klein and Irl C. Bivens, Geometric Series 


the authors present the following dia- 
gram. Explain why the final statement 
below the diagram is valid. How is 


* co 
this result related to Theorem 9.6? 5 arr'=a+ar+ar +:--+ar+t:-:-, a#0 Gomene 
n=0 


The series given in Example 1(a) is a geometric series. In general, the series given by 


is a geometric series with ratio r. 


THEOREM 9.6 Convergence of a Geometric Series 


A geometric series with ratio r diverges if |r| > 1. If0 < |r| < 1, then the 
series converges to the sum 
<S a 


ar” = 
A l-r 


, 0S lr) = 


Proof It is easy to see that the series diverges if r = +1. If r # +1, then S$, = 


a + ar + ar? +--+ ++ ar"~!, Multiplication by r yields 
rS, = ar + ar? + ar +++ ++ ar". 
P 1 S Subtracting the second equation from the first produces S, — rS, = a — ar”. There- 
fore, S,(1 — r) = a(1 — r”), and the nth partial sum is 
APOR ~ ATSP 
a 
Sa = (1 — r”). 
lbp ab Pi abo cos l N 


L= 
If 0 < |r| < 1, it follows that r” — 0 as n — 00, and you obtain 
Exercise taken from “Proof Without 


Words” by Benjamin G. Klein and ; ag a A O . _ ny| — 4 

Irl C. Bivens, Mathematics Magazine, im Sn = im |; — 70 p= l-r a ee l-r 

October 1988, by permission of the . ; : ; 

athois. which means that the series converges and its sum is a/(1 — r). It is left to you to 


show that the series diverges if |r| > 1. —— 
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TECHNOLOGY Try using a EXAMPLE 3 Convergent and Divergent Geometric Series 
graphing utility or writing a computer —_ 
program to compute the sum of the a. The geometric series 
first 20 terms of the sequence in 
i oS & 1y 

Example 3(a). You should obtain a > a Ss 3/ — 

=e < 2 
sum of about 5.999994. n=0 n=0 


=3(1) + (5) a) toes 
2 2 
has a ratio of r = 1 with a = 3. Because 0 < |r| < 1, the series converges and its 


sum is 


a 3 
l1-r 1- (1/2) 


=6. 
b. The geometric series 


S 3y 3.9 27 
=1+i+-+4+... 
$ (3) 3 as 


has a ratio of r = 3. Because |r| > 1, the series diverges. | 
[try te] [Elerion] [Emlratons] [Embratonc] 
[Evon] [Extortion] aI 
The formula for the sum of a geometric series can be used to write a repeating 
decimal as the ratio of two integers, as demonstrated in the next example. 


EXAMPLE 4 A Geometric Series for a Repeating Decimal 
Use a geometric series to write 0.08 as the ratio of two integers. 


Solution For the repeating decimal 0.08, you can write 


8 8 8 8 
0.080808... = 102 T 104 T 106 * oe Lx 


&, \102/\102/ ` 
For this series, you have a = 8/10? and r = 1/107. So, 


a _ 8/10 ž _8 
l—r 1-—(1/102) 99° 


0.080808... = 
Try dividing 8 by 99 on a calculator to see that it produces 0.08. el 
e (Eee) [Eee 

The convergence of a series is not affected by removal of a finite number of terms 
from the beginning of the series. For instance, the geometric series 


œ /1 j o ( 1 y 
= and = 
> (5 2 2 
both converge. Furthermore, because the sum of the second series is a/(1 — r) = 2, 
you can conclude that the sum of the first series is 


s=2- [6] ` (3) + (3) + G)] 


+ 
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(P As you study this chapter, 
it is important to distinguish between an 
infinite series and a sequence. A 
sequence is an ordered collection of 
numbers 

G1, 47,43. ..,4 


mrt 


whereas a series is an infinite sum of 
terms from a sequence 


NOTE Be sure you see that the 
converse of Theorem 9.8 is generally 
not true. That is, if the sequence {a,,} 
converges to 0, then the series È a,, may 
either converge or diverge. 


The following properties are direct consequences of the corresponding properties 
of limits of sequences. 


THEOREM 9.7 Properties of Infinite Series 


If 2a, = A, = b, = B, and c is a real number, then the following series 
converge to the indicated sums. 


1. X ca =cA 


2. X (a, +b) =At+B 


n=1 


3. S (a, —b,) =A -B 


n=1 


nth-Term Test for Divergence 


The following theorem states that if a series converges, the limit of its nth term must 
be 0. 


THEOREM 9.8 Limit of nth Term of a Convergent Series 


If > a, converges, then lim a, = 0. 


= noo 
n=1 


Proof Assume that 


Then, because $S, = S,_, + a, and 


lim S, = lim S,_, =L 


nooo noo 


it follows that 


L= lim S, = lim (S,_, + a,) 
noo n—-oo 
= lim S,_, + lim a 
noo noo 
=L+ lim a, 
noo 


which implies that {a,} converges to 0. 


The contrapositive of Theorem 9.8 provides a useful test for divergence. This 
nth-Term Test for Divergence states that if the limit of the nth term of a series does 
not converge to 0, the series must diverge. 


THEOREM 9.9 nth-Term Test for Divergence 


If lim a, # 0, then > a, diverges. 
noo 


n=1 


5(c) will play an important role in this 
chapter. 


=a 1 1 
Oe Letz ce 


You will see that this series diverges 
even though the nth term approaches 
0 as n approaches oo. 


The height of each bounce is three-fourths 
the height of the preceding bounce. 
Figure 9.7 
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EXAMPLE 5 Using the nth-Term Test for Divergence 


a. For the series Ss 2”, you have 
n=0 


lim 2” = oo. 
n> 


So, the limit of the nth term is not 0, and the series diverges. 
i: Perea Ss h 
. For the series ~———., you have 
> Qn! + 7 


lim e 
noc 2n! + 1 2 


So, the limit of the nth term is not 0, and the series diverges. 


PE =l 
c. For the series > —, you have 
n 


n=1 
. 1 
lim —=0. 
noo N 
Because the limit of the nth term is 0, the nth-Term Test for Divergence does not 
apply and you can draw no conclusions about convergence or divergence. (In the 
next section, you will see that this particular series diverges.) 


[Try tt_| [Exploration | 


EXAMPLE 6 Bouncing Ball Problem 


A ball is dropped from a height of 6 feet and begins bouncing, as shown in Figure 9.7. 
The height of each bounce is three-fourths the height of the previous bounce. Find the 
total vertical distance traveled by the ball. 


Solution When the ball hits the ground for the first time, it has traveled a distance 
of D, = 6 feet. For subsequent bounces, let D; be the distance traveled up and down. 
For example, D, and D, are as follows. 
3 3 3 
D, = 6(3) + 6(3) = 126) 
Ww WW 
Up Down 


D, = 6(3)(3) + 66) = 126) 


kisig k 
Up Down 


By continuing this process, it can be determined that the total vertical distance is 


D = 6 + 12(3) + 12(3) + 1286F +- 


=6+12 Ñ G” 


=0 


= 6 + 9(4) 
= 42 feet. 


[Try tt_| [Exploration a | 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-6, find the first five terms of the sequence of 
partial sums. 


1 1+45+5+%+% 


2 1 | 2 i 3 1 4 1 5 | 
23 994° 4:5 5-6 6:7. 
9 , 27 81, 243 
3.3-3+t3 8 ' 16 
Pa loatdtoetstly, 1 
ditata tta tut 
g 3 
S: = 
a2? 
g (—1)”+! 
6 2 n! 


3 n co 4 n 
(5) s $ (3) 


x 
Ms 


n=0 

9. X, 1000(1.055)" 10. X 2(— 1.03)” 
n=0 n=0 
S n S n 

11. 12 
Aail a an +3 
2 ne ea n 

13. 14. -= 
år +1 ma Jn? +1 
20 2n aft 1 [e.e] n! 

15. » Dg 16. a an 


In Exercises 17-22, match the series with the graph of its 
sequence of partial sums. [The graphs are labeled (a), (b), (c), 
(d), (e), and (f).] Use the graph to estimate the sum of the series. 
Confirm your answer analytically. 


(a) S, (b) s, 
A 
4- 4 
e 
3+ 4% ee eeeee 3 eo? 
. ° 
2+ 2 s. 
e 
1+ 1 
t—+—_+++++++++ > n t+—_+++++++++ > n 
123456789 1234 6789 
(c) Sn (d) Sn 
A A 
4+ oe 
5t o 
3+ eg eee eeeee 4+ s e Š 
22 3-- 
2+ e e 
t- ade è e 
e 
HH it a t+t++4+++4++> 1 
123456789 123456789 


(e) Sn (£) Sn 
A A 
2.0 + 6S 
eoeeooe 5+ 
LSet al 
e*eeteee 
1.0 © SHa 
0.5-7 27 
1+ 
k ZERE a ae ae | CRS) CA LS CS 
-1/123456789 TI tet E AÁ 
is -1 | 123456789 


2 9/1V g (2\" 
wS, (3) 8. Š (5) 

so 15 1¥ so 17 8\" 
ws. 3 P(-4) w. $ (5) 

co 17 1 n co 2 n 
a. Š 1—1) 2 Š (2) 


In Exercises 23-28, verify that the infinite series converges. 


23. > nae (Use partial fractions.) 
24. > n(n + 2) (Use partial fractions.) 
a) 
` n=0 4 i n=1 2 
27. X (0.9)" = 1 + 0.9 + 0.81 + 0.729 +.» - 
n=0 


28. $ 0.6)" = 1 — 0.6 + 0.36 — 0.216 +- > - 


n=0 


Numerical, Graphical, and Analytic Analysis In Exercises 
29-34, (a) find the sum of the series, (b) use a graphing utility 
to find the indicated partial sum S, and complete the table, (c) 
use a graphing utility to graph the first 10 terms of the sequence 
of partial sums and a horizontal line representing the sum, and 
(d) explain the relationship between the magnitudes of the 
terms of the series and the rate at which the sequence of partial 
sums approaches the sum of the series. 


n | 5 | 10 | 20 |} 50 | 100 


S 


n 


a Ži n(n a 3) i à n(n T 4) 


31. $ 20.97 32. $3(0.85)"-! 


n=1 n=1 


[=e] o0 1 n=1 
33. © 10(0.25)"" 34. s| 4 
2 1 ( ) 2 1 3 
In Exercises 35—50, find the sum of the convergent series. 
5. è —— 
E n= a > n(n + 2) 


n=2 


8 Ea 1 
+ 1)(n + 2) 38. 2 (2n + 1)(2n + 3) 


n=1 


J 40. S45) 


1" co 2% 
z) 2 Seci) 
1 T 


Ms IMs 


ll 
[e 


pS 
= 
Ms 
— 


n=0 
43. 1 + 0.1 + 0.01 + 0.001 + 
9,27 
44.8+6+5+4 
1 
45.3-1+ 5-g+- 
46.4-2+1-3+- 
; DSa TY" + (0.9)' 
1 Due F 48. $ [00.77 + (0.9) 
S eii z 1 
49. » (sin 1) 50. 2 On bn 22 


In Exercises 51-56, (a) write the repeating decimal as a 
geometric series and (b) write its sum as the ratio of two integers. 


51. 0.4 52. 0.9 
53. 0.81 54. 0.01 
55. 0.075 56. 0.215 


In Exercises 57—72, determine the convergence or divergence of 
the series. 


2s n+ 10 S nwl 
me » 10n + 1 ae Æ 2n-1 
ai | 1 Ea 1 
53. > (: “at z) 60: A n(n + 3) 
& 3n—1 eo! BP 
61. » nF] 62. » = 
63. È y 64. È y 
co co Qn 
65. (1.075)" 66. 
2 > 100 
aon 1 
67. X 68 P 


Ms ims 


69. 


Ms 
ante 
+ 
3 Ia 
—_ 
I 
© 


ll 
= 
ll 


71. 


= 
Ms 
fet) 
im 
O 
S 
= 
= 
Nl 
X 
Ms 
z 
AA 
= 
|+ 
— 
Pg 


Writing About Concepts 


. State the definitions of convergent and divergent series. 


. Describe the difference between lim a, = 5 and 


noo 
co 


Xa, = 5. 


n=1 


. Define a geometric series, state when it converges, and give 
the formula for the sum of a convergent geometric series. 
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Writing About Concepts (continued) 


76. State the nth-Term Test for Divergence. 


+1, 
77. Leta, = a Discuss the convergence of {a,} and 


co 
Sa, 


n=1 


78. Explain any differences among the following series. 


(a) A a, (b) > a, (c) 5 a; 


In Exercises 79-86, find all values of x for which the series 
converges. For these values of x, write the sum of the series as a 


function of x. 


[2s] x [ee] 

79. Èy 80. p (3x) 

81. S$ œ- 1y my (2 - 3) 
n=1 n=0 4 

83. $ (-1)r2" 84. Ș§ (Sye 
n=0 n=0 


85. Š (4) 86. Š ( n y 

ea x E= X +A 
87. (a) You delete a finite number of terms from a divergent series. 
Will the new series still diverge? Explain your reasoning. 


(b) You add a finite number of terms to a convergent series. 
Will the new series still converge? Explain your reasoning. 


88. Think About It Consider the formula 


1 
1 ee eka 
x= 
Given x = — 1 and x = 2, can you conclude that either of the 
following statements is true? Explain your reasoning. 
1 
1-1+1-14 
(a) 5 


In Exercises 89 and 90, (a) find the common ratio of the 
geometric series, (b) write the function that gives the sum of the 
series, and (c) use a graphing utility to graph the function and 
the partial sums S, and S,. What do you notice? 


3 


2 
89. 1 trt tH if 


2 


In Exercises 91 and 92, use a graphing utility to graph the 
function. Identify the horizontal asymptote of the graph and 
determine its relationship to the sum of the series. 


Function Series 
1 — (0.5)* ee a 
91. f(x) = [8s] x 3(3) 
s n=0 


92. f(x) = [0s ` 2(5) 
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Writing In Exercises 93 and 94, use a graphing utility to deter- 
mine the first term that is less than 0.0001 in each of the con- 
vergent series. Note that the answers are very different. Explain 
how this will affect the rate at which the series converges. 


2 1 g /1\" ZARE 
93. Š S (EJ 94 Ss Seon 


n=1 n=1 n=1 n=l 


95. Marketing An electronic games manufacturer producing 
a new product estimates the annual sales to be 8000 units. 
Each year 10% of the units that have been sold will become 
inoperative. So, 8000 units will be in use after 1 year, 
[8000 + 0.9(8000)] units will be in use after 2 years, and so 
on. How many units will be in use after n years? 


96. Depreciation A company buys a machine for $225,000 that 
depreciates at a rate of 30% per year. Find a formula for the 
value of the machine after n years. What is its value after 
5 years? 

97. Multiplier Effect The annual spending by tourists in a resort 
city is $100 million. Approximately 75% of that revenue is 
again spent in the resort city, and of that amount 
approximately 75% is again spent in the same city, and so on. 
Write the geometric series that gives the total amount of 
spending generated by the $100 million and find the sum of 
the series. 


98. Multiplier Effect Repeat Exercise 97 if the percent of the 
revenue that is spent again in the city decreases to 60%. 


99. Distance A ball is dropped from a height of 16 feet. Each 
time it drops h feet, it rebounds 0.814 feet. Find the total 
distance traveled by the ball. 


100. Time The ball in Exercise 99 takes the following times for 


each fall. 

sı = — 161? + 16, s, = Oift=1 

Sy = — 161? + 16(0.81), Ss, = Oift = 0.9 
s, = —16f? + 16(0.81), s, = Oif t = (0.9) 


s4 = — 1612 + 16(0.81)°, s, = Oift = (0.9) 


s, = —16£ 


n 


- 16(0.81)"~!, s, = Oif t = (0.9)""! 


Beginning with s,, the ball takes the same amount of time to 
bounce up as it does to fall, and so the total time elapsed 
before it comes to rest is given by 


t=1+ 25 03y. 


n=1 


Find this total time. 


Probability Yn Exercises 101 and 102, the random variable n 
represents the number of units of a product sold per day in a 
store. The probability distribution of n is given by P(n). Find the 
probability that two units are sold in a given day [P(2)] and 
show that P(1) + P(2) + P(3) +--+ -=1. 


101. P(n) = iy 102. Pin) = 4 Bi 
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that the first head occurs on the nth toss is given by 
P(n) = (3)", where n > 1. 


(a) Show that S( = i 


n=1 
(b) The expected number of tosses required until the first 
head occurs in the experiment is given by 


Is this series geometric? 
(c) Use a computer algebra system to find the sum in part (b). 


104. Probability In an experiment, three people toss a fair coin 
one at a time until one of them tosses a head. Determine, for 
each person, the probability that he or she tosses the first head. 
Verify that the sum of the three probabilities is 1. 


105. Area The sides of a square are 16 inches in length. A new 
square is formed by connecting the midpoints of the sides of 
the original square, and two of the triangles outside the second 
square are shaded (see figure). Determine the area of the 
shaded regions (a) if this process is continued five more times 
and (b) if this pattern of shading is continued infinitely. 


Figure for 105 


Figure for 106 


106. Length A right triangle XYZ is shown above where 
|XY| = z and ZX = 9. Line segments are continually drawn 
to be perpendicular to the triangle, as shown in the figure. 

(a) Find the total length of the perpendicular line segments 
[Eyi] + jayi] + x,y] +- - -in terms of z and 8. 

(b) If z = 1 and 0 = 7/6, find the total length of the perpen- 
dicular line segments. 


In Exercises 107—110, use the formula for the nth partial sum of 
a geometric series 


n-1 i a(1 = r”) 
T=... 
i=0 l-r 


107. Present Value The winner of a $1,000,000 sweepstakes will 
be paid $50,000 per year for 20 years. The money earns 6% 
interest per year. The present value of the winnings is 


Š s0, 000( 1 ay) 


n=1 


Compute the present value and interpret its meaning. 


108. Sphereflake A sphereflake is a computer-generated fractal 
that was created by Eric Haines. The radius of the large sphere 
is 1. To the large sphere, nine spheres of radius 7 are attached. 
To each of these, nine spheres of radius A are attached. This 
process is continued infinitely. Prove that the sphereflake has 
an infinite surface area. 


109. Salary You go to work at a company that pays $0.01 for the 
first day, $0.02 for the second day, $0.04 for the third day, and 
so on. If the daily wage keeps doubling, what would your total 
income be for working (a) 29 days, (b) 30 days, and (c) 31 
days? 

110. Annuities When an employee receives a paycheck at the 
end of each month, P dollars is invested in a retirement 
account. These deposits are made each month for t years and 
the account earns interest at the annual percentage rate r. If the 
interest is compounded monthly, the amount A in the account 
at the end of t years is 


r r \l2r-1 
asperi) oel) 


ABe] 


If the interest is compounded continuously, the amount A in 
the account after t years is 


A=P4 Pe"/!2 } Pe?"/!2 j Pe(217 1)r/12 


_ P(e” — 1) 
= e"/12 a 


Verify the formulas for the sums given above. 


Annuities In Exercises 111-114, consider making monthly 
deposits of P dollars in a savings account at an annual interest 
rate r. Use the results of Exercise 110 to find the balance A 
after ¢ years if the interest is compounded (a) monthly and 
(b) continuously. 


111. P = $50, r= 3%, t= 20 years 
112. P = $75, r=5%, t= 25 years 
113. P = $100, r= 4%, t= 40 years 
114. P = $20, r=6%, t= 50 years 


115. Modeling Data The annual sales a,, (in millions of dollars) 
for Avon Products, Inc. from 1993 through 2002 are given 
below as ordered pairs of the form (n, a,,), where n represents 
the year, with n = 3 corresponding to 1993. (Source: 2002 
Avon Products, Inc. Annual Report) 


(3, 3844), (4, 4267), (5, 4492), (6, 4814), (7, 5079), (8, 5213), 
(9, 5289), (10, 5682), (11, 5958), (12, 6171) 


116. 


Tru 
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a) Use the regression capabilities of a graphing utility to find 
a model of the form 


a, = ce", n=3,4,5,...,12 


for the data. Graphically compare the points and the model. 
(b) Use the data to find the total sales for the 10-year period. 


(c) Approximate the total sales for the 10-year period using 
the formula for the sum of a geometric series. Compare 
the result with that in part (b). 


Salary You accept a job that pays a salary of $40,000 for the 
first year. During the next 39 years you receive a 4% raise 
each year. What would be your total compensation over the 
40-year period? 


e or False? In Exercises 117-122, determine whether the 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


117 


118. 


119. 


120. 


121. 
122. 


123. 


124. 


125. 


126. 


127. 


. If lim a, = 0, then Ss a, converges. 


noo pat 


If Sia, = L, then X a, = L.+ ap. 
n=1 n=0 
If |r| < 1, then Sar" = 2 
, n=1 ( ~ r) 
: S n ‘ 
The series > 1000(n + 1) diverges. 


0.75 = 0.749999. . .. 


Every decimal with a repeating pattern of digits is a rational 
number. 


20 

Show that the series > a,, can be written in the telescoping 
n=1 

form 


Sic - 5,-) -€- 8] 


n=1 
where Sọ = 0 and S, is the nth partial sum. 


Let È a, be a convergent series, and let 
Ry = ayy, + ayaa ttt 


be the remainder of the series after the first N terms. Prove 
that lim Ry = 0. 


Noo 
Find two divergent series È a, and È b, such that X(a, + b,) 
converges. 


Given two infinite series Xa, and Èb, such that È a, 
converges and X b, diverges, prove that X(a, + b,) diverges. 


Suppose that È a, diverges and c is a nonzero constant. Prove 
that = ca, diverges. 
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128. If 5 a, converges where a, is nonzero, show that > = 
n=1 n=1™n 
diverges. 
129. The Fibonacci sequence is defined recursively by 
n+. = a, + 4,4), Where a, = | anda, = 1. 


1 1 


Gn+1 43 Gn+1 442 Gn+24n+3 
S 1 
(b) Show that X ———— = 1. 


n=0 Gn+1 an+3 
130. Find the values of x for which the infinite series 


(a) Show that 


converges. What is the sum when the series converges? 


1 1 
131. Prove that — + — + ys ee for |r| > 1. 
r or Pi 


132. Writing The figure below represents an informal way of 


showing that ` L < 2. Explain how the figure implies this 


n=1 


conclusion. 
T 
1 1 
1 $ 
1 $ 
1 
i 1 
1 1 
1 = 1 
32 7 1 
1 
sills 1 
1 1 62 Ms 
1 
1 1 
1 ” É 
22 
al 
42 
He 1 >i l > |< i a EERS 
2 4 


FOR FURTHER INFORMATION For more on this exercise, see 
the article “Convergence with Pictures” by P.J. Rippon in 
American Mathematical Monthly. 

133. Writing Read the article “The Exponential-Decay Law 
Applied to Medical Dosages” by Gerald M. Armstrong and 
Calvin P. Midgley in Mathematics Teacher. Then write a 
paragraph on how a geometric sequence can be used to find the 
total amount of a drug that remains in a patient’s system after n 
equal doses have been administered (at equal time intervals). 


Putnam Exam Challenge 


6k 
= 2k+1)(3k = 2*) 
135. Let f(n) be the sum of the first n terms of the sequence 0, 1, 
1, 2, 2,3, 3,4,. . ., where the nth term is given by 
a= n/2, if n is even 
z (n — 1)/2, ifnis odd ` 


134. Write > Geri as a rational number. 
k=1 


Show that if x and y are positive integers and x > y then 
xy = f(x + y) — flx — y). 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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The Integral Test and p-Series 


e Use the Integral Test to determine whether an infinite series converges or 
diverges. 
e Use properties of p-series and harmonic series. 


The Integral Test 


In this and the following section, you will study several convergence tests that apply 
to series with positive terms. 


THEOREM 9.10 The Integral Test 


If f is positive, continuous, and decreasing for x > 1 anda, = f(n), then 


` a, and f . f(x) dx 


n=1 


either both converge or both diverge. 


Proof Begin by partitioning the interval [1, n] into n — 1 unit intervals, as shown 
in Figure 9.8. The total areas of the inscribed rectangles and the circumscribed 


inssihed réctangíes: rectangles are as follows. 


Zee S FO = f2) + £8) +--+) nana 
a, =f(2) a 
a, =f(3) >, f@ =f) + f@2)+---+f(n- 1) Circumscribed area 


a,=f(4) i=1 
The exact area under the graph of f from x = 1 to x = n lies between the inscribed 
and circumscribed areas. 


xX n n—1 
j= = * YW < | fds Y fÒ 
i=2 1 i=1 
Using the nth partial sum, S, = f(1) + f(2) +- + -+f(n), you can write this 
A Circumscribed rectangles: inequality as 
n-1 
> f@ = area i 
i=l S, —f(l) < i f(x) dx < S,- 
a, =f(1) i 


a, = as Now, assuming that {7° f(x) dx converges to L, it follows that for n > 1 
a, = 


ee E S,-fQ) <L S, Sb + fi). 
Consequently, {S,,} is bounded and monotonic, and by Theorem 9.5 it converges. So, 
ee -n > a, converges. For the other direction of the proof, assume that the improper integral 
diverges. Then ff f(x) dx approaches infinity as noo, and the inequality 
Figure 9.8 S, 1 = Si f(x) dx implies that {S,} diverges. So, È a, diverges. oo 


NOTE Remember that the convergence or divergence of È a, is not affected by deleting the 
first N terms. Similarly, if the conditions for the Integral Test are satisfied for all x = N > 1, 
you can simply use the integral Jy° f(x) dx to test for convergence or divergence. (This is illus- 
trated in Example 4.) 
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EXAMPLE | Using the Integral Test 


Apply the Integral Test to the series X, = 


Solution The function f(x) = x/(x? + 1) is positive and continuous for x > 1. To 
determine whether f is decreasing, find the derivative. 


(x2 + 1)(1) — x(2x) -x2 +1 


f(x) = (x? + 1)? (x2 + 1)? 


So, f(x) < 0 for x > 1 and it follows that f satisfies the conditions for the Integral 
Test. You can integrate to obtain 


eo x 1 [7 2x 

[ai] Pad 
1. P x 

bim f pure 


1 b 
= lim ince + D| 


b>co 


1 


=| tin (la? > 1) in| 
2 b>œæ 


= CC. 


So, the series diverges. 
[Try tt | | Exploration A | 


EXAMPLE 2 Using the Integral Test 


Apply the Integral Test to the series + 


Solution Because f(x) = 1/(x? + 1) satisfies the conditions for the Integral Test 
(check this), you can integrate to obtain 


pe dx = lim "ia 
RHI boj 2+1” 


b 


lim | arctan x 
boo 1 


= lim (arctan b — arctan 1) 
boo 


Because the improper integral converges, the Se ee 


infinite series also converges. 2 4 4 
Figure 9.9 So, the series converges (see Figure 9.9). =m 
en) e | [een betcraten] 


TECHNOLOGY 

In Example 2, the fact that the improper integral converges to 77/4 does not imply 
that the infinite series converges to 77/4. To approximate the sum of the series, you 
can use the inequality 


N 1 < Š 1 < Š 1 fs ee | d 
pi Arl See x +1 ae 


n=1 n=1 N 


(See Exercise 60.) The larger the value of N, the better the approximation. For 
instance, using N = 200 produces 1.072 < £1/(n? + 1) < 1.077. 
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HARMONIC SERIES 


Pythagoras and his students paid close 
attention to the development of music as an 
abstract science. This led to the discovery of 
the relationship between the tone and the 
length of the vibrating string. It was observed 
that the most beautiful musical harmonies 
corresponded to the simplest ratios of whole 
numbers. Later mathematicians developed this 
idea into the harmonic series, where the terms 
in the harmonic series correspond to the nodes 
on a vibrating string that produce multiples of 
the fundamental frequency. For example, 5 is 
twice the fundamental frequency, 1 is three 
times the fundamental frequency, and so on. 


NOTE The sum of the series in 
Example 3(b) can be shown to be 77/6. 
(This was proved by Leonhard Euler, 
but the proof is too difficult to present 
here.) Be sure you see that the Integral 
Test does not tell you that the sum of 
the series is equal to the value of the 
integral. For instance, the sum of the 
series in Example 3(b) is 


oO 2 
2S" T ~ 1645 


but the value of the corresponding 
improper integral is 


Í 5 dx = 1. 
1 


p-Series and Harmonic Series 


In the remainder of this section, you will investigate a second type of series that has a 
simple arithmetic test for convergence or divergence. A series of the form 


Cuan ee eee 
or p Be" Bev 


n=1 


p-series 


is a p-Series, where p is a positive constant. For p = 1, the series 


Harmonic series 


is the harmonic series. A general harmonic series is of the form =1/(an + b). In 
music, strings of the same material, diameter, and tension, whose lengths form a 
harmonic series, produce harmonic tones. 

The Integral Test is convenient for establishing the convergence or divergence of 
p-series. This is shown in the proof of Theorem 9.11. 


THEOREM 9.11 Convergence of p-Series 


The p-series 


se ee ee 
An PO 2 3 g 


1. converges if p > 1, and 


2. diverges if0 < p < 1. 


Proof The proof follows from the Integral Test and from Theorem 8.5, which states 
that 


ol 
f — dx 
1 xP 


converges if p > 1 and diverges if 0 < p < 1. 


EXAMPLE 3 Convergent and Divergent p-Series 


Discuss the convergence or divergence of (a) the harmonic series and (b) the p-series 
with p = 2. 


Solution 
a. From Theorem 9.11, it follows that the harmonic series 
A a: a 
Án 1 2 3 a 
diverges. 


b. From Theorem 9.11, it follows that the p-series 


g l 1 1 1 
Lm p ge ge gag 
converges. L E] 


w Experienced writers 


© On-time delivery 
620 CHAPTER 9 Infinite Series 


2) 100% plagiarism free 


EXAMPLE 4 Testing a Series for Convergence 


Determine whether the following series converges or diverges. 


a 1l 
—,ninn 


Solution This series is similar to the divergent harmonic series. If its terms were 
larger than those of the harmonic series, you would expect it to diverge. However, 
because its terms are smaller, you are not sure what to expect. The function 
f(x) = 1/(x1n x) is positive and continuous for x > 2. To determine whether f is 
decreasing, first rewrite f as f(x) = (x In x)~! and then find its derivative. 


1 + Inx 


FO) = (Yelm) AU + ma) = ~ aa 


So, f(x) < 0 for x > 2 and it follows that f satisfies the conditions for the Integral 
Test. 


= dx = poo 
> xInx 2 lnx 
b 


lim [ncn | 
boo 2 


dim [In(In b) — In(In 2)] = co 


The series diverges. 

[Try te ] [Exploration] 
NOTE The infinite series in Example 4 diverges very slowly. For instance, the sum of the first 
10 terms is approximately 1.6878196, whereas the sum of the first 100 terms is just slightly 


larger: 2.3250871. In fact, the sum of the first 10,000 terms is approximately 3.015021704. You 
can see that although the infinite series “adds up to infinity,” it does so very slowly. 
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Exercises for Section 9.3 


The symbol + indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-18, use the Integral Test to determine the 10 We peg, 28s Rat, Et 
convergence or divergence of the series. '4 7 12° +3 
eo 1 2 Inn 
SIl “2 1. X — 12. X | 
i ies å poe È JF 2. n? 
ws es g Inn 29 1 
=H" -n 13. 9 14. 
3. ae 4. È ne ie >» n » nJ/Inn 
°° co 1 
1 1 1 1 41, 15. arctan n 16. a S 
5. 2'5 10' 7 2. arti 2, nln n ln(ln n) 
PEE E ae E ae noo 
357 9 N amin l 
ln2 n3 ,_In4 ,In5 _ In6 18 eee: 
7. : ms 
2 3 4 5 6 > n+ 
In2 In3 In4. In5_ In6 . . 
8. 5 5 7 5 V In Exercises 19 and 20, use the Integral Test to determine the 
convergence or divergence of the series, where k is a positive 
9. — ee f — 1 integer. 
(VT 41) (241) AA+ 1) = 
o0 n = oO a 
beas 1 19. Lee 20. pA nte 


dla 


In Exercises 21-24, explain why the Integral Test does not apply 


to the series. 


21. 


n=1 


a 


2 


In Exercises 25-28, use the Integral Test to determine the 


o0 (— 1)” 


n 


+ sinn 


convergence or divergence of the p-series. 


S] 
y 


N 
za 


ihe fs 
Sj- M- 


In Exercises 29—36, use Theorem 9.11 to determine the conver- 


gence or divergence of the p-series. 


3. Š y 


1 1 1 
31. 1 i i 
AJZ B A 
i i i i 
32. 1 4 T 9 T 16 T 25 
1 1 1 
33. 1 i i 
2/2 3/3 4 5/5 
1 1 1 
Mtg 6 ye yB 
eo | 
35. È pio 
6 
oe 


In Exercises 37-42, match the series with the graph of its 
sequence of partial sums. [The graphs are labeled (a), (b), (c), 
(d), (e), and (f).] Determine the convergence or divergence of the 


series. 


(a) S, 


(©) S, 


n 


(b) 


(d) 
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. Numerical and Graphical Analysis Use a graphing utility to 


find the indicated partial sum S, and complete the table. Then 
use a graphing utility to graph the first 10 terms of the sequence 
of partial sums. Compare the rate at which the sequence of 
partial sums approaches the sum of the series for each series. 


n | 5 } 10} 20 | 50 | 100 
S 


n 


=f 1 
@ Šel) =r 


n=1 


(b) $5 


n=1” 


. Numerical Reasoning Because the harmonic series diverges, 


it follows that for any positive real number M there exists a 
positive integer N such that the partial sum 


(a) Use a graphing utility to complete the table. 


M|21| 4 6 | 8 


N 


(b) As the real number M increases in equal increments, does 
the number N increase in equal increments? Explain. 


Writing About Concepts 


45. State the Integral Test and give an example of its use. 


46. Define a p-series and state the requirements for its conver- 


gence. 


47. A friend in your calculus class tells you that the following 
series converges because the terms are very small and 
approach 0 rapidly. Is your friend correct? Explain. 


1 1 1 


10,000 ` 10,001 ` 10,002 ` 
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Writing About Concepts (continued) 


48. In Exercises 37—42, lim a, = 0 for each series but they do 
nwo 


not all converge. Is this a contradiction of Theorem 9.9? 
Why do you think some converge and others diverge? 


Explain. In Exercises 61—66, use the result of Exercise 59 to approximate 


the sum of the convergent series using the indicated number of 
terms. Include an estimate of the maximum error for your 
approximation. 


. Use a graph to show that 


eal ea 


o0 
61. nE ay six terms 


What can you conclude about the convergence or diver- Pr hd 


gence of the series? Explain. co | 
hes ; ; : 62. > —; four terms 
. Let f be a positive, continuous, and decreasing function for iin 
x > 1, such that a, = f(n). Use a graph to rank the follow- 20 
ing quantities in decreasing order. Explain your reasoning. 63. > wet ten terms 
7 z ( ) 6 oo 1 
(a) a, (b) Í x)dx (c) a, 64. , ten terms 
x 1 f 2 2, (n ate D[In(n + DP 
65. ne—"’, four terms 
n=1 
In Exercises 51-54, find the positive values of p for which the 66 5 an four terms 
series converges. = 
S 1 a 
51. nln ny? 52. Ss J In Exercises 67—72, use the result of Exercise 59 to find N such 
a2 nmz that Ry < 0.001 for the convergent series. 
co n co 
53. by 7 o 54. 5’ n(l + n?) m os 
ma (1 +n)? — 1 1 
n=1 ( ) n=1 67. Dr ni 68. 2, PA 
In Exercises 55-58, use the result of Exercise 51 to determine B sn S -n2 
; : 69. Sie 70. Sie 
the convergence or divergence of the series. A A 
ze] 1 oo. - 2 
Ss _ | S 1 71 > a 72, ae 
55. 56. SSS j 2 : 2 
PET Žan man tl an +5 
ed 1 
57. Dy nln n)? 58. > P awe) 73. (a) Show that Da 7 converges and DE z diverges. 
59. Let f be a positive, continuous, and decreasing function for (b) Compare the first five terms of each series in part (a). 
> 1, such that a, = f(n). Prove that if the series (c) Find n > 3 such that 
% A, i 
à ý ni! ` nlnn’ 
converges to S, then the remainder Ry = S — Sy is bounded by Ay 74. Ten terms are used to approximate a convergent p-series. 


Therefore, the remainder is a function of p and is 


O<R,< Í f(x) dx co 4 
N os Rylp) < | dx, p>t. 
7 10 ¥ 


4 (a) Perform the integration in the inequality. 
(b) Use a graphing utility to represent the inequality graphi- 
cally. 


(c) Identify any asymptotes of the error function and interpret 
their meaning. 


fe eS ea eee 


NN+1 
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75. Euler’s Constant Let 5. e Riemann zeta function tor real numbers 1s defined for a 
x for which the series 
S F 1 1 1 1 ee ee a | 1 
m A k T 2 T T a è 


(a) Show that In(n + 1) < S, < 1 + Inn. 
(b) Show that the sequence {a,} = {S, — Inn} is bounded. 
(c) Show that the sequence {a,,} is decreasing. 


(d) Show that a, converges to a limit y (called Euler’s con- 


x) = Son 


n=1 


converges. Find the domain of the function. 


Review In Exercises 79-90, determine the convergence or 


divergence of the series. 


stant). 
(e) Approximate y using aj. Ý 1 Ý 
” 79. 2, ei 80. 2a al 
76. Find the sum of the series Py m(ı = +). co] co | 
n=? n 81. r 82.35 as 
š 7 n=1 n/n n=1 n 
77. Consider the series 
co 2 n co 
83. (2) 84. 1.075)" 
2, 3 PA ) 


[2e] 
5 Bn, 
n=2 


(a) Determine the convergence or divergence of the series for 
x=1. 

(b) Determine the convergence or divergence of the series for 
x= 1/e. 


(c) Find the positive values of x for which the series converges. 


a n 
85. —————— 
x V n? a 


oo 1V' 
: += 
87 5h 1) 
39. 5 —! 


n=2 n(In n)? 


86. 


88. 


90. 
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Section 9.4 Comparisons of Series 


e Use the Direct Comparison Test to determine whether a series converges or 
diverges. 

e Use the Limit Comparison Test to determine whether a series converges or 
diverges. 


Direct Comparison Test 


For the convergence tests developed so far, the terms of the series have to be fairly 
simple and the series must have special characteristics in order for the convergence 
tests to be applied. A slight deviation from these special characteristics can make a test 
nonapplicable. For example, in the following pairs, the second series cannot be tested 
by the same convergence test as the first series even though it is similar to the first. 


g 1. f an, 
1. > zn iS geometric, but PE not. 


ös j a 1 
2. — is a p-series, but —>—— is not. 
à n? P À n? + 1 
3 =" _ is easily integrated, but b, = oe is not 
le e ee eaters ere E eee 


In this section you will study two additional tests for positive-term series. These two 
tests greatly expand the variety of series you are able to test for convergence or 
divergence. They allow you to compare a series having complicated terms with a 
simpler series whose convergence or divergence is known. 


THEOREM 9.12 Direct Comparison Test 


Let 0 < a, < b, for all n. 


1. If by b, converges, then Ss an converges. 


n=1 n=1 


2. If D? an diverges, then Ss b, diverges. 


n=1 n=1 


[2e] 


Proof To prove the first property, let L = ` b, and let 


n=1 
S =a ta tta, 


Because 0 < a, < b,, the sequence S,, S,, S3,. . . is nondecreasing and bounded 
above by L; so, it must converge. Because 

co 
lim S$, = Ss an 


CO 
noy n=1 


it follows that È a, converges. The second property is logically equivalent to the first. 


NOTE As stated, the Direct Comparison Test requires that 0 < a, < b, for all n. Because the 
convergence of a series is not dependent on its first several terms, you could modify the test to 
require only that 0 < a, < b, for all n greater than some integer N. 
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EXAMPLE | Using the Direct Comparison Test 


Determine the convergence or divergence of 


Solution This series resembles 


S1 
an 


Convergent geometric series 
n=1 


Term-by-term comparison yields 


1 d 
2+3 S3 


An =b, n2=l. 


So, by the Direct Comparison Test, the series converges. 
[try te | [En] [EeinEES 
EXAMPLE 2. Using the Direct Comparison Test 


Determine the convergence or divergence of 
eo 1 
n=1 2 + Jn 
Solution This series resembles 


ice) 
` -7 Divergent p-series 


Term-by-term comparison yields 


1 1 
So Ss 
2+ Jn ~n 


which does not meet the requirements for divergence. (Remember that if term-by-term 
comparison reveals a series that is smaller than a divergent series, the Direct 
Comparison Test tells you nothing.) Still expecting the series to diverge, you can 
compare the given series with 


n21 


ee] 
> = Divergent harmonic series 


In this case, term-by-term comparison yields 


NOTE To verify the last inequality 1 1 
in Example 2, try showing that ae 
2 + Vn < n whenever n > 4. 


< -= >4 
n n 2+ Sn Pn» ý 


and, by the Direct Comparison Test, the given series diverges. es 
oe] ee) ee 
Remember that both parts of the Direct Comparison Test require that 0 < a, < b, 


Informally, the test says the following about the two series with nonnegative terms. 


1. If the “larger” series converges, the “smaller” series must also converge. 


2. If the “smaller” series diverges, the “larger” series must also diverge. 
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Limit Comparison Test 
Often a given series closely resembles a p-series or a geometric series, yet you can- 
not establish the term-by-term comparison necessary to apply the Direct Comparison 
Test. Under these circumstances you may be able to apply a second comparison test, 
called the Limit Comparison Test. 
THEOREM 9.13 Limit Comparison Test 
Suppose that a, > 0, b, > 0, and 
. a 
1 —)}=L 
n 30 (2) 
where L is finite and positive. Then the two series È a, and È b, either both 
converge or both diverge. 
NOTE As with the Direct Comparison Proof Because a, > 0, b, > 0, and 
Test, the Limit Comparison Test could 
be modified to require only that a, and lim (2) =L 
b, be positive for all n greater than some n> \bn 
integer N. 


there exists N > O such that 


0< FZ <b, forn 2 N. 


n 


This implies that 
0 <a, < (L+ 1b, 


So, by the Direct Comparison Test, the convergence of È b, implies the convergence 
of È a,,. Similarly, the fact that 


i (=) 1 
1000 IS SE 
n> \Ay, L 


can be used to show that the convergence of È a,, implies the convergence of È b,. 


EXAMPLE 3 Using the Limit Comparison Test 


Show that the following general harmonic series diverges. 


g 1 
ep 27% re 
1 


n= 


Solution By comparison with 


s] 
> = Divergent harmonic series 
n=1” 
you have 
. l/(an+ b : n 1 
lim /( ) = lim =, 
n= 1/n n>% an + b a 


Because this limit is greater than 0, you can conclude from the Limit Comparison Test 
that the given series diverges. — 
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The Limit Comparison Test works well for comparing a “messy” algebraic series 
with a p-series. In choosing an appropriate p-series, you must choose one with an nth 
term of the same magnitude as the nth term of the given series. 


Given Series Comparison Series Conclusion 
S 1 sl 
a ny ee = Both series converge. 
A 3n? — 4n + 5 > n? 5 
co 


Both series diverge. 
Both series converge. 


In other words, when choosing a series for comparison, you can disregard all but the 
highest powers of n in both the numerator and the denominator. 


EXAMPLE 4 Using the Limit Comparison Test 


Determine the convergence or divergence of 


Ss vn 
DTS 


n=1 


Solution Disregarding all but the highest powers of n in the numerator and the 
denominator, you can compare the series with 


2e ae 
n=1 n 


n32 Convergent p-series 
=1 
Because 
E , Jn \(n3/2 
lim = lim |5 
n—->oo b, nooo \ n4 + 1 1 
2 
n 
lim = 1 
noon? + 1 


you can conclude by the Limit Comparison Test that the given series converges. 
m (Eee 
EXAMPLE 5 Using the Limit Comparison Test 


Determine the convergence or divergence of 


` n2” 
CEEE 
A 4n t 1 
Solution A reasonable comparison would be with the series 
co Qn 
> > Divergent series 
n 
n=1 


Note that this series diverges by the nth-Term Test. From the limit 


wn =n (GE) 
ea b, n= 4n? + 1 2? 


= lim l =l 
n>œ 4 + (1/n3) 4 


you can conclude that the given series diverges. = 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Infinite Series 


Exercises for Section 9.4 


Click on to view the complete solution of the exercise. 


Click on || 


1. Graphical Analysis 


to print an enlarged copy of the graph. 


The figures show the graphs of the first 


10 terms, and the graphs of the first 10 terms of the sequence of 
partial sums, of each series. 


g 6 as 6 S 6 
Ème Asy ™ È pros 


n=1 
(a) Identify the series in each figure. 
(b) Which series is a p-series? Does it converge or diverge? 


(c) For the series that are not p-series, how do the magnitudes 
of the terms compare with the magnitudes of the terms of 
the p-series? What conclusion can you draw about the 
convergence or divergence of the series? 


(d 


YS 


Explain the relationship between the magnitudes of the 
terms of the series and the magnitudes of the terms of the 
partial sums. 


a 
ON 


al A 
; ‘4 12+ aor? 
am | 10+ r 
441 P ge 
r ST Sf awereee 
all “ 674" a 
a+ 4° ere? 
ae L a 
kes kd 24” 
-— n THH n 
2 4 6 8 10 2 4 6 8 10 


Graphs of terms Graphs of partial sums 


2. Graphical Analysis The figures show the graphs of the first 


10 terms, and the graphs of the first 10 terms of the sequence of 
partial sums, of each series. 


2 Jn 2, Jn = 0.5’ and 2 Jnnt Os 


(a) Identify the series in each figure. 


(b) Which series is a p-series? Does it converge or diverge? 


(c) For the series that are not p-series, how do the magnitudes 
of the terms compare with the magnitudes of the terms of 
the p-series? What conclusion can you draw about the 
convergence or divergence of the series? 


(d) Explain the relationship between the magnitudes of the 
terms of the series and the magnitudes of the terms of the 
partial sums. 


an Sh 
A 
20 + 
47e AS .’ 
: 4 16 + s 
Ty ae COT ed 
è 12+ gar 
a ae + a a 
e xe 8L + ee? 
‘ae eee + am 
Ito telie e° 
tss ATga 
t++++++++4+> 1 as Ce a 
2 4 6 10 2 4 6 10 


Graphs of terms Graphs of partial sums 
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In Exercises 3-14, use the Direct Comparison Test to determine 
the convergence or divergence of the series. 


S 1 


3 2 n2? +1 
ea 1 

5; 
n=2” —1 
ice) 1 

Ts 
3" + 1 

9. 3 Inn 
Antl 
Sl 

11. — 
2, n! 

13. Ne 


4. 2 3n? + 2 


` 2 Jn =l 
eo 3n 


5 1 


10. ———— 
n=1 V n? +1 


S 1 
12 ayn 1 


n=1 


o0 qn 
14. by Zz] 


n=1 


In Exercises 15-28, use the Limit Comparison Test to determine 
the convergence or divergence of the series. 


n 
Antl 
S 1 
n=0 V n? == il 


oo 2n? — 1 


15. 


17. 


19. = 
£ 3n°+2n+1 
so nts 

21. FT 
n=1 n(n ate 2) 
g 1 

23. -r 
2 ny n? +1 
2) ne! 


k>2 


25. X 


Ant 

o 1 
27. 5 sin — 
n=1 n 


a 2 
16. 
>» 3” 5 5 
sS 3 
18. -m 
2, n> — 4 
go Sn — 3 
20. > TT 
i An? -—2n+5 
s9 1 
22, =- 
2 n(n? + 1) 
S n 
24. eae Pa 
È GF 
, =n F Vn? +4 
za 1 
28. D tan 


n=1 


In Exercises 29-36, test for convergence or divergence, using 
each test at least once. Identify which test was used. 


(a) nth-Term Test 

(c) p-Series Test 

(e) Integral Test 

(g) Limit Comparison Test 


29, $ Ye 
n=1 

ee 

i n=1 3” +2 

S n 

mi A 2n + 3 
S n 

5. 

: n=1 (n? + 1)? 


(b) Geometric Series Test 
(d) Telescoping Series Test 
(f) Direct Comparison Test 


co 1 n 
ana 
2 5 
oS 1 
oe 2 3n? — 2n — 15 


n=4 


eo 1 1 
4. = 
2 > (- + 1 n+ 5) 


$ 3 _ 
n=1 n(n + 3) 


36. 


37. Use the Limit Comparison Test with the harmonic series to 
show that the series 2 a, (where 0 < a, < a,_,) diverges if 
lim na, is finite and nonzero. 

co 


n> 
38. Prove that, if P(n) and Q(n) are polynomials of degree j and k, 
respectively, then the series 


ce P(n) 
A O(n) 


converges if j < k — 1 and diverges if j = k — 1. 


In Exercises 39-42, use the polynomial test given in Exercise 38 
to determine whether the series converges or diverges. 


1 4.2 3 4 5 
39.5 +5 + 76 17 * 26 

ty ell 1 1 1 
40.3 4+ + 75 + 34 35 

oo 1 foo) n2 
41. = 42. 

» n+l > n+l 


In Exercises 43 and 44, use the divergence test given in Exercise 
37 to show that the series diverges. 


43 Sw 44 S 
: a 5nt + 3 í » Inn 


In Exercises 45-48, determine the convergence or divergence of 
the series. 


1 
45. 200 400 600 800 


1 
46. 200 210 220 230 


1 
47. 201 204 209 216 


1 
48. 201 208 227 264 


Writing About Concepts 


. Review the results of Exercises 45—48. Explain why careful 
analysis is required to determine the convergence or diver- 
gence of a series and why only considering the magnitudes 
of the terms of a series could be misleading. 


. State the Direct Comparison Test and give an example of its 
use. 


. State the Limit Comparison Test and give an example of its 
use. 


. It appears that the terms of the series 


1000 * 1003 T° 


are less than the corresponding terms of the convergent 
series 


l+g+g+e+-:: 


If the statement above is correct, the first series converges. 
Is this correct? Why or why not? Make a statement about 
how the divergence or convergence of a series is affected by 
inclusion or exclusion of the first finite number of terms. 
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Writing About Concepts (continued) 


53. The figure shows the first 20 terms of the convergent series 


> a,, and the first 20 terms of the series 5 a}. Identify the 


n=1 n=1 
two series and explain your reasoning in making the 
selection. 


A 
Lo 
m 
0.8 om 
| | 
0.6+° "a 
tem 
0.4 TE *e ie 
0.2 + e. "ay 
Ate Cee, "ang 
ae n 
4 8 12 16 20 


ee 
(2n — 1)” 


(a) Verify that the series converges. 


54. Consider the series X 


n=1 


(b) Use a graphing utility to complete the table. 


n | 5 |} 10} 20 | 50 | 100 


(c) The sum of the series is 7r?/8. Find the sum of the series 
S 1 
i; (2n — 1)?" 

(d) Use a graphing utility to find the sum of the series 


S 1 


2 (2n ~~ 1)* 


True or False? In Exercises 55-60, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


55. If 0 < a, < b, and > a,, converges, then > b,, diverges. 
n=1 n=1 
56. If0 < 4,419 S b, and 5 b,, converges, then 5 a, converges. 
n=1 n=1 


o0 oO 
57. If a, + b, < c, and Ss c, converges, then the series S an 


n=1 n=1 


and 5 b,, both converge. (Assume that the terms of all three 
n=1 


series are positive.) 


58. Ifa, < b, + c,, and x a, diverges, then the series > b,, and 


n=1 n=1 


oO 

Ss c, both diverge. (Assume that the terms of all three series 
n=1 
are positive.) 


59. If0 < a, < b, and x a, diverges, then ` b,, diverges. 


n=1 n=1 
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60. If 0 < a, < b, and 5’ b,, diverges, then 7 a, diverges. 


n=1 n=1 
61. Prove that if the nonnegative series 


x a, and 5 b, 


n=1 n=1 


converge, then so does the series 


62. Use the result of Exercise 61 to prove that if the nonnegative 
series 


63. Find two series that demonstrate the result of Exercise 61. 

64. Find two series that demonstrate the result of Exercise 62. 

65. Suppose that È a, and È b, are series with positive terms. Prove 
n 


tg TE, 
that if lim p” 0 and È b, converges, È a, also converges. 
OS n 


66. Suppose that È a, and È b, are series with positive terms. Prove 
that if lim ® = œ and 5 b,, diverges, È a,, also diverges. 


n0 
=A n 
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to show that each series converges. 


co 1 [ee] 
(a) > Ga + IF (OD 


1 
n=1 Nnn” 


68 


Use the result of Exercise 66 to show that each series diverges. 


aS. i <e | 
on © S inn 
n=2 


n=1 


69. Suppose that È a, is a series with positive terms. Prove that if 
> a, converges, then È sin a, also converges. 


70. Prove that the series 
oo 1 


Dros eR 


converges. 


Putnam Exam Challenge 


71. Is the infinite series 
ce 1 
> n” +1)/n 


n=1 
convergent? Prove your statement. 
co 
72. Prove that if 5 d, is a convergent series of positive real 


n=1 


numbers, then so is 


es) 
> (a,)r/@r 1), 
n=1 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Alternating Series 


e Use the Alternating Series Test to determine whether an infinite series converges. 

e Use the Alternating Series Remainder to approximate the sum of an alternating 
series. 

e Classify a convergent series as absolutely or conditionally convergent. 

e Rearrange an infinite series to obtain a different sum. 


Alternating Series 


So far, most series you have dealt with have had positive terms. In this section and the 
following section, you will study series that contain both positive and negative terms. 
The simplest such series is an alternating series, whose terms alternate in sign. For 
example, the geometric series 


n=0 n=0 
1- 1 a. 1 1l 2 1 
2 4 8 16 
is an alternating geometric series with r = —4, Alternating series occur in two ways: 


either the odd terms are negative or the even terms are negative. 


THEOREM 9.14 Alternating Series Test 
Let a, > 0. The alternating series 


> (—1)"a, and $ (=1) tia 


n=1 
converge if the following two conditions are met. 


1. lim a, = 0 2. d,4, Š a,, for all n 


Proof Consider the alternating series È (— 1)"*! a,. For this series, the partial sum 
(where 2n is even) 


San = (a = a) + (a, = dy) + (as = aş) oh etal (an-ı ~ Ay») 


has all nonnegative terms, and therefore {S,,,} is a nondecreasing sequence. But you 
can also write 


San = a; — (a = a) — (a4 = as) A ig yg) Z Aon 
which implies that S,, < a, for every integer n. So, {S,,,} is a bounded, nondecreasing 
sequence that converges to some value L. Because S,,,_, — an = S2, and az, > 0, 
you have 


lim = lim + lim 
noo Son-1 n= Son noo Aan 


L+ lim ay, = L. 
noo 


Because both S,,, and S,,,_, converge to the same limit L, it follows that {S,,} also 
converges to L. Consequently, the given alternating series converges. = 


NOTE The second condition in the Alternating Series Test can be modified to require only 
that 0 < a,,, < a, for all n greater than some integer N. 
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NOTE The series in Example 1 

is called the alternating harmonic 
series—more is said about this series 
in Example 7. 


NOTE In Example 3(a), remember that 
whenever a series does not pass the first 
condition of the Alternating Series Test, 
you can use the nth-Term Test for 
Divergence to conclude that the series 
diverges. 
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EXAMPLE | Using the Alternating Series Test 


es 1 
Determine the convergence or divergence of ` (—1)rtl =, 
n 


n=1 


Solution Note that lim a, = lim, 5 = 0. So, the first condition of Theorem 9.14 is 


satisfied. Also note that the second condition of Theorem 9.14 is satisfied because 


1 zl 
a = <-= 
ntl ontiloon S 


n 


for all n. So, applying the Alternating Series Test, you can conclude that the series 
converges. 


[Drvne] E] 
EXAMPLE 2 Using the Alternating Series Test 


n 


Determine the convergence or divergence of 5 CT 


n=1 


Solution To apply the Alternating Series Test, note that, for n > 1, 


= 
= 


| 
IA 


— 
= 
+ 
— 

wa 
N 

= 

I 

^ 
z 

N 

= 


< : 
2n Qn 1 
So, d,4,; = (n + 1)/2" < n/2"~! = a, for all n. Furthermore, by L’H6pital’s Rule, 


n 
n= 


= lim =0 lim = 0. 


x00 x=] xw 2T ‘dn 2) n— co 2! 


Therefore, by the Alternating Series Test, the series converges. 
[tyre] U [Explorations 


EXAMPLE 3 Cases for Which the Alternating Series Test Fails 


a. The alternating series 


œ (—1)ntl + 
$ (opr Ma + 23,4 5,6, 

= n 1 2 3 4 5 
passes the second condition of the Alternating Series Test because a,,, < a,, for 
all n. You cannot apply the Alternating Series Test, however, because the series 


does not pass the first condition. In fact, the series diverges. 
b. The alternating series 


passes the first condition because a, approaches 0 as n — oo. You cannot apply the 
Alternating Series Test, however, because the series does not pass the second 
condition. To conclude that the series diverges, you can argue that S,,, equals the 
Nth partial sum of the divergent harmonic series. This implies that the sequence of 
partial sums diverges. So, the series diverges. — 


[ Try tt | [Exploration a | 
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Alternating Series Remainder 


For a convergent alternating series, the partial sum Sẹ can be a useful approximation 
for the sum S of the series. The error involved in using S = Sy is the remainder 
Ry = S — Sy. 


THEOREM 9.15 Alternating Series Remainder 


If a convergent alternating series satisfies the condition a,,, < a,, then the 


absolute value of the remainder Ry involved in approximating the sum S by Sy 
is less than (or equal to) the first neglected term. That is, 


|S > Syl = [Ryl S ay+1- 


Proof The series obtained by deleting the first N terms of the given series satisfies 
the conditions of the Alternating Series Test and has a sum of Ry. 


co N 
Ras S= X, (1a, = 3 (1+! a, 
n=1 
Paya te D aig FOD tte E 
ad (ay+ı — ay+2 + ay43 77° J) 
[Ry] = dye T Gyy2 + Ay+3 T Ay+4 + Ayes T 


= ay; — (Aye. — Ayes) — (ay+4 T ay45) — ° © S ayya 


Consequently, |S — Sy| = |Ry| < ay 1, which establishes the theorem. 


EXAMPLE 4 Approximating the Sum of an Alternating Series 


Approximate the sum of the following series by its first six terms. 


= 1 1 1 1 1 1 1 
= ati = 
PA 1 (9 uaa a a 


Solution The series converges by the Alternating Series Test because 


| -i al aa en ee 
TECHNOLOGY Later, in (n+ 1)! n! an oe a =U. 
Section 9.10, you will be able to show ; f 
that the series in Example 4 converges The sum of the first six terms is 
to 

1-1 1 1 1 91 
=zl=> ts + = = = 0.63194 
e-l Ss 2 6 24 120 720 144 


= 0.63212. 
and, by the Alternating Series Remainder, you have 
For now, try using a computer to 


obtain an approximation of the sum |S zZ Sel = | R,| <a,= £ = 0.0002. 

of the series. How many terms do you 5040 

need to obtain an approximation that So, the sum S lies between 0.63194 — 0.0002 and 0.63194 + 0.0002, and you have 
is within 0.00001 unit of the actual 

sum? 0.63174 < S < 0.63214. C 
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Absolute and Conditional Convergence 


Occasionally, a series may have both positive and negative terms and not be an 
alternating series. For instance, the series 


s sinn _ sinl | sin2 _ sin3 


+... 
n? 1 4 9 


n=1 


has both positive and negative terms, yet it is not an alternating series. One way to 
obtain some information about the convergence of this series is to investigate the 
convergence of the series 


sin n 


By direct comparison, you have |sin n| < 1 for all n, so 


sinn 1 Si 
<5 nei. 
n? n 
: . : sinn 
Therefore, by the Direct Comparison Test, the series > nz | converges. The next 


theorem tells you that the original series also converges. 


THEOREM 9.16 Absolute Convergence 


If the series =|a,| converges, then the series È a, also converges. 


Proof Because 0 < a, + |a,| < 2Ja,| for all n, the series 
co 
> Gn + lanl) 
n=1 
converges by comparison with the convergent series 
co 
> 2la,l. 
n=1 
Furthermore, because a, = (a, + |a,|) — la, 


Š a= Š (an+ laud) — È lan 


n=1 n=1 


, you can write 


where both series on the right converge. So, it follows that È a, converges. === 


The converse of Theorem 9.16 is not true. For instance, the alternating 
harmonic series 


ee er a N 
2 n 1 2°3 4 


converges by the Alternating Series Test. Yet the harmonic series diverges. This type 
of convergence is called conditional. 


Definitions of Absolute and Conditional Convergence 


1. È a, is absolutely convergent if È |a| converges. 


2. È a, is conditionally convergent if È a, converges but > |a,,| diverges. 
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EXAMPLE 5 Absolute and Conditional Convergence 


Determine whether each of the series is convergent or divergent. Classify any 
convergent series as absolutely or conditionally convergent. 


ce (—-1)"n! 0! 1! 2! 3! 
a 2 Qn 20 21 22 23 
g (—1)" 1 1 1 1 
b. — + — 
2 n JL 3/2 «/3 4 
Solution 


a. By the nth-Term Test for Divergence, you can conclude that this series diverges. 


b. The given series can be shown to be convergent by the Alternating Series Test. 
Moreover, because the p-series 
1 1 1 1 


2 Aa i A 


diverges, the given series is conditionally convergent. 


EXAMPLE 6 Absolute and Conditional Convergence 


= 1)" 


Determine whether each of the series is convergent or divergent. Classify any conver- 
gent series as absolutely or conditionally convergent. 


oo Sella a | 1 

a 55 =-373 "7 gr” 
De as ee ee Oe ore oe 
= In2 In3 In4 n5 


Solution 


a. This is not an alternating series. However, because 


i 


is a convergent geometric series, you can apply Theorem 9.16 to conclude that the 
given series is absolutely convergent (and therefore convergent). 


a 1)/2 


b. In this case, the Alternating Series Test indicates that the given series converges. 
However, the series 
(—1)" 1 de 1 n 1 Į 
& [n(n + 1) In2 In3 n4 


[2e] 


diverges by direct comparison with the terms of the harmonic series. Therefore, the 
given series is conditionally convergent. | 


races y] 
Rearrangement of Series 


A finite sum such as (1 + 3 — 2 + 5 — 4) can be rearranged without changing the 
value of the sum. This is not necessarily true of an infinite series—it depends on 
whether the series is absolutely convergent (every rearrangement has the same sum) 
or conditionally convergent. 
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EXAMPLE 7 Rearrangement of a Series 
FOR FURTHER INFORMATION Georg The alternating harmonic series converges to In 2. That is, 
Friedrich Riemann (1826-1866) proved 
i : > 20 1 1 1 1 1 
that if È d,, is conditionally convergent 2 yer = i = z + zi = i +...=]n2. (See Exercise 49, Section 9.10.) 


and S is any real number, the terms of 
the series can be rearranged to converge 
to S. For more on this topic, see the 
article “Riemann’s Rearrangement 
Theorem” by Stewart Galanor in 


Rearrange the series to produce a different sum. 


Solution Consider the following rearrangement. 


Mathematics Teacher. j= 1 1 T 1 L 1 T 1 1 1 4: 1 1 
———— 2 5 10 2 7 M4 | 
-(1- J- L(t ee 
2 3 6) 8 5 10) 2 V 4 
tet E P E T ts, 
2 4 6 8 10 12 14 
1 {.% Pot. 1.1 1 
= 51-54 5-545 gto) 


By rearranging the terms, you obtain a sum that is half the original sum. en 


[Try tt_| [Exploration a | 
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The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 
In Exercises 1—6, match the series with the graph of its sequence 


of partial sums. [The graphs are labeled (a), (b), (c), (d), (e), and 
(f).] 


(a) sS, D) S, 
A 
3-0 
eeeececce 
bd 2+ Coeceeoce 
1+ 
aS a 
n | 2 4 6 8 10 
© s, (C 
A A 
s Le 10 + ecooooo 
4+ Coccccece BT e’ 
3+ 67° 
24+ tE 
1 2T 
Fierit kret TERETERE PIJ 
2 4 6 8 10 2 4 6 8 10 
(OEA (f) S, 
A A 
8-- 6 +e 
PAN eoreore ee Sa ü e®etete 
Le Ao 
4-- 3+ 
L 27 
27 iL 
iy Sa ll HHH 
2 4 6 8 10 2 4 6 8 10 
oo 6 [e] (-1)""'6 
1. A 2. AS 
2 2 
Zin 2 n 
o 3 co (-—1)"-!3 
3. pe 4. a 


n=1 


i 10 


g 10 (-1)""! 10 
z 2 1 n2" . 2 1 
Numerical and Graphical Analysis In Exercises 7-10, explore 


the Alternating Series Remainder. 


(a) Use a graphing utility to find the indicated partial sum S, 
and complete the table. 


nmsi1l/2/3}4)]5]6)]7/]8 | 91} 10 
S 


n 


(b) Use a graphing utility to graph the first 10 terms of the 
sequence of partial sums and a horizontal line representing 
the sum. 


(c) What pattern exists between the plot of the successive points 
in part (b) relative to the horizontal line representing the 
sum of the series? Do the distances between the successive 
points and the horizontal line increase or decrease? 


(d) Discuss the relationship between the answers in part (c) and 
the Alternating Series Remainder as given in Theorem 9.15. 


eo (= T 
7 yi =-2 
2 2n. = 1 4 
oo (-1)""! E 1 
8: Æ (n-1)! e 
oo (-1)""! z T2 
SD Rg aT 


10. yy i DI = sin 1 


n=1 
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In Exercises 11-32, determine the convergence or divergence of xercises 43-46, use eorem 9. o determine the 
the series. number of terms required to approximate the sum of the series 
with an error of less than 0.001. 


o0 (-1)"*! co (-1)"t!n 
11. >» m 12. » m—1 43 $ a 44. ` re 
A (-1)"*! S (-1)" i n=1 n? n=1 
By oo 14. X —— zia z ey 
Æ 2n-1 Æ In(n + 1) as. Š (-1) 46. Š C1) 
co (-1)" n2 co (-1)*t! n ` n= 2n3 — 1 ` Peri n* 
15. X, 16. X 
n=1 n +1 n=1 n? + 
agia Antia In Exercises 47-62, determine whether the series converges 
17 x (<0 18 S eye conditionally or absolutely, or diverges 
` n=1 Jn n=1 n? + 5 , ` 
(-1)"*! (n + 1) g (—1)"*!In(n + 1) v. Š (=1)7*! 48. Š ie 
19; 1 In(n + 1) au: >> n+l i 2 (n T 1)? Zari, n+l 


Ms ims 


l sin Cu — Ue oo E a a 


21. sin > 22. > PE r ° > Jn ° À n/n 
À 


ll 
= 


2 (—1)Pt1 n? g (—1)"+1(2n + 3) 


= cos nT Si (n + 1) n+ 10 


23. 


n=1 


Ms IMs 


n=1 
(-1)" œ —1)" S (-1)" S Heh 
25. 26. Hi 53. 54. (—1)e 
Æ n! e Æ (2n + 1)! » Inn 2, 
o (-1)"*! Jn oo (-1)"*! Jn 55 es) (-1)"n 3 oo (-1)"*! 
aT » n+2 29: » 3 n i 2, n =1ą t 2, nie 
oo (-1)"*! nl co (-1)" 
29. 57. AAEE 
PE Zege -(2n-1) i (2n + 1)! 
[ee] 1-3.5- --(2n— 1) oo (-1)" 
1 atl 58. 
30 2 | ) 1°4-+-7---(3n — 2) nzo Vn t+ 4 
co 2(—])rt} _ & sie SS COS nT 
31. » eee 20) csch n 59. » ee 
oo 2(= 1)"* 1 o0 i es 
= n 60. —1)"*! arctan n 
32. > EE » (—1)"*! sechn x (=) 
61 B cos NT 
In Exercises 33-36, approximate the sum of the series by using ` > n? 
the first six terms. (See Example 4.) 2 $ sin[(2n — 1)]7/2] 
fu g (—1)"*14 = n 
4. ae: ea | 
am 2a j A ln(n + 1) 
35. $ ae 36. T ras n Writing About Concepts 
ce f = . Define an alternating series and state the Alternating Series 
In Exercises 37-42, (a) use Theorem 9.15 to determine the Test, 
number of terms required to approximate the sum of the . Give the remainder after N terms of a convergent alternat- 
convergent series with an error of less than 0.001, and (b) use a ing series. 
graphing utility to approximate the sum of the series with an . In your own words, state the difference between absolute 
error of less than 0.001. and conditional convergence of an alternating series. 


. The graphs of the sequences of partial sums of two series 


o0 co 1 
37. by I 38. > wn ae are shown in the figures. Which graph represents the partial 
os sums of an alternating series? Explain. 


n=0 (2n + 1)! 
3 (=1)" _ 

40. È Qn)! ~ cos 1 
ea) —)rtl 

41. Ss oe = 1n2 
n=1 n 


a. 5 a 
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True or False? In Exercises 67-70, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


67. If both È a, and È (—a,) converge, then È |a,,| converges. 
68. If È a, diverges, then È |a,| diverges. 


; . & (- 1)" ; ; 
69. For the alternating series 5 ( 7 ) , the partial sum Sjo9 is an 


; E ; 89. The following argument, that 0 = 1, is incorrect. Describe the 
overestimate of the sum of the series. Ertok 


70. If 2a, and È b, both converge, then È a,b, converges. 
0=0+0+0+::: 


In Exercises 71 and 72, find the values of p for which the series =(1-)+0-1+0-)+:--: 
CONVErEES: =14+(-l1+)+(-14+1+--: 
71. >Dy 72. =1)" 
2, | (or) 2, | (5) =y | 
73. Prove that if È |a,| converges, then È œ, converges. Is the 90. The following argument, 2 = 1, is incorrect. Describe the error. 
converse true? If not, give an example that shows it is false. Multiply each side of the alternating harmonic series 
74. Use the result of Exercise 71 to give an example of an alternat- 1 íi. t-31 ïi i i.i 1 
ing p-series that converges, but whose corresponding p-series S=1 2 ' 3 4 i 5 6 7 8 9 10 pas 
diverges. 
75. Give an example of a series that demonstrates the statement you by 2 to get ae 
proved in Exercise 73. 
; ; i 2 1,2 1,2 1,2 1 
76. Find all values of x for which the series È (x”/n) (a) converges 25=2-14 } } + bees 


absolutely and (b) converges conditionally. 


77. Consider the following series. 
Now collect terms with like denominators (as indicated by the 


I de ee S lL, | 1, 
> 3t4 9° 8 gt oe Re arrows) to get 
Ladt 11 
(a) Does the series meet the conditions of Theorem 9.14? 25=1 2 H 3° 4 5 ees 
Explain why or why not. 
(b) Does the series converge? If so, what is the sum? The resulting series is the same one that you started with. So, 


78. Consider the following series. 2S = S and divide each side by S to get 2 = 1. 


1 ed 
Sn Tr if n is odd Putnam Exam Challenge 
> —] n+l á a = 
mn 1 


n=1 


n? if n is even 91. Assume as known the (true) fact that alternating harmonic 
series 
(a) Does the series meet the conditions of Theorem 9.14? 


Explain why or why not. 


A legr eraser eget 


(iy Woew tie etexeomense I, Shawne cin is convergent, and denote its sum by s. Rearrange the series (1) 


as follows: 
Oy tebe te tata te bed dees 
Review In Exercises 79-88, test for convergence or divergence Pt, ee oe oe 
and identify the test used. Assume as known the (true) fact that series (2) is also conver- 
gent, and denote its sum by S. Denote by s,, S, the kth partial 
79 5 10 8 $ 3 sum of the series (1) and (2), respectively. Prove each statement. 
3/2 d 2 . i 
n=1” nail Ta (i) S3, = San oe (ii) S#s 
n 
81. < 3" 82. 5 € This problem was composed by the Committee on the Putnam Prize Competition. 
= n? A2 © The Mathematical Association of America. All rights reserved. 
co 7\" oo 3n2 
83. s(Z 84. 
2, 8 » 2n? +1 


85. § 100/2 


n=1 
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The Ratio and Root Tests 


e Use the Ratio Test to determine whether a series converges or diverges. 
e Use the Root Test to determine whether a series converges or diverges. 
e Review the tests for convergence and divergence of an infinite series. 


The Ratio Test 


This section begins with a test for absolute convergence—the Ratio Test. 


Writing a Series One of the 
following conditions guarantees that 


a series will diverge, two conditions . 
guarantee that a series will converge, THEOREM 9.17 Ratio Test 
and one has no guarantee—the series Let È a, be a series with nonzero terms. 
can either converge or diverge. Which 
is which? Explain your reasoning. en a 
ates £ 1. >a, converges absolutely if lim |==] < 1. 
a no a, 
. n+1 
a; m a D ` : : an+ 1 : n+1 
4 2. 2a, diverges if lim > lor lim 
fi I noo nao a, 
b. lim |= > j 
noo a n . o . . . 
4 3. The Ratio Test is inconclusive if lim |*4) = 1. 
Qn+1 noe | a, 
ce. lim =S 1 
n—->co a, 
d. lim |“+4| = 2 Proof To prove Property 1, assume that 
noo a, 
lim |) =r <1 
n—->oco a, 


and choose R such that O < r < R < 1. By the definition of the limit of a sequence, 
there exists some N > 0 such that |a,,,,/a,| < R for all n > N. Therefore, you can 
write the following inequalities. 


layeil < lay|R 
lay42| < layeilIR < |aylR? 


lay+3| < laveolR < ļay+ı|R? < laylR? 


The geometric series È |ay|R” = |ay|R + |ay|R?2 ++- -+ lay[R7+-- - 
converges, and so, by the Direct Comparison Test, the series 


co 

by layta] = laysi + [aysal + °° lanan] Fo 

n=1 
also converges. This in turn implies that the series È |a,| converges, because 
discarding a finite number of terms (n = N — 1) does not affect convergence. 
Consequently, by Theorem 9.16, the series È a,, converges absolutely. The proof of 
Property 2 is similar and is left as an exercise (see Exercise 98). a 


NOTE The fact that the Ratio Test is inconclusive when |a,,,/a,| —> 1 can be seen by 
comparing the two series È (1/n) and È (1/n?). The first series diverges and the second one 
converges, but in both cases 


Gn+1 = 


an 


lim 
n=300 
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i Y TIP A step frequently used in 
applications of the Ratio Test involves 
simplifying quotients of factorials. In 


Example 1, for instance, notice that 


n! n! f 
(n+1)! (ana+1I)! ntl 
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Although the Ratio Test is not a cure for all ills related to tests for convergence, 
it is particularly useful for series that converge rapidly. Series involving factorials or 
exponentials are frequently of this type. 


EXAMPLE | Using the Ratio Test 


Determine the convergence or divergence of 


Gn+1 
a 


n 


lim 


noo 


Ge a 


Therefore, the series converges. 
L try te | [Exploration a | 


EXAMPLE 2 Using the Ratio Test 


Determine whether each series converges or diverges. 


so n” 


b. 


n 
n=0 3 n=1 n! 


Solution 


a. This series converges because the limit of |a, , ,/a,,| is less than 1. 


. are sath 3 gnt2 3n 
jim a, m [o + 1) = n22ntl 
2(n + 1)? 

e ae ; ) 
noo n 
2 
a <= 
3 < 


b. This series diverges because the limit of |a, , ,/a,| is greater than 1. 


= im [rr (a 
= i“ a al 


Gn+1 


| 
ie 
3B 
ie 
+ 
3| 
pee a 
= 
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EXAMPLE 3 A Failure of the Ratio Test 


Determine the convergence or divergence of ` (—1)" vn 
è a ah n+ 1 
Solution The limit of |a, , ;/a,| is equal to 1. 
. An+1 : Jn+1\fn+1 
lim => = lim || ———— 
noo a, n—-oo n+ 2 Jn 
; nt+1 (? + 5) 
= lim 
noo n n+2 
= J1(1) 
= | 
NOTE The Ratio Test is also inconclu- So, the Ratio Test is inconclusive. To determine whether the series converges, you 
sive for any p-series. need to try a different test. In this case, you can apply the Alternating Series Test. To 
show that a,,, < a, let 
fox) = 
str 


Then the derivative is 


i =l 
A 
Pe) 2/x(x + 1)? 
Because the derivative is negative for x > 1, you know that f is a decreasing function. 
Also, by L’H6pital’s Rule, 


— ve _  1/(2Vx) 
lim lim 
x>œx + 1 x—>oo 1 
lim >. 
x00 2/x 
=0. 
Therefore, by the Alternating Series Test, the series converges. —— 


[ya Eee] [ee] 
The series in Example 3 is conditionally convergent. This follows from the fact 
that the series 


> la, 
n=1 
diverges (by the Limit Comparison Test with > 1/ Vn), but the series 
È a, 
n=1 
converges. 


TECHNOLOGY A computer or programmable calculator can reinforce the 
conclusion that the series in Example 3 converges conditionally. By adding the first 
100 terms of the series, you obtain a sum of about — 0.2. (The sum of the first 100 
terms of the series È |a,,| is about 17.) 
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NOTE The Root Test is always incon- 
clusive for any p-series. 


FOR FURTHER INFORMATION For 
more information on the usefulness of 
the Root Test, see the article “N! and 
the Root Test” by Charles C. Mumma II 
in The American Mathematical Monthly. 


MathArticle 
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The Root Test 


The next test for convergence or divergence of series works especially well for series 
involving nth powers. The proof of this theorem is similar to that given for the Ratio 
Test, and is left as an exercise (see Exercise 99). 


THEOREM 9.18 Root Test 
Let È a, be a series. 


1. a, converges absolutely if lim %/|a,| < 1. 
n->oo 
2. È a, diverges if lim %/|a,| > 1 or lim A |a,,| = 00. 
noo noo 


3. The Root Test is inconclusive if lim ¥/|a,| = 1. 
n—-oo 


EXAMPLE 4 Using the Root Test 


Determine the convergence or divergence of 


=0<1 


Because this limit is less than 1, you can conclude that the series converges absolutely 
(and therefore converges). —— | 


[try te] Experations) 
To see the usefulness of the Root Test for the series in Example 4, try applying 
the Ratio Test to that series. When you do this, you obtain the following. 


i e2int+l) : e?” 
n>œ| (n + 1+! n” 


: 5 n” 
E jim e (n + 1)! 


. a a _\" 1 
a (- + z) (- + z) 


=0 


an+1 
a, 


lim 


n—-oo 


Note that this limit is not as easily evaluated as the limit obtained by the Root Test in 
Example 4. 
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Strategies for Testing Series 


You have now studied 10 tests for determining the convergence or divergence of an 
infinite series. (See the summary in the table on page 644.) Skill in choosing and 
applying the various tests will come only with practice. Below is a set of guidelines 
for choosing an appropriate test. 


Guidelines for Testing a Series for Convergence or Divergence 


1. Does the nth term approach 0? If not, the series diverges. 


2. Is the series one of the special types—geometric, p-series, telescoping, or 
alternating? 


3. Can the Integral Test, the Root Test, or the Ratio Test be applied? 
4. Can the series be compared favorably to one of the special types? 


In some instances, more than one test is applicable. However, your objective should 
be to learn to choose the most efficient test. 


EXAMPLE 5 Applying the Strategies for Testing Series 


Determine the convergence or divergence of each series. 


a > E b. > (2) c Žž neo” 
ii > TE 1 . > z Re 1 s > D 
5 > (ay 

Solution 


a. For this series, the limit of the nth term is not 0 (a, >+ as n= oo). So, by the 
nth-Term Test, the series diverges. 

b. This series is geometric. Moreover, because the ratio r = 77/6 of the terms is less 
than 1 in absolute value, you can conclude that the series converges. 

c. Because the function f(x) = xe~*’ is easily integrated, you can use the Integral Test 
to conclude that the series converges. 

d. The nth term of this series can be compared to the nth term of the harmonic series. 
After using the Limit Comparison Test, you can conclude that the series diverges. 

e. This is an alternating series whose nth term approaches 0. Because a, ,,; < d,,, you 
can use the Alternating Series Test to conclude that the series converges. 

f. The nth term of this series involves a factorial, which indicates that the Ratio Test 
may work well. After applying the Ratio Test, you can conclude that the series 
diverges. 

g. The nth term of this series involves a variable that is raised to the nth power, which 
indicates that the Root Test may work well. After applying the Root Test, you can 
conclude that the series converges. a 
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Summary of Tests for Series 


Test Series Condition(s) Condition(s) Comment 
of Convergence of Divergence 
nth-Term ` a, lim a. #0 This test cannot be used 
n 
n=1 MRR to show convergence. 
; > S a 
Geometric Series X ar” Ir} <1 |21 Sum: S = 5 
n=0 =F 
Telescoping Series ` (b, — bgi) lim b, = L Sum: S = b, — L 
n=1 NEFER 
p-Series pS 1 p>l psi 
n=1 nP 
z2 O<a,,,<Sa Remainder: 
Alternating Series —1)""!a i i 
j 2 ( ) " and lim a, = 0 [Ry] < an+1 
n= 
Integral co 
3 ; oo oo Remainder: 
An» : s 
(f is continuous, 2 á f(x) dx converges i f(x) dx diverges 
positive, and = f(n) > 0 f 1 0< Ry < | f(x) dx 
decreasing) a, = fin) 2 N 
5 — Test is inconclusive if 
i n i n 
Root > a, im la,,| <1 tim x/|a,] ae | lim 2 CA = |], 
n=1 n= 
2 7 Test is inconclusive if 
Ratio lim 7#] < 1 lim |==] > 1 a 
a en n> | An n> | a, lim atl) = 1. 
n— 00 a, 
i : oo O0<a, <b, 0<b, <a, 
Direct Comparison ` a, M E 
(a,b, > 0) nt and Ss b,, converges and ` b,, diverges 
n=1 n=1 
—_ ; 20 lim -"=L>0 lim -"=L>0 
Limit Comparison Ss a, n>% b, n>% b, 
= o0 co 
(an bn > 0) and ` b„ converges and ` b„ diverges 
n=1 n=1 


Exercises for Section 9.6 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1—4, verify the formula. 


1 A = n+ Doa- 1 
5 (2k — 2)! _ 1 
(2K)! (2k)(2k — 1) 
(2k)! 
3.1°3-°5---(Qk-l1)= Sel 
1 2kk!(2k — 3)(2k — 1) 
4 i.3.5.. -Qk 5) (2k)! ae 


In Exercises 5-10, match the series with the graph of its 
sequence of partial sums. [The graphs are labeled (a), (b), (c), 
(d), (e), and (f).] 


(a) sS, b) S, 
A on A 
V A g e? 2e 
6+ Pig eoeeeceecee 
54+ e 34 
4+ ° i 
gpr I+ 
2--e 1 
i 27 
HH n a oe eo 
2 4 6 8 10 Par i ar are 
O s (CO 
A A 
3 10-- e 
Sale te e 
2 ral .° 
14 eceeeecoce a a 
e ale ° 
1 4+ e 
2 + ° 
2+ e 
HEHE Ht te 
2 4 6 8 10 HHHH Hn 
2 4 6 8 10 
(e) S, (f) S, 
A A 
q+ Le o 
6-6 eoeeeeoce 8+ 
° 6+ 
Sor af è 
4+ IE ° 
34 25 e oe 
2T HHHH > 
J= yE 2 t G 8 10 
HHHH HE 1 T 
2 4 6 8 10 -4T o 


Ms ims 
Ejus amm 


Ms i 


—~ Aann 


=3) t 


10. > 4e~” 


Numerical, Graphical, and Analytic Analysis In Exercises 11 
and 12, (a) verify that the series converges. (b) Use a graphing 
utility to find the indicated partial sum S„ and complete the 
table. (c) Use a graphing utility to graph the first 10 terms of the 
sequence of partial sums. (d) Use the table to estimate the sum of 
the series. (e) Explain the relationship between the magnitudes 
of the terms of the series and the rate at which the sequence of 
partial sums approaches the sum of the series. 


n 5 10 | 15 | 20 25 


In Exercises 13-32, use the Ratio Test to determine the conver- 
gence or divergence of the series. 


13. Le 14. > 

15. > »(2) 16. 2 a3) 
co co 3 

17. > z 18. > 

21. > D 2 22. bY a 

23. > 5 24. > Gah 

25. > 26. e 

n. Š oy 28. $ G 
a cos «Ss Nasi 

= n=0 r 1 a: Soran 
7 ae 

on 21 -3 o2 a + 1) 


eo) (-1)"2-4-6- ` - (2n)] 
Pene 


n=1 


In Exercises 33-36, verify that the Ratio Test is inconclusive for 
the p-series. 


g 1 g 1 
k Er 4. = 
= 2, n3/2 : 2 ne 
2.1 Ss 1 
35. > a 36 ie 
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In Exercises 37-50, use the Root Test to determine the conver- 
gence or divergence of the series. 


s $ lori) Bo 
S(T) w. $ (524) 
41. > 7 ir 42. > (= a 
43. 5 (24/7 +1)" 44 Se n 

45. > a 46. > ( 2 i 
49. > ee 50. > at 


In Exercises 51-68, determine the convergence or divergence of 
the series using any appropriate test from this chapter. Identify 
the test used. 


51. > ane) 52. De 
53 > =e 54. 2 ay 
an > 7 1 ae > ror 1 
2 (—1)3" -2 2 10 
7. Š ” 8. oa 
59. > —— 60. > —— - 
a. $ r a5 
n= i ninn 
63. > a 64. 2 as 
co —1)nan-1 co —1)n Qn 
s. For 65, 5 OE 
“e > 35 r +1) 
oh > = Ta a 2 


In Exercises 69-72, identify the two series that are the same. 


69. (a) ie = 70. (a) $ a3) 
n=1 f n=4 
ee) n5” co 3 n 
© Sam © Zero) 


oo (n Ae 1)57+! o0 3\r-1 
© (n+ 1)! © 2 (3) 


n=0 
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(= 
v SE © So 
co (-1)""! oo (-1)"*! 
(©) > Qn + 1)! (c) > (n + 1)2" 


In Exercises 73 and 74, write an equivalent series with the index 
of summation beginning at n = 0. 
co n co Qn 


73. by 7 74. 2 u- 


In Exercises 75 and 76, (a) determine the number of terms 
required to approximate the sum of the series with an error less 
than 0.0001, and (b) use a graphing utility to approximate the 
sum of the series with an error less than 0.0001. 


(oF 3 (=F 
` Æ žk! 76. E Tga ke) 


oo 

In Exercises 77-82, the terms of a series 5 a, are defined 
n=1 

recursively. Determine the convergence or divergence of the 


series. Explain your reasoning. 


77. ay = 2? an+1 = 3n a 9 ln 
2n +1 
78. a E 2, Ay +1 = 5n —4"” 
i -l 
79. a, = l, ap41 = = a, 
1 cosn + 1 
80. a, 57 nt 5 a a, 
1 1 
81. a, = z ant = (1 | ‘Na, 
1 n, 
82. ay, = g an+1 = a, 


In Exercises 83-86, use the Ratio Test or the Root Test to deter- 
mine the convergence or divergence of the series. 


1:2 1:2:3 1:2:3:4, 
BT 3” des Lesage 

2 3 4 5 6 
4. 1 t t t t t 
3. 32° 33° 34 35 
ge oe SEE IR 
' (n3 (In4)4 ` (n5) ` (n6) 

1-3 | 1-3-5 
a T eer we ee 

1-3°5°7 


In Exercises 87-92, find the values of x for which the series 
converges. 


S 


n=0 


so fx +1\" 
88. Dies 


go, § CMe + oF 


90. Š 2x — 1)" 


n=0 


[ee] x n 
91. n(3) 
n=0 2 


g, S ety 


Writing About Concepts 


. State the Ratio Test. 
. State the Root Test. 


. You are told that the terms of a positive series appear to 

approach zero rapidly as n approaches infinity. In fact, 

< 0.0001. Given no other information, does this imply 

that the series converges? Support your conclusion with 
examples. 


. The graph shows the first 10 terms of the sequence of 
partial sums of the convergent series 


a 
An F2 
Find a series such that the terms of its sequence of partial 
sums are less than the corresponding terms of the sequence 


in the figure, but such that the series diverges. Explain your 
reasoning. 


2 4 6 8 10 


97. Using the Ratio Test, it is determined that an alternating 
series converges. Does the series converge conditionally or 
absolutely? Explain. 


98. Prove Property 2 of Theorem 9.17. 
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roperty l: Tt the limit equals 
r < 1, choose a real number R such that r < R < 1. By the 
definitions of the limit, there exists some N > 0 such that 


2/la,| < R forn > N.) 


100. Show that the Root Test is inconclusive for the p-series 


žy 


101. Show that the Ratio Test and the Root Test are both inconclu- 
sive for the logarithmic p-series 


alr 


S 1 


&, n(n n)” 
102. Determine the convergence or divergence of the series 
2a 
| (xn)! 
when (a) x = 1, (b) x = 2, (c) x = 3, and (d) x is a positive 
integer. 


103. Show that if > a, is absolutely convergent, then 


n=1 


co 
< X lal. 


o0 
Xa 
n=1 


104. Writing Read the article “A Differentiation Test for 
Absolute Convergence” by Yaser S. Abu-Mostafa in 
Mathematics Magazine. Then write a paragraph that describes 
the test. Include examples of series that converge and exam- 
ples of series that diverge. 


Putnam Exam Challenge 


105. Is the following series convergent or divergent? 


+h. 24 BSP. O a 
"2 7 3A7) ° Bh 7) 547) ` 


106. Show that if the series 


Gaby VF Gg ae 2 8 Ge Re 


converges, then the series 


a2 n a3 fe ay sae F an [b Se 088 
ay, 2°73" we” 


converges also. 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


w Experienced writers 


On-ti del 
648 CHAPTER9 Infinite Series sd Revepidmernhtt 


® 100% plagiarism free 


Taylor Polynomials and Approximations 


e Find polynomial approximations of elementary functions and compare them with 
the elementary functions. 

e Find Taylor and Maclaurin polynomial approximations of elementary functions. 

e Use the remainder of a Taylor polynomial. 


Polynomial Approximations of Elementary Functions 


The goal of this section is to show how polynomial functions can be used as 
approximations for other elementary functions. To find a polynomial function P that 
approximates another function f, begin by choosing a number c in the domain of f at 
which f and P have the same value. That is, 


P(c) = fle) P(c) =f (c). Graphs of f and P pass through (c, f (c)). 


P= LO The approximating polynomial is said to be expanded about c or centered at c. 
Geometrically, the requirement that P(c) = f(c) means that the graph of P passes 
through the point (c, f (c)). Of course, there are many polynomials whose graphs pass 
through the point (c, f (c)). Your task is to find a polynomial whose graph resembles 
the graph of f near this point. One way to do this is to impose the additional require- 
ment that the slope of the polynomial function be the same as the slope of the graph 
>x of f at the point (c, f(c)). 


Pc) = fe) Graphs of f and P have the same slope at (c, f (c)). 
Near (c, f(c)), the graph of P can be used to f 
approximate the graph of f. With these two requirements, you can obtain a simple linear approximation of f, as 
Figure 9.10 shown in Figure 9.10. 


EXAMPLE | First-Degree Polynomial Approximation of f(x) = e* 


For the function f(x) = e*, find a first-degree polynomial function 
P(x) = ay + ax 


whose value and slope agree with the value and slope of f at x = 0. 


Solution Because f(x) = e* and f(x) = e*, the value and the slope of f, at x = 0, 


are given by 

fO) = e= 
and 

fO = e=]. 


Because P(x) = ay + a,x, you can use the condition that P,(0) = f(0) to conclude 
that dy = 1. Moreover, because P,’(x) = a,, you can use the condition that P,’(0) = 
f0) to conclude that a, = 1. Therefore, 


P is the first-degree polynomial P(x) = 14x. 
approximation of f(x) = e*. 
Figure 9.11 Figure 9.11 shows the graphs of P,(x) = 1 + x and f(x) = e*. a 


NOTE Example | isn’t the first time you have used a linear function to approximate another 
function. The same procedure was used as the basis for Newton’s Method. 
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In Figure 9.12 you can see that, at points near (0, 1), the graph of 
P ix) =I+x 1st-degree approximation 


is reasonably close to the graph of f(x) = e*. However, as you move away from (0, 1), 
the graphs move farther from each other and the accuracy of the approximation 
decreases. To improve the approximation, you can impose yet another requirement— 
that the values of the second derivatives of P and f agree when x = 0. The polynomial, 
i fo)= et P,, of least degree that satisfies all three requirements P,(0) = f(0), P,’(0) = f(0), 
vA and P,”(0) = f”(0) can be shown to be 
Ẹ 


1 
P(x) =1l+x+ 7% 2nd-degree approximation 


= Le 
Pia) =1l+xt+5x 


Moreover, in Figure 9.12, you can see that P, is a better approximation of f than P}. 
If you continue this pattern, requiring that the values of P (x) and its first n derivatives 


As : t =a match those of f(x) = e* at x = 0, you obtain the following. 

l l fx. A 1 E 
P, is the second-degree polynomial P(x) =1+x+ 5% $ ze a a” nth-degree approximation 
approximation of f(x) = e*¥ : = 
Figure 9.12 = er 


EXAMPLE 2 Third-Degree Polynomial Approximation of f(x) = e* 
Construct a table comparing the values of the polynomial 


1 1 
P(x) =1l+x+ at + ETAS 3rd-degree approximation 


with f(x) = e* for several values of x near 0. 
Solution Using a calculator or a computer, you can obtain the results shown in the 


table. Note that for x = 0, the two functions have the same value, but that as x moves 
farther away from 0, the accuracy of the approximating polynomial P(x) decreases. 


x —1.0 =0.2 =0.1 0 0.1 0.2 1.0 
Ca 0.3679 | 0.81873 | 0.904837 | 1 | 1.105171 | 1.22140 | 2.7183 
P,(x) | 0.3333 | 0.81867 | 0.904833 | 1 | 1.105167 | 1.22133 | 2.6667 


[Try te | [Exploration a 


E- TECHNOLOGY A graphing utility can be used to compare the graph of the 


approximating polynomial with the graph of the function f. For instance, in Figure 
9.13, the graph of 

P(x) =] +x+ 5x? F h 3rd-degree approximation 
is compared with the graph of f(x) = e*. If you have access to a graphing utility, 

-3 3 try comparing the graphs of 
a =l P,(x) =]+x+ 5x? ote s ale Axt 4th-degree approximation 
P(x) =] +x+ 5x2 F Exs ag txt + Ix’ 5th-degree approximation 
P; is the third-degree polynomial P(x) =] +x+ 5x? + ex zy aq x4 ag 0x + ap x9 6th-degree approximation 


approximation of f(x) = e* 
Figure 9.13 with the graph of f. What do you notice? 
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Taylor and Maclaurin Polynomials 
Brook TayLor (1685-1731) 
Although Taylor was not the first to seek 
polynomial approximations of transcendental 
functions, his account published in 1715 was 


one of the first comprehensive works on the P (x) = ay + a(x —c+ a(x — c) + a(x -c +. -+ alx- o". 
subject. n n 


The polynomial approximation of f(x) = e* given in Example 2 is expanded about 
c = 0. For expansions about an arbitrary value of c, it is convenient to write the 
polynomial in the form 


In this form, repeated differentiation produces 


| MathEio | P(x) = a; + 2a,(x = c) + 3a;(x — c)? + +s -+ na (x — ey 
P” (x) = 2a, + 2(3a3)(x — c) +- -+ n(n = 1)a,(x =<)? 


P” (x) = 3a) +- +s + n(n = 1)(n — 2)a,(x = c)" 


PPO) = n(n = 1)(@ = 2)- + -(2)()a,. 
Letting x = c, you then obtain 


P(c) =ap P,/()=a, Pc) =2a, ..., Pc) = nla, 


n 


and because the value of f and its first n derivatives must agree with the value of P, 
and its first n derivatives at x = c, it follows that 


7 (n) 
fd=a, fl) =a, ro Siti gas fo = 


n 


With these coefficients, you can obtain the following definition of Taylor polynomials, 
named after the English mathematician Brook Taylor, and Maclaurin polynomials, 
named after the English mathematician Colin Maclaurin (1698—1746). 


Definitions of nth Taylor Polynomial and nth Maclaurin Polynomial 


If f has n derivatives at c, then the polynomial 


NOTE Maclaurin polynomials are tO) fo (c) 
special types of Taylor polynomials for P(x) = flc) + f(c)(x — c) + Sre =j r — e —c)" 
which c = 0. ` {s 
is called the nth Taylor polynomial for f at c. If c = 0, then 
N 0 mt 0 (n) 0 
P (x) = f(0) + f(O)x + TO, + Fos tenet ro. 


is also called the nth Maclaurin polynomial for f. 


EXAMPLE 3 A Maclaurin Polynomial for f(x) = e* 


Find the nth Maclaurin polynomial for f(x) = e*. 
FOR FURTHER INFORMATION To n . . 
see how to use series to obtain other Solution From the discussion on page 649, the nth Maclaurin polynomial for 


approximations to e, see the article f@) =e 
“Novel Series-based Approximations to 

e” by John Knox and Harlan J. Brothers is given by 

in The College Mathematics Journal. 


1 1 


1 
I PS Merge t Ge ee ee ae 
MathArticle 2! 3! n! A 


Select the animation button to see that the approximation becomes better as the 
degree of the Maclaurin polynomial increases. 


[Animation | 
[try te | [Belen] 
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EXAMPLE 4 Finding Taylor Polynomials for In x 


Find the Taylor polynomials P), P,, P,, P}, and P, for f(x) = In x centered at c = 1. 


Solution Expanding about c = 1 yields the following. 


f(x) =Inx f(l) =In1 =0 

FQ) = L fl) = + =] 
ro=-5  fO=-4=-1 
pm") = 5 P= qa? 
P=- poy = -F = 


Therefore, the Taylor polynomials are as follows. 
Eyl) = ful) = 0 
PG) =f) + (OG — 1) = œ- 1) 


P =F +E- 1) + Dg- 2 


= (= 1) - 50-1? 


p(s) = 0) +e - 1) + FOG - e+ Se - op 
= (= 1) = 3-1) + Fe 1) 


Pa) = 70) + OE- 1) + Se - y+ S96 - 


2! 
Aq i 
+ — _ 1) 
= (= I) = 5-2 + 5-1 - 50-1) 


Figure 9.14 compares the graphs of P,, P,, P}, and P, with the graph of f(x) = In x. 
Note that near x = 1 the graphs are nearly indistinguishable. For instance, P,(0.9) ~ 
— 0.105358 and In(0.9) =~ — 0.105361. 


As n increases, the graph of P, becomes a better and better approximation of the graph of f(x) = Inxnearx = 1. 


Figure 9.14 
ie) A eee 
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EXAMPLE 5 Finding Maclaurin Polynomials for cos x 


Find the Maclaurin polynomials P}, P,, P}, and P, for f(x) = cos x. Use P,(x) to 
approximate the value of cos(0.1). 


Solution Expanding about c = 0 yields the following. 


f(x) = cos x f(0) =cos0 = 1 
f(x) = -sinx f(0) = —sin0 = 0 
f(x) = -cos x f’(0) = —cos 0 = - 1 
fx) = sinx f” (0) = sind =0 


Through repeated differentiation, you can see that the pattern 1,0, — 1, 0 continues, 
and you obtain the following Maclaurin polynomials. 


P(x) =1, P(x) =1- Tha 
1 1 1 1 1 
P,@) =1- Thal + rT P(x) = 1 - Th + ae = 61 


Near (0, 1), the graph of P; can be used to Using P,(x), you obtain the approximation cos (0.1) = 0.995004165, which coincides 
approximate the graph of f(x) = cos x. with the calculator value to nine decimal places. Figure 9.15 compares the graphs of 
Figure 9.15 f(x) = cos x and Ps. pe 


EE [Try te] [Eplrationa] 
Note in Example 5 that the Maclaurin polynomials for cos x have only even 
powers of x. Similarly, the Maclaurin polynomials for sin x have only odd powers of 


x (see Exercise 17). This is not generally true of the Taylor polynomials for sin x and 
cos x expanded about c # 0, as you can see in the next example. 


EXAMPLE 6 Finding a Taylor Polynomial for sin x 
Find the third Taylor polynomial for f(x) = sin x, expanded about c = 77/6. 


Solution Expanding about c = 7/6 yields the following. 


. T\ a eS 
f(x) = sinx A2) = sing => 
pe {w\ m V3 
f(x) = cos x (2) cos y J 
y 
1 
A f(x) = -sinx (2) = -sin” = — 
aa f(x) = sin x 6 6 2 
m _ _ m| T — T a 
f(x) = —cos x f (2) cosg 5 


So, the third Taylor polynomial for f(x) = sin x, expanded about c = 77/6, is 


sodap 8-27 a 


Near (77/6, 1/2), the graph of P; can 1 A3 T 1 m\2 AZB T\3 

be used to approximate the graph of ~ 5 + 2 (x a z) = l E z) = a(x = z) . 

f(x) = sinx. 

Figure 9.16 Figure 9.16 compares the graphs of f(x) = sin x and P}. —a 
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Taylor polynomials and Maclaurin polynomials can be used to approximate the 
value of a function at a specific point. For instance, to approximate the value of 
In(1.1), you can use Taylor polynomials for f(x) = In x expanded about c = 1, as 
shown in Example 4, or you can use Maclaurin polynomials, as shown in Example 7. 


EXAMPLE 7 Approximation Using Maclaurin Polynomials 
Use a fourth Maclaurin polynomial to approximate the value of In(1.1). 


Solution Because 1.1 is closer to 1 than to 0, you should consider Maclaurin 
polynomials for the function g(x) = In(1 + x). 


g(x) = In(1 + x) g(0) = In(1 + 0) = 0 
ew =( +x) g’(0) = (1 + 0)" 
g'a = -( +3) 50) = (1 +0 =I 
"(n= = 2(1 + x) oO) = 20 +0)? = 
g(x) = —6(1 + x)~4 g®(0) = —6(1 + 0)-4 = —6 


Note that you obtain the same coefficients as in Example 4. Therefore, the fourth 
Maclaurin polynomial for g(x) = In(1 + x) is 


MW (4) 
P(x) = g(0) + g(0)x + Ë © x? + O s + sO y 
1 2 
ee ee ae 
Xx 7* 3 x 4° 
Consequently, 


In(1.1) = In(1 + 0.1) = P,(0.1) = 0.0953083. 


Check to see that the fourth Taylor polynomial (from Example 4), evaluated at 
x = 1.1, yields the same result. — 


[try te | [Berton] 


P(0.1) The table at the left illustrates the accuracy of the Taylor polynomial approxima- 
LAE tion of the calculator value of In(1.1). You can see that as n becomes larger, P; (0.1) 


0.1000000 approaches the calculator value of 0.0953 102. 


On the other hand, the table below illustrates that as you move away from the 


2 | 0.0950000 ; . aaa 
expansion point c = 1, the accuracy of the approximation decreases. 
3 | 0.0953333 
4 | 0.0953083 Fourth Taylor Polynomial Approximation of In(1 + x) 
x 0 0.1 0.5 0.75 1.0 
In(1 + x) | 0 | 0.0953102 | 0.4054651 | 0.5596158 | 0.6931472 
P(x) 0 | 0.0953083 | 0.4010417 | 0.5302734 | 0.5833333 


These two tables illustrate two very important points about the accuracy of Taylor 
(or Maclaurin) polynomials for use in approximations. 


1. The approximation is usually better at x-values close to c than at x-values far 
from c. 


2. The approximation is usually better for higher-degree Taylor (or Maclaurin) 
polynomials than for those of lower degree. 
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Remainder of a Taylor Polynomial 


An approximation technique is of little value without some idea of its accuracy. To 
measure the accuracy of approximating a function value f(x) by the Taylor 
polynomial P, (x), you can use the concept of a remainder R, (x), defined as follows. 


F(x) = Py (x) + RC) 


Exact Approximate 


value Value 


So, R,,(x) = f(x) — P,(x). The absolute value of R,,(x) is called the error associated 
with the approximation. That is, 


Error = |R,(x)| = |f(@) — P,Q)]. 


The next theorem gives a general procedure for estimating the remainder 
associated with a Taylor polynomial. This important theorem is called Taylor’s 
Theorem, and the remainder given in the theorem is called the Lagrange form of the 
remainder. (The proof of the theorem is lengthy, and is given in Appendix A.) 


THEOREM 9.19 Taylor’s Theorem 


If a function f is differentiable through order n + 1 in an interval Z containing 
c, then, for each x in J, there exists z between x and c such that 


HOM = 2 0; 


f(x) = fle) + flo) -— c) + A ch +e q e- c)” + R,(x) 


where 


R,{x) = pa (= et, 


NOTE One useful consequence of Taylor’s Theorem is that 


= n+l 
|x — e] I max | f"*(z)| 


|R,(x)| < ae Ot 


where max| f (n+ D(z)| is the maximum value of f (+ D(2) between x and c. 


Forn = 0, Taylor’s Theorem states that if f is differentiable in an interval / containing 
c, then, for each x in J, there exists z between x and c such that 


(z) = f(x) aE flo) 


X—C 


f@ =f +t Oxe) o f 


Do you recognize this special case of Taylor’s Theorem? (It is the Mean Value 
Theorem.) 

When applying Taylor’s Theorem, you should not expect to be able to find the 
exact value of z. (If you could do this, an approximation would not be necessary.) 
Rather, you try to find bounds for f* )(z) from which you are able to tell how large 
the remainder R, (x) is. 


w Experienced writers 


© On-time delivery 


® 100% plagiarism free 


EXAMPLE 8 Determining the Accuracy of an Approximation 


The third Maclaurin polynomial for sin x is given by 


Use Taylor’s Theorem to approximate sin(0.1) by P;(0.1) and determine the accuracy 
of the approximation. 


Solution Using Taylor’s Theorem, you have 


3 Fa) 
gees j) a 


x3 
3! ~ 31 a! 


3! 


sinx = x — > + R,(x) = 


where 0 < z < 0.1. Therefore, 


(0.03 
3! 


NOTE Try using a calculator to verify 
the results obtained in Examples 8 and 9. 
For Example 8, you obtain 


sin(0.1) = 0.1 — = 0.1 — 0.000167 = 0.099833. 


Because f(z) = sin z, it follows that the error |R,(0.1)| can be bounded as follows. 
sin(0.1) ~ 0.0998334. 


sin z 0.0001 
For Example 9, you obtain 0< R, (0.1) = 4! (0.1)* < 4! = 0.000004 
P3(1.2) = 0.1827 This implies that 
and 0.099833 < sin(0.1) = 0.099833 + R(x) < 0.099833 + 0.000004 
In(1.2) = 0.1823. 0.099833 < sin(0.1) < 0.099837. 


[try te] [Eplerations] 
EXAMPLE 9 Approximating a Value to a Desired Accuracy 


Determine the degree of the Taylor polynomial P,(x) expanded about c = 1 that 
should be used to approximate In(1.2) so that the error is less than 0.001. 


Solution Following the pattern of Example 4, you can see that the (n + 1)st 
derivative of f(x) = In x is given by 


n! 
hl oad | Mee 
x 
Using Taylor’s Theorem, you know that the error |R,,(1.2)| is given by 
_ | fo — 7)ntl -Zll n+1 

|R,,(1.2)| an p4 1) zil a+ D! (0.2) 

7 (0.2)"*! 

~ tq + 1) 


where 1<z< 1.2. In this interval, (0.2)"*!'/[z"*'(n+ 1)] is less than 
(0.2)"*'/(n + 1). So, you are seeking a value of n such that 


(0.2)7+! 
(n+ 1) 


< 0.001 => 1000 < (n + 1)5"*1, 


By trial and error, you can determine that the smallest value of n that satisfies this 
inequality is n = 3. So, you would need the third Taylor polynomial to achieve the 
desired accuracy in approximating In(1.2). 


| Tryre | [Exploration a | 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 
In Exercises 1—4, match the Taylor polynomial approximation 


of the function f(x) = e-*’/? with the correct graph. [The 
graphs are labeled (a), (b), (c), and (d).] 


(b) y 
A 
2 abe 
x 
2+ | 2+ 
(c) y (d) y 
; A A 
\ J 
\ 2+ J a+ 
\ / 
\ / 
\ S 
x AA 
—2 -l 1 2 -2/ -1 1 \2 
=1 + / =l \ 
-27 / -2 + \ 


1. g(x) = —4x? +1 

2. g(x) = ixt- i? + 1 

3. g(x) = e![(x + 1) + 1] 

4. o(x) = a- a- eo H 


In Exercises 5-8, find a first-degree polynomial function P, 
whose value and slope agree with the value and slope of f at 
x =c. Use a graphing utility to graph f and P,. What is P, 
called? 


8. 1) = c=1 6 fi) = 5 c=8 
7. f(x) = secx, c= A 8. f(x) = tanx, c= a 


Graphical and Numerical Analysis In Exercises 9 and 10, use a 
graphing utility to graph f and its second-degree polynomial 
approximation P, at x = c. Complete the table comparing the 
values of f and P,. 


9. fl) =, c=1 


P(x) = 4 — Ax — 1) + 3(x — 1)? 


x 0 0.8 0.9 1 1.1 1.2 2 
fŒ) 
P(x) 


T 


10. f(x) = secx, c= 4 


B= Yas z) , 3 A(x z) 


4 2 4 
x —2.15 | 0.585 | 0.685 A 0.885 | 0.985 | 1.785 
f(x) 
P,(x) 


11. Conjecture Consider the function f(x) = cosx and its 
Maclaurin polynomials P,, P,, and P, (see Example 5). 


(a) Use a graphing utility to graph f and the indicated polyno- 
mial approximations. 


(b) Evaluate and compare the values of f(0) and P™(0) for 
n = 2, 4, and 6. 


(c) Use the results in part (b) to make a conjecture about f™(0) 
and P”(0). 
12. Conjecture Consider the function f(x) = xe*. 
(a) Find the Maclaurin polynomials P,, P}, and P, for f. 
(b) Use a graphing utility to graph f, P,, P}, and P}. 
(c) Evaluate and compare the values of f”(0) and P”(0) for 
n = 2, 3, and 4. 


(d) Use the results in part (c) to make a conjecture about f (0) 
and P”)(0). 


In Exercises 13-24, find the Maclaurin polynomial of degree n 
for the function. 


13. f(x) =e, n=3 14. f(y) =e, n=5 
15. f(x) =e*, n=4 16. f(x) =e*, n=4 
17. f(x) = sinx, n=5 18. f(x) = sin mx, n= 3 
19. f(x) =xe*, n=4 20. f(x) =xe*, n=4 
21. fl’) = —, n=4 22, f@) ==, n=4 
23. f(x) = secx, n=2 24. f(x) =tanx, n=3 


In Exercises 25-30, find the nth Taylor polynomial centered 
atc. 


25 f@) =- n=4, c=1 
2 
26. f(x) n 4, c=2 


27. f(y) = Vx, n=4, c=1 
28. fix) = ¥x, n=3, c=8 
29. f(x) =Inx, n=4, c=1 


30. f(x) = x cosx, n=2, c=7 


In Exercises 31 and 32, use a computer algebra system to find 
the indicated Taylor polynomials for the function f. Graph the 
function and the Taylor polynomials. 


1 


31. f(x) = tanx 32. f(x) = 


x2+1 
(a) n=3, c=0 (a)n=4, c=0 
(b) n=3, c= 7/4 (b)n=4, c=1 


33. Numerical and Graphical Approximations 


(a) Use the Maclaurin polynomials P, (x), P(x), and P;(x) for 
f(x) = sin x to complete the table. 


EG 0 0.25 0.50 0.75 1.00 


sinx | 0 | 0.2474 | 0.4794 | 0.6816 | 0.8415 
P(x) 
P(x) 
P(x) 


(b) Use a graphing utility to graph f(x) = sinx and the 
Maclaurin polynomials in part (a). 

(c) Describe the change in accuracy of a polynomial approxi- 
mation as the distance from the point where the polynomial 
is centered increases. 

34. Numerical and Graphical Approximations 


(a) Use the Taylor polynomials P, (x), P(x), and P,(x) for 
f(x) = Inx centered at c = 1 to complete the table. 


x 1.00 1.25 1.50 1.75 2.00 


Inx | 0 | 0.2231 | 0.4055 | 0.5596 | 0.6931 
P,(x) 
P(x) 
P(x) 


(b) Use a graphing utility to graph f(x) = In x and the Taylor 
polynomials in part (a). 

(c) Describe the change in accuracy of polynomial approxima- 
tions as the degree increases. 


Numerical and Graphical Approximations In Exercises 35 and 
36, (a) find the Maclaurin polynomial P;(x) for f(x), (b) 
complete the table for f(x) and P;(x), and (c) sketch the graphs 
of f(x) and P(x) on the same set of coordinate axes. 


x 0.75 0.50 0.25 | O | 0.25 | 0.50 | 0.75 
fœ) 
P(x) 


35. f(x) = arcsin x 36. f(x) = arctan x 
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In Exercises 37—40, the graph of y = f(x) is shown with four of 
its Maclaurin polynomials. Identify the Maclaurin polynomials 
and use a graphing utility to confirm your results. 

37. y y=Cos x 38. í y = arctan x 
|] I] | WA 


1 | 67+ \ + i / 
| || 2 I/ 


40. —x/4) 


y y=4xel 
ee 
\) AT 


In Exercises 41-44, approximate the function at the given value 
of x, using the polynomial found in the indicated exercise. 

41. f(x) =e, FÈ), Exercise 13 

42. f(x) = xe™, f (2), Exercise 20 

43. f(x) =Inx, (1.2), Exercise 29 


44. f(x) = x?cos x, AZ). Exercise 30 


In Exercises 45-48, use Taylor’s Theorem to obtain an upper 
bound for the error of the approximation. Then calculate the 
exact value of the error. 
7 (0.3)? (0.3)4 
45. cos(0.3) =~ 1 — a ag 


12 13 14 15 


46. e~1 +14 21 t 31 zi t 31 
3 3 
47. arcsin(0.4) = 0.4 + pay 48. arctan(0.4) = 0.4 — pay" 


In Exercises 49-52, determine the degree of the Maclaurin 
polynomial required for the error in the approximation of the 
function at the indicated value of x to be less than 0.001. 


49. sin(0.3) 50. cos(0.1) 
51. e6 52. e3 


In Exercises 53-56, determine the degree of the Maclaurin 
polynomial required for the error in the approximation of the 
function at the indicated value of x to be less than 0.0001. Use a 
computer algebra system to obtain and evaluate the required 
derivatives. 


53. f(x) = In(x + 1), approximate f(0.5). 
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54. f(x) = cos(ax?), approximate f(0.6). 
55. f(x) = e-™, approximate f(1.3). 
56. f(x) = e™*, approximate f(1). 


In Exercises 57-60, determine the values of x for which the 
function can be replaced by the Taylor polynomial if the error 
cannot exceed 0.001. 


57. f(x) =e = bata t+ 3p x <0 
3 

58. fQ) = sinx ~x = 3) 
E i 

59. f(x) = cosx~ 1-3 tgr 


60. f(x) = e7™ = 1 — 2x + 2x? — oe 


Writing About Concepts 


. An elementary function is approximated by a polynomial. 
In your own words, describe what is meant by saying that 
the polynomial is expanded about c or centered at c. 


. When an elementary function f is approximated by a 
second-degree polynomial P, centered at c, what is known 
about f and P, at c? Explain your reasoning. 


. State the definition of an nth-degree Taylor polynomial of f 
centered at c. 


. Describe the accuracy of the nth-degree Taylor polynomial 
of f centered at c as the distance between c and x increases. 


. In general, how does the accuracy of a Taylor polynomial 
change as the degree of the polynomial is increased? 
Explain your reasoning. 


. The graphs show first-, second-, and third-degree polyno- 
mial approximations P}, P,, and P, of a function f. Label 
the graphs of P,, P,, and P}. To print an enlarged copy of 
the graph, select the MathGraph button. 


67. Comparing Maclaurin Polynomials 


(a) Compare the Maclaurin polynomials of degree 4 and 
degree 5, respectively, for the functions f(x) = e* and 
g(x) = xe*. What is the relationship between them? 


(b) Use the result in part (a) and the Maclaurin polynomial of 
degree 5 for f(x) = sin x to find a Maclaurin polynomial of 
degree 6 for the function g(x) = x sin x. 
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Use the result in part (a) and the Maclaurin polynomial o 
degree 5 for f(x) = sin x to find a Maclaurin polynomial of 
degree 4 for the function g(x) = (sin x)/x. 


68. Differentiating Maclaurin Polynomials 


(a) Differentiate the Maclaurin polynomial of degree 5 for 
f(x) = sinx and compare the result with the Maclaurin 
polynomial of degree 4 for g(x) = cos x. 


(b) Differentiate the Maclaurin polynomial of degree 6 for 
f(x) = cos x and compare the result with the Maclaurin 
polynomial of degree 5 for g(x) = sin x. 


(c) Differentiate the Maclaurin polynomial of degree 4 for 
f(x) = e. Describe the relationship between the two 
series. 


69. Graphical Reasoning The figure shows the graph of the 
function 


oS TX 
f(x) = sol 4 
and the second-degree Taylor polynomial 
a 
P(x) = 1 —- ag — 2} 


centered at x = 2. 


(a) Use the symmetry of the graph of f to write the second- 
degree Taylor polynomial for f centered at x = —2. 


(b) Use a horizontal translation of the result in part (a) to find 
the second-degree Taylor polynomial for f centered at 
x= 6. 

(c) Is it possible to use a horizontal translation of the result in 
part (a) to write a second-degree Taylor polynomial for f 
centered at x = 4? Explain. 


70. Prove that if f is an odd function, then its nth Maclaurin 
polynomial contains only terms with odd powers of x. 


71. Prove that if f is an even function, then its nth Maclaurin 
polynomial contains only terms with even powers of x. 


72. Let P,(x) be the nth Taylor polynomial for f at c. Prove that 
P,(c) = f(c) and P(e) = f(c) for 1 < k < n. (See Exercises 
9 and 10.) 


73. Writing The proof in Exercise 72 guarantees that the Taylor 
polynomial and its derivatives agree with the function and its 
derivatives at x = c. Use the graphs and tables in Exercises 
33-36 to discuss what happens to the accuracy of the Taylor 
polynomial as you move away from x = c. 
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Section 9.8 


Graphical Reasoning Use a graphing 
utility to approximate the graph of 
each power series near x = 0. (Use 
the first several terms of each series.) 
Each series represents a well-known 
function. What is the function? 


o (= D a 


(— Mo a 


Understand the definition of a power series. 

e Find the radius and interval of convergence of a power series. 
e Determine the endpoint convergence of a power series. 
Differentiate and integrate a power series. 


Power Series 


In Section 9.7, you were introduced to the concept of approximating functions by 
Taylor polynomials. For instance, the function f(x) = e* can be approximated by its 
Maclaurin polynomials as follows. 


e~1+x Ist-degree polynomial 
x2 
=l trt aT 2nd-degree polynomial 
E 
e~1l+xt 21 + 31 3rd-degree polynomial 
2 3 4 
x. ; 
e~1l+xt 21 + 31 + a 4th-degree polynomial 
2 3 4 5 
X X x X 
X æ = i 
e lFxt 7| F 31 + A F 3I 5th-degree polynomial 


In that section, you saw that the higher the degree of the approximating polynomial, 
the better the approximation becomes. 

In this and the next two sections, you will see that several important types of 
functions, including 


f(x) = e* 


can be represented exactly by an infinite series called a power series. For example, 
the power series representation for e* is 
a 3 x” 


PE i gael E pm 


et eee a n! 


For each real number x, it can be shown that the infinite series on the right converges 
to the number e*. Before doing this, however, some preliminary results dealing with 
power series will be discussed—beginning with the following definition. 


Definition of Power Series 


If x is a variable, then an infinite series of the form 


co 
Ss a,X" = Ay + ax + a,x? + axe +: ai a? i aa 
n=0 


is called a power series. More generally, an infinite series of the form 


S a=)" = a Fae e+ aie= of? $+ + ta, =o te 
n=0 


is called a power series centered at c, where c is a constant. 


NOTE To simplify the notation for power series, we agree that (x — c)? = 1, even if x = c. 
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A single point 


$ >x 
c 
An interval 
— p —: 
c 
Wa 
R R 


The real line 
i A 
Cc 
The domain of a power series has only 
three basic forms: a single point, an interval 
centered at c, or the entire real line. 
Figure 9.17 


Infinite Series 
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EXAMPLE |I Power Series 


a. The following power series is centered at 0. 


œ y” x2 xe 
—=lt+txt+T+ot--- 
2 T 


! 
n=0 7: 


b. The following power series is centered at — 1. 


Syne t hs 1-@t)tG@4+1IP-@t e+: -- 


c. The following power series is centered at 1. 


$ 2-1 =@- +5 @- +E -PHe 


y= 1 0 2 


Radius and Interval of Convergence 


A power series in x can be viewed as a function of x 


fe) = Š a- 0)" 


where the domain of f is the set of all x for which the power series converges. 
Determination of the domain of a power series is the primary concern in this section. 
Of course, every power series converges at its center c because 


fl) = > ale = o) 
n=0 
=a(l)F+O0+04++++O04+++- 
= ap. 


So, c always lies in the domain of f The following important theorem states that the 
domain of a power series can take three basic forms: a single point, an interval 
centered at c, or the entire real line, as shown in Figure 9.17. A proof is given in 
Appendix A. 


THEOREM 9.20 Convergence of a Power Series 
For a power series centered at c, precisely one of the following is true. 


1. The series converges only at c. 


2. There exists areal number R > 0 such that the series converges absolutely for 
|x — c| < R, and diverges for |x — c| > R. 
3. The series converges absolutely for all x. 


The number R is the radius of convergence of the power series. If the series 
converges only at c, the radius of convergence is R = 0, and if the series 
converges for all x, the radius of convergence is R = oo. The set of all values of 
x for which the power series converges is the interval of convergence of the 
power series. 


> To determine the radius of 
convergence of a power series, use the 
Ratio Test, as demonstrated in Examples 
2, 3, and 4. 
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EXAMPLE 2. Finding the Radius of Convergence 


o0 
Find the radius of convergence of > nix", 
n=0 


Solution For x = 0, you obtain 
fO = X nto" =14+04+04---=1. 
n=0 
For any fixed value of x such that |x| > 0, let u, = n!x". Then 


(a+ IRE? 


n 


Un+1 


Un 


= lim 


noo 


lim 
noo n!x 


= |x| lim (n + 1) 
n->oo 
= 00, 


Therefore, by the Ratio Test, the series diverges for |x| > 0 and converges only at its 
center, 0. So, the radius of convergence is R = 0. 


ioe] ee] Ee 
EXAMPLE 3 Finding the Radius of Convergence 


Find the radius of convergence of 
23 (x — 2)" 


Solution For x # 2, let u, = 3(x — 2)". Then 


5 Un+1 . 3(x E DRE 
h u, m | 3(x — 2)" 
= lim |x — 2| 
n> 
= |x — 2]. 


By the Ratio Test, the series converges if |x — 2| < 1 and diverges if |x — 2| > 1. 
Therefore, the radius of convergence of the series is R = 1. 


[E EE 
EXAMPLE 4 Finding the Radius of Convergence 


Find the radius of convergence of 
(=e rxt 


Pa (2n + 1)! 


Solution Letu, = (—1)"%x2"*!/(2n + 1)!. Then 


(- 1)! x2nt3 
i | te a 
noo Un n= (- 1)" ynt 
(2n — 1)! 
x2 


= ae On On OF 


For any fixed value of x, this limit is 0. So, by the Ratio Test, the series converges for 
all x. Therefore, the radius of convergence is R = oo. — 


[Try tt_| [Exploration a | 
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Endpoint Convergence 


Note that for a power series whose radius of convergence is a finite number R, 
Theorem 9.20 says nothing about the convergence at the endpoints of the interval of 
convergence. Each endpoint must be tested separately for convergence or divergence. 
As a result, the interval of convergence of a power series can take any one of the six 
forms shown in Figure 9.18. 


Radius: 0 Radius: 00 
si . — 
c Ê 

Radius: R 
R R R R 
I REN =EN Oy aie 
c C c G 
(c-R, c +R) (c—R, c+R] [c-R, c +R) [c-R, c+R] 


Intervals of convergence 
Figure 9.18 


EXAMPLE 5 Finding the Interval of Convergence 


j : o0 x” 
Find the interval of convergence of > er 
n 


n=1 


Solution Letting u,, = x”/n produces 


xrt1 
j +1 x (n + 1) 
lim |= li 
noo Un n—-oo x? 
n 
$ nx 
= lim 
nooo |n + 1 
= |x]. 


So, by the Ratio Test, the radius of convergence is R = 1. Moreover, because the 
series is centered at 0, it converges in the interval (—1,1). This interval, 
however, is not necessarily the interval of convergence. To determine this, you must 
test for convergence at each endpoint. When x = 1, you obtain the divergent harmonic 


series 
x EEL eae P Di h 1 
— == a> = = Se iverges en x = 
an 1 2'3 aa 
When x = —1, you obtain the convergent alternating harmonic series 
el ae m c h 1 
= — = aan Aog erges when x = — 
A, n 2 3 4 onverges when x 


So, the interval of convergence for the series is [—1, 1), as shown in Figure 9.19. 


Interval: [—1, 1) 


Radius: R = | 
| — x 
=i c=0 1 
Figure 9.19 Sa 
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EXAMPLE 6 Finding the Interval of Convergence 


& (= 1)"(x + 1)" 
Find the interval of convergence of X, aes 
n=0 


Solution Letting u, = (—1)"(x + 1)"/2” produces 


(-1)" 4 + 1)"*! 

: Unt : ae 

= | 

Arae ae SY 
Qn 
. (2%x + 1) 
= | oe 
æti 
z | 


By the Ratio Test, the series converges if |(x + 1)/2| < 1 or |x + 1| < 2. So, the 
radius of convergence is R = 2. Because the series is centered at x = —1, it will 
converge in the interval (— 3, 1). Furthermore, at the endpoints you have 


co —1 n —2 n [2e] 2n [e.e] 
> ( a ) = à T = 2 1 Diverges when x = —3 
and 
Interval: (—3, 1) 
ae 2 co —]1 n 2 n [ee) 
Radius: R = 2 ; 2 Dro = » (-—1)" Diverges when x = 1 


both of which diverge. So, the interval of convergence is (—3, 1), as shown in Figure 
Figure 9.20 9.20. 


[try te] [Berana] 
EXAMPLE 7 Finding the Interval of Convergence 


Find the interval of convergence of 


Solution Letting u„ = x"/n? produces 


x(n + 1}? 
x" /n? 


Un+i 
Uy, 


= lim 


n> 


lim 


n->oo 


= lim = |x|. 


nx 
n= (n + 1)? 


So, the radius of convergence is R = 1. Because the series is centered at x = 0, it 
converges in the interval (— 1, 1). When x = 1, you obtain the convergent p-series 


$ ee ie a Converges when x = 1 
An 1? 22 © 3?” A? 
When x = —1, you obtain the convergent alternating series 
oa ee anih Converges when x = — 1 
A r 12 24 3? 4? 
Therefore, the interval of convergence for the given series is [—1, 1]. m 


[ Tryre | (Exploration a | 
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Differentiation and Integration of Power Series 
JAMES GREGORY (1638—1675) 


GARG Te e TO roe Power series representation of functions has played an important role in the develop- 


with power series was a Scotsman, James ment of calculus. In fact, much of Newton’s work with differentiation and integration 
Gregory. He developed a power series method was done in the context of power series—especially his work with complicated 
for interpolating table values—a method that algebraic functions and transcendental functions. Euler, Lagrange, Leibniz, and the 
was later used by Brook Taylor in the develop- Bernoullis all used power series extensively in calculus. 

ment of Taylor polynomials and Taylor series. Once you have defined a function with a power series, it is natural to wonder how 


you can determine the characteristics of the function. Is it continuous? Differentiable? 
Theorem 9.21, which is stated without proof, answers these questions. 


THEOREM 9.21 Properties of Functions Defined by Power Series 
If the function given by 


fle) = È aae 
=a, Hawe) taan cP taime) ++ 


has a radius of convergence of R > 0, then, on the interval (c — R,c + R), f is 
differentiable (and therefore continuous). Moreover, the derivative and anti- 
derivative of f are as follows. 


co 


1. f(x) = Ss na,(x — c)"~! 


n=1 
= a + 2a,(x — c) + 2a, (ek Se)? +- 
B oe) (x = crt! 
2. [re ax =C+t+ H a EA 
Gee (x -= c} 
2 


=C+t+al(x-—c) +a, 


The radius of convergence of the series obtained by differentiating or integrating 
a power series is the same as that of the original power series. The interval of 
convergence, however, may differ as a result of the behavior at the endpoints. 


Theorem 9.21 states that, in many ways, a function defined by a power series 
behaves like a polynomial. It is continuous in its interval of convergence, and both its 
derivative and its antiderivative can be determined by differentiating and integrating 
each term of the given power series. For instance, the derivative of the power series 


is 


> 
E 
a 
II 
— 
+ 
— 
N 
wa 


II 
m 
4 
ta 
+ 

| 
4 

| 
4 

| 
4 


= f(). 


Notice that f'(x) = f(x). Do you recognize this function? 
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EXAMPLE 8 Intervals of Convergence for f(x), f(x), and f f(x) dx 


Consider the function given by 


SE a x x 
f(x) n stata 


Find the intervals of convergence for each of the following. 


a. f f(x) dx b. f(x) c. f(x) 


Solution By Theorem 9.21, you have 


Fe) = Se 
n=1 


=ltxtx?4+¢4--- 


n+1 


and 
[oac DEST 


n=1” 


2 4 


X X X 


TET i 558 a 


By the Ratio Test, you can show that each series has a radius of convergence of R = 1. 
Considering the interval (— 1, 1), you have the following. 
a. For f f(x) dx, the series 

co x” +1 
n=1 n(n + 1) 


Interval of convergence: [- i 1] 


converges for x = +1, and its interval of convergence is [—1, 1]. See Figure 
9.21 (a). 
b. For f(x), the series 


ice) x” 
— Interval of convergence: [—1, 1) 
on 
n=1 
converges for x = — 1 and diverges for x = 1. So, its interval of convergence is 


[—1, 1). See Figure 9.21(b). 
c. For f(x), the series 


5 o Interval of convergence: (— 1, 1) 


n=1 


diverges for x = +1, and its interval of convergence is (— 1, 1). See Figure 9.21(c). 


Interval: [—1, 1] Interval: [—1, 1) Interval: (—1, 1) 
Radius: R = 1 Radius: R = 1 Radius: R = 1 
a n | X a n - x e a - x 
5i c=0 1 -1 c=0 1 -1 c=0 1 
(a) (b) (O) 
Figure 9.21 C] 


m A (Eee 
From Example 8, it appears that of the three series, the one for the derivative, 
f'(x), is the least likely to converge at the endpoints. In fact, it can be shown that if the 


series for f(x) converges at the endpoints x = c + R, the series for f(x) will also 
converge there. 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1—4, state where the power series is centered. 


o0 n g (-1)"1-3---Qn—1) , 
1. ane 2. » rl x 
o0 (x = 2)" o0 (—1)(x = m)?” 
3 a n? 4. > (2n)! 


In Exercises 5-10, find the radius of convergence of the power 
series. 


CO Bg CO 
5 2k!) PE 6 A 2) 

co (2x)" [22] (- 1)" x” 
ý >» n? i A 2” 

o (2x)?" [2] (2n) 127 
9. » On)! 10. > T 


In Exercises 11-34, find the interval of convergence of the 
power series. (Be sure to include a check for convergence at the 
endpoints of the interval.) 


uy (3) 2S (2) 
= n=0 


© 


co -1 n co 
13. ( ) x 14. D (-1)"*"(n + 1)x” 
n=1 n n=0 
oo yn o0 (3x)” 
= >> n! i p (2n)! 
17 py (2n)! (2) 18 5 Gpr 
` n=0 “\2 g n=0 (n + 1)(n + 2) 
°° —])rtlyn co (—])" yn! — 4) 
19. 5 cee 20. 5 Deea 
n=1 n=0 
o0 (=1) t(x = 5)” oo (x = 2yrri 
al: 2 ns” a a(n + 147"! 
o0 (-1)"*!@ = irr! o0 (-1)"* (x = 2)" 
23. >» — see A O 
o0 (x — 3)r-1 co (—1)” x+! 
2. È er 2 È aT 
[ee] n o0 (= 1)” x?” 
27. SA1 28. ——— 
2 n+l ( a) 8 2 


29. 2, (2n + 1)! 


31. 


n! 


2-4-6:---2n 


32 So a 


(D413 +7- 11+ + (4n — I(x — 3)" 


Ms 
Rls 
ae 


pa 


a 


nl(x + 1)" 


oe E Taso tn) 


In Exercises 35 and 36, find the radius of convergence of the 
power series, where c > 0 and k is a positive integer. 


fers) (x = a o0 (n!) x” 
5. —— : 
: 2 crt a 2 (kn)! 
In Exercises 37-40, find the interval of convergence of the 
power series. (Be sure to include a check for convergence at the 
endpoints of the interval.) 


fo) x n co (= 1" = c)” 
37. > ( 4 , k>0 38. > ae 
39. $ k(k + 1)\(k+2)---(k+n- 1x” od 
n! 


n=1 


oe n\(x — c)" 
WET n=) 


n=1 


In Exercises 41-44, write an equivalent series with the index of 
summation beginning at n = 1. 


4. 5 42. S (1Ha + Dx" 
n= 1! n=0 
2) yentd oo (—1) x2"! 

43. X = 44, 5 7 * 

3 » (2n + 1)! » 2n + 1 


In Exercises 45—48, find the intervals of convergence of (a) f(x), 
(b) f(x), (© f(x), and (d) f f(x) dx. Include a check for 
convergence at the endpoints of the interval. 


45. fa) = 3 ol 


n=0 


46. f(x) = > ces a 
47. f= Ñ Cute- is 
a. jo- $ CUE = 20 


n=1 


Writing In Exercises 49-52, match the graph of the first 10 
terms of the sequence of partial sums of the series 


g(x) = >. Ey 


with the indicated value of the function. [The graphs are labeled 
(a), (b), (c), and (d).] Explain how you made your choice. 


(a) S (b) S, 
A A 
iL 12+- e 
: eee" 10+ ° 
e °. 
ate Sar e 
e 6+ Pid 
1% 4+ a 
2+0 
SH HH HHI i Tee eee 
2 4 6 8 2 4 6 8 


O S (d) s, 
A A 
2+ 1% 
+ eooeeceo50e 31 o 
i if poetet 
2 
L Eye 
4 
HHH n HHHH HH n 
2 4 6 8 2 4 6 8 
49. g(1) 50. g(2) 
51. g(3.1) 52. g(—2) 


Writing In Exercises 53-56, match the graph of the first 10 
terms of the sequence of partial sums of the series 


g(x) = $ (2x)" 


with the indicated value of the function. [The graphs are labeled 
(a), (b), (c), and (d).] Explain how you made your choice. 


(aS, (b) s, 

A 

4+ eT 20+ 

e 

3+ ° 15+ 
© eeeeeeeee 

2+," 10% 

re 0.5 -- 
Pty tt ttt tte n Pet ttt 
123456789 -1]123456789 

() s, a s, 


Writing About Concepts 


. Define a power series centered at c. 


. Describe the radius of convergence of a power series. 
Describe the interval of convergence of a power series. 


. Describe the three basic forms of the domain of a power 
series. 
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Writing About Concepts (continued) 


60. Describe how to differentiate and integrate a power series 
with a radius of convergence R. Will the series resulting 
from the operations of differentiation and integration have 
a different radius of convergence? Explain. 


61. Give examples that show that the convergence of a power 
series at an endpoint of its interval of convergence may be 
either conditional or absolute. Explain your reasoning. 


62. Write a power series that has the indicated interval of 
convergence. Explain your reasoning. 


(a) (-2,2) (b) (-1L,1] © (-10) @ [-2,6) 


—1)nx2n41 
i) (2n + 1)! 

(a) Find the intervals of convergence of f and g. 

(b) Show that f(x) = g(x). 

(c) Show that g(x) = —f(x). 

(d) Identify the functions f and g. 


63. Let f(x) = z ( and g(x) = 5 ie 


(2n)! 


oo yn 
64. Let f(x) = Š ar 
(a) Find the interval of convergence of f. 
(b) Show that f(x) = f(x). 
(c) Show that f(0) = 1. 
(d) Identify the function f. 


In Exercises 65-70, show that the function represented by the 
power series is a solution of the differential equation. 


oo (- 1)" x2n +1 


65. yr > Qn + 1)! A a 0 
foo) (= 1)" x" Py E 

66. y = 2 Qn)! ty =0 
oo x2ntl 

67. y= 2 (an + DE yy =0 
oo x” P 

68. y 2 Ont y"-y=0 
oo x?” P , 

69. y x ag VTD TYS 0 


70. y=14 x eis y’+x?2y=0 
waged 7+ 11+ + ~(4n—1) 


71. Bessel Function The Bessel function of order 0 is 
g (— 1 )k x% 

Jx) = a Tà 

(a) Show that the series converges for all x. 

(b) Show that the series is a solution of the differential equation 
LI + xJq’ + x7 Jg = 0. 

(c) Use a graphing utility to graph the polynomial composed of 
the first four terms of Jo. 


(d) Approximate h Jo dx accurate to two decimal places. 
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72. Bessel Function The Bessel function of order 1 is 


[e] (- 1) x2k 
n) = rÈ DET kk + 1! 


(a) Show that the series converges for all x. 

(b) Show that the series is a solution of the differential equation 
PI," + xd," + (2 — IS, = 0. 

(c) Use a graphing utility to graph the polynomial composed of 
the first four terms of J}. 

(d) Show that Jy (x) = —J,(x). 


In Exercises 73-76, the series represents a well-known function. 
Use a computer algebra system to graph the partial sum S} and 
identify the function from the graph. 


2 a = yin 
73. f(x) = 2 Gn) 74. f(x) = > 1)” a 
75. f(x) = S ips, -1 <x<1 

76. f(x) = z (-1)" a 1 << 


n=0 
77. Investigation In Exercise 11 you found that the interval of 


; . Sfx)". 
convergence of the geometric series Ss (3) is (—2, 2). 
n=0 
(a) Find the sum of the series when x = 2. Use a graphing 
utility to graph the first six terms of the sequence of partial 
sums and the horizontal line representing the sum of the 
series. 


3 


(b) Repeat part (a) for x = —j. 


(c) Write a short paragraph comparing the rate of convergence 
of the partial sums with the sum of the series in parts (a) 
and (b). How do the plots of the partial sums differ as they 
converge toward the sum of the series? 


©“ 


(d) Given any positive real number M, there exists a positive 
integer N such that the partial sum 


5 (3) > M. 


Use a graphing utility to complete the table. 


M 10 100 1000 | 10,000 


N 


78. Investigation The interval of convergence of the series 
le) 
$ Gx)" is (3,5). 
n=0 


(a) Find the sum of the series when x = z: Use a graphing utili- 
ty to graph the first six terms of the sequence of partial sums 
and the horizontal line representing the sum of the series. 


(b) Repeat part (a) for x = -4 


(c) Write a short paragraph comparing the rate of convergence 
of the partial sums with the sum of the series in parts (a) 
and (b). How do the plots of the partial sums differ as they 
converge toward the sum of the series? 
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iven any positive real number M, there exists a positive 
integer N such that the partial sum 


N Q\n 
> (3 s z) > M. 


Use a graphing utility to complete the table. 


M 10 100 1000 | 10,000 


N 


True or False? In Exercises 79-82, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


co 
79. If the power series >, a, x" converges for x = 2, then it also 
n=0 


converges for x = —2. 
ice} 
80. If the power series ` a, x" converges for x = 2, then it also 
n=0 
converges for x = —1. 


81. If the interval of convergence for by a, x" is (—1, 1), then the 
n=0 


interval of convergence for ` a, (x — 1)" is (0, 2). 
n=0 


82. If f(x) = X, a,x" converges for |x| < 2, then 


n=0 


83. Prove that the power series 


S (n+p)! , 


n=0 ni(n oe q)! 
has a radius of convergence of R = œo if p and q are positive 
integers. 

84. Let g(x) = 1 + 2x + x? + 2x3 + xt +- - +, where the coef- 
ficients are c,, = 1 andc,,,, = 2 forn = 0. 


(a) Find the interval of convergence of the series. 
(b) Find an explicit formula for g(x). 
85. Let f(x) = X, cx”, where c,.3 = c, forn > 0. 
n=0 
(a) Find the interval of convergence of the series. 


(b) Find an explicit formula for f(x). 


co 
86. Prove that if the power series 5 c,x" has a radius of conver- 
n=0 


gence of R, then DY c, x?" has a radius of convergence of JR. 
n=0 
87. For n > 0, let R > 0 and c, > 0. Prove that if the interval of 


o0 

convergence of the series X, c,(x — xo)” is (x) — R, xo + R], 
n=0 

then the series converges conditionally at x) + R. 


w Experienced writers 


© On-time delivery 


2) 100% plagiarism free 


Section 9.9 Representation of Functions by Power Series 


e Find a geometric power series that represents a function. 
e Construct a power series using series operations. 


JOSEPH FOURIER (1768-1830) 


Some of the early work in representing func- 
tions by power series was done by the French Geometric Power Series 
mathematician Joseph Fourier. Fourier’s work 
is important in the history of calculus, partly 
because it forced eighteenth century mathe- 


In this section and the next, you will study several techniques for finding a power 
series that represents a given function. 


maticians to question the then-prevailing Consider the function given by f(x) = 1/(1 — x). The form of f closely resem- 
narrow concept of a function. Both Cauchy bles the sum of a geometric series 

and Dirichlet were motivated by Fourier’s = 

work with series, and in 1837 Dirichlet > üri =- = [ele 

published the general definition of a function n=0 Ley 

Bg day In other words, if you let a = 1 andr = x, a power series representation for 1/(1 — x), 


centered at 0, is 


1 co 
Ig 2 


=1+x+x2 +t, Te oe 


Of course, this series represents f(x) = 1/(1 — x) only on the interval (—1, 1), 
whereas f is defined for all x # 1, as shown in Figure 9.22. To represent f in another 
interval, you must develop a different series. For instance, to obtain the power series 
centered at — 1, you could write 


1 1 1/2 a 
l-x 2-(+1) 1-[@+1/2] 1-r 


which implies that a = 5 and r = (x + 1)/2. So, for |x + 1| < 2, you have 


1 xe (1\(x + 1\" 

57 SG) 2 ) 
1 (x + 1) 3 | 

Ja i any ai «lee er 


which converges on the interval (—3, 1). 


j——__{ x 
-l 1 2 3 
i 
=l pea 1 
1 
i 
-2+ i 
I 
1 
Ez T= 1 = Domain: all x + 1 IENS z x”, Domain: -1 <x < 1 
ia 710) 


Figure 9.22 
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EXAMPLE | Finding a Geometric Power Series Centered at 0 


4 
Find a power series for f(x) = oo centered at 0. 


Solution Writing f(x) in the form a/(1 — r) produces 


4 2 a 
2+x 1-(-x/2) 1=r 


which implies that a = 2 and r = —x/2. So, the power series for f(x) is 


A 
bie. 
= 


a 
ll 
(= 


< 
= 
NI a 
pe 


Long Division 


This power series converges when 


2- xti- 9x4 
2+x)4 seg 
4+ 2x 2 
—2x 
Soy 32 which -o that the interval of convergence is ( — 
x2 
xe + 5x3 
-1 3 
=l X2 iyt Another way to determine a power series for a rational function such as the one 


in Example | is to use long division. For instance, by dividing 2 + x into 4, you obtain 
the result shown at the left. 


EXAMPLE 2 Finding a Geometric Power Series Centered at | 


1 
Find a power series for f(x) = a centered at 1. 


Solution Writing f(x) in the form a/(1 — r) produces 


Iz 1 __ 4a 
x 1-(-x+1) l= 7 


which implies that a = 1 andr = 1 — x = —(x — 1). So, the power series for f(x) is 


=] 
Í 
Ms 
Q 
4 


= 
ll 
(= 


ll 
Ms 
= 
| 


yy" 


= 
ll 
(= 


Ce- 
1= (x= 1)+ x-1} - (x-1 + 


ll 
is 


This power series converges when 
l=) 0 


which implies that the interval of convergence is (0, 2). n 


[ Try 1t | [Exploration a | 
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Operations with Power Series 


The versatility of geometric power series will be shown later in this section, following 
a discussion of power series operations. These operations, used with differentiation 
and integration, provide a means of developing power series for a variety of 
elementary functions. (For simplicity, the following properties are stated for a series 
centered at 0.) 


Operations with Power Series 


Let f(x) = È a,x” and g(x) = È b,x". 


1. flex) = S a,krx" 


The operations described above can change the interval of convergence for the 
resulting series. For example, in the following addition, the interval of convergence for 
the sum is the intersection of the intervals of convergence of the two original series. 


S v + ¥ (5) = Š (1+ $) 
n=0 n=0 2 n=0 2 
k g ———— A I 
f= D mr a22) (1,4) 


EXAMPLE 3 Adding Two Power Series 


3% =i 
x 1 


Find a power series, centered at 0, for f(x) = 


Solution Using partial fractions, you can write f(x) as 


3x — 1 2 1 
= + 
x-1 x+1 x-1 


By adding the two geometric power series 


2 2 _< 
x+1 1-(-x) & 


Aye. |x| <1 


and 


1 =] 
x—1 1 =x 


co 
=- x, |x| <1 


n=0 


you obtain the following power series. 


3x = 1 s 
= A-1)" — 1ļlx”" = 1 — +x — Bab Fe eee 
oad 2! (—1) |x 3x + x? — 3x3 +x 
The interval of convergence for this power series is (— 1, 1). == 


[Try re | [Exploration a | 
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EXAMPLE 4 Finding a Power Series by Integration 
Find a power series for f(x) = In x, centered at 1. 
Solution From Example 2, you know that 
= $ (—1)"@ — 1)". Interval of convergence: (0, 2) 
n=0 
Integrating this series produces 


inx=[tac+c 
= nti 
ages ep mT 


n=0 n+l 


By letting x = 1, you can conclude that C = 0. Therefore, 


M o0 a (x _ Iyer! 
nen | = T] 
_ (x = 1) (x = 1)? (x = 1) (x = 1)4 Interval of 
1 2 + 3 ~ 4 Fors convergence: (0, 2] 


Note that the series converges at x = 2. This is consistent with the observation in the 
preceding section that integration of a power series may alter the convergence at the 
endpoints of the interval of convergence. 


TECHNOLOGY In Section 9.7, the fourth-degree Taylor polynomial for the 
natural logarithmic function 


Gol) Gly. -i 
2 t3 ` 3 


Inx ~ (x - 1) - 
was used to approximate In(1.1). 


In(1.1) ~ (0.1) — $(0.1)? + $(0.1)° = 10.1) 


= 0.0953083 


You now know from Example 4 that this polynomial represents the first four terms 
of the power series for In x. Moreover, using the Alternating Series Remainder, you 
can determine that the error in this approximation is less than 


[Ral s |as| 


1 5 
= 5 0.1) 


= 0.000002. 


During the seventeenth and eighteenth centuries, mathematical tables for logarithms 
and values of other transcendental functions were computed in this manner. Such 
numerical techniques are far from outdated, because it is precisely by such means 
that many modern calculating devices are programmed to evaluate transcendental 
functions. 
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EXAMPLE 5 Finding a Power Series by Integration 


Find a power series for g(x) = arctan x, centered at 0. 
SRINIVASA RAMANUJAN (1887—1920) 


Series that can be used to approximate zr have Solution Because D, [arctan x] = 1/(1 + x?), you can use the series 
interested mathematicians for the past 300 1 p 

years. An amazing series for approximating f(x) = = 5 (—1)"x". Interval of convergence: (— 1, 1) 
1/7 was discovered by the Indian mathe- Lak 226 


matician Srinivasa Ramanujan in 1914 (see 


j : Substituting x? for x produces 
Exercise 64). Each successive term of 8 p 


Ramanujan’ series adds roughly eight more 1 œ 
H = = = 2 
correct digits to the value of 1/7. For more f (œ?) = 1+ A 1)” x, 
information about Ramanujan’s work, see the g 
article“Ramanujan and Pi” by Jonathan M. Finally, by integrating, you obtain 
Borwein and Peter B. Borwein in Scientific 1 
American. arctan x = dx + C 
1 +x? 
ee) xn +1 
= =Ct =S 
MathBio 2, (=1) 2n + 1 
S ( ) xn +1 
= — 1)” Let x = 0, then C = 0. 
= 2n+ 1 
3 5 7 
x x x 
=x- 3 + 5 = 7 tees, Interval of convergence: (—1, 1) 


ee 
[try re | [Eplorationa] [nen Exmioranon | 
It can be shown that the power series developed for arctan x in Example 5 also 
converges (to arctan x) for x = +1. For instance, when x = 1, you can write 


ne ee E ee ee 
3 3. 7 
_ 7 
4 


However, this series (developed by James Gregory in 1671) does not give us a practi- 
cal way of approximating m because it converges so slowly that hundreds of terms 
would have to be used to obtain reasonable accuracy. Example 6 shows how to use two 
different arctangent series to obtain a very good approximation of m using only a few 
terms. This approximation was developed by John Machin in 1706. 


EXAMPLE 6 Approximating 7 with a Series 


Use the trigonometric identity 


4 arct: fie = TEE == 
ang 239 4 


to approximate the number 77 [see Exercise 50(b)]. 


Solution By using only five terms from each of the series for arctan(1/5) and 
arctan(1/239), you obtain 


1 1 
a(a arctan z — arctan as) = 3.1415926 


which agrees with the exact value of 7 with an error of less than 0.0000001. 


[Try re | [Exploration a | 
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Exercises for Section 9.9 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1—4, find a geometric power series for the function, Fy Graphical and Numerical Analysis In Exercises 27 and 28, let 


centered at 0, (a) by the technique shown in Examples 1 and 2 


2 3 4 n 
and (b) by long division. SoS N E E EE A 
" 2 3 4 n 
1 4 
1. f(x) = Jex 2. f(x) = — Use a graphing utility to confirm the inequality graphically. 
Then complete the table to confirm the inequality numerically. 
3. f(x) = 4. f(x) = a A EMM 
aA ee x 0.0] 0.2 | 0.4 | 06] 08 | 1.0 
In Exercises 5-16, find a power series for the function, centered Sn 
at c, and determine the interval of convergence. n(x + 1) 
5. f) =z c=5 6 fa, c= -2 s 
» fl) = 5 c= » LO) = 5 c= n+1 
7. fe) === 8 fe) =s2, cIa 27. S, < ne + 1) <S 
IM) ay IES aay © » SS Inv + 1) <8; 
1 1 28. S, < In(x + 1) < S; 
9, g(x) = x 5 = -3 10. h(x) = x 5? c=0 
In Exercises 29 and 30, (a) graph several partial sums of the 
11. fx) = 3 ; 12. f(x) = , c=2 series, (b) find the sum of the series and its radius of conver- 
Ek 3x +2 gence, (c) use 50 terms of the series to approximate the sum 
13. e() = 3x cS when x = 0.5, and (d) determine what the approximation 
<e a — 2’ represents and how good the approximation is. 
_ 4x —7 _ co (—1)"+ (x = 1)” 
14. s) = z777 ray C50 29. X e 
n=1 
15. f(x) = 2 a ¢=0 a. CDt! 
a ` 4 (Qn + 1)! 
4 
16. fO) =y c=0 


In Exercises 31-34, match the polynomial approximation of the 
function f(x) = arctan x with the correct graph. [The graphs 


In Exercises 17-26, use the power series are labeled (a), (b), (c), and (d).] 


1 co 
1+x = 20) a 


(b) 


to determine a power series, centered at 0, for the function. 
Identify the interval of convergence. 


= 1 1 
1 BOY =e i tee l x 


x 1 1 
-1 21+x) 201 -x) 


19. f(x) (x + 1)? sl- F | 
2 dj l 
20. f(x) = @+1? ae |; + i 


21. f(x) = In(x + 1) -Í : dx 


18. h(x) = 2 (@) 


x+1 


22. 


23. 


25. 


f(x) = In(1 = x?) = Í 


1 


a(x) = x2 +] 


1 
AG) = Gara] 


1 


1 1 
Ira” [rha 


24. f(x) = In(x? + 1) 


26. f(x) = arctan 2x 


In Exercises 35-38, use the series for f(x) = arctan x to approx- 
imate the value, using Ry < 0.001. 


1 
35. arctan — 


- [l ne a 
0 


3/4 
36. Í arctan x? dx 
0 


1/2 
38. Í x? arctan x dx 
x 0 


In Exercises 39-42, use the power series 


1 
Tos= x", |x| <1. 


n=0 


Find the series representation of the function and determine its 
interval of convergence. 


39. f(x) = TE 40. f(x) = ao 


l+x x(1 + x) 


41. f(x) = ( 42. f(x) = (1 — a)? 


1 -= x)? 


43. Probability A fair coin is tossed repeatedly. The probability 
that the first head occurs on the nth toss is P(n) = (5) . When 
this game is repeated many times, the average aie of tosses 
required until the first head occurs is 


E(n) = 5 nP(n). 


(This value is called the expected value of n.) Use the results of 
Exercises 39—42 to find E(n). Is the answer what you expected? 
Why or why not? 


44. Use the results of Exercises 39—42 to find the sum of each series. 
1 [ee] z n 9 n 
(@) PA n(5) (b) oS i 5 »( 5) 


Writing In Exercises 45—48, explain how to use the geometric 
series 


g(x) = 


[e] 


mar |x| <1 


to find the series for the function. Do not find the series. 


1 1 
45. f(x) = EE 46. f(x) = z 
47. f(x) = 2 48. f(x) = In(1 — x) 
x+y 
49. Prove that arctan x + arctan y = arctan = for xy #1 


provided the value of the left side of the equation is between 
—a/2 and 7/2. 


50. Use the result of Exercise 49 to verify each identity. 


Gaia 120 i 1 T 
a) arctan 779 — arctan 535 = 4 

1 T 
(b) 4 arctan 5 arctan 39 4 


(Hint: Use Exercise 49 twice to find 4 arctan Then use part 


(a).] 
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n Exercises , (a) verify the given equation and 
the equation and the series for the arctangent to approximate 7 
to two-decimal-place accuracy. 


1 1 T 
51. 2 arctan = — arctan = = — 
arctan arctan 7 4 


1 1 T 
: = + ==> 
52. arctan z arctan 3734 


In Exercises 53—58, find the sum of the convergent series by 
using a well-known function. Identify the function and explain 
how you obtained the sum. 


: 1 


3"n 


3. 3 eni 54. Ñ (-1)n*! 
n=1 n=1 

55. S yet 56. § 1)" 
n=1 n=0 


1 
57. Š D 2"1(2n + 1) 


n=0 


wa 


S 1 
n+l 
58. X (=1) 310m — 1) 


n=1 


Writing About Concepts 


. Use the results of Exercises 31-34 to make a geometric argu- 
ment for why the series approximations of f(x) = arctan x 
have only odd powers of x. 


. Use the results of Exercises 31-34 to make a conjecture about 
the degrees of series approximations of f(x) = arctan x that 
have relative extrema. 


. One of the series in Exercises 53-58 converges to its sum at 
a much lower rate than the other five series. Which is it? 
Explain why this series converges so slowly. Use a graphing 
utility to illustrate the rate of convergence. 


co 

. The radius of convergence of the power series ` a,x" 
n=0 

is 3. What is the radius of convergence of the series 


o0 
X, na,,x"~'? Explain. 


n=1 


co 

. The power series > a,x" converges for |x + 1| < 4. 
n=0 

xrtl 


co 
What can you conclude about the series a? 
x 2, "n + 1 


Explain. 


64. Use a graphing utility to show that 


J8 & (4n)!(1103 + 26,390n) 1 
9801 4 (n!)396% T 


(Note: This series was discovered by the Indian mathematician 
Srinivasa Ramanujan in 1914.) 


In Exercises 65 and 66, find the sum of the series. 


(— 1)” m?” tt 


= ae co 
ai », 327+ 1(2n + 1)! 


63; > Ton +1) 
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Section 9.10 Taylor and Maclaurin Series 


COLIN MACLAURIN (1698-1746) 


The development of power series to represent 
functions is credited to the combined work of 
many seventeenth and eighteenth century 
mathematicians. Gregory, Newton, John and 
James Bernoulli, Leibniz, Euler, Lagrange, 
Wallis, and Fourier all contributed to this 
work. However, the two names that are most 
commonly associated with power series are 
Brook Taylor (1685-1731) and Colin 
Maclaurin. 


MathBio 


NOTE Be sure you understand Theorem 
9.22. The theorem says that if a power 
series converges to f(x), the series must 
be a Taylor series. The theorem does not 
say that every series formed with the 
Taylor coefficients a, = f(c)/n! will 
converge to f(x). 


e Find a Taylor or Maclaurin series for a function. 
e Find a binomial series. 
e Use a basic list of Taylor series to find other Taylor series. 


Taylor Series and Maclaurin Series 


In Section 9.9, you derived power series for several functions using geometric series 
with term-by-term differentiation or integration. In this section you will study a 
general procedure for deriving the power series for a function that has derivatives of 
all orders. The following theorem gives the form that every convergent power series 
must take. 


THEOREM 9.22 The Form of a Convergent Power Series 


If f is represented by a power series f(x) = È a,(x — c)” for all x in an open 
interval 7 containing c, then a, = f(c)/n! and 


Aog 


J =c} +.: + 


f(x) = fle) + FC) — c) + 


Proof Suppose the power series È a,(x — c)” has a radius of convergence R. Then, 
by Theorem 9.21, you know that the nth derivative of f exists for |x — c| < R, and 
by successive differentiation you obtain the following. 
fOR) = a + a, -—c) + a(x — c} + alx- c} +a, oet 
fC) = a, + 24,0 — c) + Bale — c} + 4a (x — c) +e > 
FOG) = 2a, + Bia,(e — c) + 4 Bale = cP +e >> 
fO) = 3!a, + 4!a,a—-—c) +- 
fO) = nla, + (n+ 1)la px e) +--- 
Evaluating each of these derivatives at x = c yields 
fO(C) = Olay 
FOC) = 1a 
fC) = 2a, 
FOC) = 3la, 


and, in general, f™(c) = n!a,. By solving for a,, you find that the coefficients of the 
power series representation of f(x) are 


a LO 


n n! ` = 


Notice that the coefficients of the power series in Theorem 9.22 are precisely the 
coefficients of the Taylor polynomials for f(x) at c as defined in Section 9.7. For this 
reason, the series is called the Taylor series for f(x) at c. 
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Definitions of Taylor and Maclaurin Series 


If a function f has derivatives of all orders at x = c, then the series 


œ £(n) (n) 
2 Og = Sf tfe) Og- CP Res 3 
n=0 ž F 
is called the Taylor series for f(x) at c. Moreover, if c = 0, then the series is 
the Maclaurin series for f. 


If you know the pattern for the coefficients of the Taylor polynomials for a 
function, you can extend the pattern easily to form the corresponding Taylor series. 
For instance, in Example 4 in Section 9.7, you found the fourth Taylor polynomial for 
In x, centered at 1, to be 


Pax) = (x — 1) -36 - 1} + 5-1) - Fe 


From this pattern, you can obtain the Taylor series for In x centered at c = 1, 


(- 1)"*! 


(= 1) — 5 IP +++ + pepas 


EXAMPLE | Forming a Power Series 


Use the function f(x) = sin x to form the Maclaurin series 


oo (n) 4 (3) (4) 
D fr") x” = f(0) + f(O)x + f w x? + f © e+ f © 


; xt + 
n=0 n. 


and determine the interval of convergence. 


Solution Successive differentiation of f(x) yields 


f(x) = sinx fO) =sin0=0 

f'(x) = cos x f(0) = cos0 = 1 

f(x) = —sin x f’(0) = —sin0 = 0 
f(x) = —cos x f(0) = -—cos0 = -1 
f(x) = sin x f(0) = sin 0 = 0 
f(x) = cos x f(0) = cos 0 = 1 


follows. 


(0)x + £0) £20 xX + fOO xt + 


g foo) n j 4 
2 a PEAT 2 t3 4! 
s (— 1)" x2n71 0 (—1) 0 1 0 
ee + + 2 + 3 + 4 + 5 + 6 
> Grr (Ie + 377 31 ar 5 6 
(= 1) 7 
+ Te 2 a E 
E x 
CAO 3 SO O7 
By the Ratio Test, you can conclude that this series converges for all x. e 


| Tryrt | [Exploration a | 
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ži ET Notice that in Example 1 you cannot conclude that the power series converges to 
2 sin x for all x. You can simply conclude that the power series converges to some 
f(x) =; sinx, Ix] $5 function, but you are not sure what function it is. This is a subtle, but important, point 
1 aw in dealing with Taylor or Maclaurin series. To persuade yourself that the series 
; 2 
y "(c (n) c 
; Otre- ot Fe — gee... + Oe ns... 
! n! 


might converge to a function other than f, remember that the derivatives are being 
evaluated at a single point. It can easily happen that another function will agree with 
the values of f(x) when x = c and disagree at other x-values. For instance, if you 
formed the power series (centered at 0) for the function shown in Figure 9.23, you 
would obtain the same series as in Example 1. You know that the series converges for 
all x, and yet it obviously cannot converge to both f(x) and sin x for all x. 

Let f have derivatives of all orders in an open interval / centered at c. The Taylor 
series for f may fail to converge for some x in I. Or, even if it is convergent, it may 
fail to have f(x) as its sum. Nevertheless, Theorem 9.19 tells us that for each n, 


Figure 9.23 


fe) = 110 troe- 2) + Oa- 92 +--+ Pe o + RO, 


where 


fe + D(z) 


R,(x) = (n + 1)! 


(x = e i 1 

Note that in this remainder formula the particular value of z that makes the 
remainder formula true depends on the values of x and n. If R,-0, then the following 
theorem tells us that the Taylor series for f actually converges to f(x) for all x in Z. 


THEOREM 9.23 Convergence of Taylor Series 


If lim R, = 0 for all x in the interval Z, then the Taylor series for f converges 


sadeaiah f(x), 
co £(n) 
fe) = ŞE Og- oy, 


n=0 n! 


Proof For a Taylor series, the nth partial sum coincides with the nth Taylor polyno- 
mial. That is, S„(x) = P,,(x). Moreover, because 


Pa) =f) =R) 
it follows that 
lim S,(x) = lim P(x) 
tim [fG) — R,(0)] 
= f(x) - lim R, (x). 


So, for a given x, the Taylor series (the sequence of partial sums) converges to f(x) 
if and only if R,(x) 30 as n> 00, = 


NOTE Stated another way, Theorem 9.23 says that a power series formed with Taylor 
coefficients a, = f™(c)/n! converges to the function from which it was derived at precisely 
those values for which the remainder approaches 0 as n> co. 
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In Example 1, you derived the power series from the sine function and you also 
concluded that the series converges to some function on the entire real line. In 
Example 2, you will see that the series actually converges to sin x. The key observa- 
tion is that although the value of z is not known, it is possible to obtain an upper 
bound for | f+ (z)]. 


EXAMPLE 2 A Convergent Maclaurin Series 


Show that the Maclaurin series for f(x) = sin x converges to sin x for all x. 


Solution Using the result in Example 1, you need to show that 


x x5 x7 (- 1)" x2ntl 


ee Sa Se Se ee A aa 
SE (2n + 1)! 


3 
Pous 


sinx = x 


is true for all x. Because 
ft D(x) = sin x 


or 


ft D(x) = +cos x 


you know that | f*(z)| < 1 for every real number z. Therefore, for any fixed x, you 
can apply Taylor’s Theorem (Theorem 9.19) to conclude that 
fart D(z) a 


0< |R,&)l| = Ee, 


Has 


~ (n+ 1 


From the discussion in Section 9.1 regarding the relative rates of convergence of 
exponential and factorial sequences, it follows that for a fixed x 


Finally, by the Squeeze Theorem, it follows that for all x, R(x) > 0 as n — 00. So, by 
Theorem 9.23, the Maclaurin series for sin x converges to sin x for all x. 


[try te] [Bertin] ea 
Figure 9.24 visually illustrates the convergence of the Maclaurin series for sin x 
by comparing the graphs of the Maclaurin polynomials P,(x), P(x), Ps(x), and P,(x) 


with the graph of the sine function. Notice that as the degree of the polynomial 
increases, its graph more closely resembles that of the sine function. 


x3 
Pœ) =x Px) =x-37 


As n increases, the graph of P, more closely resembles the sine function. 
Figure 9.24 
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The guidelines for finding a Taylor series for f(x) at c are summarized below. 


Guidelines for Finding a Taylor Series 


1. Differentiate f(x) several times and evaluate each derivative at c. 


LOT Om (ei) a ey 
Try to recognize a pattern in these numbers. 

2. Use the sequence developed in the first step to form the Taylor coefficients 
a, = f(c)/n!, and determine the interval of convergence for the resulting 
power series 

FCC) 


OC) Ns eae ees (te) ko e e 


rO 
2! 


fle) + FLOG — E 


3. Within this interval of convergence, determine whether or not the series 
converges to f(x). 


The direct determination of Taylor or Maclaurin coefficients using successive 
differentiation can be difficult, and the next example illustrates a shortcut for finding 
the coefficients indirectly—using the coefficients of a known Taylor or Maclaurin 
series. 


EXAMPLE 3 Maclaurin Series for a Composite Function 


Find the Maclaurin series for f(x) = sin x?. 

Solution To find the coefficients for this Maclaurin series directly, you must 

calculate successive derivatives of f(x) = sin x?. By calculating just the first two, 
f(x) = 2xcosx? and f(x) = —4x? sin x? + 2 cos x? 


you can see that this task would be quite cumbersome. Fortunately, there is an 
alternative. First consider the Maclaurin series for sin x found in Example 1. 


g(x) = sin x 


ed P IOo n 
CFO 3 51 7! 
Now, because sin x? = g(x), you can substitute x? for x in the series for sin x to 


obtain 


sin x? = g(x?) 


x 
= x2 — + = +e ee, 


Be sure to understand the point illustrated in Example 3. Because direct 
computation of Taylor or Maclaurin coefficients can be tedious, the most practical 
way to find a Taylor or Maclaurin series is to develop power series for a basic list of 
elementary functions. From this list, you can determine power series for other 
functions by the operations of addition, subtraction, multiplication, division, differen- 
tiation, integration, or composition with known power series. 
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Binomial Series 


Before presenting the basic list for elementary functions, you wll develop one more 
series—for a function of the form f(x) = (1 + x)‘. This produces the binomial series. 


EXAMPLE 4 Binomial Series 


Find the Maclaurin series for f(x) = (1 + x)* and determine its radius of convergence. 
Assume that k is not a positive integer. 


Solution By successive differentiation, you have 


f(x) = (1 + x) fO) =1 

x) = k + x)F- FO =k 

£'@) = klk = 1). + x)? FO) = Kk — 1) 
aoe k(k — 1)(k = 2)(1 + x)? Pias k(k — 1)(k — 2) 


ag- =k:--o(k-n+1I)(1 +x)” fO(0)= kk- 1): --(k-n+1) 
which produces the series 


W- I? paea 


+ kx + 
M aE ie 2 n! 


Because a,,,,/a,— 1, you can apply the Ratio Test to conclude that the radius of 
convergence is R = 1. So, the series converges to some function in the interval 


(1, 1). ey 


[Exploration a ] 
Note that Example 4 shows that the Taylor series for (1 + x)‘ converges to some 
function in the interval (— 1, 1). However, the example does not show that the series 


actually converges to (1 + x)*. To do this, you could show that the remainder R, (x) 
converges to 0, as illustrated in Example 2. 


EXAMPLE 5 Finding a Binomial Series 
Find the power series for f(x) = 3/1 + x. 


Solution Using the binomial series 


K(k = Ux?) k= 1k = 2)8 


(1 +x) =1 + k+ 


2! 3! 
let k = 4 and write 
2x? 2:5x3 2-5 8x4 
+x)'38= 142-4 4 = 
Utat elt gat 3331 344! 
2 which converges for —1 < x < 1. = 
[Try te] [Experation 
P, 
-2 2 TECHNOLOGY Use a graphing utility to confirm the result in Example 5. 
When you graph the functions 
2 3x 10x4 
=(1+ x3 =142-444- 
f= Vix Aa) = (+ ai and P= 1+ 3— 9 + gr ~ 943 


Figure 9.25 in the same viewing window, you should obtain the result shown in Figure 9.25. 
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Deriving Taylor Series from a Basic List 


The following list provides the power series for several elementary functions with the 
corresponding intervals of convergence. 


Power Series for Elementary Functions 


Interval of 
Function Convergence 
1 
E ee eee Qarz? 
1 
Sl ee Se gee ape Se Ge a Ure ae Slee 
Il ap a 
— 1) = 1} = iF = er! = PE 
a a ee E E E 0<x<2 
2 3 4 n 
x2 xe x4 x x” 
ge Mae ear aera a a an a =69 < % < CO 
; x3 x x! x? (- 1)" x2ntl 
= — + — + — +e + f+ + ——_ +... — 
mece r A g (Qn + 1)! ce eee 
= x2 xí x6 x8 (- 1)" xn 
cos x Sec 2 able =Co =. 4% = oo 
x? x x! x? (- iF x2ntl 
Spot pe es ee a e ee eee -l<x<1 
OS ae Pages ges 6 ned d 
X ilo Bre lo Bo Sx (2n)!x2" +! 
inx =x + + + TETT a -l<x<l 
Sn ee ma ees, ae (2n!)2(2n + 1) i 


Kk = Ie F ik= DM = 2 n Ke M = J = 3J 


— 
(Q+xF=1lt+ke + z Ai T 


S =f aya l 


* The convergence at x = +1 depends on the value of k. 


NOTE The binomial series is valid for noninteger values of k. Moreover, if k happens to be a 
positive integer, the binomial series reduces to a simple binomial expansion. 


EXAMPLE 6 Deriving a Power Series from a Basic List 


Find the power series for f(x) = cos \/x. 


Solution Using the power series 


an ie (el ae 


you can replace x by \/x to obtain the series 


xX A X x 
cos Vx=1- a +7 Gt gi 


This series converges for all x in the domain of cos /x—that is, for x = 0. 


[try te | [Botertion’ 
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Power series can be multiplied and divided like polynomials. After finding the 
first few terms of the product (or quotient), you may be able to recognize a pattern. 


EXAMPLE 7 Multiplication and Division of Power Series 


Find the first three nonzero terms in each of the Maclaurin series. 


a. e* arctan x b. tan x 


Solution 


a. Using the Maclaurin series for e* and arctan x in the table, you have 


x 0 E E pe g 
e wns (14 žE.. -E ns ). 


Multiply these expressions and collect like terms as you would for multiplying 
polynomials. 


1ta tie Hie thart teo 


It xe oe + Ext + pS te: 


1 1 4 1 

gx? 3 6 2 
135 + 
5 


w 
mn 
+ 


ne ec a. Cr ae? 
Xr xet EX gx" + jox 
1 
So, ev arctan x =x+t+x74+ex74+--- 
6 


b. Using the Maclaurin series for sin x and cos x in the table, you have 


LAENE 

sin x 3! 5! 

tan x = = 7 4 
cos x x 4 x 

2! 4! 


2 
+ =x3 + = + 
Xx 3° is” 
pelea an ) e-de+ oe 
2 24 6 120 
1 1 
ays a ee 
x ae t 24% 
Wg d 
Sa a ee 
3". 30% 
1 1 
37 7 et 
2 
— y5 + 
15% 
So, tan x = x + $x + A Heo EE 
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EXAMPLE 8 A Power Series for sin? x 
Find the power series for f(x) = sin? x. 


Solution Consider rewriting sin? x as follows. 


e 1—cos2x 1. cos2x 
sin? x = => 


2 2 2 


Now, use the series for cos x. 


csx=l1- 3ta gtg 
cos 2e = 1 = a t Tet Tyee Das a3 
—5 cos 2x = -1+ 2 eT yt 2s Zab + do 
sity = E- Feos =4- ite- Fete Ze Zs yg, a 
Be Beeb Bae. 
This series converges for —co < x < oo. ——= 


ie) [eee 
As mentioned in the preceding section, power series can be used to obtain tables 
of values of transcendental functions. They are also useful for estimating the values of 


definite integrals for which antiderivatives cannot be found. The next example demon- 
strates this use. 


EXAMPLE 9 Power Series Approximation of a Definite Integral 


Use a power series to approximate 


1 
Í e™® dx 
0 


with an error of less than 0.01. 


Solution Replacing x with —x? in the series for e* produces the following. 


6 8 
=x? — = ya KOA X 

A ay ta 

1 3 5 7 9 1 

2 X X xX Xx 
-2 dr =|x -2+ - + = 

fe á E 3 5-2! 7-3! 9-4! I 

l 1l 1 1l 


Summing the first four terms, you have 
1 
[ e*' dx = 0.74 
0 


which, by the Alternating Series Test, has an error of less than z = 0.005. 


Exercises for Section 9.10 


w Experienced writers 


© On-time delivery 


(@) 100% plagiarism free 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on || to print an enlarged copy of the graph. 


In Exercises 1-10, use the definition to find the Taylor series 
(centered at c) for the function. 

1. f(x) =e, c=0 

2. f(x) = e*, c=0 


3. f(x) = cosx, c= 


4. f(x) = sinx, c= 


5. f(x) =Inx, c= 1 

6. f(x) =e", c=1 

7. f(x) = sin2x, c=0 

8. f(x) = hn? + 1), c=0 

9. f(x) = secx, c = 0 (first three nonzero terms) 


10. f(x) = tanx, c = 0 (first three nonzero terms) 
In Exercises 11-14, prove that the Maclaurin series for the 
function converges to the function for all x. 


11. f(x) = cos x 
13. f(x) = sinh x 


12. f(x) =e * 
14. f(x) = cosh x 


In Exercises 15-20, use the binomial series to find the 
Maclaurin series for the function. 


1 


15. f(x) = (+x 


16. f) = T 
1 
IO" Te 
18. f(x) = Y1 +x 
19. f(x) = V1 + x? 
20. f(x) = J1 + 2 


17 


In Exercises 21-30, find the Maclaurin series for the function. 
(Use the table of power series for elementary functions.) 
21. f(x) = er? 

22. g(x) =e * 

23. g(x) = sin 3x 

24. f(x) = cos 4x 

25. f(x) = cos x3/? 

26. g(x) = 2 sin x 

27. f(x) = Hex — e™) = sinh x 

28. f(x) = e* + e™ = 2 cosh x 

29. f(x) = cos? x 

30. f(x) = sinh! x = In(x + /x? + 1) 


1 
Hint: Integrate the series for =| 
( & Vx? + 1 


In Exercises 31-34, find the Maclaurin series for the function. 
(See Example 7.) 


31. f(x) = xsinx 32. h(x) = x cos x 
sin x, 0 arcsin x, CED 


x# 
33. g(x) =) * 34. f(x) = y 
iF x=0 f; x=0 


In Exercises 35 and 36, use a power series and the fact that 
i? = —1 to verify the formula. 


l: : 
35. g(x) = ze — e`'*) = sinx 


36. g(x) = $ (ei + e`) = cos x 


In Exercises 37-42, find the first four nonzero terms of the 
Maclaurin series for the function by multiplying or dividing the 
appropriate power series. Use the table of power series for 
elementary functions on page 682. Use a graphing utility to 
graph the function and its corresponding polynomial approxi- 
mation. 


37. f(x) = e* sinx 
39. h(x) = cos x In(1 + x) 


38. g(x) = e* cos x 
40. f(x) = e*In(1 + x) 


sin x er 


1+x a2. eT 


41. g(x) = 


In Exercises 43—46, match the polynomial with its graph. [The 
graphs are labeled (a), (b), (c), and (d).] Factor a common 
factor from each polynomial and identify the function approxi- 
mated by the remaining Taylor polynomial. 


(a) y (b) 


(c) (d) 


5% — x 

43 yee T] 44. y=x ata 
xe 

45. yxtx +7 46. y =x? -= 3 + xt 
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In Exercises 47 and 48, find a Maclaurin series for f(x). 
47. f(x) = Í (e7? — 1)dt 
0 


48. fs) = |" J1+4+ Pf dt 


In Exercises 49-52, verify the sum. Then use a graphing utility 
to approximate the sum with an error of less than 0.0001. 


4. 5, Citi = In2 
n=1 


50. $ wl l l sin 1 
n=0 
51. 5 —= e 


52. Š ( n (4) — 


In Exercises 53 and 54, use the series representation of the func- 
tion f to find lim f(x) (if it exists). 


53. f(x) = 1 — cosx 


x 


sin x 


54. f(x) = 


In Exercises 55-58, use power series to approximate the value of 
the integral with an error of less than 0.0001. (In Exercises 55 
and 56, assume that the integrand is defined as 1 when x = 0.) 


Tus 
ss. | Star 
o x 


1/2 arctan x 
56. Í dx 
b x 


0.3 
57. Í V1 + xdx 
0.1 


1/4 
58. Í x In(x + 1) dx 
0 


Area In Exercises 59 and 60, use a power series to approximate 
the area of the region. Use a graphing utility to verify the result. 


1/2 1 
59. Jx cos x dx 60. Í cos Vx dx 

0 0.5 
y y 
A A 
3 15+ 
4 Je 

1 

2 1.0 
i L 
4 0.5 + 
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robability In Exercises 61 and 62, approximate the norma 
probability with an error of less than 0.0001, where the proba- 
bility is given by 


P(a < x < b) = =°2 dx. 


1 b 
+f í 


61. P(O < x < 1) 
62. P(1 < x < 2) 


In Exercises 63—66, use a computer algebra system to find the 
fifth-degree Taylor polynomial (centered at c) for the function. 
Graph the function and the polynomial. Use the graph to 
determine the largest interval on which the polynomial is a 
reasonable approximation of the function. 


63. f(x) = xcos 2x, c=0 


64. f(x) sin 5 In(1 tx), c=0 


65. g(x) = /xInx, c=1 
66. h(x) = ¥xarctanx, c= 1 


Writing About Concepts 


67. State the guidelines for finding a Taylor series. 


68. If f is an even function, what must be true about the 
coefficients a,, in the Maclaurin series 


f(x) = Sax"? 
n=0 


Explain your reasoning. 


. Explain how to use the series 


to find the series for each function. Do not find the series. 
fa) f@) =e 
(b) fx) = e* 
©) fa) = xe 
(d) f(x) = e> + e> 

. Define the binomial series. What is its radius of 
convergence? 


71. Projectile Motion A projectile fired from the ground 
follows the trajectory given by 


g g kx 
t In{ 1 
7 ( ang kvo cos 3) “p n( Vo COS 3) 


where vg is the initial speed, 0 is the angle of projection, g is the 
acceleration due to gravity, and k is the drag factor caused by 
air resistance. Using the power series representation 


In(l +x) =x H Here, -lLex<l 


verify that the trajectory can be rewritten as 


gx? ; kgx? M o a a 
2v2 cos? 0 3v cos? ð 4v4 cost 6 ` 


y = (tan @)x 4 


72. Projectile Motion Use the result of Exercise 71 to determine 
the series for the path of a projectile launched from ground 


level at an angle of 0 = 60°, with an initial speed of vy = 64 


feet per second and a drag factor of k = A 


73. Investigation Consider the function f defined by 
el x #0 
FG) = in x= 0. 
(a) Sketch a graph of the function. 


(b) Use the alternative form of the definition of the derivative 
(Section 2.1) and L’H6pital’s Rule to show that f(0) = 0. 
[By continuing this process, it can be shown that f”(0) = 
0 forn > 1.] 


(c) Using the result in part (b), find the Maclaurin series for f. 
Does the series converge to f? 


74. Investigation 


(a) Find the power series centered at 0 for the function 


om ne 1) 


(b) Use a graphing utility to graph f and the eighth-degree 
Taylor polynomial P,(x) for f. 


(c) Complete the table, where 


F(x) = f medy and G(x) = f ro dt. 


0 0 


x 0.25 | 0.50 | 0.75 | 1.00 | 1.50 | 2.00 
F(x) 
G(x) 


(d) Describe the relationship between the graphs of f and P} 
and the results given in the table in part (c). 


75. Prove that lim “= 0 for any real x. 
noo n! 
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ind the Maclaurin series for 


1+x 
l= % 


F(x) = In 


and determine its radius of convergence. Use the first four 
terms of the series to approximate In 3. 


In Exercises 77-80, evaluate the binomial coefficient using the 
formula 


(‘) _ kk — Ik - Yk - 3): (k -n +1) 


n n! 


where k is a real number, n is a positive integer, and 


i) 


w. ("9 0) 


81. Write the power series for (1 + x)* in terms of binomial 
coefficients. 


82. Prove that e is irrational. | i Assume that e = p/q is 


rational (p and q are integers) and consider 
1 1 
e=1+4+14 ete a i: fe grace J 


83. Show that the Maclaurin series of the function 


g(x) = ; x 


— x — x2 
is 


co 
n 
È Fax 


n=1 


where F, is the nth Fibonacci number with F, = F, = 1 and 


F= Fi-a + F,_,;forn 2 3. 
(Hint: Write 

— * _ =a,taxta x2 1 
l-x-x? i sn ae 


and multiply each side of this equation by 1 — x — x2.) 


Putnam Exam Challenge 


84. Assume that |f(x)| < 1 and |f”(x)| < 1 for all x on an interval 
of length at least 2. Show that | f’(x)| < 2 on the interval. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on || 


In Exercises 1 and 2, write an expression for the nth term of the 
sequence. 


1. LERE 2. YS 1017 


In Exercises 3-6, match the sequence with its graph. [The 
graphs are labeled (a), (b), (c), and (d).] 


(a) an (b) an 
A A 
6+e 679 
5+ ral 
4+ Se ecccce eae à 
a+ 
SF a e 
2+ EE ae 
+ 2 4 © 8 10 
1+ yee e 
t+++++++++> 1 T 
2 4 6 8 10 -4t œ 
(c) an (d) an 
A N 
4L 10 +e 
. an 
3+ o BT 
e 
2+ ° 6f 
e 
1+ e tT 
é + e 
HHHH n a 
2 4 6 810 oa soe ee ee 
aay E 2 4 6 8 10 
= 2 = 
3.a, 54H 4. a,=4-zn 
= 2\n-1 
5. a, = 10(0.3)""! 6. a, = 6(—3) 


In Exercises 7 and 8, use a graphing utility to graph the first 10 
terms of the sequence. Use the graph to make an inference about 
the convergence or divergence of the sequence. Verify your infer- 
ence analytically and, if the sequence converges, find its limit. 

—_ 5n+2 


8 . NT 
« 4, = Sin —_ 
n n n 2 


In Exercises 9-16, determine the convergence or divergence of 
the sequence with the given mth term. If the sequence converges, 
find its limit. (b and c are positive real numbers.) 


9. a, = ioa = = 
n n 
fi, eo 12. a, = — 
>n n+l >n Inn 
1 n 
13. a, = Vn+ 1- Jn 14. a, = (1 + x) 
E 16. a, = (b" + cr)" 


17. Compound Interest A deposit of $5000 is made in an account 
that earns 5% interest compounded quarterly. The balance in 
the account after n quarters is 

0.05 


a, = soo9(1 + S5), n=1,2,3, +. 


(a) Compute the first eight terms of the sequence {A, }. 


(b) Find the balance in the account after 10 years by computing 
the 40th term of the sequence. 


18. Depreciation A company buys a machine for $120,000. 
During the next 5 years the machine will depreciate at a rate of 
30% per year. (That is, at the end of each year, the depreciated 
value will be 70% of what it was at the beginning of the year.) 


(a) Find a formula for the nth term of the sequence that gives 
the value V of the machine f¢ full years after it was 
purchased. 


(b) Find the depreciated value of the machine at the end of 5 
full years. 


Numerical, Graphical, and Analytic Analysis In Exercises 
19-22, (a) use a graphing utility to find the indicated partial 
sum S, and complete the table, and (b) use a graphing utility to 
graph the first 10 terms of the sequence of partial sums. 


k | 5] 10 | 15 | 20 | 25 
Sk 


19. Ñ (3) z. Sou 


n=1 n=l 2n 
eo (-1)"t! eo 1 
an >» (2n)! a 2 n(n F 1) 


In Exercises 23—26, determine the convergence or divergence of 
the series. 


23. X (0.82)" 24. X (1.82)" 
n=0 n=0 
g (—1)"n 2 2n+ 1 
= 2 Inn a6; » 3n +2 


In Exercises 27-30, find the sum of the convergent series. 


[oe] 2 n 
27. 2 (2) 


28. X 
Si i 
». $(L-4) 


T 2, G) (n+ ne + 5 | 


In Exercises 31 and 32, (a) write the repeating decimal as a 
geometric series and (b) write its sum as the ratio of two integers. 


31. 0.09 32. 0.923076 


33. Distance A ball is dropped from a height of 8 meters. Each 
time it drops h meters, it rebounds 0.7 meters. Find the total 
distance traveled by the ball. 


34. Salary You accept a job that pays a salary of $32,000 the first 
year. During the next 39 years, you will receive a 5.5% raise 
each year. What would be your total compensation over the 
40-year period? 

35. Compound Interest A deposit of $200 is made at the end of 
each month for 2 years in an account that pays 6% interest, 
compounded continuously. Determine the balance in the 
account at the end of 2 years. 


36. Compound Interest A deposit of $100 is made at the end of 
each month for 10 years in an account that pays 3.5%, 
compounded monthly. Determine the balance in the account at 
the end of 10 years. 


In Exercises 37-40, determine the convergence or divergence of 
the series. 


37. De wS 


n=1 


LiG ASS 


n=l 


In Exercises 41-44, determine the convergence or divergence of 
the series. 


S 1 eS n+l 
41. -R 42. fi 
>» Jn + 2n » n(n + 2) 


co . . see = [2e] 1 
43. > 2+4-6-- - (2n) 44. Lys 


In Exercises 45-48, determine the convergence or divergence of 
the series. 


@ D'n @ (-1)" Va 
45. 46. — S 

» n? —3 ý À n+1 

co (—]1)n co (—])n 3 
47. (—1)"n 48. (-1)"Inn 

n=4 NT 3 n=2 


In Exercises 49-52, determine the convergence or divergence of 
the series. 


an 
49, a 

n=1 e 

ga! 
50. = 


n 
n=1& 


œ Qn 


51. 


co 1. 
ee 
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Vumerical, Graphical, and Analytic Analysis In Exercises 
and 54, (a) verify that the series converges, (b) use a graphing 
utility to find the indicated partial sum S„ and complete the 
table, (c) use a graphing utility to graph the first 10 terms of 
the sequence of partial sums, and (d) use the table to estimate 
the sum of the series. 


n 5 | 10 |) 15 |} 20 | 25 


=m 1)” = In 
53. 54. 

Èr 1 “(5 aI eee n? +5 
55. Writing Use a graphing utility to complete the table for (a) 


p = 2 and (b) p = 5. Write a short paragraph describing and 
comparing the entries in the table. 


z 
on 


10 | 20 | 30 | 40 


56. Writing You are told that the terms of a positive series appear 
to approach zero very slowly as n approaches infinity. (In fact, 
aj; = 0.7.) If you are given no other information, can you 
conclude that the series diverges? Support your answer with an 
example. 


In Exercises 57 and 58, find the third-degree Taylor polynomial 
centered at c. 


57. f(x) =e 2, c=0 


58. f(x) = tanx, c= — 


In Exercises 59-62, use a Taylor polynomial to approximate the 
function with an error of less than 0.001. 

59. sin 95° 60. cos(0.75) 

61. In(1.75) 62. e 9 


63. A Taylor polynomial centered at 0 will be used to approximate 
the cosine function. Find the degree of the polynomial required 
to obtain the desired accuracy over each interval. 


Maximum Error Interval 
(a) 0.001 [—0.5, 0.5] 
(b) 0.001 [-1,1] 
(c) 0.0001 [-0.5, 0.5] 
(d) 0.0001 [-2, 2] 


64. Use a graphing utility to graph the cosine function and the 
Taylor polynomials in Exercise 63. 
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In Exercises 65-70, find the interval of convergence of the 
power series. (Be sure to include a check for convergence at the 
endpoints of the interval.) 


oo x i co 
65. > i =) 66. » (2x 


ce (—1 yn (x = 2)" œ 3n (x i 2)" 
67. 2 Gee +P 68. » —_— 
o0 oo (x = 2)" 
ni(x — 2)" se salen A 
69. An tie = 2) 70. », a 


In Exercises 71 and 72, show that the function represented by 
the power series is a solution of the differential equation. 


co xen 
71. 1)” 
= 2 Opar 
xy” + xy’ + xy = 0 
(= 3)" xn 


i a 2" n! 


a + 3y=0 


In Exercises 73 and 74, find a geometric power series centered 
at 0 for the function. 


73. g(x) = 


74. h(x) = Fag 


75. Find a power series for the derivative of the function in 
Exercise 73. 


76. Find a power series for the integral of the function in 
Exercise 74. 


In Exercises 77 and 78, find a function represented by the series 
and give the domain of the function. 
2 4 8 


fi fi 2 4 < n aes ie 
T Lt ax t ox T9q* ` 


In Exercises 79-86, find a power series for the function 
centered at c. 


79. f(x) = sinx, c= = 80. f(x) = cosx, c= =] 

81. f(x) = 3*, c=0 82. f(x) =cscx, c= A 
(first three terms) 

83. f(x) = L c= -1 84. f(x) = /x, c=4 


85. g(x) = Yl +x, c=0 86. h(x) = c=0 


EE x)” 
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n Exercises 8/-—92, find e sum o: e convergent series Dy 


using a well-known function. Identify the function and explain 
how you obtained the sum. 


87. X CDH y 88. S (=p 12 a 
n=1 n=1 
g 1l 
89. È rn 
[ee] Qn 
90. > Sal 
oo 22n 
91. 2 C) 32 Onl 
z 1 
ii 2, ' I" av (2n + 1)! 


93. Writing One of the series in Exercises 41 and 49 converges 
to its sum at a much lower rate than the other series. Which 
is it? Explain why this series converges so slowly. Use a 
graphing utility to illustrate the rate of convergence. 


94. Use the binomial series to find the Maclaurin series for 


1 
URETA 


95. Forming Maclaurin Series Determine the first four terms of 
the Maclaurin series for e™ 


(a) by using the definition of the Maclaurin series and the 
formula for the coefficient of the nth term, 
a, = f™0)/n!, 
(b) by replacing x by 2x in the series for e*. 
(c) by multiplying the series for e* by itself, because e™ = 
CP 88%, 
96. Forming Maclaurin Series Follow the pattern of Exercise 


95 to find the first four terms of the series for sin 2x. (Hint: 
sin 2x = 2 sin x cos x.) 


In Exercises 97-100, find the series representation of the func- 
tion defined by the integral. 


98. l cos Aa 


In Exercises 101 and 102, use power series to find the limit (if it 
exists). Verify the result by using L’H6pital’s Rule. 


i: tn oO 


x—0* Jx 


102. lim =="* 


x0 x 


wy Experienced writers 


© On-time delivery 


ĉ 100% plagiarism free 


| PS. | Problem Solving 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on M to print an enlarged copy of the graph. 


1. The Cantor set (Georg Cantor, 1845-1918) is a subset of the unit 
interval [0, 1]. To construct the Cantor set, first remove the 
middle third (3, 3) of the interval, leaving two line segments. For 
the second step, remove the middle third of each of the two 
remaining segments, leaving four line segments. Continue this 
procedure indefinitely, as shown in the figure. The Cantor set 
consists of all numbers in the unit interval [0, 1] that still remain. 


0 1 
0 1 2 1 
3 3 
i f | | 
1 t 1 t 
0 I 2 l 2 7 8 1 
9 9 3 3 9 9 


(a) Find the total length of all the line segments that are 
removed. 


(b) Write down three numbers that are in the Cantor set. 


(c) Let C, denote the total length of the remaining line segments 
after n steps. Find lim C,,. 


nwo 


GEORG Cantor (1845-1918) 


Cantor was a German mathematician 
known for his work on the 
development of set theory, which is the 
basis of modern mathematical analysis. 
This theory extends to the concept of 
infinite (or transfinite) numbers. 


2. It can be shown that 


oo 1 2 : 
= a = [see Example 3(b), Section 9.3]. 
n=1 

this fact to sh a E 
Use this fact to show that > Qn 17 a 


3. Let T be an equilateral triangle with sides of length 1. Let a, be 
the number of circles that can be packed tightly in n rows inside 
the triangle. For example, a, = 1, a, = 3, and a, = 6, as shown 
in the figure. Let A,, be the combined area of the a, circles. Find 


lim A,,. 
now 


4. Identical blocks of unit length are stacked on top of each other at 


the edge of a table. The center of gravity of the top block must lie 
over the block below it, the center of gravity of the top two blocks 
must lie over the block below them, and so on (see figure). 


(a) If there are three blocks, show that it is possible to stack 
them so that the left edge of the top block extends H unit 
beyond the edge of the table. 


(b) Is it possible to stack the blocks so that the right edge of the 
top block extends beyond the edge of the table? 


(c) How far beyond the table can the blocks be stacked? 


. (a) Consider the power series 


in which the coefficients a, = 1, 2,3, 1, 2, 3, 1,. . . are 
periodic of period p = 3. Find the radius of convergence 
and the sum of this power series. 


(b) Consider a power series 
oO 
Saye 
n=0 


in which the coefficients are periodic, (a, p a,) and 
a, > 0. Find the radius of convergence and the sum of this 
power series. 


. For what values of the positive constants a and b does the 


following series converge absolutely? For what values does it 
converge conditionally? 


. (a) Find a power series for the function 


f(a) = xe" 

centered at 0. Use this representation to find the sum of the 
infinite series 

èo 1 

PETER] 


(b) Differentiate the power series for f(x) = xe*. Use the result 
to find the sum of the infinite series 


antl 
2 n! ` 


n=0 
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8. Find f@2(0) if f(x) = e*. (Hint: Do not calculate 12 
derivatives.) 


9. The graph of the function 
Í; x=0 


F(x) = j sin x, So 
x 


is shown below. Use the Alternating Series Test to show that the 
improper integral f f(x) dx converges. 


y 
A 


= -i 
10. (a) Prove that i ng xP dx converges if and only if p > 1. 


(b) Determine the convergence or divergence of the series 
` — 
i, n n(n?) 
11. (a) Consider the following sequence of numbers defined 
recursively. 
a, =3 
a, = V3 


a, = 34+ V3 


ane. = /3 + a, 


Write the decimal approximations for the first six terms of 
this sequence. Prove that the sequence converges and find 
its limit. 
(b) Consider the following sequen sequence defined recursively by 
= J/aanda,,, = Va +a, al > 2. 


eo de RR 


Prove that this sequence converges and find its limit. 


12. Let {a,} be a sequence of positive numbers satisfying 


1 
m, (a,)'/"=L< P r > 0. Prove that the series Šar a, 


n=1 
converges. 


co 1 
13. Consider the infinite series 2 rey 
a= 


(a) Find the first five terms of the sequence of partial sums. 
(b) Show that the Ratio Test is inconclusive for this series. 


(c) Use the Root Test to test for the convergence or divergence 
of this series. 
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14. Derive each identity using the a geometric series. 


(a) 357 1.01010101... (b) z 1.0204081632.. . 


15. Consider an idealized population with the characteristic that 
each member of the population produces one offspring at the 
end of every time period. Each member has a life span of three 
time periods and the population begins with 10 newborn 
members. The following table shows the population during the 
first five time periods. 


Time Period 


Age Bracket 1 2 3 4 5) 

0-1 10 10 20 40 70 
1-2 10 10 20 40 
2-3 10 10 20 
Total 10 20 40 70 130 


The sequence for the total population has the property that 

S, = S,—-1 + 8,-2 + S,- n> 3. 

Find the total population during each of the next five time 
periods. 


16. Imagine you are stacking an infinite number of spheres of 
decreasing radii on top of each other, as shown in the figure. 
The radii of the spheres are 1 meter, 1/ J/2 meter, 1 / WE meter, 
etc. The spheres are made of a material that weighs 1 newton 
per cubic meter. 

(a) How high is this infinite stack of spheres? 
(b) What is the total surface area of all the spheres in the stack? 


(c) Show that the weight of the stack is finite. 


L m 


V3 


w 


17. (a) Determine the convergence or divergence of the series 


(b) Determine the convergence or divergence of the series 


Š (sin A -sin : 
= 2n 2nt+ 1} 


n 
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Section 10.1 


Hypatia (370—415 a.D.) 


The Greeks discovered conic sections sometime 
between 600 and 300 B.C. By the beginning 
of the Alexandrian period, enough was known 
about conics for Apollonius (262—190 B.c.) to 
produce an eight-volume work on the subject. 
Later, toward the end of the Alexandrian 
period, Hypatia wrote a textbook entitled On 
the Conics of Apollonius. Her death marked 
the end of major mathematical discoveries in 
Europe for several hundred years. 

The early Greeks were largely concerned 
with the geometric properties of conics. It 
was not until 1900 years later, in the early 
seventeenth century, that the broader applica- 
bility of conics became apparent. Conics then 
played a prominent role in the development of 
calculus. 


MathBio 


FOR FURTHER INFORMATION To learn 


more about the mathematical activities 
of Hypatia, see the article “Hypatia and 
Her Mathematics” by Michael A. B. 
Deakin in The American Mathematical 
Monthly. 


MathArticle 


Conics, Parametric Equations, and Polar C 
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Conics and Calculus 


e Understand the definition of a conic section. 

e Analyze and write equations of parabolas using properties of parabolas. 

e Analyze and write equations of ellipses using properties of ellipses. 

e Analyze and write equations of hyperbolas using properties of hyperbolas. 


Conic Sections 


Each conic section (or simply conic) can be described as the intersection of a plane 
and a double-napped cone. Notice in Figure 10.1 that for the four basic conics, the 
intersecting plane does not pass through the vertex of the cone. When the plane passes 
through the vertex, the resulting figure is a degenerate conic, as shown in Figure 10.2. 


€ VvV Y 
A ASA & 


Circle Parabola Ellipse Hyperbola 
Conic sections 
Figure 10.1 


Animation | 


A 


Point Line 
Degenerate conics 
Figure 10.2 


| Animation | 
There are several ways to study conics. You could begin as the Greeks did by 


defining the conics in terms of the intersections of planes and cones, or you could 
define them algebraically in terms of the general second-degree equation 


Two intersecting lines 


Ax? + Bxy + Cy? + Dx + Ey + F=0. General second-degree equation 
However, a third approach, in which each of the conics is defined as a locus (collec- 
tion) of points satisfying a certain geometric property, works best. For example, a circle 
can be defined as the collection of all points (x, y) that are equidistant from a fixed point 
(h, k). This locus definition easily produces the standard equation of a circle 

(x = A)? + (y - K} = r. 


Standard equation of a circle 
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Parabolas 


A parabola is the set of all points (x, y) that are equidistant from a fixed line called 
the directrix and a fixed point called the focus not on the line. The midpoint between 
the focus and the directrix is the vertex, and the line passing through the focus and the 
vertex is the axis of the parabola. Note in Figure 10.3 that a parabola is symmetric 
with respect to its axis. 


Directrix 


Figure 10.3 


THEOREM 10.1 Standard Equation of a Parabola 


The standard form of the equation of a parabola with vertex (h, k) and 
directrix y = k — pis 


(x = h) = 4p(y ad k). Vertical axis 
For directrix x = h — p, the equation is 
(y = k)? = 4p(x = h). Horizontal axis 


The focus lies on the axis p units (directed distance) from the vertex. The coor- 
dinates of the focus are as follows. 


(h,k + p) Vertical axis 
(h + p, k) Horizontal axis 


EXAMPLE | Finding the Focus of a Parabola 


Find the focus of the parabola given by y = —4x? =y + L, 


Solution To find the focus, convert to standard form by completing the square. 


1 1.2 


YST X~ ox Rewrite original equation. 


y= (1 = 2 = x?) Factor out E, 
2y = 1 — 2x — x? Multiply each side by 2. 
2y=1- (x? + 2x) Group terms. 
2y =2— (x2 + 2x + 1) Add and subtract 1 on right side. 
x+2x+1=-2y+2 
(x + 1)? = —2(y — 1) Write in standard form. 


Comparing this equation with (x — h)? = 4p(y — k), you can conclude that 


adl h=-1, k=1, an p=-}4. 


Because p is negative, the parabola opens downward, as shown in Figure 10.4. So, the 


. . : focus of the parabola is p units from the vertex, or 
Parabola with a vertical axis, p < 0 


Figure 10.4 (h,k + p) = (-1,3). Focus 
EN m l (ey 
A line segment that passes through the focus of a parabola and has endpoints on 
the parabola is called a focal chord. The specific focal chord perpendicular to the axis 


of the parabola is the latus rectum. The next example shows how to determine the 
length of the latus rectum and the length of the corresponding intercepted arc. 
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EXAMPLE 2. Focal Chord Length and Arc Length 


Find the length of the latus rectum of the parabola given by x? = 4py. Then find the 
length of the parabolic arc intercepted by the latus rectum. 


>< 


Solution Because the latus rectum passes through the focus (0, p) and is perpendic- 
ular to the y-axis, the coordinates of its endpoints are (— x, p) and (x, p). Substituting 
p for y in the equation of the parabola produces 


x? = 4plp) > x= +2p. 


So, the endpoints of the latus rectum are (— 2p, p) and (2p, p), and you can conclude 
that its length is 4p, as shown in Figure 10.5. In contrast, the length of the intercepted 
(2p, p) arc is 


x? =4py 


Latus rectum 


2p, p) 


> xX 


2p 
(0, p) y= | SI + (y’)? dx Use arc length formula. 
=2p 


Length of latus rectum: 4p 2p eye 
Figure 10.5 =2 1+ (=) d ie is a 
f ~/ 2p x eee m y i 


it ea 
= f J4Ap? + x? dx Simplify. 
PJo 


2p 
Theorem 8.2 
0 


1 
= var + x? + 4p? In|x + /4p? + x| 
P 


= AEN + 4p? In(2p + \/8p2) — 4p? In(2p)] 
= 2p[ V2 + In(1 + Y2)] 


E cece) 

One widely used property of a parabola is its reflective property. In physics, a 
surface is called reflective if the tangent line at any point on the surface makes equal 
angles with an incoming ray and the resulting outgoing ray. The angle corresponding 
to the incoming ray is the angle of incidence, and the angle corresponding to the 
outgoing ray is the angle of reflection. One example of a reflective surface is a flat 
mirror. 

Another type of reflective surface is that formed by revolving a parabola about its 
axis. A special property of parabolic reflectors is that they allow us to direct all incom- 
ing rays parallel to the axis through the focus of the parabola—this is the principle 
behind the design of the parabolic mirrors used in reflecting telescopes. Conversely, 


all light rays emanating from the focus of a parabolic reflector used in a flashlight are 
parallel, as shown in Figure 10.6. 


THEOREM 10.2 Reflective Property of a Parabola 


Let P be a point on a parabola. The tangent line to the parabola at the point P 
makes equal angles with the following two lines. 


Parabolic reflector: light is reflected in 1. The line passing through P and the focus 
parallel rays. 


2. The line passing through P parallel to the axis of the parabola 
Figure 10.6 
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Ellipses 
NicoLaus Copernicus (1473-1543) 
Copernicus began to study planetary motion 
when asked to revise the calendar. At that 


More than a thousand years after the close of the Alexandrian period of Greek 

mathematics, Western civilization finally began a Renaissance of mathematical and 

time, the exact leneth of the year could mot be scientific discovery. One of the principal figures in this rebirth was the Polish 

accurately predicted using the theory that astronomer Nicolaus Copernicus. In his work On the Revolutions of the Heavenly 

Earth was the center of the universe, Spheres, Copernicus claimed that all of the planets, including Earth, revolved about 

the sun in circular orbits. Although some of Copernicus’s claims were invalid, the 

controversy set off by his heliocentric theory motivated astronomers to search for a 

mathematical model to explain the observed movements of the sun and planets. The 

first to find an accurate model was the German astronomer Johannes Kepler 

(1571-1630). Kepler discovered that the planets move about the sun in elliptical 
orbits, with the sun not as the center but as a focal point of the orbit. 

The use of ellipses to explain the movements of the planets is only one of many 
practical and aesthetic uses. As with parabolas, you will begin your study of this 
second type of conic by defining it as a locus of points. Now, however, two focal 
points are used rather than one. 

An ellipse is the set of all points (x, y) the sum of whose distances from two 
distinct fixed points called foci is constant. (See Figure 10.7.) The line through the foci 
intersects the ellipse at two points, called the vertices. The chord joining the vertices 
is the major axis, and its midpoint is the center of the ellipse. The chord perpendicular 
to the major axis at the center is the minor axis of the ellipse. (See Figure 10.8.) 


Vertex 


FOR FURTHER INFORMATION To learn 
about how an ellipse may be “exploded” i ts ; 
. . . l 

into a parabola, see the article “Exploding 1 Minor azis 


the Ellipse” by Arnold Good in i 
Mathematics Teacher. 
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Figure 10.7 Figure 10.8 


THEOREM 10.3 Standard Equation of an Ellipse 


The standard form of the equation of an ellipse with center (h, k) and major and 
minor axes of lengths 2a and 2b, where a > b, is 


&-h? Q- 


( 
PA 


1 Major axis is horizontal. 


(x — h)? 


(yma _ 


T 7 1. Major axis is vertical. 


a 


The foci lie on the major axis, c units from the center, with c? = a? — b?. 


Figure 10.9 NOTE You can visualize the definition of an ellipse by imagining two thumbtacks placed at 
the foci, as shown in Figure 10.9. If the ends of a fixed length of string are fastened to the 

| Animation | thumbtacks and the string is drawn taut with a pencil, the path traced by the pencil will be an 
ellipse. 
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EXAMPLE 3 Completing the Square 


Find the center, vertices, and foci of the ellipse given by 


4x? + y? — 8x + 4y —- 8 = 0. 


Solution By completing the square, you can write the original equation in standard 


form. 
@= DA 0+2°_ 1 
a G 4x? + y? — 8x +t4y-8=0 Write original equation. 
N 4x? — 8x + y2? + 4y =8 
Borg A(x? — 2x + 1) + (y2 + 4y +4) =8 4444 
A(x — 1)? + (y + 2)? = 16 
t t Hx =g + 9)2 
=4 -2 4 (= 1) + ChE ae 1 Write in standard form. 
4 16 
+ o 
Center So, the major axis is parallel to the y-axis, where h = 1, k = —2,a = 4, b = 2, and 
| c = J16 — 4 = 2/3. So, you obtain the following. 
Center: (1, —2) (h, k) 
AT T Vertices: (1, —6) and (1, 2) (h,k +a) 
Foci: — (1, -2 — 2/3) and(1, -2 + 2/3) (hk + 0) 


Ellipse with a vertical major axis 
Figure 10.10 The graph of the ellipse is shown in Figure 10.10. ———— 


ES Ea) Eee] ee 
NOTE If the constant term F = —8 in the equation in Example 3 had been greater than or 


equal to 8, you would have obtained one of the following degenerate cases. 


= 3 + 2 
1. F = 8, single point, (1, — 2): @ A 1) + (y va =0 


(x= 1? | +2) 
4 16 


2 
2. F > 8, no solution points: <0 


EXAMPLE 4 The Orbit of the Moon 


The moon orbits Earth in an elliptical path with the center of Earth at one focus, as 
shown in Figure 10.11. The major and minor axes of the orbit have lengths of 768,800 
kilometers and 767,640 kilometers, respectively. Find the greatest and least distances 
(the apogee and perigee) from Earth’s center to the moon’s center. 


Solution Begin by solving for a and b. 


2a = 768,800 Length of major axis 
a = 384,400 Solve for a. 

2b = 767,640 Length of minor axis 
b = 383,820 Solve for b. 


Now, using these values, you can solve for c as follows. 
c= Ja? — b? = 21,108 


The greatest distance between the center of Earth and the center of the moon is 
Figure 10.11 a + c= 405,508 kilometers, and the least distance is a — c ~ 363,292 kilometers. 


Do i] 
[Try tt | (Exploration a | 
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FOR FURTHER INFORMATION For Theorem 10.2 presented a reflective property of parabolas. Ellipses have a similar 
more information on some uses of the reflective property. You are asked to prove the following theorem in Exercise 110. 
reflective properties of conics, see the 
article “The Geometry of Microwave 


Antennas” by William R. Parzynski in THEOREM 10.4 Reflective Property of an Ellipse 
Mathematics Teacher. 


Let P be a point on an ellipse. The tangent line to the ellipse at point P makes 


MathArticle | equal angles with the lines through P and the foci. 


One of the reasons that astronomers had difficulty in detecting that the orbits of 
the planets are ellipses is that the foci of the planetary orbits are relatively close to the 
center of the sun, making the orbits nearly circular. To measure the ovalness of an 
ellipse, you can use the concept of eccentricity. 


Definition of Eccentricity of an Ellipse 


The eccentricity e of an ellipse is given by the ratio 


C 
e=, 
a 


To see how this ratio is used to describe the shape of an ellipse, note that because 
the foci of an ellipse are located along the major axis between the vertices and the 
center, it follows that 


0<c<a. 


For an ellipse that is nearly circular, the foci are close to the center and the ratio c/a 
Foci is small, and for an elongated ellipse, the foci are close to the vertices and the ratio is 
: close to 1, as shown in Figure 10.12. Note that 0 < e < 1 for every ellipse. 
The orbit of the moon has an eccentricity of e = 0.0549, and the eccentricities of 
the nine planetary orbits are as follows. 


Mercury: e = 0.2056 Saturn: e = 0.0542 
Venus: e = 0.0068 Uranus: e = 0.0472 
Earth: e = 0.0167 Neptune: e = 0.0086 
Mars: e = 0.0934 Pluto: e = 0.2488 


Jupiter: e = 0.0484 


You can use integration to show that the area of an ellipse is A = mab. For 
instance, the area of the ellipse 


(a) £ is small. 
a 


Foci 
ZN S+% 
ab 
is given by 
“p 
A= af — Ja? — x? dx 
0 a 
4b (7P 
= a? cos? 6 dé. Trigonometric substitution x = a sin 6. 
a Jo 


Ca 
a However, it is not so simple to find the circumference of an ellipse. The next example 


Eccentricity is the ratio a shows how to use eccentricity to set up an “elliptic integral” for the circumference of 
Figure 10.12 g an ellipse. 
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AREA AND CIRCUMFERENCE OF AN ELLIPSE 


In his work with elliptic orbits in the early 
1600's, Johannes Kepler successfully developed 
a formula for the area of an ellipse, 

A = zrab.He was less successful in 

developing a formula for the circumference 

of an ellipse, however; the best he could do 
was to give the approximate formula 

C= mla + b). 


C = 28.36 units 


Figure 10.13 
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EXAMPLE 5 Finding the Circumference of an Ellipse 
Show that the circumference of the ellipse (x?/a?) + (y?/b?) = 1 is 


a/2 
saf J1 — e? sin? 0 d0. e=£ 
0 a 


Solution Because the given ellipse is symmetric with respect to both the x-axis 
and the y-axis, you know that its circumference C is four times the arc length of 
y = (b/a)/a? — x? in the first quadrant. The function y is differentiable for all x in 
the interval [0, a] except at x = a. So, the circumference is given by the improper 
integral 


= c= maf J1+ (y) Pac =a) JI + OP ar = 4" Ji oor aya 
Gx 
Using the trigonometric substitution x = a sin 0, you obtain 


b? sin? 0 
c=a{™ + ZEE (a cos 6) db 


=a" Va? cos? 0 + b? sin? 0 d0 
0 


a/2 
af Va?(1 — sin? 0) + b? sin? 0 d0 
0 


a/2 
= af Ja? — (a — b’)sin? 0 dé. 
0 
Because e? = c?/a? = (a? — b?)/a?, you can rewrite this integral as 


a’ V1 — e sin? 0 d0. 


A great deal of time has been devoted to the study of elliptic integrals. Such 
integrals generally do not have elementary antiderivatives. To find the circumference 
of an ellipse, you must usually resort to an approximation technique. 


EXAMPLE 6 Approximating the Value of an Elliptic Integral 


Use the elliptic integral in Example 5 to approximate the circumference of the ellipse 


y? 
Z+% =. 
16 


Solution Because e? = c?/a? = (a? — b?)/a? = 9/25, you have 
1/2 9 
9 sinf 0 
5 K 1 — —.—d0 
j! a 
Applying Simpson’s Rule with n = 4 produces 


c ~= 20(Z)(Z)[1 + 40.9733) + 20.9055) + 4(0.8323) + 08] 


= 28.36. 


So, the ellipse has a circumference of about 28.36 units, as shown in Figure 10.13. 


[ Try re | [Exploration a | 
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Hyperbolas 


The definition of a hyperbola is similar to that of an ellipse. For an ellipse, the sum 
of the distances between the foci and a point on the ellipse is fixed, whereas for a 
hyperbola, the absolute value of the difference between these distances is fixed. 

A hyperbola is the set of all points (x, y) for which the absolute value of the 
difference between the distances from two distinct fixed points called foci is constant. 
(See Figure 10.14.) The line through the two foci intersects a hyperbola at two points 
called the vertices. The line segment connecting the vertices is the transverse axis, 
and the midpoint of the transverse axis is the center of the hyperbola. One 
distinguishing feature of a hyperbola is that its graph has two separate branches. 


THEOREM 10.5 Standard Equation of a Hyperbola 


Transverse axis 


The standard form of the equation of a hyperbola with center at (h, k) is 


Figure 10.14 @=hP _ Wah _, 
a? b2 


Transverse axis is horizontal. 


or 


(y—k? _ @— AP 


a? b? 


=1. Transverse axis is vertical. 


The vertices are a units from the center, and the foci are c units from the center, 
where, c* = a? + b?. 


NOTE The constants a, b, and c do not have the same relationship for hyperbolas as they do 
for ellipses. For hyperbolas, c? = a? + b?, but for ellipses, c? = a? — b?. 


An important aid in sketching the graph of a hyperbola is the determination of its 
asymptotes, as shown in Figure 10.15. Each hyperbola has two asymptotes that 
intersect at the center of the hyperbola. The asymptotes pass through the vertices of a 
rectangle of dimensions 2a by 2b, with its center at (h, k). The line segment of length 
2b joining (h,k + b) and (h,k — b) is referred to as the conjugate axis of the 
hyperbola. 


THEOREM 10.6 Asymptotes of a Hyperbola 


For a horizontal transverse axis, the equations of the asymptotes are 


y=k+ 20-2) and y =k- 20-4), 


~_ Conjugate axis Asymptote 


For a vertical transverse axis, the equations of the asymptotes are 


y=kt+o@-h) and y=k-F@- A). 


In Figure 10.15 you can see that the asymptotes coincide with the diagonals of 
` the rectangle with dimensions 2a and 2b, centered at (h, k). This provides you with a 
Asymptote quick means of sketching the asymptotes, which in turn aids in sketching the 

Figure 10.15 hyperbola. 
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TECHNOLOGY You can use a 
graphing utility to verify the graph 
obtained in Example 7 by solving the 
original equation for y and graphing 
the following equations. 


yı = V4x? — 16 


yo = —V4x? — 16 
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EXAMPLE 7 Using Asymptotes to Sketch a Hyperbola 


Sketch the graph of the hyperbola whose equation is 4x? — y? = 16. 


Solution Begin by rewriting the equation in standard form. 


2 2 
Cal zi 


4 167 
The transverse axis is horizontal and the vertices occur at (— 2, 0) and (2, 0). The ends 
of the conjugate axis occur at (0, —4) and (0, 4). Using these four points, you can 


sketch the rectangle shown in Figure 10.16(a). By drawing the asymptotes through the 
corners of this rectangle, you can complete the sketch as shown in Figure 10.16(b). 


kd y 
A 
6 = 
(0, 4) 
(ae, cher | 
1 i y 
i ] vs 
booi maea 
(-2, 0)! ı (2, 0) 
EE < +— ir f —s 
-6 -4 | 1 4 6 -6 6 
Toa 
-6 a 
(a) (b) 
Figure 10.16 = 
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Definition of Eccentricity of a Hyperbola 


The eccentricity e of a hyperbola is given by the ratio 


p=, 
a 


As with an ellipse, the eccentricity of a hyperbola is e = c/a. Because c > a for 
hyperbolas, it follows that e > 1 for hyperbolas. If the eccentricity is large, the 
branches of the hyperbola are nearly flat. If the eccentricity is close to 1, the branches 
of the hyperbola are more pointed, as shown in Figure 10.17. 


y y 
Eccentricity A 
is close to 1. 


Eccentricity 
is large. 


Vertex Focus Focus 


x F = | ~ Vertex Vertex __ Jsa 
FES y zak toe eta i 
1 i ea SS Sls 
k= i 
1 


Figure 10.17 
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—1000 ~+ 
—2000 ~+ 
2c = 5280 


d, — d, = 2a = 2200 
Figure 10.18 


CAROLINE HERSCHEL (1750—1848) 


The first woman to be credited with detecting 
a new comet was the English astronomer 
Caroline Herschel. During her life, 

Caroline Herschel discovered a total of eight 
new comets. 
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The following application was developed during World War II. It shows how the 
properties of hyperbolas can be used in radar and other detection systems. 


EXAMPLE 8 A Hyperbolic Detection System 


Two microphones, | mile apart, record an explosion. Microphone A receives the 
sound 2 seconds before microphone B. Where was the explosion? 


Solution Assuming that sound travels at 1100 feet per second, you know that the 
explosion took place 2200 feet farther from B than from A, as shown in Figure 10.18. 
The locus of all points that are 2200 feet closer to A than to B is one branch of the 
hyperbola (x?/a?) — (y?/b?) = 1, where 


„ = Lmile _ 5280 ft 


5) 5 = 2640 feet 
and 
a= — ft L 1100 feet. 


Because c? = a? + b?, it follows that 
b2 = c2 = az 
= 5,759,600 


and you can conclude that the explosion occurred somewhere on the right branch of 
the hyperbola given by 


2 2 
X y I 


1,210,000 5,759,600 ` — 

In Example 8, you were able to determine only the hyperbola on which the 
explosion occurred, but not the exact location of the explosion. If, however, you had 
received the sound at a third position C, then two other hyperbolas would be 
determined. The exact location of the explosion would be the point at which these 
three hyperbolas intersect. 

Another interesting application of conics involves the orbits of comets in our 
solar system. Of the 610 comets identified prior to 1970, 245 have elliptical orbits, 
295 have parabolic orbits, and 70 have hyperbolic orbits. The center of the sun is a 
focus of each orbit, and each orbit has a vertex at the point at which the comet is 
closest to the sun. Undoubtedly, many comets with parabolic or hyperbolic orbits have 
not been identified—such comets pass through our solar system only once. Only 


comets with elliptical orbits such as Halley’s comet remain in our solar system. 
The type of orbit for a comet can be determined as follows. 


1. Ellipse: v < /2GM/p 
2. Parabola: v = 2GM/p 
3. Hyperbola: v > /2GM/p 
In these three formulas, p is the distance between one vertex and one focus of the 
comet’s orbit (in meters), v is the velocity of the comet at the vertex (in meters per 
second), M = 1.989 x 10% kilograms is the mass of the sun, and G = 6.67 x 1078 


cubic meters per kilogram-second squared is the gravitational constant. View the 
video for more information about a comet with an elliptical orbit. 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
P 


Click on to print an enlarged copy of the graph. 


In Exercises 1-8, match the equation with its graph. [The fp 
graphs are labeled (a), (b), (c), (d), (e), (f), (g), and (h).] 


(a) y (b) y 
A A 

4 pn e 

2: = 

pow. a a -4 = en 

(c) y (d) y 


(e) 


(g) 


1. y? = 4x 2. x? = By m 
3. (x + 3)? = —2(y — 2) 4. e -F H oL] 
so 40 a1 6 E+ si 

7 - = 1 gE" Ly 


In Exercises 9-16, find the vertex, focus, and directrix of the 
parabola, and sketch its graph. 


9. y? = —6x 10. x? + 8y =0 

11. (x + 3) + (y — 2}? = 12. (x — 1) + 8(y + 2) =0 
13. y? — 4y — 4x = 0 14. y? + 6y + 8k + 25 =0 
15. x? + 4x + 4y-—4=0 16. y? + 4y + 8k — 12 =0 


In Exercises 17—20, find the vertex, focus, and directrix of the 
parabola. Then use a graphing utility to graph the parabola. 
18. y = —#(x? — 8x + 6) 

20. x? — 2x + 8y +9 =0 


17. y2 +x+y=0 
19. y? — 4x -4=0 


In Exercises 21-28, find an equation of the parabola. 


21. Vertex: (3, 2) 22. Vertex: (—1, 2) 


Focus: (1, 2) Focus: (—1, 0) 
23. Vertex: (0, 4) 24. Focus: (2, 2) 

Directrix: y = —2 Directrix: x = —2 
25; y 26. 9» 


27. Axis is parallel to y-axis; graph passes through (0, 3), (3, 4), 
and (4, 11). 

28. Directrix: y = —2; endpoints of latus rectum are (0,2) and 
(8, 2). 


In Exercises 29—34, find the center, foci, vertices, and eccentric- 
ity of the ellipse, and sketch its graph. 


29. x? + 4y2 = 4 
w= On 


30. 5x? + 7y? = 70 


31 9 75 1 
O +4? 
4 2 z= 
32. (x T 2) T 1/4 1 


33. 9x? + 4y? + 36x — 24y + 36 = 0 
34. 16x? + 25y? — 64x + 150y + 279 = 0 


In Exercises 35-38, find the center, foci, and vertices of the 
ellipse. Use a graphing utility to graph the ellipse. 


35. 12x2 + 20y2 — 12x + 40y — 37 = 0 
36. 36x? + 9y? + 48x — 36y + 43 = 0 
37. x? + 2y? — 3x + 4y + 0.25 = 0 

38. 2x? + y? + 4.8x — 6.4y + 3.12 = 0 


In Exercises 39-44, find an equation of the ellipse. 


39. Center: (0, 0) 
Focus: (2, 0) 
Vertex: (3, 0) 

41. Vertices: (3, 1), (3, 9) 
Minor axis length: 6 


40. Vertices: (0, 2), (4, 2) 


Eccentricity: 5 


42. Foci: (0, +5) 
Major axis length: 14 


43. Center: (0, 0) 


Major axis: horizontal 


44. Center: (1, 2) 
Major axis: vertical 
Points on the ellipse: Points on the ellipse: 


(3, 1), (4, 0) (1, 6), (3, 2) 


In Exercises 45-52, find the center, foci, and vertices of the 
hyperbola, and sketch its graph using asymptotes as an aid. 


A 
yy 

<< 
N 

| 

ll 
pai 


@-1P_O+2_, gg O+1P_G@-4? 
4 1 * 144 25 


1 


51. x? — 9y? + 2x — 54y — 80 = 0 
52. 9x? — 4y? + 54x + 8y + 78 = 0 


In Exercises 53-56, find the center, foci, and vertices of the 
hyperbola. Use a graphing utility to graph the hyperbola and its 
asymptotes. 


53. 9y? — x? + 2x + 54y + 62 = 0 
54. 9x? — y? + 54x + 10y + 55 = 0 
55. 3x? — 2y? — 6x — 12y — 27 =0 
56. 3y? — x? + 6x — 12y = 0 


In Exercises 57-64, find an equation of the hyperbola. 


57. Vertices: (+1, 0) 
Asymptotes: y = +3x 


58. Vertices: (0, +3) 
Asymptotes: y = +3x 


59. Vertices: (2, +3) 60. Vertices: (2, +3) 
Point on graph: (0, 5) Foci: (2, +5) 

61. Center: (0, 0) 62. Center: (0, 0) 
Vertex: (0, 2) Vertex: (3, 0) 
Focus: (0, 4) Focus: (5, 0) 

63. Vertices: (0, 2), (6, 2) 64. Focus: (10, 0) 


Asymptotes: y = ox Asymptotes: y = +y 


y=4- h 
In Exercises 65 and 66, find equations for (a) the tangent lines 
and (b) the normal lines to the hyperbola for the given value of 


x. 


2 
65.5 -yr=1, x=6 66. -> =1, x=4 


In Exercises 67-76, classify the graph of the equation as a 
circle, a parabola, an ellipse, or a hyperbola. 


67. x? + 4y? — 6x + 16y + 21 =0 
68. 4x7 — y? — 4x —-3 =0 

69. y? — 4y — 4x = 0 

70. 25x? — 10x — 200y — 119 = 0 
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72. y? — 4y=x+5 
73. 9x? + 9y? — 36x + 6y + 34 = 0 
74. 2x(x — y) = y(3 — y — 2x) 

75. 3(x — 1} = 6 + 2(y + 1)? 

76. 9(x + 3)? = 36 — 4(y — 2)? 


Writing About Concepts 


. (a) Give the definition of a parabola. 
(b) Give the standard forms of a parabola with vertex at 
(h, k). 
(c) In your own words, state the reflective property of a 
parabola. 
. (a) Give the definition of an ellipse. 
(b) Give the standard forms of an ellipse with center at 
(h, k). 
. (a) Give the definition of a hyperbola. 
(b) Give the standard forms of a hyperbola with center at 
(h, k). 
(c) Write equations for the asymptotes of a hyperbola. 


. Define the eccentricity of an ellipse. In your own words, 
describe how changes in the eccentricity affect the ellipse. 


81. Solar Collector A solar collector for heating water is 
constructed with a sheet of stainless steel that is formed into 
the shape of a parabola (see figure). The water will flow 
through a pipe that is located at the focus of the parabola. At 
what distance from the vertex is the pipe? 


Not drawn to scale 


Figure for 81 Figure for 82 


82. Beam Deflection A simply supported beam that is 16 meters 
long has a load concentrated at the center (see figure). The 
deflection of the beam at its center is 3 centimeters. Assume 
that the shape of the deflected beam is parabolic. 


(a) Find an equation of the parabola. (Assume that the origin is 
at the center of the beam.) 
(b) How far from the center of the beam is the deflection 
1 centimeter? 
83. Find an equation of the tangent line to the parabola y = ax? at 
x = Xə Prove that the x-intercept of this tangent line is 


(xp/2, 0). 
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84. (a) Prove that any two distinct tangent lines to a parabola 
intersect. 


(b) Demonstrate the result of part (a) by finding the point of 
intersection of the tangent lines to the parabola x? — 4x — 
4y = 0 at the points (0, 0) and (6, 3). 
85. (a) Prove that if any two tangent lines to a parabola intersect at 
right angles, their point of intersection must lie on the 
directrix. 


(b) Demonstrate the result of part (a) by proving that the 
tangent lines to the parabola x? — 4x — 4y + 8 = Oat the 
points (—2, 5) and (3 3; 3) intersect at right angles, and that 
the point of intersection lies on the directrix. 


86. Find the point on the graph of x? = 8y that is closest to the 
focus of the parabola. 


87. Radio and Television Reception In mountainous areas, 
reception of radio and television is sometimes poor. Consider 
an idealized case where a hill is represented by the graph of the 
parabola y = x — x7, a transmitter is located at the point 
(—1, 1), and a receiver is located on the other side of the hill at 
the point (xo, 0). What is the closest the receiver can be to the 
hill so that the reception is unobstructed? 


88. Modeling Data The table shows the average amounts of time 
A (in minutes) women spent watching television each day for 
the years 1996 to 2002. (Source: Nielsen Media Research) 


Year | 1996 | 1997 | 1998 | 1999 | 2000 | 2001 | 2002 


A 274 | 273 | 273 | 280 | 286 | 291 | 298 


(a) Use the regression capabilities of a graphing utility to find 
a model of the form A = at? + bt + c for the data. Let t 
represent the year, with t = 6 corresponding to 1996. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Find dA/dt and sketch its graph for 6 < t < 12. What 
information about the average amount of time women 
spent watching television is given by the graph of the deriv- 
ative? 

89. Architecture A church window is bounded above by a 
parabola and below by the arc of a circle (see figure). Find the 
surface area of the window. 


Parabolic y 
supporting cable 


(60, 20) 


Figure for 89 Figure for 91 


90. Arc Length Find the arc length of the parabola 4x — y? = 
over the interval 0 < y < 4. 
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dge Design A cable of a suspension bridge 1s suspended 
(in the shape of a parabola) between two towers that are 120 
meters apart and 20 meters above the roadway (see figure). The 
cables touch the roadway midway between the towers. 


(a) Find an equation for the parabolic shape of each cable. 
(b) Find the length of the parabolic supporting cable. 


92. Surface Area A satellite-signal receiving dish is formed by 
revolving the parabola given by x? = 20y about the y-axis. The 
radius of the dish is r feet. Verify that the surface area of the 
dish is given by 


onl x./14 (5) a= T 1(100 + r2)3/2 — 1000] 
y 10 15 f 


93. Investigation Sketch the graphs of x? = 4py for p = i E, 1, 


3 : ; 
5, and 2 on the same coordinate axes. Discuss the 
change in the graphs as p increases. 


94. Area Find a formula for the area of the shaded region in the 
figure. 


>< 


Stel Li 23 


Figure for 94 Figure for 96 


95. Writing On page 697, it was noted that an ellipse can be 
drawn using two thumbtacks, a string of fixed length (greater 
than the distance between the tacks), and a pencil. If the ends 
of the string are fastened at the tacks and the string is drawn taut 
with a pencil, the path traced by the pencil will be an ellipse. 
(a) What is the length of the string in terms of a? 

(b) Explain why the path is an ellipse. 

96. Construction of a Semielliptical Arch A fireplace arch is to be 
constructed in the shape of a semiellipse. The opening is to have 
a height of 2 feet at the center and a width of 5 feet along the 
base (see figure). The contractor draws the outline of the ellipse 
by the method shown in Exercise 95. Where should the tacks be 
placed and what should be the length of the piece of string? 

97. Sketch the ellipse that consists of all points (x, y) such that the 
sum of the distances between (x, y) and two fixed points is 16 
units, and the foci are located at the centers of the two sets of 
concentric circles in the figure. To print an enlarged copy of the 
graph, select the MathGraph button. 
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98. Orbit of Earth Earth moves in an elliptical orbit with the 
sun at one of the foci. The length of half of the major axis is 
149,598,000 kilometers, and the eccentricity is 0.0167. Find 
the minimum distance (perihelion) and the maximum distance 
(aphelion) of Earth from the sun. 


99. Satellite Orbit The apogee (the point in orbit farthest from 
Earth) and the perigee (the point in orbit closest to Earth) of 
an elliptical orbit of an Earth satellite are given by A and P. 
Show that the eccentricity of the orbit is 


_A-P 
AFP 


100. Explorer 18 On November 27, 1963, the United States 
launched Explorer 18. Its low and high points above the 
surface of Earth were 119 miles and 123,000 miles. Find the 
eccentricity of its elliptical orbit. 


101. Halley’s Comet Probably the most famous of all comets, 
Halley’s comet, has an elliptical orbit with the sun at the 
focus. Its maximum distance from the sun is approximately 
35.29 AU (astronomical unit ~ 92.956 x 10° miles), and 
its minimum distance is approximately 0.59 AU. Find the 
eccentricity of the orbit. 


102. The equation of an ellipse with its center at the origin can be 
written as 


x? y? 


— + —  —~ = $ 
a a1 — e?) l 


Show that as e > 0, with a remaining fixed, the ellipse 
approaches a circle. 


103. Consider a particle traveling clockwise on the elliptical path 


2 2 


x 


100 * 25 


The particle leaves the orbit at the point (— 8, 3) and travels in 
a straight line tangent to the ellipse. At what point will the 
particle cross the y-axis? 


104. Volume The water tank on a fire truck is 16 feet long, and its 
cross sections are ellipses. Find the volume of water in the 
partially filled tank as shown in the figure. 


In Exercises 105 and 106, determine the points at which dy/dx 
is zero or does not exist to locate the endpoints of the major and 
minor axes of the ellipse. 


105. 16x2 + 9y? + 96x + 36y + 36 = 0 
106. 9x? + 4y? + 36x — 24y + 36 = 0 


w Experienced writers 


© On-time delivery 


2} 100% plagiarism free 


Area and Volume n Exercises and 108, find (a e area 0 
the region bounded by the ellipse, (b) the volume and surface 
area of the solid generated by revolving the region about its 
major axis (prolate spheroid), and (c) the volume and surface 
area of the solid generated by revolving the region about its 
minor axis (oblate spheroid). 


x y 
+o 
107 4 i 1 
x? y? 
a ri 
108. 7 9 1 


109. Arc Length Use the integration capabilities of a graphing 
utility to approximate to two-decimal-place accuracy the 
elliptical integral representing the circumference of the ellipse 


x2 y? 


ns do 


110. Prove that the tangent line to an ellipse at a point P makes 
equal angles with lines through P and the foci (see figure). 
(Hint: (1) Find the slope of the tangent line at P, (2) find the 
slopes of the lines through P and each focus, and (3) use the 
formula for the tangent of the angle between two lines.] 

y y 

ye À Tangent A 

a? b line 

(<a, 0) (0, 10) 

(a, 0) 


> xX 


(0, —10) 


Figure for 110 Figure for 111 


111. Geometry The area of the ellipse in the figure is twice the 
area of the circle. What is the length of the major axis? 

112. Conjecture 
(a) Show that the equation of an ellipse can be written as 


e-m, 0- 
a? a*(1 — e?) 


1. 


(b) Use a graphing utility to graph the ellipse 
(e=2) , ty = 3? 


4 A(1 — e) 


for e = 0.95, e = 0.75, e = 0.5, e = 0.25, and e = 0. 


(c) Use the results of part (b) to make a conjecture about the 
change in the shape of the ellipse as e approaches 0. 


113. Find an equation of the hyperbola such that for any point on 
the hyperbola, the difference between its distances from the 
points (2, 2) and (10, 2) is 6. 

114. Find an equation of the hyperbola such that for any point on 
the hyperbola, the difference between its distances from the 
points (— 3, 0) and (—3, 3) is 2. 
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115. 


116. 


117. 
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Sketch the hyperbola that consists of all points (x, y) such 
that the difference of the distances between (x, y) and two 
fixed points is 10 units, and the foci are located at the centers 
of the two sets of concentric circles in the figure. To print an 
enlarged copy of the graph, select the MathGraph button. 
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Consider a hyperbola centered at the origin with a horizontal 
transverse axis. Use the definition of a hyperbola to derive its 
standard form: 


Sound Location A rifle positioned at point (—c, 0) is fired 
at a target positioned at point (c, 0). A person hears the sound 
of the rifle and the sound of the bullet hitting the target at the 
same time. Prove that the person is positioned on one branch 
of the hyperbola given by 


2 2 


x 
c? v2 /v2 


y 


ov, — vv 


1 


where v,, is the muzzle velocity of the rifle and v, is the speed 
of sound, which is about 1100 feet per second. 


118. Navigation LORAN (long distance radio navigation) for 


aircraft and ships uses synchronized pulses transmitted by 
widely separated transmitting stations. These pulses travel at 
the speed of light (186,000 miles per second). The difference 
in the times of arrival of these pulses at an aircraft or ship is 
constant on a hyperbola having the transmitting stations as 
foci. Assume that two stations, 300 miles apart, are positioned 
on the rectangular coordinate system at (—150,0) and 
(150, 0) and that a ship is traveling on a path with coordinates 
(x, 75) (see figure). Find the x-coordinate of the position of the 
ship if the time difference between the pulses from the trans- 
mitting stations is 1000 microseconds (0.001 second). 


y 
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Figure for 118 Figure for 119 


120. 


121. 


122. 


telescopes) has the property that a light ray directed at the 
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ypervouc Mirror yperbolic mirror (used ın some 


focus will be reflected to the other focus. The mirror in the 
figure has the equation (x?/36) — (y2/64) = 1. At which 
point on the mirror will light from the point (0, 10) be 
reflected to the other focus? 


Show that the equation of the tangent line to 


at the point (xp, Yo) is (Xo/a7)x — (y/b?)y = 1. 
Show that the graphs of the equations intersect at right angles: 
x? Dy? | x? 2y 


a eo and gp BP) 


Prove that the graph of the equation 


Ax? + Cy? + Dx + Ey + F =0 


is one of the following (except in degenerate cases). 


Conic Condition 
(a) Circle A=C 
(b) Parabola A = Oor C = 0 (but not both) 
(c) Ellipse AC > 0 
(d) Hyperbola AC <0 


True or False? In Exercises 123-128, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


123. 
124. 
125. 


126. 


127. 


128. 


It is possible for a parabola to intersect its directrix. 
The point on a parabola closest to its focus is its vertex. 


If C is the circumference of the ellipse 
Pee h bee 


then 27b < C < 27a. 

If D + OorE # 0, then the graph of y? — x? + Dx + Ey = 0 
is a hyperbola. 

If the asymptotes of the hyperbola (x?/a?) — (y?/b?) = 1 
intersect at right angles, then a = b. 


Every tangent line to a hyperbola intersects the hyperbola only 
at the point of tangency. 


Putnam Exam Challenge 


129. 


130. 


For a point P on an ellipse, let d be the distance from the 
center of the ellipse to the line tangent to the ellipse at P. 
Prove that (PF,)(PF,)d? is constant as P varies on the ellipse, 
where PF, and PF, are the distances from P to the foci F, and 
F, of the ellipse. 


2 
Find the minimum value of (u — v} 4 ( 2- u? 2) 


v 
for0 < u < /2andv > 0. 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Section 10.2 Plane Curves and Parametric Equations 


e Sketch the graph of a curve given by a set of parametric equations. 
Eliminate the parameter in a set of parametric equations. 

e Find a set of parametric equations to represent a curve. 
Understand two classic calculus problems, the tautochrone and 
brachistochrone problems. 


Plane Curves and Parametric Equations 


Rectangular equation: Until now, you have been representing a graph by a single equation involving two 


2 variables. In this section you will study situations in which three variables are used to 
In represent a curve in the plane. 
i Consider the path followed by an object that is propelled into the air at an angle 
ail (242, 4V2- 16) of 45°. If the initial velocity of the object is 48 feet per second, the object travels the 
gel parabolic path given by 
x x2 
(0,0) | 9 18 27 36 45 54 63 72 y= = z+ Rectangular equation 
t=0 72 
Parametric equations: as shown in Figure 10.19. However, this equation does not tell the whole story. 
x= 24/2 Although it does tell you where the object has been, it doesn’t tell you when the object 


pene 2 
Yes eee was at a given point (x, y). To determine this time, you can introduce a third variable 


Curvilinear motion: two variables for t, called a parameter. By writing both x and y as functions of t, you obtain the 


position, one variable for time parametric equations 


Figure 10.19 x= 24/2t Parametric equation for x 


and 
y= —1672 + 24/21. Parametric equation for y 


From this set of equations, you can determine that at time ¢ = 0, the object is at the 
point (0, 0). Similarly, at time ¢ = 1, the object is at the point (24/2, 24/2 — 16), 
and so on. (You will learn a method for determining this particular set of parametric 
equations—the equations of motion—later, in Section 12.3.) 

For this particular motion problem, x and y are continuous functions of t, and the 
resulting path is called a plane curve. 


Definition of a Plane Curve 


If f and g are continuous functions of t on an interval /, then the equations 


x=f() and y= g(t) 


are called parametric equations and ¢ is called the parameter. The set of 
points (x, y) obtained as ¢ varies over the interval 7 is called the graph of the 
parametric equations. Taken together, the parametric equations and the graph 
are called a plane curve, denoted by C. 


NOTE At times it is important to distinguish between a graph (the set of points) and a curve 
(the points together with their defining parametric equations). When it is important, we will 
make the distinction explicit. When it is not important, we will use C to represent the graph or 
the curve. 
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Parametric equations: 


x=P—4andy=4,-2S183 


Figure 10.20 


Parametric equations: 
x=4(?—4andy=1,-1<1<2 


Figure 10.21 
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When sketching (by hand) a curve represented by a set of parametric equations, 
you can plot points in the xy-plane. Each set of coordinates (x, y) is determined from 
a value chosen for the parameter ¢. By plotting the resulting points in order of 
increasing values of ¢, the curve is traced out in a specific direction. This is called the 
orientation of the curve. 


EXAMPLE |I Sketching a Curve 


Sketch the curve described by the parametric equations 


t 
x=?f?—4 and y= > —2<rs3. 


Solution For values of t on the given interval, the parametric equations yield the 
points (x, y) shown in the table. 


tad 
oO 
| 
w 
| 
A 
| 
WwW 
© 
New| Cn | GW 


By plotting these points in order of increasing ¢ and using the continuity of f and g, 
you obtain the curve C shown in Figure 10.20. Note that the arrows on the curve 
indicate its orientation as f¢ increases from —2 to 3. =e 


NOTE From the Vertical Line Test, you can see that the graph shown in Figure 10.20 does not 


define y as a function of x. This points out one benefit of parametric equations—they can be 
used to represent graphs that are more general than graphs of functions. 


It often happens that two different sets of parametric equations have the same 

graph. For example, the set of parametric equations 
5 3 

x=4t-4 and y=t, “ists, 
has the same graph as the set given in Example 1. However, comparing the values of 
t in Figures 10.20 and 10.21, you can see that the second graph is traced out more 
rapidly (considering t as time) than the first graph. So, in applications, different 
parametric representations can be used to represent various speeds at which objects 
travel along a given path. 


TECHNOLOGY Most graphing utilities have a parametric graphing mode. If 
you have access to such a utility, use it to confirm the graphs shown in Figures 10.20 
and 10.21. Does the curve given by 


x=4P-8t and y=1-t, -}<1t<2 


represent the same graph as that shown in Figures 10.20 and 10.21? What do you 
notice about the orientation of this curve? 
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Parametric equations: 


Rectangular equation: 
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Figure 10.22 
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Eliminating the Parameter 


Finding a rectangular equation that represents the graph of a set of parametric 
equations is called eliminating the parameter. For instance, you can eliminate the 
parameter from the set of parametric equations in Example | as follows. 


Parametric => Solve for ¢ in Substitute into => Rectangular 

equations one equation. second equation. equation 
x=pP—-4 t = 2y x = (2y)?-4 x= 4y—-4 
y= t/2 


Once you have eliminated the parameter, you can recognize that the equation 
x = 4y? — 4 represents a parabola with a horizontal axis and vertex at (—4, 0), as 
shown in Figure 10.20. 

The range of x and y implied by the parametric equations may be altered by the 
change to rectangular form. In such instances the domain of the rectangular equation 
must be adjusted so that its graph matches the graph of the parametric equations. Such 
a situation is demonstrated in the next example. 


EXAMPLE 2 Adjusting the Domain After Eliminating the Parameter 


Sketch the curve represented by the equations 


1 
x =—=—= and y t>-1 


ytl 


by eliminating the parameter and adjusting the domain of the resulting rectangular 
equation. 


= i 
t+’ 


Solution Begin by solving one of the parametric equations for t. For instance, you 
can solve the first equation for ¢ as follows. 


x= ——_ Parametric equation for x 
ttl 
y= ! Square each side. 
trl 
1 
t+1l= oe 
t= l N Solve for t. 
te x? 


Now, substituting into the parametric equation for y produces 


t . : 

y= 1+1 Parametric equation for y 
Wre 

-=A 


y=1-x, Simplify. 


Substitute (1 — x?)/x? for t. 


The rectangular equation, y = 1 — x’, is defined for all values of x, but from the 
parametric equation for x you can see that the curve is defined only when t > —1. 
This implies that you should restrict the domain of x to positive values, as shown in 

Figure 10.22. SSS 


[try te | [Belen] 
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— 30 
0=7 


Parametric equations: 
x=3 cos 0, y=4sin@ 


Rectangular equation: 


oe 


5” E 


Figure 10.23 


| _Etiatie Graph | 


w Experienced writers 


© On-time delivery 


® 100% plagiarism free 


It is not necessary for the parameter in a set of parametric equations to represent 
time. The next example uses an angle as the parameter. 


EXAMPLE 3 Using Trigonometry to Eliminate a Parameter 


Sketch the curve represented by 
x=3cos@ and y=4siné, O< 0< 27 


by eliminating the parameter and finding the corresponding rectangular equation. 


Solution Begin by solving for cos 0 and sin @ in the given equations. 


Xx 4 
cos 0 = 3 and sin 0 = 2 Solve for cos @ and sin 6. 


4 


Next, make use of the identity sin? @ + cos? 0 = 1 to form an equation involving only 
x and y. 


cos? 6 + sin? 0 = 1 Trigonometric identity 
x 2 Ai 
o a a G =1 Substitute. 
Gy +( 
3 + y» 1 Rectangul: ti 
— += ectangular equation 
9° 16 is, 


From this rectangular equation you can see that the graph is an ellipse centered at 
(0, 0), with vertices at (0, 4) and (0, —4) and minor axis of length 2b = 6, as shown 
in Figure 10.23. Note that the ellipse is traced out counterclockwise as 0 varies from 
0 to 27. = 


Ea] (eee) [EE 

Using the technique shown in Example 3, you can conclude that the graph of the 
parametric equations 

x=h-+acos@ and y=k+bsin0é, 0< 0< 27 


is the ellipse (traced counterclockwise) given by 


(= hh)? 0- 
a? b? 


1. 


The graph of the parametric equations 
x=h+asin0 and y=k+ bcos, 0< 0< 27 
is also the ellipse (traced clockwise) given by 


(= hh)? | (y=? _ 
a b? 


1. 


Use a graphing utility in parametric mode to graph several ellipses. 

In Examples 2 and 3, it is important to realize that eliminating the parameter is 
primarily an aid to curve sketching. If the parametric equations represent the path of 
a moving object, the graph alone is not sufficient to describe the object’s motion. You 
still need the parametric equations to tell you the position, direction, and speed at a 
given time. 


w Experienced writers 


© On-time delivery 


) 100% plagiarism free 


Finding Parametric Equations 


The first three examples in this section illustrate techniques for sketching the graph 
represented by a set of parametric equations. You will now investigate the reverse 
problem. How can you determine a set of parametric equations for a given graph or a 
given physical description? From the discussion following Example 1, you know that 
such a representation is not unique. This is demonstrated further in the following 
example, which finds two different parametric representations for a given graph. 


EXAMPLE 4 Finding Parametric Equations for a Given Graph 


Find a set of parametric equations to represent the graph of y = 1 — x?, using each of 
the following parameters. 


at=x b. The slope m = 2 at the point (x, y) 
x 


Solution 
a. Letting x = t produces the parametric equations 
x=t and y=1—-x=1-Pf. 


b. To write x and y in terms of the parameter m, you can proceed as follows. 


d 
m= oy = —2x Differentiate y = 1 — x?. 
dx 
y 
N m 
P Solve for x. 
2 
This produces a parametric equation for x. To obtain a parametric equation for y, 
substitute —m/2 for x in the original equation. 
> xX 
y=l- x? Write original rectangular equation. 
mi? 
yars (-2) Substitute —m/2 for x. 
1 n Simplif 
_ BAR impliry. 
y 4 paty, 
So, the parametric equations are 
m 2 
Rectangular equation: y = 1 — x? x=-—> and y=1-—. 
Parametric equations: 2 4 
2 
xe—F y= 1- = In Figure 10.24, note that the resulting curve has a right-to-left orientation as 
determined by the direction of increasing values of slope m. For part (a), the curve 
Figure 10.24 would have the opposite orientation. —= 


En) nel ee) eee 
TECHNOLOGY To be efficient at using a graphing utility, it is important that 
you develop skill in representing a graph by a set of parametric equations. The 
reason for this is that many graphing utilities have only three graphing modes—(1) 
functions, (2) parametric equations, and (3) polar equations. Most graphing utilities 
are not programmed to graph a general equation. For instance, suppose you want to 
graph the hyperbola x? — y? = 1. To graph the hyperbola in function mode, you 


need two equations: y = vx? — 1 and y = — Vx? — 1. In parametric mode, you 
can represent the graph by x = sec ¢ and y = tant. 
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CYCLOIDS 


Galileo first called attention to the cycloid, 
once recommending that it be used for the 
arches of bridges. Pascal once spent 8 days 
attempting to solve many of the problems of 
cycloids, such as finding the area under one 
arch, and the volume of the solid of revolu- 
tion formed by revolving the curve about a 
line. The cycloid has so many interesting 
properties and has caused so many quarrels 
among mathematicians that it has been called 
“the Helen of geometry” and “the apple of 
discord.” 


FOR FURTHER INFORMATION For 
more information on cycloids, see the 
article “The Geometry of Rolling 
Curves” by John Bloom and Lee Whitt 


in The American Mathematical Monthly. 


MathArticle 


TECHNOLOGY 
utilities allow you to simulate the 
motion of an object that is moving in 
the plane or in space. If you have 
access to such a utility, use it to trace 
out the path of the cycloid shown in 
Figure 10.25. 
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EXAMPLE 5 Parametric Equations for a Cycloid 


Determine the curve traced by a point P on the circumference of a circle of radius a 
rolling along a straight line in a plane. Such a curve is called a cycloid. View the 
animation to see how a cycloid is drawn. 


| Animation | 
Solution Let the parameter 0 be the measure of the circle’s rotation, and let the point 
P = (x, y) begin at the origin. When 0 = 0, P is at the origin. When 0 = ~, P is ata 


maximum point (mra, 2a). When 0 = 27, P is back on the x-axis at (27ra, 0). From 
Figure 10.25, you can see that ZAPC = 180° — 6. So, 
AC _ BD 
a 
AP 


cos 0 = —cos(180° — 0) = —cos(ZAPC) = = 


sin 0 = sin(180° — 0) = sin(Z APC) = 


which implies that 
AP = —acos and BD=asin@. 


Because the circle rolls along the x-axis, you know that OD = PD = að. Furthermore, 
because BA = DC = a, you have 


x = OD — BD = aĝ — asin 0 
y = BA + AP = a — a cos 0. 
So, the parametric equations are 


x=a(O—sin@) and y= a(l — cos 0). 


Cycloid: 
x=a(0-— sin 0) 
y y=a(l —cos 6) 
P an y) 


(ma, 2a) (32a, 2a) 


(2ra, 0) 
Figure 10.25 


[Bry te] [Exporations) 
The cycloid in Figure 10.25 has sharp corners at the values x = 2n7ra. Notice 


that the derivatives x(@) and y(@) are both zero at the points for which 0 = 2n7. 


x(0) = a(@ — sin 0) y(0) = a(1 — cos 0) 
x0) =a—acos 0 y(0) = asin 0 
x(2n7) = 0 y(2n7m) = 0 


Between these points, the cycloid is called smooth. 


Definition of a Smooth Curve 


A curve C represented by x = f(t) and y = g(t) on an interval J is called smooth 
if f’ and g’ are continuous on Z and not simultaneously 0, except possibly at the 
endpoints of /. The curve C is called piecewise smooth if it is smooth on each 
subinterval of some partition of Z. 
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The Tautochrone and Brachistochrone Problems 


The type of curve described in Example 5 is related to one of the most famous pairs 
of problems in the history of calculus. The first problem (called the tautochrone 
problem) began with Galileo’s discovery that the time required to complete a full 
swing of a given pendulum is approximately the same whether it makes a large 
movement at high speed or a small movement at lower speed (see Figure 10.26). Late 
in his life, Galileo (1564—1642) realized that he could use this principle to construct 
a clock. However, he was not able to conquer the mechanics of actual construction. 
Christian Huygens (1629-1695) was the first to design and construct a working 
model. In his work with pendulums, Huygens realized that a pendulum does not take 
exactly the same time to complete swings of varying lengths. (This doesn’t affect a 
: : pendulum clock, because the length of the circular arc is kept constant 
only approximately the same as whenistârting by giving the pendulum a slight boost each time it passes its lowest point.) But, in 
from point A. ‘ : ‘ 
Figure 10.26 studying the problem, Huygens discovered that a ball rolling back and forth on an 
inverted cycloid does complete each cycle in exactly the same time. 


The time required to complete a full swing of 
the pendulum when starting from point C is 


B 


An inverted cycloid is the path down which a ball will roll in the shortest time. 
Figure 10.27 


The second problem, which was posed by John Bernoulli in 1696, is called the 


JAMES BERNOULLI (1654—1705) brachistochrone problem—in Greek, brachys means short and chronos means time. 
James Bernoulli, also called Jacques, was the The problem was to determine the path down which a particle will slide from point A 
older brother of John. He was one of several to point B in the shortest time. Several mathematicians took up the challenge, and the 
accomplished mathematicians of the Swiss following year the problem was solved by Newton, Leibniz, L’H6pital, John 
Bernoulli family. James’s mathematical accom- Bernoulli, and James Bernoulli. As it turns out, the solution is not a straight line from 
plishments have given him a prominent place A to B, but an inverted cycloid passing through the points A and B, as shown in Figure 


in the early development of calculus. 10.27. The amazing part of the solution is that a particle starting at rest at any other 


point C of the cycloid between A and B will take exactly the same time to reach B, as 


n shown in Figure 10.28. 
MathBio 


A 


B 


A ball starting at point C takes the same time to reach point B as one that starts at point A. 
Figure 10.28 


FOR FURTHER INFORMATION To see a proof of the famous brachistochrone problem, see the 
article “A New Minimization Proof for the Brachistochrone” by Gary Lawlor in The American 
Mathematical Monthly. 


MathArticle 
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Exercises for Section 10.2 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on || 


to print an enlarged copy of the graph. 


1. Consider the parametric equations x = vt and y = 1 — t. 


(a) Complete the table. 


t;}O;1)2)]3]4 


(b) Plot the points (x, y) generated in the table, and sketch a 
graph of the parametric equations. Indicate the orientation 
of the graph. 


(c) Use a graphing utility to confirm your graph in part (b). 


(d) Find the rectangular equation by eliminating the parameter, 
and sketch its graph. Compare the graph in part (b) with the 
graph of the rectangular equation. 


2. Consider the parametric equations x = 4 cos? 6 and y = 2 sin 0. 


(a) Complete the table. 


0 = 


iy 
| 
alg 
ala 
N| 


x 


Yy 


(b) Plot the points (x, y) generated in the table, and sketch a 
graph of the parametric equations. Indicate the orientation 
of the graph. 


(c) Use a graphing utility to confirm your graph in part (b). 


(d) Find the rectangular equation by eliminating the parameter, 
and sketch its graph. Compare the graph in part (b) with the 
graph of the rectangular equation. 


(e) If values of 0 were selected from the interval [7/2, 37/2] 
for the table in part (a), would the graph in part (b) be 
different? Explain. 


In Exercises 3-20, sketch the curve represented by the 
parametric equations (indicate the orientation of the curve), 
and write the corresponding rectangular equation by 
eliminating the parameter. 


3.x=3t-1, y=2t+1 4.x=3-24, y=2+3t 


§.x=t+1, y=? 6.x = 207, y=rtt+1 
2 
TeX =P, 225 8B x=P4+t y=r-t 
9% x= Jt y=t-2 10. x= Yt, y=3-t 
t 
ll. x =t-1, S ai 12,.x=1+-, y=t-1 
13. x= 2t, y= |t— 2| 14.x=|t- 1], y=r+2 
15.x=e', y=e*+1 16. x=e™, y=e”-1 


17. x = sec 0, y= cos, 0< 0< T/2, m/2<0< 7 


18. x = tan? 0, y = sec?0 


= 
| 


19. x =3cos0, y=3sin0 20. x =2cos 0, y= 6sin 0 


In Exercises 21-32, use a graphing utility to graph the curve 
represented by the parametric equations (indicate the orienta- 
tion of the curve). Eliminate the parameter and write the 
corresponding rectangular equation. 


21. x = 4 sin 20, y =2cos20 22. x = cos 0, y = 2 sin 20 

23. x = 4 + 2 cos 0 24. x= 4 + 2cos 0 
y=-1+sin0 y=-1+2sin0 

25. x = 4+ 2cos 0 26. x = sec 0 
y=-1+4siné y= tan 0 

27. x= 4sec ð, y=3tanð 28. x =cos*6, y= sin? ð 

29. x=, y=3lnt 30.x=In24, y=ť 

3l.x =e", y=e% 32. x= e”, y=el 


Comparing Plane Curves In Exercises 33-36, determine any 
differences between the curves of the parametric equations. Are 
the graphs the same? Are the orientations the same? Are the 
curves smooth? 


33. (a) x=t (b) x = cos 0 
y=2t+1 y=2cos6+ 1 
(c) x= e~” (d) x= æ 
y=2e'+1 y=2e' +1 
34. (a) x = 2 cos 0 (b) x= /4 = 1/|¢| 
y =2sin 6 y=1/t 
() x= Vt (d) x=- V4- e 
y= V4-1t y= e 
35. (a) x = cos 0 (b) x = cos(— 6) 
y = 2 sin’ 0 y = 2 sin*(— 0) 
0<0<7 O0<0<7 


36. (a) x=t+1,y= P (b) x= -t + 1,y = (-013 


37. Conjecture 


(a) Use a graphing utility to graph the curves represented by 
the two sets of parametric equations. 


x =4cost x = 4 cos(— t) 
y=3sint y = 3 sin(- t) 

(b) Describe the change in the graph when the sign of the 
parameter is changed. 


(c) Make a conjecture about the change in the graph of 
parametric equations when the sign of the parameter is 
changed. 


(d) Test your conjecture with another set of parametric 
equations. 


38. Writing Review Exercises 33-36 and write a short paragraph 
describing how the graphs of curves represented by different 
sets of parametric equations can differ even though eliminating 
the parameter from each yields the same rectangular equation. 


In Exercises 39-42, eliminate the parameter and obtain the 
standard form of the rectangular equation. 
39. Line through (x,, y,) and (x5, y,): 
x= 4 49 ax) y= y +t- y) 
40. Circle: x = h + rcos 0, y= k+ rsin 0 
41. Ellipse: x = h + acos 0, y= k+ bsin 0 
42. Hyperbola: x = h + asec 0, y= k+ btan 0 


In Exercises 43-50, use the results of Exercises 39—42 to find a 
set of parametric equations for the line or conic. 

43. Line: passes through (0, 0) and (5, — 2) 

44. Line: passes through (1, 4) and (5, — 2) 

45. Circle: center: (2, 1); radius: 4 

46. Circle: center: (—3, 1); radius: 3 

47. Ellipse: vertices: (+5, 0); foci: (+4, 0) 

48. Ellipse: vertices: (4, 7), (4, — 3); foci: (4, 5), (4, — 1) 

49. Hyperbola: vertices: (+4, 0); foci: (£5, 0) 

50. Hyperbola: vertices: (0, +1); foci: (0, +2) 


In Exercises 51-54, find two different sets of parametric 
equations for the rectangular equation. 


2 
ol 
53. y= x7 54. y = x? 


51. y = 3x — 2 52. y= 


In Exercises 55-62, use a graphing utility to graph the curve 
represented by the parametric equations. Indicate the direction 
of the curve. Identify any points at which the curve is not 
smooth. 

55. Cycloid: x = 2(@ — sin 6), y = 2(1 — cos 6) 

56. Cycloid: x = 0 + sin 0, y= 1 — cos 0 

57. Prolate cycloid: x = 0 — 3 sin 6 y=l1- 3 cos 0 

58. Prolate cycloid: x = 20 — 4 sin 0, y = 2 — 4 cos 0 

59. Hypocycloid: x = 3 cos? 0, y = 3 sin? 0 

60. Curtate cycloid: x = 20 — sin 0, y = 2 — cos 0 

61. Witch of Agnesi: x = 2 cot 0, y = 2 sin? 0 


62. Foli f Descartes: 3 L 
« Folium of Descartes: x 14e y EFE 


Writing About Concepts 


. State the definition of a plane curve given by parametric 
equations. 

. Explain the process of sketching a plane curve given by 
parametric equations. What is meant by the orientation of 
the curve? 


. State the definition of a smooth curve. 
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Writing About Concepts (continued) 


66. Match each set of parametric equations with the correct 
graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 
Explain your reasoning. 


@x=2-1, y 


Gi) x = sin? 0 — 1, y= sinĝð +2 
(iii) Lissajous curve: x = 4 cos 0, y = 2 sin 20 
(iv) Evolute of ellipse: x = cos? 0, y = 2 sin? 0 


(v) Involute of circle: x = cos 0 + 0 sin 6, 
y = sin 0 — cos 0 


(vi) Serpentine curve: x = cot 0, y = 4 sin 0 cos 0 


67. Curtate Cycloid A wheel of radius a rolls along a line with- 
out slipping. The curve traced by a point P that is b units from 
the center (b < a) is called a curtate cycloid (see figure). Use 
the angle 0 to find a set of parametric equations for this curve. 


| p (mta, a + b) 


Figure for 67 Figure for 68 
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68. Epicycloid A circle of radius 1 rolls around the outside of a 
circle of radius 2 without slipping. The curve traced by a point 
on the circumference of the smaller circle is called an epicy- 
cloid (see figure on previous page). Use the angle 0 to find a set 
of parametric equations for this curve. 


True or False? In Exercises 69 and 70, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


69. The graph of the parametric equations x = 1? and y = £? is the 
line y = x. 

70. If y is a function of f and x is a function of t, then y is a 
function of x. 


Projectile Motion In Exercises 71 and 72, consider a projectile 
launched at a height h feet above the ground and at an angle 
6 with the horizontal. If the initial velocity is vo feet per second, 
the path of the projectile is modeled by the parametric 
equations x = (v, cos 0)t and y = h + (vo sin 0)t — 1617. 


71. The center field fence in a ballpark is 10 feet high and 400 feet 
from home plate. The ball is hit 3 feet above the ground. It 
leaves the bat at an angle of 6 degrees with the 
horizontal at a speed of 100 miles per hour (see figure). 


(a) Write a set of parametric equations for the path of the ball. 


(b) Use a graphing utility to graph the path of the ball when 
0 = 15°. Is the hit a home run? 

(c) Use a graphing utility to graph the path of the ball when 
0 = 23°. Is the hit a home run? 

(d) Find the minimum angle at which the ball must leave the 
bat in order for the hit to be a home run. 

72. A rectangular equation for the path of a projectile is 

y = 5 + x — 0.005x?. 

(a) Eliminate the parameter ¢ from the position function for the 
motion of a projectile to show that the rectangular equation is 

1 2 
y= oe aes (tan 0) x + h. 
vo 

(b) Use the result of part (a) to find h, vọ, and 0. Find the 

parametric equations of the path. 


(c) Use a graphing utility to graph the rectangular equation for 
the path of the projectile. Confirm your answer in part (b) by 
sketching the curve represented by the parametric equations. 


(d) Use a graphing utility to approximate the maximum height 
of the projectile and its range. 


Section 10.3 Parametric Equations and Calculus 


30 + 


x=24/2t 
=-1617 + 24/2t 
20 + y C v2 = 
ae 
10 + 
45° 
| | | =x 
10 20 30 


At time ż, the angle of elevation of the 
projectile is 0, the slope of the tangent 
line at that point. 

Figure 10.29 


The slope of the secant line through 

the points ( f(A, g(t)) and (f(t + Ad, 
elt + At)) isAy/Ax. 

Figure 10.30 
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e Find the slope of a tangent line to a curve given by a set of parametric equations. 
e Find the arc length of a curve given by a set of parametric equations. 
e Find the area of a surface of revolution (parametric form). 


Slope and Tangent Lines 


Now that you can represent a graph in the plane by a set of parametric equations, it is 
natural to ask how to use calculus to study plane curves. To begin, let’s take another 
look at the projectile represented by the parametric equations 


x=24/2t and y= -16° + 24/2 


as shown in Figure 10.29. From Section 10.2, you know that these equations enable 
you to locate the position of the projectile at a given time. You also know that the 
object is initially projected at an angle of 45°. But how can you find the angle 0 rep- 
resenting the object’s direction at some other time t? The following theorem answers 
this question by giving a formula for the slope of the tangent line as a function of t. 


THEOREM 10.7 Parametric Form of the Derivative 


If a smooth curve C is given by the equations x = f(t) and y = g(t), then the 
slope of C at (x, y) is 


dy _ dy/dt dx 
dx dx/dt’ dt 


Proof In Figure 10.30, consider Ar > 0 and let 

Ay = g(t + At) — g(t) and Ax = f(t + At) — f8). 
Because Ax —> 0 as At —> 0, you can write 

dy _,, Ay 

dx rear, Ax 


= im 8+ AD = 8) 
Aro f(t + At) — f(t)" 


Dividing both the numerator and denominator by At, you can use the differentiability 
of f and g to conclude that 


dy _ |, la(t + At) = g(o)]/At 
dx Arso[ f(t + At) — f(t) /At 
lim £2 + Ad = 8 


At>0 At 
jan H+ AD — FO 
At>0 At 
3 
FÒ 
_ dy/dt. 


dx/dt a] 
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to find the slopes at the points (1, 0) and 


(0, 1). 


Conics, Parametric Equations, and Polar C 


S P The curve traced out in 
Example 1 is a circle. Use the formula 


xa vt 


y= 12-4) 


The graph is concave upward at (2, 3), when 


t= 4. 
Figure 10.31 


|_Esitabe Gran | 
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EXAMPLE | Differentiation and Parametric Form 


Find dy/dx for the curve given by x = sin ft and y = cost. 


Solution 
dy _ dy/dt _ —sint 
= = = — t 
dx dx/dt cost tap E 


Because dy/dx is a function of t, you can use Theorem 10.7 repeatedly to find 
higher-order derivatives. For instance, 


Second derivative 


aje] 
d*y_d d] _ dt| dx 
d dx | dx dx/dt 


Third derivative 


aja] 
dy g Fa _ dtldx 
dx? dx/dt ` 


dx? dx 
m Gee ee 
The editable graph feature below allows you to edit the graph of a function. 
EZ) 


EXAMPLE 2 Finding Slope and Concavity 


For the curve given by 
1 
x= Jt and ya ge TA, t>0 


find the slope and concavity at the point (2, 3). 


Solution Because 


dy _dy/dt__—_(1/2)t Z 13/2 
dx  dx/dt  (1/2)t-'/? 


Parametric form of first derivative 


you can find the second derivative to be 


d d 

dy gloa] 7 a p F 
dx? dx/dt dx/dt  (1/D)r 

At (x, y) = (2, 3), it follows that t = 4, and the slope is 


dy 
dx 


[t 3/ 2] Parametric form of second 
(3/ 2)t sia derivative 


= (4)3? = 8, 


Moreover, when t = 4, the second derivative is 


d’y 

pre = 3(4) =12>0 
and you can conclude that the graph is concave upward at (2,3), as shown in 
Figure 10.31. e] 


Because the parametric equations x = f(t) and y = g(t) need not define y as a 


function of x, it is possible for a plane curve to loop around and cross itself. At such 
points the curve may have more than one tangent line, as shown in the next example. 
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EXAMPLE 3 A Curve with Two Tangent Lines at a Point 


x=2t— nsint . 

y=2- mcos t The prolate cycloid given by 
y i = . 
y Toneent line (f=7/2) x=2t— msint and y=2- cost 


crosses itself at the point (0, 2), as shown in Figure 10.32. Find the equations of both 
tangent lines at this point. 
Solution Because x = 0 and y = 2 when t = +77/2, and 

dy dy/dt_ msint 

dx dx/dt 2= mcost 


you have dy/dx = — 7/2 when t = — 7/2 and dy/dx = m/2 when t = 7/2. So, the 
two tangent lines at (0, 2) are 


; T 
Tangent line (t = —7/2) y-2=- (Z): Tangent line when t = = 
This prolate cycloid has two tangent lines at 
the point (0, 2). y-2= (Z) xX. Tangent line when t = a 
Figure 10.32 2 2 


Jerusa] [ Try 1e | [Exlorationa] [Exploration | [Onen Expiration | 
If dy/dt = 0 and dx/dt # 0 when t = t, the curve represented by x = f(t) and 

y = g(t) has a horizontal tangent at (f(t), g(to)). For instance, in Example 3, the 

given curve has a horizontal tangent at the point (0,2 — 7) (when t = 0). Similarly, 


if dx/dt = 0 and dy/dt # 0 when t = ft, the curve represented by x = f(t) and 
y = g(t) has a vertical tangent at ( f(t), g(to)). 


Arc Length 


You have seen how parametric equations can be used to describe the path of a particle 
moving in the plane. You will now develop a formula for determining the distance 
traveled by the particle along its path. 

Recall from Section 7.4 that the formula for the arc length of a curve C given by 
y = h(x) over the interval [xp, x,] is 


f J1 + [h] dx 


Poth 


If Cis A by the parametric equations x = f(t) and y = g(t),a < t < b, and 
if dx/dt = f(t) > 0, you can write 


_ / _ / + (2y 
s = F 1 +( J dx= i (2 i] 


_ d (dx/dt)? + (dy/dt)? dx 
ne dt}? dt 


= | JPOP Fe WP at, 


dt 
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THEOREM 10.8 Arc Length in Parametric Form 


NOTE When applying the arc length If a smooth curve C is given by x = f(t) and y = g(t) such that C does not 
formula to a curve, be sure that the curve intersect itself on the interval a < t < b (except possibly at the endpoints), then 
is traced out only once on the interval of the arc length of C over the interval is given by 


integration. For instance, the circle given 
by x = cos ¢t and y = sin ¢ is traced out ? dx\? dy\* f F 

= = / 2 Xp) 12 
once on the interval 0 < t < 27, but is oT f dt + dt dt Lf (1)] at [s (1) dt. 
traced out twice on the interval : i 
O<st<s4z. 


In the preceding section you saw that if a circle rolls along a line, a point on its 
circumference will trace a path called a cycloid. If the circle rolls around the circum- 
ference of another circle, the path of the point is an epicycloid. The next example 
shows how to find the arc length of an epicycloid. 


EXAMPLE 4 Finding Arc Length 


ARCH OF A CYCLOID 


The arc length of an arch of a cycloid was A circle of radius 1 rolls around the circumference of a larger circle of radius 4, as 


first calculated in 1658 by British architect shown in Figure 10.33. The epicycloid traced by a point on the circumference of the 
and mathematician Christopher Wren, famous smaller circle is given by 


for rebuilding many buildings and churches in 
London, including St. Paul’s Cathedral. x = 5cost — cos 5t 


and 

y = 5sint¢ — sin 5t. 
Find the distance traveled by the point in one complete trip about the larger circle. 
Solution Before applying Theorem 10.8, note in Figure 10.33 that the curve has 
sharp points when t = 0 and t = 7/2. Between these two points, dx/dt and dy/dt are 
not simultaneously 0. So, the portion of the curve generated from t = 0 tot = 7/2 is 


smooth. To find the total distance traveled by the point, you can find the arc length of 
that portion lying in the first quadrant and multiply by 4. 


a/ 2 
s=4 (=) + (2) dt Parametric form for arc length 
0 dt dt 


a/2 
y =a f V(—5 sint + 5 sin 54t)? + (5 cos t — 5 cos 50° dt 
0 


a/2 
- 20[ J2 = 2sintsin 5t — 2 cos t cos 5t dt 
0 


a/2 

- 20 f V2 — 2 cos 4t dt 
a 

= 20 i V4 sin? 2t dt Trigonometric identity 
0 


a/2 
= 40 f sin 2t dt 
x= 5 cos t — cos 5t ° m/2 
y=5 sint- sin 5t = -2f cos 21! 
0 

An epicycloid is traced by a point on the = AO 
smaller circle as it rolls around the larger 
circle. For the epicycloid shown in Figure 10.33, an arc length of 40 seems about right 
Figure 10.33 because the circumference of a circle of radius 6 is 27r = 127 ~ 37.7. === 
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EXAMPLE 5 Length of a Recording Tape 


A recording tape 0.001 inch thick is wound around a reel whose inner radius is 0.5 
inch and whose outer radius is 2 inches, as shown in Figure 10.34. How much tape is 
required to fill the reel? 


Solution To create a model for this problem, assume that as the tape is wound 
around the reel its distance r from the center increases linearly at a rate of 0.001 inch 
per revolution, or 

0 0 


= ge <@< 
(0.001) 5> 70000" 10007 < 6 < 40007 


0.001 in. 


where 0 is measured in radians. You can determine the coordinates of the point (x, y) 


=rcos 0 : : : 
? na corresponding to a given radius to be 
x= rcos 0 
SP and 
y= rsin ð. 
e Substituting for r, you obtain the parametric equations 
0 0 . 
= (=e) cos 0 and y= ( | sin 8. 
You can use the arc (a formula to determine the total length of the tape to be 
40007 
Figure 10.34 s= f 
10007 
40007 
+ + sin 0)? 
= - /(— @sin 6 + cos 6)? + (@cos 6 + sin 6)? d0 
1 40007 
= 40+ 1dé0 
200077 J 10000 
EXT “0007 Integration tabl 
ntegration tables 
= (3 Jovea i In| + Ve +1 | (600% (Appendix B), Formula 26 
=~ 11,781 inches 
= 982 feet —— 


FOR FURTHER INFORMATION For more information on the mathematics of recording tape, 
see “Tape Counters” by Richard L. Roth in The American Mathematical Monthly. 


NOTE The graph ofr = aĝis called ———— 

the spiral of Archimedes. The graph of 

r = 0/20007 (in Example 5) is of this 

form. The length of the tape in Example 5 can be approximated by adding the circum- 


ferences of circular pieces of tape. The smallest circle has a radius of 0.501 and the 
largest has a radius of 2. 


s = 27(0.501) + 277(0.502) + 277(0.503) + - - - + 27(2.000) 
1500 


>, 27(0.5 + 0.0011) 


(ister) + 0.001(1500)(1501)/2] 
11,786 inches 


L 
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This surface of revolution has a surface area 
of 97. 
Figure 10.35 


| Rotatable Graph | 
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Area of a Surface of Revolution 


You can use the formula for the area of a surface of revolution in rectangular form to 
develop a formula for surface area in parametric form. 


THEOREM 10.9 Area of a Surface of Revolution 


If a smooth curve C given by x = f(t) and y = g(t) does not cross itself on an 
interval a < t < b, then the area S of the surface of revolution formed by 
revolving C about the coordinate axes is given by the following. 


á dx\? dy\? 
1.S$=27] g(t) Al + Ar dt Revolution about the x-axis: g(t) = 0 


dx\? dy\? 
2. S = 27 f(t) (=) + (2) dt Revolution about the y-axis: f(t) > 0 


These formulas are easy to remember if you think of the differential of arc length as 


_ dx\? dy\? 
ds (=) + (2) dt. 


Then the formulas are written as follows. 


b b 
PE 2| g(t) ds 2. S=27r| f(t) ds 


a 


EXAMPLE 6 Finding the Area of a Surface of Revolution 


Let C be the arc of the circle 
xX +y? =9 
from (3, 0) to (3/2, 33/2), as shown in Figure 10.35. Find the area of the surface 
formed by revolving C about the x-axis. 
Solution You can represent C parametrically by the equations 
x= 3 cost and y = 3sint, O0<ts< 7/3. 


(Note that you can determine the interval for t by observing that t = 0 when x = 3 
and t = 7/3 when x = 3/2.) On this interval, C is smooth and y is nonnegative, and 
you can apply Theorem 10.9 to obtain a surface area of 


Formula for area of a 
surface of revolution 


1/3 
S= 2m | (3 sin t) /(—3 sin 1)? + (3 cos t}? dt 
0 


a/3 
= 6m | sin t./9(sin? t + cos? t) dt 
0 


a/3 
67 f 3 sin t dt Trigonometric identity 
0 


a/3 
= — 187 [cos 1 


0 


1 
= -180(4 - 1) 
= 97. 
[Try te | [Exploration a | 


Exercises for Section 10.3 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


TA to print an enlarged copy of the graph. 


In Exercises 1-4, find dy/dx. 


lx=P, y=5-4t 2x=7t,y=4-1 
3. x = sin? 0, y = cos? 6 4. x = 2e9, y =e 9/2 


In Exercises 5-14, find dy/dx and d?y/dx?, and find the slope 
and concavity (if possible) at the given value of the parameter. 


Parametric Equations Point 

5. x = 2t, y= 3t-1 f= 3 
6.x = Vt, y =3t-1 t=1 
7x=t+1,y=t? + 3t t=-l1 
8. x=? + 3r+ 2, y=2t t=0 
: T 

9. x = 2cos 0, y = 2 sin 0 = 
10. x = cos 0, y = 3 sin 0 0=0 
11. x= 2 + sec 0, y=1+2tané =a 
12. x= Vt y= vt-I t=72 
13. x = cos? 0, y = sin? 0 p= 
14. x = 0 — sin 0, y = 1 — cos 0 =T 


In Exercises 15 and 16, find an equation of the tangent line at 
each given point on the curve. 


15. x = 2 cot 0 16. x = 2 — 3 cos 0 
y = 2 sin? 0 y=3+2sin0 
F y 
A A 
T t 4437/3 
°T ‘Tas (22) 
AES 
32) L 1 
anus 
+++} +—+—} > x 
=4 22 ub a 4 x 
2+ 


In Exercises 17-20, (a) use a graphing utility to graph the curve 
represented by the parametric equations, (b) use a graphing 
utility to find dx/dt, dy /dt, and dy/dx at the given value of the 
parameter, (c) find an equation of the tangent line to the curve 
at the given value of the parameter, and (d) use a graphing 
utility to graph the curve and the tangent line from part (c). 


Parametric Equations Parameter 
17.x=2t, y=t?-1 t=2 
18. x=1-1,y=>+1 t=1 
19. x=t£-—-t+2, y= -3t t=-1 
20. x = 4cos 6, y = 3 sin 0 ees 


In Exercises 21-24, find the equations of the tangent lines at the 
point where the curve crosses itself. 

21. x =2sin2t, y =3sint 

22. x=2— mcost, y= 2t— msint 

23. x=ťĽ-t, y= ťß-—3t-1 

24.x=P-6t, y=ť 


In Exercises 25 and 26, find all points (if any) of horizontal and 
vertical tangency to the portion of the curve shown. 

25. Involute of a circle: 26. x = 20 

cos + Osin y = 2(1 — cos 0) 

y = sin — 0 cos 0 


II 


x 


In Exercises 27-36, find all points (if any) of horizontal and 
vertical tangency to the curve. Use a graphing utility to confirm 
your results. 


27.x=1-t y=?r? 

28. x=t+1, y=? + 3t 
29.x=1-1t, y=? -3t 

30.x =? -—t+2, y=r-3t 
31. x =3cos0, y= 3sin 0 

32. x = cos 0, y= 2sin20 

33. x=4+2cosð, y=-—1 + sin 0 
34. x = 4cos?° 0, y= 2sin 0 

35. x = sec 0, y= tan 0 

36. x = cos? 0, y = cos 0 


In Exercises 37—42, determine the ¢ intervals on which the curve 
is concave downward or concave upward. 

37..x=0, y=P-t 

38. x=2 +P, ys f+? 

39. x=2t+lnt, y=2t—lnt 


40. x=, y=Int 
4l. x= sint, y=cost, O<t< T 
42.x=2cost, y=sint, 0 <t< 2r 
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Arc Length In Exercises 43-46, write an integral that repre- 
sents the arc length of the curve on the given interval. Do not 


e parametric equations 


evaluate the integral =m% d E a 
, Oire A ae 
Parametric Equations Interval (a) U hi lit ‘im tedbyth 
a) Use a graphing utility to graph the curve represented by the 
Sopa = 23/2 : : 
43. x= 21-1, y= ete? parametric equations. 
44.x=Int, y=t+] ls1s6 (b) Use a graphing utility to find the points of horizontal 
4.x=e' +2, y=2t+1 —-2<t<2 tangency to the curve. 
46. x=t+ sint, y=t-—cost O<st<s7 (c) Use the integration capabilities of a graphing utility to 
g p graphing y 
approximate the arc length of the closed loop. (Hint: Use 
Arc Length In Exercises 47-52, find the arc length of the curve symmetry and integrate over the interval 0 < t < 1.) 
on the given interval. 60. Witch of Agnesi Consider the parametric equations 
Parametric Equations Interval 
4 x=4cot@ and y= 4 sin?9, ee a 
47.x=0?, y=2t sre 2 2 
48. x=? +1, y=4 +3 =lsts0 (a) Use a graphing utility to graph the curve represented by the 
= ae T parametric equations. 
49. x= e "cost, y=e ‘'sint Ost<s> À _ ; . 
2 (b) Use a graphing utility to find the points of horizontal 
50. x = arcsin ft, y = InJ/1 — t° o<rt<}į tangency to the curve. 
51. x= Vt, y=3t-1 O0<t<l (c) Use the integration capabilities of a graphing utility 
15 1 to approximate the arc length over the interval 
52. x= t, = H I<t<2 < ; 
x ? = i0 T 6e T/4 < 0 < 7/2 
61. Writing 
Arc Length In Exercises 53—56, find the arc length of the curve Fr (a) Use a graphing utility to graph each set of parametric 
on the interval [0, 277]. equations. 
53. Hypocycloid perimeter: x = a cos? 0, y = asin? @ x=t-sint x = 2t — sin(2t) 
54. Circle circumference: x = a cos 0, y = a sin 0 y= l- cost y = 1 — cos(2t) 
55. Cycloid arch: x = a(0 — sin 0), y = a(1 — cos 8) O<t<27 O<st<a7 
56. Involute of a circle: x = cos 0 + Osin 0, y = sin 6 — Ocos 8 (b) Compare the graphs of the two sets of parametric equations 


in part (a). If the curve represents the motion of a particle 

and ź is time, what can you infer about the average speeds 

of the particle on the paths represented by the two sets of 

x = (90 cos 30°)t and y = (90 sin 30°)t — 1677 parametric equations? 

(c) Without graphing the curve, determine the time required for 
a particle to traverse the same path as in parts (a) and (b) if 
the path is modeled by 


57. Path of a Projectile The path of a projectile is modeled by the 
parametric equations 


where x and y are measured in feet. 
(a) Use a graphing utility to graph the path of the projectile. 


(b) Use a graphing utility to approximate the range of the oe 4 = sin(42) and. yal- cos( 1), 


projectile. 
(c) Use the integration capabilities of a graphing utility to 62. Writing 

approximate the arc length of the path. Compare this result AB (a) Each set of parametric equations represents the motion of a 

with the range of the projectile. particle. Use a graphing utility to graph each set. 

58. Path of a Projectile If the projectile in Exercise 57 is First Particle Second Particle 
launched at an angle 0 with the horizontal, its parametric _ ft 
: x = 3 cost x =4sint 
equations are 
y =4sint¢ y =3 cost 
= = i — 1672 

x = (90 cos 6)t and y = (90 sin @)t — 1677. eee Oe Oe ps ar 
Use a graphing utility to find the angle that maximizes the (b) Determine the number of points of intersection. 


range of the projectile. What angle maximizes the arc length of 


h ees (c) Will the particles ever be at the same place at the same 
the trajectory? 


time? If so, identify the points. 


(d) Explain what happens if the motion of the second particle 
is represented by 


x=2+3sint, y=2-—4cost, 0<t< 27. 


Surface Area In Exercises 63-66, write an integral that 
represents the area of the surface generated by revolving the 
curve about the x-axis. Use a graphing utility to approximate 
the integral. 


Parametric Equations Interval 
63. x =4t, y=rt+1 O<t<2 
64. x = 1P, y=t+2 Oo<t<4 
65. x = cos? 6, y = cos 0 ospe 
66. x= 0 + sin, y= 0 + cos 0 osis 


Surface Area In Exercises 67-72, find the area of the surface 
generated by revolving the curve about each given axis. 


67. x=t,y=2t, O<St<4, (a) x-axis (b) y-axis 
68. x=ty=4-2t, OS t¥ 2, (a) x-axis (b) y-axis 


69. x =4cos6,y=4sin0, 0< das. y-axis 
70. x=}, y= t+1, 1<t<2, y-axis 
71. x =acos*0,y = asin, 0 < 0< m, x-axis 


72. x= acos 0, y = bsin0, 0 < 0< 27, 


(a) x-axis (b) y-axis 


Writing About Concepts 


. Give the parametric form of the derivative. 
. Mentally determine dy/dx. 
(a x=t y=4 (bt) x=t, y=4t-3 
. Sketch a graph of a curve defined by the parametric equa- 


tions x = g(t) and y = f(t) such that dx/dt > 0 and 
dy/dt < 0 for all real numbers t. 


. Sketch a graph of a curve defined by the parametric equa- 
tions x = g(t) and y = f(t) such that dx/dt < 0 and 
dy/dt < 0 for all real numbers t. 

. Give the integral formula for arc length in parametric form. 

. Give the integral formulas for the areas of the surfaces of 
revolution formed when a smooth curve C is revolved about 
(a) the x-axis and (b) the y-axis. 


79. Use integration by substitution to show that if y is a continuous 
function of x on the interval a < x < b, where x = f(t) and 
y = g(t), then 


Í me Í * aft dt 


where f(t,) = a, f(t,) = b, and both g and f’ are continuous 
on [f,, tz]. 
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urface Area portion of a sphere of radius r 1s removed by 
cutting out a circular cone with its vertex at the center of the 
sphere. The vertex of the cone forms an angle of 26. Find the 
surface area removed from the sphere. 


Area In Exercises 81 and 82, find the area of the region. (Use 
the result of Exercise 79.) 


81. x = 2 sin? 0 82. x = 2 cot 0 
y = 2 sin’ 0 tan 0 y = 2sin’? 0 
pates 0<0< r 
y y 
A 

q 

| 
al 

| 

} | = xX | | + |> 
-2 2 -2 -1 1 2 

i zla 
i -24+ 


Areas of Simple Closed Curves In Exercises 83-88, use a 
computer algebra system and the result of Exercise 79 to match 
the closed curve with its area. (These exercises were adapted 
from the article “The Surveyor’s Area Formula” by Bart 
Braden in the September 1986 issue of the College Mathematics 
Journal, by permission of the author.) 


MathArticle 


(a) Sab (b) ara? (©) 27a? 
(d) mab (e) 2aab (f) 6ra? 


83. Ellipse: (0 < t < 27) 84. Astroid: (0 < t < 27) 


x= bcost x = acos? t 
y=asint y=asin’?t 
y y 


85. Cardioid: (0 < t < 27) 86. Deltoid: (0 < t < 27) 
x = 2a cos t — a cos 2t x = 2a cos t + a cos 2t 


y = 2asint — a sin 2t y = 2asint — a sin 2t 


6 > 
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Hourglass: (0 < t < 27) 88. Teardrop: (0 < t < 27) 
x = asin 2t x = 2a cos t — asin 2t 
y = bsint y = bsint 
y y 
A A 
b b 
+ > X > XxX 
a 


Centroid In Exercises 89 and 90, find the centroid of the region 
bounded by the graph of the parametric equations and the 
coordinate axes. (Use the result of Exercise 79.) 


89. 


x=VJ/ty=4-t 90. x= J4—ty = Vt 


Volume In Exercises 91 and 92, find the volume of the solid 
formed by revolving the region bounded by the graphs of the 


give 
91. 
92. 


93. 


94. 


95. 


n equations about the x-axis. (Use the result of Exercise 79.) 


x =3cos 6, y= 3sin0 


x=cosé y=3sn60, a>O 


Cycloid Use the parametric equations 
x = a(O — sin 0) and y = a(l — cos 0), a > 0 


to answer the following. 
(a) Find dy/dx and d?y/dx?. 


(b) Find the equations of the tangent line at the point where 
0 = 7/6. 


(c) Find all points (if any) of horizontal tangency. 


(d) Determine where the curve is concave upward or concave 
downward. 


(e) Find the length of one arc of the curve. 


Use the parametric equations 
1 
x=PJ3 and y= 31-38 


to answer the following. 


(a) Use a graphing utility to graph the curve on the interval 
=I SS: 


(b) Find dy/dx and d?y/dx?. 
(c) Find the equation of the tangent line at the point (V3, 8). 
(d) Find the length of the curve. 


(e) Find the surface area generated by revolving the curve 
about the x-axis. 


Involute of a Circle The involute of a circle is described by 
the endpoint P of a string that is held taut as it is unwound from 
a spool that does not turn (see figure). Show that a parametric 
representation of the involute is 


x = r(cos 0 + 0 sin 0) and y = r(sin 0 — 0 cos 0). 
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Figure for 95 


96. Involute of a Circle The figure shows a piece of string tied 
to a circle with a radius of one unit. The string is just long 
enough to reach the opposite side of the circle. Find the area 
that is covered when the string is unwound counterclockwise. 


97. (a) Use a graphing utility to graph the curve given by 


1-7? 2t 
= — erz 
ba i oe eer 20 < t < 20. 


(b) Describe the graph and confirm your result analytically. 


(c) Discuss the speed at which the curve is traced as t 
increases from — 20 to 20. 
98. Tractrix A person moves from the origin along the positive 
y-axis pulling a weight at the end of a 12-meter rope. Initially, 
the weight is located at the point (12, 0). 
(a) In Exercise 86 of Section 8.7, it was shown that the path 
of the weight is modeled by the rectangular equation 


= — yk 
y 2m vie 2) J144 — x2 


x 


where 0 < x < 12. Use a graphing utility to graph the 
rectangular equation. 


(b) Use a graphing utility to graph the parametric equations 


an 


x = 12 sech and y=t— 12 tanh 5, 


12 
where t = 0. How does this graph compare with the graph 
in part (a)? Which graph (if either) do you think is a better 
representation of the path? 


(c) Use the parametric equations for the tractrix to verify that 
the distance from the y-intercept of the tangent line to the 
point of tangency is independent of the location of the 
point of tangency. 


True or False? In Exercises 99 and 100, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


99, If x = f(t) and y = g(t), then d*y/dx? = g’(t)/f(0). 


100. The curve given by x = t3, y = t? has a horizontal tangent at 
the origin because dy/dt = 0 when t = 0. 
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Section 10.4 Polar Coordinates and Polar Graphs 


e Understand the polar coordinate system. 

e Rewrite rectangular coordinates and equations in polar form and vice versa. 
Sketch the graph of an equation given in polar form. 

Find the slope of a tangent line to a polar graph. 

e Identify several types of special polar graphs. 


Polar Coordinates 


So far, you have been representing graphs as collections of points (x, y) on the rec- 
tangular coordinate system. The corresponding equations for these graphs have been 
in either rectangular or parametric form. In this section you will study a coordinate 
system called the polar coordinate system. 

To form the polar coordinate system in the plane, fix a point O, called the pole 
(or origin), and construct from O an initial ray called the polar axis, as shown in 
Figure 10.36. Then each point P in the plane can be assigned polar coordinates (r, 0), 


ee j 0 = directed angle as follows. 
0- Polar r = directed distance from O to P 
; a 6 = directed angle, counterclockwise from polar axis to segment OP 
Polar coordinates 
Figure 10.36 Figure 10.37 shows three points on the polar coordinate system. Notice that in this 


system, it is convenient to locate points with respect to a grid of concentric circles 
intersected by radial lines through the pole. 


T T T 
z T = Z 
7 0= 3 2 2 
T 
(2.3) 
a r2 B’ 
3n 
2 
(a) (b) (c) 


Figure 10.37 


With rectangular coordinates, each point (x, y) has a unique representation. This 
is not true with polar coordinates. For instance, the coordinates (r, 6) and (r, 27 + 6) 
represent the same point [see parts (b) and (c) in Figure 10.37]. Also, because r is a 
directed distance, the coordinates (r, 0) and (—r, 6 + m) represent the same point. In 
general, the point (r, 6) can be written as 


POLAR COORDINATES (r, 0) = (r, 0 + 2n7) 


The mathematician credited with first using 
polar coordinates was James Bernoulli, who 
introduced them in 1691. However, there is (r, 0) = (—r, 0 + (2n + 1)r) 
some evidence that it may have been Isaac 
Newton who first used them. 


or 


where n is any integer. Moreover, the pole is represented by (0, 0), where 6 is any 
angle. 


730 CHAPTER 10 
y (r, 0) 
A 
(x, y) 
Ly 
Pole \ 8 sa 
_ M ~ Polar axis 
(Origin) * (x-axis) 


Relating polar and rectangular coordinates 
Figure 10.38 


y 
A 
2 pal ES 
0. =(v3.9) 
I+ e 
(r, 0) = (2, 7) G= ES 
¢ t t | >x 
-2 -l 1 2 
(x, y) = (2, 0) 
=Í pe e 
2 a 


To convert from polar to rectangular coordi- 
nates, let x = r cos and y = rsin 8. 
Figure 10.39 


T 
(r, 8) =(3; 5) 
(x, y) = (0, 2) 
TATE 
e 1 
(x,y) =(-1, 1) 
-2 a 1 > 


To convert from rectangular to polar coordi- 
nates, let tan 9 = y/xandr = Vx? + y?. 
Figure 10.40 
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Coordinate Conversion 


To establish the relationship between polar and rectangular coordinates, let the polar 
axis coincide with the positive x-axis and the pole with the origin, as shown in Figure 
10.38. Because (x, y) lies on a circle of radius r, it follows that r? = x? + y?. 
Moreover, for r > 0, the definition of the trigonometric functions implies that 


y 


X sin 0 ==. 
r 


tan 0 = = 


x 
x cos 0 = Pi and 


If r < 0, you can show that the same relationships hold. 


THEOREM 10.10 Coordinate Conversion 


The polar coordinates (r, 6) of a point are related to the rectangular coordinates 
(x, y) of the point as follows. 


1. x =rcos 0 


y=rsin@ r =x 


EXAMPLE | Polar-to-Rectangular Conversion 


a. For the point (r, 0) = (2, 7), 
x = rcos 0 = 2 cos m = —2 and y = rsin 0 = 2 sin m = 0. 


So, the rectangular coordinates are (x, y) = (—2, 0). 
b. For the point (r, 6) = (V3, T/ 6), 


_ T3 = Bsn- 
x= J3 cos r3 and y= Vas a 


So, the rectangular coordinates are (x, y) = (3/ 2, /3/ 2). 
See Figure 10.39. 


EXAMPLE 2 Rectangular-to-Polar Conversion 


a. For the second quadrant point (x, y) = (— 1, 1), 


3T 
= o= 7: 


tan@=~=-1 
x 


Because 0 was chosen to be in the same quadrant as (x, y), you should use a posi- 
tive value of r. 


r= Very 


This implies that one set of polar coordinates is (r, 0) = (V2, 37/4). 


b. Because the point (x, y) = (0, 2) lies on the positive y-axis, choose 0 = 7/2 and 
r = 2, and one set of polar coordinates is (r, 0) = (2, 7/2). 


See Figure 10.40. 


[ Try tt | [Exploration | 


w Experienced writers 


© On-time delivery 


(@) 100% plagiarism free 


z Polar Graphs 


2 
One way to sketch the graph of a polar equation is to convert to rectangular coordi- 
nates and then sketch the graph of the rectangular equation. 
m a 13 0 
EXAMPLE 3 Graphing Polar Equations 
3n 
2 


Describe the graph of each polar equation. Confirm each description by converting to 
a rectangular equation. 


Circle: r = 2 
(a) Circle: r ar=2 b. 0 = c. r = sec 0 


T 
2 
Solution 
a. The graph of the polar equation r = 2 consists of all points that are two units from 
(I the pole. In other words, this graph is a circle centered at the origin with a radius 
í a a of 2. [See Figure 10.41(a).] You can confirm this by using the relationship 
TT 
2 


r? = x? + y? to obtain the rectangular equation 


3 ae y 2 =P, Rectangular equation 


b. The graph of the polar equation 0 = 7/3 consists of all points on the line that 


(b) Radial line: 6 = 3 makes an angle of 7/3 with the positive x-axis. [See Figure 10.41 (b).] You can 
confirm this by using the relationship tan 0 = y/x to obtain the rectangular 
1 equation 
2 
y= Pe x: Rectangular equation 


c. The graph of the polar equation r = sec 0 is not evident by simple inspection, so 
you can begin by converting to rectangular form using the relationship r cos 0 = x. 


aA 7 
A 2 h 
r = sec 0 Polar equation 


rcos@= 1 
3n x=1 Rectangular equation 
2 
(c) Vertical line: r = sec 0 From the rectangular equation, you can see that the graph is a vertical line. [See Figure 
Figure 10.41 10.41 (c.)] = 


C Co) 

TECHNOLOGY Sketching the graphs of complicated polar equations by hand 
can be tedious. With technology, however, the task is not difficult. If your graphing 
utility has a polar mode, use it to graph the equations in the exercise set. If your 
graphing utility doesn’t have a polar mode, but does have a parametric mode, you 
can graph r = f (0) by writing the equation as 

x = f(0) cos 0 

y = f (6) sin 8. 


For instance, the graph of r = 50 shown in Figure 10.42 was produced with a 


6 
graphing calculator in parametric mode. This equation was graphed using the 
parametric equations 
=3 2 x= 1, cos 0 
2 
= O sin 0 
- 5 
Spiral of Archimedes with the values of 0 varying from — 4m to 47. This curve is of the form r = a@ and 


Figure 10.42 is called a spiral of Archimedes. 
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EXAMPLE 4 Sketching a Polar Graph 


NOTE One way to sketch the graph of Sketch the graph of r = 2 cos 30. 
r = 2 cos 30 by hand is to make a table 


of values. Solution Begin by writing the polar equation in parametric form. 
i a - op | ar x = 2 cos 30 cos 0 and y = 2 cos 30 sin 0 
6 3 2 3 After some experimentation, you will find that the entire curve, which is called a rose 
H 2 0 -2 | 0 2 curve, can be sketched by letting 0 vary from 0 to 7, as shown in Figure 10.43. If you 
try duplicating this graph with a graphing utility, you will find that by letting 6 vary 
By extending the table and plotting the from 0 to 277, you will actually trace the entire curve twice. 
points, you will obtain the curve shown 
in Example 4. x x x 
2 2 2 
Tash 
m+ +F>-> 0 
ore 
3 
2 
T T T 
05955 0sOs5 ses 


2a Sir 
3 
Figure 10.43 SSS 


0<0< 


Use a graphing utility to experiment with other rose curves (they are of the form 
r = acos nô or r = a sin n0). For instance, Figure 10.44 shows the graphs of two 
other rose curves. 


r=0.5 cos 20 | 


F=2 sin 50 


Generated by Derive 


Rose curves 
Figure 10.44 


rly 


Tangent line to polar curve 
Figure 10.45 


Horizontal and vertical tangent lines of 
r= sin @ 
Figure 10.46 


[Estab Graph 
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Slope and Tangent Lines 


To find the slope of a tangent line to a polar graph, consider a differentiable function 
given by r = f(6). To find the slope in polar form, use the parametric equations 


x = r cos 0 = f(@) cos 6 and y = rsin 6 = f(6) sin 0. 
Using the parametric form of dy/dx given in Theorem 10.7, you have 

dy _ dy/d0 

dx dx/d0 


f(0) cos 6 + f() sin 6 
~ —f(0) sin 6 + 0) cos 0 


which establishes the following theorem. 


THEOREM 10.11 Slope in Polar Form 


If f is a differentiable function of 6, then the slope of the tangent line to the 
graph of r = f(6) at the point (r, 0) is 


dy _dy/d@ _ f(6) cos 0 + f(6) sin 0 
dx dx/d0  —f(6) sin 0 + f(0) cos 0 


provided that dx/d0 + 0 at (r, 6). (See Figure 10.45.) 


From Theorem 10.11, you can make the following observations. 


1. Solutions to ” = 0 yield horizontal tangents, provided that a + 0. 


2. Solutions to OP O yield vertical tangents, provided that — # 0. 


dy 
dé dé 


If dy/d6 and dx/d0 are simultaneously 0, no conclusion can be drawn about tangent 
lines. 


EXAMPLE 5 Finding Horizontal and Vertical Tangent Lines 
Find the horizontal and vertical tangent lines of r = sin 6,0 < 0 < m. 


Solution Begin by writing the equation in parametric form. 
x = rcos 0 = sin 0 cos 0 

and 
y = rsin@ = sin 0 sin 0 = sin? 0 


Next, differentiate x and y with respect to 0 and set each derivative equal to 0. 


dX _ os29 — sin2Q = = 7 37 
qe °° 6é—sin*@=cos20=0 => @ a 
dy _». eee -oT 
do 2 sin 0 cos 0 = sin20 = 0 => 6@=0, > 


So, the graph has vertical tangent lines at (./2/ 2, a7/ 4) and (/2/ 2, 37/ 4), and it has 
horizontal tangent lines at (0, 0) and (1, 7/2), as shown in Figure 10.46. mmm 
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3n 
2 


Horizontal and vertical tangent lines of 
r = 2(1 — cos 0) 
Figure 10.47 


| Esitabie Graph | 


T 


f@)=2c0s36 2 


3n 
2 
This rose curve has three tangent lines 
(0 = m/6,0 = w/2,and 6 = 57/6) 
at the pole. 
Figure 10.48 
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EXAMPLE 6 Finding Horizontal and Vertical Tangent Lines 
Find the horizontal and vertical tangents to the graph of r = 2(1 — cos 6). 


Solution Using y = r sin 0, differentiate and set dy/d@ equal to 0. 
y = rsin 0 = 2(1 — cos 0) sin 0 


2 = 2[(1 — cos 6)(cos 6) + sin 6(sin 0)] 
= —2(2 cos 0 + 1)(cos 0 — 1) = 0 
So, cos 0 = -4 and cos 0 = 1, and you can conclude that dy/d0 = 0 when 


6 = 27/3, 47/3, and 0. Similarly, using x = r cos 0, you have 


x = r cos 0 = 2 cos 0 — 2 cos? 0 


2- —2 sin 0 + 4 cos 0 sin 6 = 2 sin 6(2 cos 0 — 1) = 0. 
So, sin 0 = 0 or cos 0 = L, and you can conclude that dx/d@ = 0 when 6 = 0, 
ar, 7/3, and 57/3. From these results, and from the graph shown in Figure 10.47, you 
can conclude that the graph has horizontal tangents at (3, 27/3) and (3, 47/3), and 
has vertical tangents at (1, 77/3), (1, 57/3), and (4, 7). This graph is called a cardioid. 
Note that both derivatives (dy/d@ and dx/d@) are 0 when 0 = 0. Using this 
information alone, you don’t know whether the graph has a horizontal or vertical 
tangent line at the pole. From Figure 10.47, however, you can see that the graph has a 
cusp at the pole. 


[try te] [Eroan] 

Theorem 10.11 has an important consequence. Suppose the graph of r = f(6) 
passes through the pole when 0 = a and f(a) # 0. Then the formula for dy/dx 
simplifies as follows. 


dy _ f(a)sina+f(a)cosa_ f(a)sina+0 sina 
dx fa)cosa—f(a)sina f(a)cosa—0 cosa 


So, the line 0 = a is tangent to the graph at the pole, (0, a). 


THEOREM 10.12 Tangent Lines at the Pole 


If f(a) = 0 and f(a) + 0, then the line 6 = a is tangent at the pole to the 
graph of r = f (6). 


Theorem 10.12 is useful because it states that the zeros of r = f(0) can be used 
to find the tangent lines at the pole. Note that because a polar curve can cross the pole 
more than once, it can have more than one tangent line at the pole. For example, the 
rose curve 


f(0) = 2 cos 30 


has three tangent lines at the pole, as shown in Figure 10.48. For this curve, 
f(@) =2 cos 36 is O when 0 is 7/6, 7/2, and 57/6. Moreover, the derivative 
f(0) = —6 sin 30 is not 0 for these values of 0. 
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Special Polar Graphs 


Several important types of graphs have equations that are simpler in polar form than 
in rectangular form. For example, the polar equation of a circle having a radius of a 
and centered at the origin is simply r = a. Later in the text you will come to appreci- 
ate this benefit. For now, several other types of graphs that have simpler equations in 
polar form are shown below. (Conics are considered in Section 10.6.) 


Limacons x x x z 
—> 2 2 2 2 
r=azxtbcosé@ 
r=aztbsin0 
m 0 m 0 m 0 m 0 
(a > 0,b > 0) 
37 3n 3n 3n 
2 2 2 2 
a a a a 
=< 1 -== Í l<-<2 =22 
b b b b 
Limaçon with Cardioid Dimpled limaçon Convex limaçon 
inner loop (heart-shaped) 
Rose Curv n z z 
ose Curves 3 2 A 
n petals if n is odd n=4 
2n petals if n is even Q (4) 
m 0 1 0 
= : ON 
i 
n=2 
3n 4 3x 
2 2 
r = acosn@ r = acosn@ r= asinn r= asinn 
Rose curve Rose curve Rose curve Rose curve 
Circles and Lemniscates m T m T 
2 2 2 2 
“ (a 
m 0 T 0 m g 0 m 0 
[i l 
a a 
37 3n 3n 3n 
2 2 2 2 
r = acos 0 r= asin 0 r? = &@ sin 20 r? = a cos20 
Circle Circle Lemniscate Lemniscate 


TECHNOLOGY The rose curves described above are of the form r = a cos nO 
or r = a sin n0, where n is a positive integer that is greater than or equal to 2. Use 
a graphing utility to graph r = a cos n@ or r = a sin n0 for some noninteger values 
of n. Are these graphs also rose curves? For example, try sketching the graph of 
r= cos 36, 0 < O0< 67. 


SSSSSSSSSRES 


SAL 


EESSS SONS 


FOR FURTHER INFORMATION For more information on rose curves and related curves, see the 
article “A Rose is a Rose. . .” by Peter M. Maurer in The American Mathematical Monthly. The 
computer-generated graph at the left is the result of an algorithm that Maurer calls “The Rose.” 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-6, plot the point in polar coordinates and find 
the corresponding rectangular coordinates for the point. 


1. (4, 37/6) 2. (—2, 77/4) 
3. (—4, — 77/3) 4. (0, —77/6) 
5. (/2, 2.36) 6. (—3, — 1.57) 


In Exercises 7-10, use the angle feature of a graphing utility to 
find the rectangular coordinates for the point given in polar 
coordinates. Plot the point. 


7. (5, 37/4) 8. (—2, 117/6) 
9. (—3.5, 2.5) 10. (8.25, 1.3) 


In Exercises 11-16, the rectangular coordinates of a point are 
given. Plot the point and find two sets of polar coordinates for 
the point for 0 < 0 < 27. 


11. (1, 1) 12. (0, —5) 
13. (3, 4) 14. (4, —2) 
15. (./3, -1) 16. (3, — V3) 


In Exercises 17-20, use the angle feature of a graphing utility to 
find one set of polar coordinates for the point given in rectan- 
gular coordinates. 


17. (3, —2) 18: (35/2, 3/2) 
19. (3, 4) 20. (0, —5) 


21. Plot the point (4, 3.5) if the point is given in (a) rectangular 
coordinates and (b) polar coordinates. 


22. Graphical Reasoning 


(a) Set the window format of a graphing utility to rectangular 
coordinates and locate the cursor at any position off the 
axes. Move the cursor horizontally and vertically. Describe 
any changes in the displayed coordinates of the points. 

(b) Set the window format of a graphing utility to polar 
coordinates and locate the cursor at any position off the 
axes. Move the cursor horizontally and vertically. Describe 
any changes in the displayed coordinates of the points. 


(c) Why are the results in parts (a) and (b) different? 


In Exercises 23-26, match the graph with its polar equation. 
[The graphs are labeled (a), (b), (c), and (d).] 


(a) (b) z 


H NIA 
N 


4 


(c) (d) 


Nia 
NIN 


23. r= 2 sin 0 
25. r = 3(1 + cos 0) 


24. r = 4 cos 20 
26. r = 2 sec 0 


In Exercises 27—34, convert the rectangular equation to polar 
form and sketch its graph. 


27. x? + y? = a? 28. x? + y? — 2ax = 0 


29. y=4 30. x = 10 
31. 3x -y+2=0 

32. xy =4 

33. y? = 9x 


34. (x? + y?)? — 9(x? — y?) =0 


In Exercises 35-42, convert the polar equation to rectangular 
form and sketch its graph. 


35. r= 3 36. r= —2 
37. r = sin 0 38. r = 5 cos 0 
39. r=90 40. = 27 

6 
41. r= 3 sec 0 42. r=2csc 8 


In Exercises 43-52, use a graphing utility to graph the polar 
equation. Find an interval for 0 over which the graph is traced 
only once. 


43. r=3 —4cos 6 44, r = 5(1 — 2 sin 8) 
45. r= 2 + sin 0 46. r= 4 + 3 cos 0 
2 2 
4. r= oos ET 
30 . [50 
49. r= 2 cos( 22) 50. r = 3 sin(Ž2) 
51. r? = 4 sin 20 52. r- = 


53. Convert the equation 
r = 2(h cos 0 + ksin 6) 


to rectangular form and verify that it is the equation of a circle. 
Find the radius and the rectangular coordinates of the center of 
the circle. 


54. Distance Formula 
(a) Verify that the Distance Formula for the distance between 
the two points (7,, 6,) and (75, 65) in polar coordinates is 


d= VÊ + Ê- 2rir, cos(O, — 6). 


(b) Describe the positions of the points relative to each other if 
0, = 6). Simplify the Distance Formula for this case. Is the 
simplification what you expected? Explain. 


(c) Simplify the Distance Formula if 6, — 6, = 90°. Is the 
simplification what you expected? Explain. 


(d) Choose two points on the polar coordinate system and find 
the distance between them. Then choose different polar 
representations of the same two points and apply the 
Distance Formula again. Discuss the result. 


In Exercises 55—58, use the result of Exercise 54 to approximate 
the distance between the two points in polar coordinates. 


2r T 
ss. (4.22), (2) 


57. (2,0.5), (7, 1.2) 


56. (10, m), (3, 7) 


58. (4, 2.5), (12, 1) 


In Exercises 59 and 60, find dy/dx and the slopes of the tangent 
lines shown on the graph of the polar equation. 


59. r=2+3sin0 60. r = 2(1 — sin 0) 


NIA 
— 
ont 

Nia 
oe 
fla 

a 

N 

© 
2 


t 
(2, T) oe 2 3 


In Exercises 61-64, use a graphing utility to (a) graph the polar 
equation, (b) draw the tangent line at the given value of 0, and 
(c) find dy/dx at the given value of 0. (Hint: Let the increment 
between the values of 0 equal 7/24.) 


61. r= 3(1 — cos 6), 0= 5 


: 64.r=4,0=— 


62. r= 3 — 2cos 0,0=0 


63. r= 3 sin 0, 0 = 


A| 


In Exercises 65 and 66, find the points of horizontal and verti- 
cal tangency (if any) to the polar curve. 


65. r= 1 — sin 0 66. r = asin 0 


In Exercises 67 and 68, find the points of horizontal tangency 
(if any) to the polar curve. 


67. r = 2csc 0+ 3 68. r = asin 8 cos? 0 


n Exercises 69- 
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, use a graphing utility to graph the polar 


equation and find all points of horizontal tangency. 


69. 
71. 


70. r = 3 cos 20 sec 0 
72. r = 2 cos(30 — 2) 


r = 4 sin 0 cos? 0 
r=2csc@+5 


In Exercises 73-80, sketch a graph of the polar equation and 
find the tangents at the pole. 


73. 
75. 
77. 
79. 


r=3sin0 74. r = 3 cos 0 
r = 2(1 — sin 0) 76. r = 3(1 — cos 0) 
r = 2 cos 30 78. r = —sin 50 
r= 3sin20 80. r = 3 cos 20 


In Exercises 81-92, sketch a graph of the polar equation. 


81. 
83. 
85. 


87. 


89. 


91. 


r=5 82. r=2 
r = 4(1 + cos 0) 84. r= 1 +sin0 
r=3-—2cos@ 86. r=5 —4sin 8 
6 
r= 3csc 0 88. r iene = Seosd 
1 
= 20 90. r=- 
r r=5 
r? = 4cos 20 92. r? = 4sin 0 


In Exercises 93 —96, use a graphing utility to graph the equation 


and s 


93. 
94. 
95. 
96. 


how that the given line is an asymptote of the graph. 
Name of Graph Polar Equation Asymptote 
Conchoid r= 2,— sec 6 x=] 
Conchoid r=2+ csc 0 y=1 
Hyperbolic spiral r= 2/0 y=2 
Strophoid r = 2 cos 20 sec 0 x2 


Writing About Concepts 


97 


98. 


99. 


101. 


102. 


. Describe the differences between the rectangular coordi- 
nate system and the polar coordinate system. 


Give the equations for the coordinate conversion from 
rectangular to polar coordinates and vice versa. 


For constants a and b, describe the graphs of the equations 
r = a and 6 = b in polar coordinates. 


. How are the slopes of tangent lines determined in polar 
coordinates? What are tangent lines at the pole and how 
are they determined? 


Sketch the graph of r = 4 sin 6 over each interval. 


T T T T 
<0<> —<6< -~—<6é<— 
(a Os O55 ()) 7 S087 (c) 72985 


Think About It Use a graphing utility to graph the polar 
equation r = 6[1 + cos(@ — ¢)] for (a) ¢ = 0, (b) d = 7/4, 
and (c) p = 7/2. Use the graphs to describe the effect of the 
angle o. Write the equation as a function of sin 6 for part (c). 
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103. 


104. 
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Verify that if the curve whose polar equation is r = f(6) is 
rotated about the pole through an angle @, then an equation for 
the rotated curve is r = f(0 — @). 


The polar form of an equation for a curve is r = f(sin 6). 
Show that the form becomes 


(a) r = f(—cos 6) if the curve is rotated counterclockwise 
7/2 radians about the pole. 


(b) r = f(—sin 6) if the curve is rotated counterclockwise 7 
radians about the pole. 


(c) r = f(cos 6) if the curve is rotated counterclockwise 37/2 
radians about the pole. 


In Exercises 105-108, use the results of Exercises 103 and 104. 


105. 


106. 


107. 


108. 


Write an equation for the limaçon r = 2 — sin 0 after it has 
been rotated by the given amount. Use a graphing utility to 
graph the rotated limaçon. 


3 
@7 OF OF OF 


Write an equation for the rose curve r = 2 sin 20 after it has 
been rotated by the given amount. Verify the results by using 
a graphing utility to graph the rotated rose curve. 


T T 27 
@ > () 5 ©) 3 (d) 7 
Sketch the graph of each equation. 
(a) r=1-—sin@ © r= 1 ~sin(o- Z) 


Prove that the tangent of the angle y (0 < y < 7/2) between 
the radial line and the tangent line at the point (r, 6) on the 
graph of r = f(@) (see figure) is given by tan y = |r/(dr/dé)|. 


NIA 


Polar curve: 


r=f@ 


Tangent line 


y 


-^ Radial line 


> 0 
Polar axis 


In Exercises 109-114, use the result of Exercise 108 to find the 
angle us between the radial and tangent lines to the graph for 
the indicated value of 0. Use a graphing utility to graph the 
polar equation, the radial line, and the tangent line for the 
indicated value of 0. Identify the angle W. 


109. 
110. 
111. 
112. 


113. 


114. 


Polar Equation Value of 0 
r = 2(1 — cos 6) 0=7 

r = 3(1 — cos 0) 0 = 37/4 
r = 2 cos 30 0 = 7/4 
r= 4sin 20 0 = 7/6 
r= 0 = 27/3 


r=5 0 = 7/6 
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rue or False? In Exercises 8, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


115. If (r,, 0,) and (r, 0,) represent the same point on the polar 
coordinate system, then |r,| = |r|. 


116. If (r, 6,) and (r, 6,) represent the same point on the polar 
coordinate system, then 6, = 6, + 27n for some integer n. 


117. If x > 0, then the point (x, y) on the rectangular coordinate 
system can be represented by (r, 6) on the polar coordinate 
system, where r = Vx? + y? 
and 0 = arctan(y/x). 


118. The polar equations r = sin 26 and r = —sin 26 have the 
same graph. 


Section 10.5 


. . 1 
The area of a sector of a circle is A = 50r°. 


Figure 10.49 


Nia 


' r=f(@) 


= 0 


(b) 
Figure 10.50 
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Area and Arc Length in Polar Coordinates 


e Find the area of a region bounded by a polar graph. 
e Find the points of intersection of two polar graphs. 

e Find the arc length of a polar graph. 

e Find the area of a surface of revolution (polar form). 


Area of a Polar Region 


The development of a formula for the area of a polar region parallels that for the area 
of a region on the rectangular coordinate system, but uses sectors of a circle instead 
of rectangles as the basic element of area. In Figure 10.49, note that the area of a 
circular sector of radius r is given by 50r2, provided 0 is measured in radians. 

Consider the function given by r = f(@), where f is continuous and nonnegative 
in the interval given by a < 0 < B. The region bounded by the graph of f and the 
radial lines 0 = a and 6 = B is shown in Figure 10.50(a). To find the area of this 
region, partition the interval [@, B] into n equal subintervals 


a= b< <b <: < 0,1 <0, =B. 


Then, approximate the area of the region by the sum of the areas of the n sectors, as 
shown in Figure 10.50(b). 


Radius of ith sector = f(0;) 
Bra _ ng 


n 


Central angle of ith sector = 


a= $ (5) alo) J]? 


Taking the limit as n — co produces 
=ý 2 
A lim 5 > Lf(0,) A0 


1 2 
[oa 


which leads to the following theorem. 


THEOREM 10.13 Area in Polar Coordinates 
If f is continuous and nonnegative on the interval [a, 6], 0 < B — a < 27, 
then the area of the region bounded by the graph of r = f(0) between the radial 
lines 6 = q and 0 = Bis given by 
1 B 
-1f OPa 


B 
-if r? dð. 0<B-a<27 


NOTE You can use the same formula to find the area of a region bounded by the graph of a 
continuous nonpositive function. However, the formula is not necessarily valid if f takes on 
both positive and negative values in the interval [@, B]. 
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a 
r=3cos30) 2 


The area of one petal of the rose curve that 
lies between the radial lines 9 = — 7/6 
and 0 = 7/6 is 37/4. 

Figure 10.51 


[Estab Graph | 


NOTE To find the area of the region 
lying inside all three petals of the rose 
curve in Example 1, you could not 
simply integrate between 0 and 27. 

In doing this you would obtain 97/2, 
which is twice the area of the three 
petals. The duplication occurs because 
the rose curve is traced twice as 0 
increases from 0 to 27. 


a 
2 


The area between the inner and outer loops 
is approximately 8.34. 
Figure 10.52 


| Editable Graph | 
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EXAMPLE | Finding the Area of a Polar Region 


Find the area of one petal of the rose curve given by r = 3 cos 36. 


Solution In Figure 10.51, you can see that the right petal is traced as 0 increases 
from — 7/6 to 7/6. So, the area is 


1 f° LT 
a=if ra=] (3 cos 30)? dé 


Formula for area in 


2 jy j polar coordinates 
_9 mey y cos 60 do Trigonometric 
2 -7/6 2 identity 
_ ac sin soy 
4 6 —1/6 
Im T 
— i — + aa 
A 6 6 ) 
_3n 


4 


EXAMPLE 2_ Finding the Area Bounded by a Single Curve 


Find the area of the region lying between the inner and outer loops of the limaçon 
r=1-2sin ð. 


Solution In Figure 10.52, note that the inner loop is traced as 0 increases from 7/6 
to 57/6. So, the area inside the inner loop is 


1 B 1 57/6 
A=3/ rao=4] (1 — 2 sin 0)? d0 
2 1/6 


Formula for area in 
polar coordinates 


1 57/6 
-if (1 — 4 sin 0 + 4 sin? 6) d0 


2 1/6 
1" . 1 — cos 20 Trigonometric 
a) [i [i — 4 sin 0 + ingest )| do identity 
Í 57/6 
= Al (3 — 4sin 0 — 2 cos 20) dé Simplify. 
2 1/6 
1 57/6 
= 3) 36 + 4cos 0 — sin 26] 
1 
= 5m = 3/3) 
_ , —3v3 
z` 


In a similar way, you can integrate from 57/6 to 137/6 to find that the area of the 
region lying inside the outer loop is A, = 27 + (3/3/ 2). The area of the region 
lying between the two loops is the difference of A, and Aj. 


A= a,-a)=(20+ 288) - (1-38) <0 3/3 = 8.34 


[Try tt_| [Exploration a | 


FOR FURTHER INFORMATION For 
more information on using technology to 
find points of intersection, see the article 
“Finding Points of Intersection of Polar- 
Coordinate Graphs” by Warren W. Esty 
in Mathematics Teacher. 
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Points of Intersection of Polar Graphs 


Because a point may be represented in different ways in polar coordinates, care must 
be taken in determining the points of intersection of two polar graphs. For example, 
consider the points of intersection of the graphs of 


r=1-—2cos@ and r=1 


as shown in Figure 10.53. If, as with rectangular equations, you attempted to find the 
points of intersection by solving the two equations simultaneously, you would obtain 


r=1-—2cos@ First equation 
1 =1-2cos0 Substitute r = 1 from 2nd equation into 1st equation. 
cos 6 = 0 Simplify. 
g=2 2 Solve for 0. 
2’ 2 


The corresponding points of intersection are (1, 7/2) and (1, 37/2). However, from 
Figure 10.53 you can see that there is a third point of intersection that did not show 
up when the two polar equations were solved simultaneously. (This is one reason why 
you should sketch a graph when finding the area of a polar region.) The reason the 
third point was not found is that it does not occur with the same coordinates in the two 
graphs. On the graph of r = 1, the point occurs with coordinates (1, 7), but on the 
graph of r = 1 — 2 cos @, the point occurs with coordinates (— 1, 0). 

You can compare the problem of finding points of intersection of two polar 
graphs with that of finding collision points of two satellites in intersecting orbits about 
Earth, as shown in Figure 10.54. The satellites will not collide as long as they reach 
the points of intersection at different times (6-values). Collisions will occur only 
at the points of intersection that are “simultaneous points”—those reached at the same 
time (6-value). 


NOTE Because the pole can be represented by (0, 6), where 6 is any angle, you should check 
separately for the pole when finding points of intersection. 


NIA 


Limaçon: r= 1 = 2 cos 0 


Circle: 
al 


Three points of intersection: (1, 7/2), The paths of satellites can cross without causing a 
(— 1,0), (1, 37/2) collision. 
Figure 10.53 Figure 10.54 


| Animation | 
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EXAMPLE 3 Finding the Area of a Region Between Two Curves 


Find the area of the region common to the two regions bounded by the following 


curves. 
r= —6cos 0 Circle 
r=2-—2cos@ Cardioid 


Solution Because both curves are symmetric with respect to the x-axis, you can work 
with the upper half-plane, as shown in Figure 10.55. The gray shaded region lies 
between the circle and the radial line 0 = 27/3. Because the circle has coordinates 
(0, 7/2) at the pole, you can integrate between 7/2 and 277/3 to obtain the area of this 
region. The region that is shaded red is bounded by the radial lines 0 = 27/3 and 
0 = v and the cardioid. So, you can find the area of this second region by integrating 
between 27/3 and m. The sum of these two integrals gives the area of the 
common region lying above the radial line 6 = ~. 


Region between circle Region between cardioid and 


and radial line 0 = 27/3 radial lines 6 = 27/3 and 0 = 7 


A 1 27/3 1 T 
tif (=6cos gaa 5 | (2 — 2 cos 0)? d0 
$ 2 2 a/2 2 27/3 
An: 
3 21/3 1 T 
Circle: Cardioid: = 18 i cos? 0 d0 + 5 f (4 — 8 cos 0 + 4 cos? 6) dé 
r=—6 cos 0 r=2-2cos@ m/2 27/3 


Figure 10.55 


27/3 T 
o| (+ cos20 a0 + | (3 — 4 cos 0 + cos 20) d0 


m/2 27/3 


sin 20) sin 24)" 


a/2 2 [27/3 


- 922-82) + (3m ant 2v3 + X3) 
Sa 
2 


+ [50 - 4sino + 


3 4 2 


= 7.85 


Finally, multiplying by 2, you can conclude that the total area is 57. es 
ee) eee] ee 
NOTE To check the reasonableness of the result obtained in Example 3, note that the area of 


the circular region is mr? = 97. So, it seems reasonable that the area of the region lying inside 
the circle and the cardioid is 57. 


To see the benefit of polar coordinates for finding the area in Example 3, consider 
the following integral, which gives the comparable area in rectangular coordinates. 
0 


-3/2 
4. | Sigh = in =e =e Dae J =x? = 6x dx 
-4 


—3/2 


Use the integration capabilities of a graphing utility to show that you obtain the same 
area as that found in Example 3. 
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Arc Length in Polar Form 


NOTE When applying the arc length The formula for the length of a polar arc can be obtained from the arc length formula 


formula to a polar curve, be sure that the for a curve described by parametric equations. (See Exercise 77.) 
curve is traced out only once on the 


interval of integration. For instance, the 


rose curve given by r = cos 30 is traced THEOREM 10.14 Arc Length of a Polar Curve 

out once on the interval 0 < 6 < m, but 

is traced out twice on the interval Let f be a function whose derivative is continuous on an interval a < 6 < $. 
0< 0< 2m. The length of the graph of r = f(@) from 0 = ato 0 = Bis 


s= OP=OP- | n+ (HP ae 


EXAMPLE 4 Finding the Length of a Polar Curve 


Find the length of the arc from 0 = 0 to 0 = 277 for the cardioid 
r = f(0) = 2 — 2 cos 0 


as shown in Figure 10.56. 


Solution Because f(@) = 2 sin 0, you can find the arc length as follows. 


B 
s= f VLFOP + EKO dé Formula for arc length of a polar curve 


= /(2 = 2 cos 6)? + (2 sin 0)? d0 


0 


x 
T=2— 2 cos 0 A 

+ = 9/2. my 1 — cos 8 d0 Simplify. 

= = 2/2 f jen 2 sin? — f ao Trigonometric identity 
0 
: o 
al sin = $40 sin 5 2 Ofor0 < 0< 27 
0 
g 20 
ik = Jl cos s 
Figure 10.56 =8(1 + 1) 

=16 


PA] 
In the fifth step of the solution, it is legitimate to write 


V2 sin?(0/2) = V2 sin(6/2) 
rather than 

V2 sin?(0/2) = V2 |sin(0/2)| 
because sin(0/2) > Ofor0 < 0 < 27. n 
NOTE Using Figure 10.56, you can determine the reasonableness of mis answer by compar- 


ing it with the circumference of a circle. For example, a circle of radius 3 has a circumference 
of 5a = 15.7. 
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NOTE When using Theorem 10.15, 
check to see that the graph of r = f(6) 
is traced only once on the interval 

a < 0 < B. For example, the circle 
given by r = cos @ is traced only once 
on the interval 0 < 0 < m. 
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Area of a Surface of Revolution 


The polar coordinate versions of the formulas for the area of a surface of revolution can 
be obtained from the parametric versions given in Theorem 10.9, using the equations 
x =rcos band y = r sin 0. 


THEOREM 10.15 Area of a Surface of Revolution 


Let f be a function whose derivative is continuous on an interval œ < 0 < $. 
The area of the surface formed by revolving the graph of r = f(6) from 0 = a 
to 0 = B about the indicated line is as follows. 


B 
1. S= 2m | f(0) sin OV BOK F [f(O)P dé About the polar axis 


| 


B 
25 = 2m | f(0) cos AVL FOP + [FO]? do About the line 0 = Z 


EXAMPLE 5 Finding the Area of a Surface of Revolution 


Find the area of the surface formed by revolving the circle r = f(0) = cos 0 about the 
line 6 = 7/2, as shown in Figure 10.57. 


NIA 
NIA 


r=cos@ 


0 


Pinched 


torus 


(a) (b) 
Figure 10.57 


| Rotatable Graph | 


Solution You can use the second formula given in Theorem 10.15 with 


f(0) = —sin 6. Because the circle is traced once as 0 increases from 0 to 7, you have 
B 
= 7 Formula for area of a surface of 
S=2r [ f(0) cos OV FOT + [F0] do ee 


= 2n | cos (cos 6) V cos? 6 + sin? 0 d0 
0 


T 

= 2r f cos? 0 d0 Trigonometric identity 

0 

T 
=T [ (1 + cos 26) d0 Trigonometric identity 

0 

sin 20 |” 
= n| 9+ $| = w. 
2 0 sy 


[Try tt_| [Exploration a | 
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Exercises for Section 10.5 


The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
P 


Click on || to print an enlarged copy of the graph. 
In Exercises 1—4, write an integral that represents the area of the In Exercises 17-26, find the points of intersection of the graphs 
shaded region shown in the figure. Do not evaluate the integral. of the equations. 
1. r= 2sin 0 2. r = cos 20 17. r= 1 + cos 0 18. r = 3(1 + sin 0) 
z x r=1-—cosé r= 3(1 — sin 0) 
2 2 


I E 0 
IM 1 
Se Shane ee, 19. r= 1 + cos 0 20. r= 2 — 3 cos 0 
3 2 r=1-—sin@ r = cos 0 
} |0 
1.5 
tt t tt 0 
1 2 
In Exercises 5 and 6, find the area of the region bounded by the 21.r=4-5sin0 22. r= 1 + cos 0 
graph of the polar equation using (a) a geometric formula and r=3sin 0 r=3cos 0 
(b) integration. 
23. r= 24. 0=7 
5. r= 8sin 0 ` 2 ` 4 
6. r = 3 cos 0 r=2 r=2 
25. r = 4 sin 20 26. r=3 + sind 
In Exercises 7-12, find the area of the region. = = 
r=2 r= 2csc 0 


7. One petal of r = 2 cos 30 

8. One petal of r = 6 sin 20 Fy In Exercises 27 and 28, use a graphing utility to approximate 
the points of intersection of the graphs of the polar equations. 

9. One petal of r = cos 26 Confirm your results analytically. 


10. One petal of r = cos 56 


11. Interior ofr = 1 — sin 0 27. r= 2 + 3 cos 0 28. r = 3(1 — cos 0) 
12. Interior of r = 1 — sin 6 (above the polar axis) r= sec 0 r= pa, 
2 1 — cos 0 


In Exercises 13-16, use a graphing utility to graph the polar fy 


equation and find the area of the given region. Writing In Exercises 29 and 30, use a graphing utility to find 


the points of intersection of the graphs of the polar equations. 
13. Inner loop of r = 1 + 2 cos 0 Watch the graphs as they are traced in the viewing window. 
Explain why the pole is not a point of intersection obtained by 


14. Inner loop of r = 4 — 6 sin 0 h à 
solving the equations simultaneously. 


15. Between the loops of r = 1 + 2 cos 0 


16. Between the loops of r = 2(1 + 2 sin 6) 29. r = cos 0 30. r = 4 sin 0 
r=2-3sin6 r= 2(1 + sin 8) 
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In Exercises 31-36, use a graphing utility to graph the polar n Exercises 49 , use a graphing utility to grap e polar 
equations and find the area of the given region. equation over the given interval. Use the integration capabilities 
of the graphing utility to approximate the length of the curve 


31. Common interior of r = 4 sin 26 and r = 2 accurate to two decimal places. 


32. Common interior of r = 3(1 + sin @) and r = 3(1 — sin 0) 

33. Common interior of r = 3 — 2 sin @andr = —3 + 2 sin 0 49. r = 206, peta 50. r = sec 0, gepas 
34. Common interior of r = 5 — 3 sin 0 and r = 5 — 3 cos 0 I 
35. Common interior of r = 4 sin 0 and r = 2 ah Ps TS OS 20 52.r=e°, OSOS T 


36. Inside r = 3 sin 0 and outside r = 2 — sin 0 53. r = sin(3 cos 0), 0< 0< m 


, , 54. r = 2 sin(2 cos 0, O<0< 7 
In Exercises 37—40, find the area of the region. 


37. Inside r = a(1 + cos 6) and outside r = a cos 0 In Exercises 55-58, find the area of the surface formed by 
38. Insider = 2a-cos 6 and outside r= a revolving the curve about the given line. 
39. Common interior of r = a(1 + cos 6) and r = asin 0 Polar Equation Interval Axis of Revolution 
40. C interior of r = 6 and r = asin 0 wh >0 
ommon interior of r = a cos 6 and r = a sin 0 where a 55. r= 6 cos 0 ispi z Porad 
41. Antenna Radiation The radiation from a transmitting - F 
antenna is not uniform in all directions. The intensity from a 56. r = acos 0 O<sds 7 0 = > 
particular antenna is modeled by 
T T 
r = a cos? 0. 57. r = e” 0s Os5 ay 
(a) Convert the polar equation to rectangular form. 58. r = a(l + cos 0) OSAST Polar axis 


(b) Use a graphing utility to graph the model for a = 4 and 
a=6. fp 

(c) Find the area of the geographical region between the two 
curves in part (b). 


In Exercises 59 and 60, use the integration capabilities of a 
graphing utility to approximate to two decimal places the area 
of the surface formed by revolving the curve about the polar 


axis. 
42. Area The area inside one or more of the three interlocking 


ore 59. r= 400828, OS 0ST 6. r=6, OSAST 
r =2acos 6, r=2asin6, and r=a 
is divided into seven regions. Find the area of each region. Wri ting About Concepts 
43. Conjecture Find the area of the region enclosed by 
61. Give the integral formulas for area and arc length in polar 
r = acos(n6) coordinates. 
forn = 1,2,3,. . .. Use the results to make a conjecture about 62. Explain why finding points of intersection of polar graphs 
the area enclosed by the function if n is even and if n is odd. may require further analysis beyond solving two equations 
44. Area Sketch the strophoid simultaneously. 
. Which integral yields the arc length of r = 3(1 — cos 26)? 
r = sec 0 — 2 cos 8, Ley ey State why the other integrals are incorrect. 
2 2 "i 
Convert this equation to rectangular coordinates. Find the area (a) Jl V(1 = cos 26)? + 4 sin? 20 d0 
0 


enclosed by the loop. 


a/4 
(b) 2f V(1 — cos 20)? + 4sin? 20 d0 
0 


In Exercises 45-48, find the length of the curve over the given 
interval. 


(c) Jl (1 — cos 26)? + 4 sin? 20 d0 
0 


Polar Equation Interval 
45.r=a Os 0527 a/2 
T = (d) of (1 — cos 26)? + 4 sin? 20 d0 
46. r = 2a cos 0 “7 S985 9 
et band 0< 09<27r . Give the integral formulas for the area of the surface of 
revolution formed when the graph of r = f(0) is revolved 
48. r = 8(1 + cos 6) Os 0520 about (a) the x-axis and (b) the y-axis. 


65. 


66. 


67. 


68. 


69. 


Surface Area of a Torus Find the surface area of the torus 
generated by revolving the circle given by r = 2 about the line 
r = 5 sec 0. 


Surface Area of a Torus Find the surface area of the torus 
generated by revolving the circle given by r = a about the line 
r = b sec 0, where 0 < a < b. 


Approximating Area Consider the circle r = 8 cos 0. 
(a) Find the area of the circle. 


(b) Complete the table giving the areas A of the sectors of the 
circle between 0 = 0 and the values of 6 in the table. 


0 | 0.2 | 0.4 | 0.6 | 0.8 | 1.0 | 1.2 | 14 


A 


(c) Use the table in part (b) to approximate the values of 0 for 
which the sector of the circle composes i, L, and 3 of the 
total area of the circle. 

(d) Use a graphing utility to approximate, to two decimal 
places, the angles 6 for which the sector of the circle 
composes i i, and 3 of the total area of the circle. 

(e) Do the results of part (d) depend on the radius of the circle? 
Explain. 

Approximate Area Consider the circle r = 3 sin 0. 

(a) Find the area of the circle. 


(b) Complete the table giving the areas A of the sectors of the 
circle between 0 = 0 and the values of 6 in the table. 


0 | 0.2 | 04 | 0.6 | 0.8 | 1.0 | 1.2 | 1.4 


A 


(c) Use the table in part (b) to approximate the values of 0 for 
which the sector of the circle composes z i and 2 of the 
total area of the circle. 


(d) Use a graphing utility to approximate, to two decimal 
places, the angles 0 for which the sector of the circle 
composes 7 i, and 5 of the total area of the circle. 


What conic section does the following polar equation represent? 


r=asin@+ bcos 0 


70. Area Find the area of the circle given by r = sin 0 + cos 0. 


71. 


Check your result by converting the polar equation to 
rectangular form, then using the formula for the area of a circle. 


Spiral of Archimedes The curve represented by the equation 
r= a0, where a is a constant, is called the spiral of 
Archimedes. 


(a) Use a graphing utility to graph r= 0, where 0 = 0. 
What happens to the graph of r = a@ as a increases? What 
happens if 0 < 0? 

(b) Determine the points on the spiral r = a0 (a > 0, 0 = 0), 
where the curve crosses the polar axis. 
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(c 


(d) Find the area under the curve r = O for0 < 0 < 27. 


ind the length of r = 6 over the interval 0 


72. Logarithmic Spiral The curve represented by the equation 
r = ae’®, where a and b are constants, is called a logarithmic 
spiral. The figure below shows the graph of r= e%/®, 
—2r < 0 27. Find the area of the shaded region. 


73. The larger circle in the figure below is the graph of r = 1. Find 
the polar equation of the smaller circle such that the shaded 
regions are equal. 


NIA 


74, Folium of Descartes A curve called the folium of Descartes 
can be represented by the parametric equations 
3t 3 


and y=. 
IEP g 1+f 


(a) Convert the parametric equations to polar form. 
(b) Sketch the graph of the polar equation from part (a). 


(c) Use a graphing utility to approximate the area enclosed by 
the loop of the curve. 


True or False? In Exercises 75 and 76, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


75. If f(@) > 0 for all 6 and g(0) < O for all 6, then the graphs of 
r = f(0) and r = g(6) do not intersect. 

76. If f(0) = g(6) for 6 = 0, 7/2, and 37/2, then the graphs of 
r = f(0) and r = g(6) have at least four points of intersection. 


77. Use the formula for the arc length of a curve in parametric form 
to derive the formula for the arc length of a polar curve. 
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Section 10.6 Polar Equations of Conics and Kepler’s Laws 


Graphing Conics Set a graphing 
utility to polar mode and enter polar 
equations of the form 


ENE 
1+ bcos@ 


a 


1S pei 


As long as a # 0, the graph should 
be a conic. Describe the values of 

a and b that produce parabolas. What 
values produce ellipses? What values 
produce hyperbolas? 


e Analyze and write polar equations of conics. 
e Understand and use Kepler’s Laws of planetary motion. 


Polar Equations of Conics 


In this chapter you have seen that the rectangular equations of ellipses and hyperbo- 
las take simple forms when the origin lies at their centers. As it happens, there are 
many important applications of conics in which it is more convenient to use one of the 
foci as the reference point (the origin) for the coordinate system. For example, the sun 
lies at a focus of Earth’s orbit. Similarly, the light source of a parabolic reflector lies 
at its focus. In this section you will see that polar equations of conics take simple 
forms if one of the foci lies at the pole. 

The following theorem uses the concept of eccentricity, as defined in Section 
10.1, to classify the three basic types of conics. A proof of this theorem is given in 
Appendix A. 


THEOREM 10.16 Classification of Conics by Eccentricity 


Let F be a fixed point (focus) and D be a fixed line (directrix) in the plane. 
Let P be another point in the plane and let e (eccentricity) be the ratio of the 
distance between P and F to the distance between P and D. The collection of 
all points P with a given eccentricity is a conic. 

1. The conic is an ellipse if 0 < e < 1. 

2. The conic is a parabola if e = 1. 


3. The conic is a hyperbola if e > 1. 


z z z 
Directrix 2 Directrix 2 Directrix 2 
i P 
fpes o4-! oP 
i = 0 ! i = >0 a >0 
| | = (0, 0) a F=(0,0) 
| Q" 
Ellipse: 0< e< 1 Parabola: e = 1 Hyperbola: e > 1 
PF] PF = PQ PF_ PF |] 
PQ PO PQ 


Figure 10.58 


In Figure 10.58, note that for each type of conic the pole corresponds to the fixed 
point (focus) given in the definition. The benefit of this location can be seen in the 
proof of the following theorem. 


| Directrix 


Figure 10.59 


Directrix 
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THEOREM 10.17 Polar Equations of Conics 
The graph of a polar equation of the form 


ed ed 


ra MN Poe 
1 + ecos 0 l + esin 0 


is a conic, where e > 0 is the eccentricity and |d] is the distance between the 
focus at the pole and its corresponding directrix. 


Proof The following is a proof for r = ed/(1 + e cos 6) with d > 0. In Figure 
10.59, consider a vertical directrix d units to the right of the focus F = (0, 0). If 
P = (r, 0) is a point on the graph of r = ed/(1 + e cos 6), the distance between P 
and the directrix can be shown to be 


r(1 + ecos 6) 
e 


PQ = |d — x| = |d — r cos 6| = z 


— r cos i = 


Because the distance between P and the pole is simply PF = |r|, the ratio of PF to 
PQ is PF/PQ = |r|/|r/e| = |e| = e and, by Theorem 10.16, the graph of the 
equation must be a conic. The proofs of the other cases are similar. 


The four types of equations indicated in Theorem 10.17 can be classified as 
follows, where d > 0. 


ed 
1+ esin@ 
ed 
1 — esin 8 
ed 
1 + ecos 0 
_ ed 
= 1 — e cos 0 


a. Horizontal directrix above the pole: 


b. Horizontal directrix below the pole: r= 


c. Vertical directrix to the right of the pole: r 
d. Vertical directrix to the left of the pole: 


Figure 10.60 illustrates these four possibilities for a parabola. 


y y 
A 


> 


Directrix 
x=-d 


Z ed 
ESO 


(b) 


(a) 
The four types of polar equations for a parabola 
Figure 10.60 


> xX 


1 
1 
i 
1 
1 
1 
1 
Í 
$ + > xX 
1 
1 
í 
f 
1 
\ 
í 
1 


£ ed 
"=T+ecos0 


(c) 


ed 


"=T—e cos0 


(d) 
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z aE 
2 3—2 cosð 


Directrix 


The graph of the conic is an ellipse with 
e=4 
Figure 10.61 


| Editable eram | 


1 
1 
% P3 
1 
1 


; : $ 
Directrix, sile” 


e 32 
3+5sin@ 


The graph of the conic is a hyperbola with 


=4 
e=}. 


Figure 10.62 


[Estab Graph | 
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EXAMPLE | Determining a Conic from Its Equation 


15 


f th ic gi 3 Fane 
Sketch the graph of the conic given by r = Tadeo 


Solution To determine the type of conic, rewrite the equation as 


15 
E E Write original equation. 
3=2cos0 p a 
— 5 Divide numerator and 
1 — (2/3) cos 0” denominator by 3. 


So, the graph is an ellipse with e = A You can sketch the upper half of the ellipse by 


plotting points from 0 = 0 to 0 = m, as shown in Figure 10.61. Then, using symmetry 
with respect to the polar axis, you can sketch the lower half. 


[try te] Exporations) 
For the ellipse in Figure 10.61, the major axis is horizontal and the vertices lie at 


(15, 0) and (3, 7). So, the length of the major axis is 2a = 18. To find the length of 
the minor axis, you can use the equations e = c/a and b? = a? — c? to conclude 


b2 = a? — c* = @? — (ea)? = a*(1 — e?). Ellipse 


Because e = A you have 
p= ofi- -4s 
which implies that b = \/45 = 3/5. So, the length of the minor axis is 2b = 6 /5. 


A similar analysis for hyperbolas yields 


b? = c? — a? = (ea)? — a* = ae? — 1). Hyperbola 


EXAMPLE 2 Sketching a Conic from Its Polar Equation 


32 


Sketch the graph of the polar equation r = 34 5sinf 


Solution Dividing the numerator and denominator by 3 produces 


32/3 
~ 1 + (5/3) sin 6 


r 


Because e = 3 > 1, the graph is a hyperbola. Because d = 2 the directrix is the line 
y= 2 The transverse axis of the hyperbola lies on the line 6 = 7/2, and the vertices 
occur at 


3 
(r, 6) = (a z) and (r, 6) = (-16. 3) 
2 2 
Because the length of the transverse axis is 12, you can see that a = 6. To find b, write 


a =h= e{(3)° z 1 ae 


Therefore, b = 8. Finally, you can use a and b to determine the asymptotes of the 
hyperbola and obtain the sketch shown in Figure 10.62. = 
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Kepler’s Laws 
JOHANNES KEPLER (1571-1630) 
Kepler formulated his three laws from the 
extensive data recorded by Danish astronomer 


Kepler’s Laws, named after the German astronomer Johannes Kepler, can be used to 
describe the orbits of the planets about the sun. 


Tycho Brahe, and from direct observation of 1. Each planet moves in an elliptical orbit with the sun as a focus. 
the orbit of Mars. , ; 
es a 2. A ray from the sun to the planet sweeps out equal areas of the ellipse in equal 
times. 
a] 3. The square of the period is proportional to the cube of the mean distance between 
MathBio * 
the planet and the sun. 


Although Kepler derived these laws empirically, they were later validated by Newton. 
In fact, Newton was able to show that each law can be deduced from a set of 
universal laws of motion and gravitation that govern the movement of all heavenly 
bodies, including comets and satellites. This is shown in the next example, 
involving the comet named after the English mathematician and physicist Edmund 
Halley (1656-1742). 


EXAMPLE 3 Halley’s Comet 


Z Halley’s comet has an elliptical orbit with the sun at one focus and has an eccentricity 
Sun of e ~ 0.967. The length of the major axis of the orbit is approximately 35.88 


ý 9 =O astronomical units. (An astronomical unit is defined to be the mean distance between 
Earth and the sun, 93 million miles.) Find a polar equation for the orbit. How close does 
Halley’s comet come to the sun? 
Halley's Solution Using a vertical axis, you can choose an equation of the form 
comet 
„= ed 
(1 + esin 0Y 
Because the vertices of the ellipse occur when 0 = 7/2 and 0 = 37/2, you can 
determine the length of the major axis to be the sum of the r-values of the vertices, as 
shown in Figure 10.63. That is, 
2a = 0.967d 0.967d 
1 + 0.967 1 — 0.967 
35.88 ~ 27.79d. 2a ~ 35.88 
So, d = 1.204 and ed = (0.967)(1.204) = 1.164. Using this value in the equation 
produces 
1.164 
r= 
1 + 0.967 sin 0 
3x 


where r is measured in astronomical units. To find the closest point to the sun (the 
Figure 10.63 focus), you can write c = ea ~ (0.967)(17.94) = 17.35. Because c is the distance 
between the focus and the center, the closest point is 
a — c = 17.94 — 17.35 
= 0.59 AU 
= 55,000,000 miles =- 
[Try te] [Exporation 
View the video for more information about Halley’s comet. 
__Video | 
* If Earth is used as a reference with a period of 1 year and a distance of 1 astronomical unit, 


the proportionality constant is 1. For example, because Mars has a mean distance to the sun of 
D = 1.524 AU, its period P is given by D? = P?. So, the period for Mars is P = 1.88. 
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Kepler’s Second Law states that as a planet moves about the sun, a ray from the 
sun to the planet sweeps out equal areas in equal times. This law can also be applied 
to comets or asteroids with elliptical orbits. For example, Figure 10.64 shows the orbit 
of the asteroid Apollo about the sun. Applying Kepler’s Second Law to this asteroid, 
you know that the closer it is to the sun, the greater its velocity, because a short ray 
must be moving quickly to sweep out as much area as a long ray. 


DVO 


A ray from the sun to the asteroid sweeps out equal areas in equal times. 
Figure 10.64 


EXAMPLE 4 The Asteroid Apollo 


The asteroid Apollo has a period of 661 Earth days, and its orbit is approximated by 
the ellipse 


1 9 
-1 +(5/9)cos0 9 +5 cos 0 


r 


where r is measured in astronomical units. How long does it take Apollo to move from 
the position given by 0 = — 7/2 to 0 = 7/2, as shown in Figure 10.65? 


Solution Begin by finding the area swept out as 0 increases from — 7/2 to 77/2. 


B 
A= ; f r?° do Formula for area of a polar graph 
m/2 
l 1 2 
= f (2) « 
Apollo 2 =a? 9 + 5 cos 0 
Figure 10.65 Using the substitution u = tan(0/2), as discussed in Section 8.6, you obtain 
a/2 
81 | —5sin 0 18 v56 tan(0/2) 
A= + tan ————_——— = 0.90429. 
112 5 +5cos6 /5 «dA e 


Because the major axis of the ellipse has length 2a = 81/28 and the eccentricity is 
e = 5/9, you can determine that b = av 1 — e? = 9/56. So, the area of the ellipse 
is 


Area of ellipse = mab = „(ŻE a = 5.46507. 


56/\ /56 
Because the time required to complete the orbit is 661 days, you can apply Kepler’s 
Second Law to conclude that the time f required to move from the position 6 = — 7/2 


to 0 = 77/2 is given by 


t _ area of elliptical segment _ 0.90429 
661 area of ellipse 5.46507 


which implies that t ~ 109 days. es 


Exercises for Section 10.6 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 
Graphical Reasoning In Exercises 1-4, use a graphing 


utility to graph the polar equation when (a) e = 1, (b) e = 0.5, 
and (c) e = 1.5. Identify the conic. 


2e 2e 
NST Fecsð i are 

2e 2e 
P ase eS Te ee 


5. Writing Consider the polar equation 


4 


pam: 
1+esiné 


(a) Use a graphing utility to graph the equation for e = 0.1, 
e = 0.25, e = 0.5, e = 0.75, and e = 0.9. Identify the 
conic and discuss the change in its shape as e > 1” and 
e > 0+. 

(b) Use a graphing utility to graph the equation for e = 1. 
Identify the conic. 

(c) Use a graphing utility to graph the equation for e = 1.1, 
e = 1.5, and e = 2. Identify the conic and discuss the 
change in its shape as e —> 1* and e > oo. 


6. Consider the polar equation 


4 


r= iZ 04cos0 


(a) Identify the conic without graphing the equation. 
(b) Without graphing the following polar equations, describe 
how each differs from the polar equation above. 


„2 4 „2 4 
1 + 0.4 cos 0’ 1 — 0.4 sin 0 


(c) Verify the results of part (b) graphically. 


In Exercises 7-12, match the polar equation with the correct 
graph. [The graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) z (b) 
2 
/ \ 
m 3 0 
3x 
2 


= 
© 
<~ 
NIA 
= 
= 
S 


a 
2 


z 
EET i 
9. r= 10, r= 
ui. r= 5 2. r= 


In Exercises 13-22, find the eccentricity and the distance from 
the pole to the directrix of the conic. Then sketch and identify 
the graph. Use a graphing utility to confirm your results. 


rs 1 T 
ara 1 ar 
15. r=5 
16. ro 


17. r(2 + sin 0) =4 
18. r(3 — 2cos 0) = 6 


da eG 
ag ae 
on Paice ae 
aaa LF P 


In Exercises 23-26, use a graphing utility to graph the polar 
equation. Identify the graph. 


3 
23, r= —4+4+2sin 6 
—3 
24. r= Ty 
=] 
235.r= 
r 1 — cos 0 
26: r= = 


~~ 243sin6 
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In Exercises 27-30, use a graphing utility to graph the conic. 
Describe how the graph differs from that in the indicated 
exercise. 


=f : 

27.7 {sn as) (See Exercise 13.) 
6 . 

28. r= i + costo — 7/3) (See Exercise 14.) 
6 : 

29. r= IFoo = ae) (See Exercise 15.) 

30. r 2 (See Exercise 20.) 


~ 3+ 7sin(6 + 27/3) 


31. Write the equation for the ellipse rotated 7/4 radian clockwise 
from the ellipse 


5 


r= 5E 300s 0 


32. Write the equation for the parabola rotated 7/6 radian 
counterclockwise from the parabola 


2 


T+ sin 6 


In Exercises 33-44, find a polar equation for the conic with its 
focus at the pole. (For convenience, the equation for the direc- 
trix is given in rectangular form.) 


Conic Eccentricity Directrix 
33. Parabola e=1 x=-l1 
34. Parabola e=1 y=1 
35. Ellipse e= 5 y=1 
36. Ellipse e= 3 yo =. 
37. Hyperbola e=2 x=1 
38. Hyperbola e= 3 x=-1 

Conic Vertex or Vertices 
39. Parabola (i. -7) 
40. Parabola (5, 77) 
41. Ellipse (2,0), (8, 77) 

; T 3T 

42. Ellipse (2. z), (4 a) 
43. Hyperbola (1,34), (o. 32) 


44. Hyperbola (2, 0), (10, 0) 
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Writing About Concepts 


. Classify the conics by their eccentricities. 
46. Explain how the graph of each conic differs from the graph 
— DOE 
1 + sin@ 
4 


a) =I cosg (b) r = 


of r= 


— SS 
1 — sin 8 


4 4 
© r= 1 + cos 8 we 1 — sin(@ — 7/4) 
47. Identify each conic. 
5 5 
07-rasm VS ma 


5 5 
3 — 3 cos 0 1 — 3 sin(0 — 7/4) 

48. Describe what happens to the distance between the directrix 
and the center of an ellipse if the foci remain fixed and e 
approaches 0. 


©) r= (d) r 


2 


2 
49. Show that the polar equation for = + = = lis 
b? . 
r= T= e ae ri Ellipse 
l yp 
50. Show that the polar equation for 2 p” lis 


= b2 
= T= e2cos20 x Hyperbola 


In Exercises 51—54, use the results of Exercises 49 and 50 to 
write the polar form of the equation of the conic. 


51. Ellipse: focus at (4, 0); vertices at (5, 0), (5, 77) 
52. Hyperbola: focus at (5, 0); vertices at (4, 0), (4, 77) 


x2 y2 
53, ~ -Y =1 
9 16 
2 
54, + y= 


In Exercises 55 and 56, use the integration capabilities of a 
graphing utility to approximate to two decimal places the area 
of the region bounded by the graph of the polar equation. 


3 
ee ae TY 
56. r= 2 


3 —2sin 0 


57. Explorer 18 On November 27, 1963, the United States 
launched Explorer 18. Its low and high points above the surface 
of Earth were approximately 119 miles and 123,000 miles (see 
figure). The center of Earth is the focus of the orbit. Find the 
polar equation for the orbit and find the distance between the 
surface of Earth and the satellite when 6 = 60°. (Assume that 
the radius of Earth is 4000 miles.) 


90° 
Explorer 18 


> 0 


r1------@ 


1 
1 
1 
1 
1 
1 
J 


a4 


Not drawn to scale 


58. Planetary Motion The planets travel in elliptical orbits with 
the sun as a focus, as shown in the figure. 


NIA 


Planet 
O 


> 0 


A 


ad 


Not drawn to scale 


(a) Show that the polar equation of the orbit is given by 


=- ee. 
1 — e cos 0 


where e is the eccentricity. 


(b) Show that the minimum distance (perihelion) from the sun 
to the planet is r = a(1 — e) and the maximum distance 
(aphelion) is r = a(l + e). 


In Exercises 59-62, use Exercise 58 to find the polar equation of 
the elliptical orbit of the planet, and the perihelion and aphelion 
distances. 


59. Earth a = 1.496 x 108 kilometers 
e = 0.0167 

60. Saturn a = 1.427 x 10° kilometers 
e = 0.0542 

61. Pluto a = 5.906 x 10° kilometers 
e = 0.2488 

62. Mercury a = 5.791 x 10’ kilometers 
e = 0.2056 
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lanetary n Exercise 61, the polar equation for the 
elliptical orbit of Pluto was found. Use the equation and a 
computer algebra system to perform each of the following. 


(a) Approximate the area swept out by a ray from the sun to the 
planet as 6 increases from 0 to 77/9. Use this result to deter- 
mine the number of years for the planet to move through 
this arc if the period of one revolution around the sun is 248 
years. 


(b) By trial and error, approximate the angle œ such that the 
area swept out by a ray from the sun to the planet as 0 
increases from 7 to a equals the area found in part (a) (see 
figure). Does the ray sweep through a larger or smaller 
angle than in part (a) to generate the same area? Why is this 
the case? 


x 
2 


(c) Approximate the distances the planet traveled in parts (a) 
and (b). Use these distances to approximate the average 
number of kilometers per year the planet traveled in the two 
cases. 


64. Comet Hale-Bopp The comet Hale-Bopp has an elliptical 
orbit with the sun at one focus and has an eccentricity 
of e ~ 0.995. The length of the major axis of the orbit is 
approximately 250 astronomical units. 

(a) Find the length of its minor axis. 
(b) Find a polar equation for the orbit. 


(c) Find the perihelion and aphelion distances. 


In Exercises 65 and 66, let r) represent the distance from the 
focus to the nearest vertex, and let r} represent the distance 
from the focus to the farthest vertex. 


65. Show that the eccentricity of an ellipse can be written as 


H Er r Ieee 
e = +— Then show that + = ; 
rito To l= 


66. Show that the eccentricity of a hyperbola can be written as 


fi T To 


r e+] 
. Then show that + = A 
H= a r e-l 


In Exercises 67 and 68, show that the graphs of the given equa- 
tions intersect at right angles. 


ed ed 
ie da Esd and "T= sin 6 

Ç d 
SET; ad r T= cos 0 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on || to print an enlarged copy of the graph. 


In Exercises 1-6, match the equation with the correct graph. 


[The graphs are labeled (a), (b), (c), (d), (e), and (£).] 


(a) y (b) 
A 
4+ 
2+ 
= < mex x 
=2 2 4 
-2 + 
-4+ 
(Q y (d) 
A A 
4+ 4+ 
2+ 
= = AHR 
-4 -f4t\o 4 42 +42 4 
yik /41 
(e) y (f) y 
A 
4+ 
= Her 
-4 -2 2 4 
at 
1. 4x? + y?=4 2. 4x? — y? =4 
3. y2 = —4x 4. y2 = 4x? =4 
5. x? + 4y? = 4 6. x? = 4y 


In Exercises 7-12, analyze the equation and sketch its graph. 


Use a graphing utility to confirm your results. 


7. 16x? + 16y? — 16x + 24y- 3=0 
8. y? — 12y — 8x + 20 = 0 

9. 3x? — 2y? + 24x + 12y +24 =0 
10. 4x? + y? — 16x + 15 =0 
11. 3x2 + 2y2 — 12x + 12y + 29 = 0 
12. 4x2 — 4y? — 4x + 8y — 11 =0 


In Exercises 13 and 14, find an equation of the parabola. 


13. Vertex: (0,2); directrix: x = —3 
14. Vertex: (4,2); focus: (4, 0) 


In Exercises 15 and 16, find an equation of the ellipse. 


15. Vertices: (—3, 0), (7, 0); foci: (0, 0), (4, 0) 
16. Center: (0, 0); solution points: (1, 2), (2, 0) 


In Exercises 17 and 18, find an equation of the hyperbola. 


17. Vertices: (+4, 0); foci: (+6, 0) 
18. Foci: (0, +8); asymptotes: y = +4x 


In Exercises 19 and 20, use a graphing utility to approximate 
the perimeter of the ellipse. 


x2 y? 
19, +7 =1 
9° 4 
x2 y? 7 
esa 


21. A line is tangent to the parabola y = x? — 2x + 2 and perpen- 
dicular to the line y = x — 2. Find the equation of the line. 


22. A line is tangent to the parabola 3x7 + y = x — 6 and perpen- 
dicular to the line 2x + y = 5. Find the equation of the line. 


23. Satellite Antenna A cross section of a large parabolic antenna 


is modeled by the graph of 
x 


= — <x< 
y 200° 100 < x < 100. 


The receiving and transmitting equipment is positioned at the 
focus. 


(a) Find the coordinates of the focus. 
(b) Find the surface area of the antenna. 


24. Fire Truck Consider a fire truck with a water tank 16 feet 
long whose vertical cross sections are ellipses modeled by the 
equation 


roy 
Z 42], 
16 9 


(a) Find the volume of the tank. 


(b) Find the force on the end of the tank when it is full of water. 
(The density of water is 62.4 pounds per cubic foot.) 


(c) Find the depth of the water in the tank if it is 3 full (by 
volume) and the truck is on level ground. 


(d) Approximate the tank’s surface area. 


In Exercises 25-30, sketch the curve represented by the 
parametric equations (indicate the orientation of the curve), 
and write the corresponding rectangular equation by 
eliminating the parameter. 
25. Xx 
26. x 
27. x = 6cos 0, y = 6 sin 0 
28. x = 3 + 3 cos 0, y =2 + 5sin 90 
x 
x 


ll 


1+ 41, y=2-3¢ 
t+4,y=" 


ll 


29. x =2+ sec 0, y =3 + tan 0 


30. x = 5 sin? 6, y = 5 cos? 0 


In Exercises 31-34, find a parametric representation of the line 
or conic. 

31. Line: passes through (—2, 6) and (3, 2) 

32. Circle: center at (5, 3); radius 2 


33. Ellipse: center at (— 3, 4); horizontal major axis of length 8 and 
minor axis of length 6 


34. Hyperbola: vertices at (0, +4); foci at (0, +5) 


35. Rotary Engine The rotary engine was developed by Felix 
Wankel in the 1950s. It features a rotor, which is a modified 
equilateral triangle. The rotor moves in a chamber that, in two 
dimensions, is an epitrochoid. Use a graphing utility to graph 
the chamber modeled by the parametric equations. 


x = cos 30 + 5cos 0 
and 
y = sin 30 + 5 sin 0. 


36. Serpentine Curve Consider the parametric equations 
x = 2 cot 0 and y = 4 sin 0 cos 0,0 < 0 < T. 
(a) Use a graphing utility to graph the curve. 


(b) Eliminate the parameter to show that the rectangular 
equation of the serpentine curve is (4 + x?)y = 8x. 


In Exercises 37—46, (a) find dy/dx and all points of horizontal 
tangency, (b) eliminate the parameter where possible, and 
(c) sketch the curve represented by the parametric equations. 


37. x=1+4, y=2-3t 


38. x=t+4, y=ť 
1 
39. x= 7 y=2t+3 
1 
40. x=", y= 
al. x= = a) | 
ae n+l em 
i od 
Y= fh y= ot 
43. x =3 + 2cos 0 44. x = 6cos 0 
y=2+5sin0 y = 6sin 0 
45. x = cos? 0 46. x =e' 
y = 4sin? 0 y=e! 


In Exercises 47-50, find all points (if any) of horizontal and 
vertical tangency to the curve. Use a graphing utility to confirm 
your results. 

47.x=4-1t y=? 

48. x=1+2, y=Pr-2t 

49. x=2+2sn0, y=1+cos0 

50. x =2-—2cos0, y= 2sin20 
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n Exercises , (a) use a graphing utility to grap 
curve represented by the parametric equations, (b) use a 
graphing utility to find dx/d0, dy/d0, and dy/dx for 0 = 7/6, 
and (c) use a graphing utility to graph the tangent line to the 
curve when 0 = 77/6. 


51. x = cot 0 52. x = 26 — sin 0 
y = sin 20 y =2-— cos 6 


Arc Length In Exercises 53 and 54, find the arc length of the 
curve on the given interval. 


53. x = r(cos 0 + 0 sin 6) 54. x = 6cos 0 
y = r(sin 0 — @cos 0) y=6sin0 
O0<sé<7 Oss 


Surface Area In Exercises 55 and 56, find the area of the 
surface generated by revolving the curve about (a) the x-axis 
and (b) the y-axis. 


55. x=, 


wn 

a 

= 
ll 


2cos 0, y= 2sin 8, UA 


Area In Exercises 57 and 58, find the area of the region. 


57. x = 3 sin 0 58. x = 2 cos 0 
y = 2 cos 0 y= sin 
T T 
=R Os E ES 
z 0 7 OST 
y y 
A A 
4+ 3+ 
3+ 2+ 
= _ -32l 23 
-3 -2 -1 lk. 2-3 
-1+ -2+ 
-2+ -3+ 


In Exercises 59-62, plot the point in polar coordinates and find 
the corresponding rectangular coordinates of the point. 


T 
59. g z) 


lla 
so. (4,112) 


61. (./3, 1.56) 
62. (—2, —2.45) 


In Exercises 63 and 64, the rectangular coordinates of a point 
are given. Plot the point and find two sets of polar coordinates 
of the point for 0 < 0 < 27. 

63. (4, —4) 

64. (—1, 3) 
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In Exercises 65-72, convert the polar equation to rectangular 
form. 


65. r = 3 cos 0 66. r= 10 

1 
67. r = —2(1 + cos 8) 68. r= Icos 
69. r? = cos 20 70. r=4 seo( 0 = z) 
71. r = 4 cos 20 sec 0 12. o= 27 


In Exercises 73-76, convert the rectangular equation to polar 


form. 
73. (x? + y?)? = ax?y 74. x? + y2- 4x=0 


2 2 
75. x? + y? = a? (arcan x) 76. (x? + y?) (arctan ») =a 


In Exercises 77-88, sketch a graph of the polar equation. 


T 
77. r=4 78. o= 75 

79. r = —sec 0 80. r = 3 csc 0 

81. r = —2(1 + cos 0) 82. r = 3 — 4 cos 0 
83. r = 4 — 3 cos 0 84. r = 20 

85. r = —3 cos 20 86. r = cos 50 

87. r? = 4 sin? 20 88. 7? = cos 20 


In Exercises 89-92, use a graphing utility to graph the polar 
equation. 


3 
~ cos(@ — 7/4) 
91. r = 4 cos 20 sec 0 


89. r 90. r = 2 sin 6 cos? 0 


92. r = 4(sec 0 — cos 0) 


In Exercises 93 and 94, (a) find the tangents at the pole, (b) find 
all points of vertical and horizontal tangency, and (c) use a 
graphing utility to graph the polar equation and draw a tangent 
line to the graph for 0 = 7/6. 


93. r= 1 — 2 cos 0 94. r? = 4 sin 20 


95. Find the angle between the circle r = 3 sin 0 and the limaçon 
r = 4 — 5 sin 8 at the point of intersection (3/2, 7/6). 


96. True or False? There is a unique polar coordinate represen- 
tation for each point in the plane. Explain. 


In Exercises 97 and 98, show that the graphs of the polar 
equations are orthogonal at the points of intersection. Use a 
graphing utility to confirm your results graphically. 


97. r= 1 + cos 0 98. r= asin 8 


r= 1-—cos@ r= acos 0 
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n Exercises 99 , lind the area 0 e region. 


99. Interior of r = 2 + cos 8 
100. Interior of r = 5(1 — sin 0) 
101. Interior of r? = 4 sin 20 


102. Common interior of r = 4 cos 0 and r = 2 


In Exercises 103-106, use a graphing utility to graph the polar 
equation. Set up an integral for finding the area of the given 
region and use the integration capabilities of a graphing utility 
to approximate the integral accurate to two decimal places. 
103. Interior of r = sin 6 cos? 0 

104. Interior of r = 4 sin 30 

105. Common interior of r = 3 and r? = 18 sin 20 


106. Region bounded by the polar axis andr = e? for 0 < 0 < 7 


In Exercises 107 and 108, find the length of the curve over the 
given interval. 


Polar Equation Interval 
107. r = a(l — cos 0) OSAST 


E] 


108. r = a cos 20 “5 39s 


N/a 


In Exercises 109 and 110, write an integral that represents the 
area of the surface formed by revolving the curve about the 
given line. Use a graphing utility to approximate the integral. 


Polar Equation Interval Axis of Revolution 
109. r= 1 + 4cos 0 0<0< Polar axis 
; T GA 
= <@<- => 
110. r = 2 sin 0 U 0 7 


In Exercises 111-116, sketch and identify the graph. Use a 
graphing utility to confirm your results. 


2. 2 
Ne a ae sce Mae GEREN 
6 4 
MrS a rr Oe = ane 
4 _ 8 
ia agno Uer- Se coe 8 


In Exercises 117-122, find a polar equation for the line or conic 
with its focus at the pole. 


117. Circle 118. Line 
Center: (5, 77/2) Solution point: (0, 0) 
Solution point: (0, 0) Slope: /3 
119. Parabola 120. Parabola 
Vertex: (2, 77) Vertex: (2, 7/2) 
121. Ellipse 122. Hyperbola 


Vertices: (5,0), (1, 7) Vertices: (1, 0), (7, 0) 


| PS. | Problem Solving 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


1. Consider the parabola x? = 4y and the focal chord y = 3x +1. 
(a) Sketch the graph of the parabola and the focal chord. 


(b) Show that the tangent lines to the parabola at the endpoints 
of the focal chord intersect at right angles. 


(c) Show that the tangent lines to the parabola at the endpoints 
of the focal chord intersect on the directrix of the parabola. 


2. Consider the parabola x? = 4py and one of its focal chords. 


(a) Show that the tangent lines to the parabola at the endpoints 
of the focal chord intersect at right angles. 


(b) Show that the tangent lines to the parabola at the endpoints 
of the focal chord intersect on the directrix of the parabola. 


3. Prove Theorem 10.2, Reflective Property of a Parabola, as shown 
in the figure. 


>< 


> X 


4. Consider the hyperbola 


with foci F| and F,, as shown in the figure. Let T be the tangent 
line at a point M on the hyperbola. Show that incoming rays of 
light aimed at one focus are reflected by a hyperbolic mirror 
toward the other focus. 


> xX 


Figure for 4 Figure for 5 


5. Consider a circle of radius a tangent to the y-axis and the line 
x = 2a, as shown in the figure. Let A be the point where the seg- 
ment OB intersects the circle. The cissoid of Diocles consists of 
all points P such that OP = AB. 

(a) Find a polar equation of the cissoid. 
(b) Find a set of parametric equations for the cissoid that does 
not contain trigonometric functions. 


(c) Find a rectangular equation of the cissoid. 


6. Consider the region bounded by the ellipse x*/a? + y?/b? = 1, 
with eccentricity e = c/a. 
(a) Show that the area of the region is arab. 
(b) Show that the solid (oblate spheroid) generated by revolving 


the region about the minor axis of the ellipse has a volume 
V = 4777b/3 and a surface area of 


2 + 
S = 2ma? 4 a2 ae £), 
e lsg 
(c) Show that the solid (prolate spheroid) generated by 


revolving the region about the major axis of the ellipse has a 
volume of V = 4zab?/3 and a surface area of 


S = 2mb? + 2n{ 2) arcsin e. 


7. The curve given by the parametric equations 


(1 — 1?) 
1+? 


1-7? 
1+ 7 


x(t) = and y(t) = 


is called a strophoid. 

(a) Find a rectangular equation of the strophoid. 

(b) Find a polar equation of the strophoid. 

(c) Sketch a graph of the strophoid. 

(d) Find the equations of the two tangent lines at the origin. 


(e) Find the points on the graph where the tangent lines are 
horizontal. 


8. Find a rectangular equation of the portion of the cycloid given by 
the parametric equations x = a(@— sin @) and y = a(l — cos 8), 
0 < 0 < 7, as shown in the figure. 


2a -- 


t > Xx 


9. Consider the cornu spiral given by 


x(t) = [eo] du and y(t) = [sn() du. 


(a) Use a graphing utility to graph the spiral over the interval 
=7 S tS T: 

(b) Show that the cornu spiral is symmetric with respect to the 
origin. 

(c) Find the length of the cornu spiral from t = 0 tot = a. What 
is the length of the spiral from t = — m to t = m? 
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10. A particle is moving along the path described by the parametric 15. An air traffic controller spots two planes at the same altitude 
equations x = 1/tand y = sin t/t, for 1 < t£ < 00, as shown in flying toward each other (see figure). Their flight paths are 20° 
the figure. Find the length of this path. and 315°. One plane is 150 miles from point P with a speed of 

y 375 miles per hour. The other is 190 miles from point P with a 
A speed of 450 miles per hour. 


11. Let a and b be positive constants. Find the area of the region in 
the first quadrant bounded by the graph of the polar equation 


ab 


T 
m (a sin 0 + b cos 6)’ Sos 2 (a) Find parametric equations for the path of each plane where 
t is the time in hours, with t = 0 corresponding to the time 
12. Consider the right triangle shown in the figure. at which the air traffic controller spots the planes. 


Qa 


(a) Show that the area of the triangle is A(a) = If sec? Oda (b) Use the result of part (a) to write the distance between the 
Zlo ` 


planes as a function of t. 


j Py Use a graphing utility to graph the function in part (b). 
b) Show that = 2 9 d0. © : : as 
(b) Show that tan a f C uae When will the distance between the planes be minimum? If 
(c) Use part (b) to derive the formula for the derivative of the the planes must keep a separation of at least 3 miles, is the 
tangent function. requirement met? 
y Py 16. Use a graphing utility to graph the curve shown below. The 
A curve is given by 
af wre 0 
(-1, 0) d, 0) r = es? — 2 cos 40 + sin? TZ 
CS < * Over what interval must 0 vary to produce the curve? 
1 
aja 


Figure for 12 Figure for 13 


13. Determine the polar equation of the set of all points (r, 6), the 
product of whose distances from the points (1, 0) and (— 1, 0) 
is equal to 1, as shown in the figure. 


14. Four dogs are located at the corners of a square with sides of 
length d. The dogs all move counterclockwise at the same 
speed directly toward the next dog, as shown in the figure. Find 
the polar equation of a dog’s path as it spirals toward the center 
of the square. 


FOR FURTHER INFORMATION For more information on this 
curve, see the article “A Study in Step Size” by Temple H. Fay 
in Mathematics Magazine. 


MathArticle 


Ay 17. Use a graphing utility to graph the polar equation 
r = cos 50 + n cos 0, for 0 < 0 < m and for the integers 
n = —5ton = 5. What values of n produce the “heart” portion 


of the curve? What values of n produce the “bell” portion? 
(This curve, created by Michael W. Chamberlin, appeared in 
The College Mathematics Journal.) 
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Section I I.I Vectors in the Plane 


e Write the component form of a vector. 

e Perform vector operations and interpret the results geometrically. 
e Write a vector as a linear combination of standard unit vectors. 

e Use vectors to solve problems involving force or velocity. 


Component Form of a Vector 


Q Many quantities in geometry and physics, such as area, volume, temperature, mass, 
Terminal and time, can be characterized by a single real number scaled to appropriate units of 
— point measure. These are called scalar quantities, and the real number associated with each 

P PQ is called a scalar. 
Initial Other quantities, such as force, velocity, and acceleration, involve both magnitude 
point and direction and cannot be characterized completely by a single real number. A 
A directed line segment directed line segment is used to represent such a quantity, as shown in Figure 11.1. 
Figure 11.1 The directed line segment PQ has initial point P and terminal point Q, and its length 


(or magnitude) is denoted by || PO ||. Directed line segments that have the same length 
and direction are equivalent, as shown in Figure 11.2. The set of all directed line 
segments that are equivalent to a given directed line segment PO is a vector in the 
plane and is denoted by v = PO. In typeset material, vectors are usually denoted by 


E lowercase, boldface letters such as u, v, and w. When written by hand, however, 
vectors are often denoted by letters with arrows above them, such as w, v’, and W. 

Be sure you see that a vector in the plane can be represented by many different 

directed line segments—all pointing in the same direction and all of the same length. 


Equivalent directed line segments 
Figure 11.2 EXAMPLE | Vector Representation by Directed Line Segments 


Let v be represented by the directed line segment from (0, 0) to (3, 2), and let u be 
represented by the directed line segment from (1, 2) to (4, 4). Show that v and u are 
equivalent. 


Solution Let P(0, 0) and Q(3, 2) be the initial and terminal points of v, and let 
R(1, 2) and S(4, 4) be the initial and terminal points of u, as shown in Figure 11.3. You 
can use the Distance Formula to show that PQ and RS have the same length. 


A \|PO|| = VAE — 0)? + (2-0)? = 4/13 Length of PO 
4,4 — = 
44 D RS = Va- DF 4-22 = VB Length of RS 
ü Both line segments have the same direction, because they both are directed toward the 
aF upper right on lines having the same slope. 
(1, 2) (3, 2) > 2-0 2 
27 Q Slope of PQ = — = = 
ope of PQ 3-03 
I+ and 
os 4=2 2 
[=i lope of RS = 7—7 = 7 
Poo t t t Slope of RS 44-i 3 
The vectors u and v are equivalent. Because PO and RS have the same length and direction, you can conclude that the two 
Figure 11.3 vectors are equivalent. That is, v and u are equivalent. —<—=a 
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The directed line segment whose initial point is the origin is often the most 
convenient representative of a set of equivalent directed line segments such as those 
FT shown in Figure 11.3. This representation of v is said to be in standard position. A 
directed line segment whose initial point is the origin can be uniquely represented by 
3T the coordinates of its terminal point Q(v,, v,), as shown in Figure 11.4. 
Vr v2) 
2- Q 
Definition of Component Form of a Vector in the Plane 
| tae If v is a vector in the plane whose initial point is the origin and whose terminal 
(0, 0) To point is (v,, v2), then the component form of v is given by 
P i2 3 4 ye, 
The standard position of a vector The coordinates v, and v, are called the components of v. If both the initial 
Figure 11.4 point and the terminal point lie at the origin, then v is called the zero vector 
and is denoted by 0 = (0, 0). 


This definition implies that two vectors u = (u}, u>} and v = (v;, v2} are equal if and 
only if u, = v, and u, = vp. 

The following procedures can be used to convert directed line segments to 
component form or vice versa. 


1. If P(p,, P2) and Q(q,, q2) are the initial and terminal points of a directed line 
segment, the component form of the vector v represented by PQ is (v,, v5) = 


NOTE Itis important to understand that (qi — Pi qo — p2). Moreover, the length (or magnitude) of v is 


a vector represents a set of directed line 
segments (each having the same length 


and direction). In practice, however, it is livi] = / (q = D =P (CA = PE Length of a vector 
common not to distinguish between a = /. +. 


vector and one of its representatives. 


2. If v = (v,, v5), v can be represented by the directed line segment, in standard 
position, from P(0, 0) to Q(v,, v3). 


The length of v is also called the norm of v. If ||v|| = 1, v is a unit vector. 
Moreover, || v|| = 0 if and only if v is the zero vector 0. 


y 


4 EXAMPLE 2 Finding the Component Form and Length of a Vector 
Q (2,5) 64 


Find the component form and length of the vector v that has initial point (3, — 7) and 
terminal point (— 2, 5). 


Solution Let P(3, —7) = (p,, p2) and Q(—2, 5) = (q,, q2). Then the components 
4 6 of v = (v,, v5) are 


Vy gy Py 2 = 2S =5 
y= p= 5- (= 7) = 12. 

So, as shown in Figure 11.5, v = (—5, 12), and the length of v is 
Ivl = YEP FTE 

Component form of v: v = (— 5, 12) = ay 169 


Figure 11.5 = 13. 
ee) ay 


P (3, -7) 
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Vector Operations 


Definitions of Vector Addition and Scalar Multiplication 
Let u = (u, u) and v = (v}, v2) be vectors and let c be a scalar. 


1. The vector sum of u and v is the vector u + v = (u, + vi, Uy + v3). 
2. The scalar multiple of c and u is the vector cu = (cu,, cus). 


3. The negative of v is the vector 
-v = (—1)v = (-y,, — v}. 


4. The difference of u and v is 


u — v =u + (—vy) = (u — v; i — v). 


The scalar multiplication of v Geometrically, the scalar multiple of a vector v and a scalar c is the vector that is 
Figure 11.6 |c| times as long as v, as shown in Figure 11.6. If c is positive, cv has the same 
direction as v. If c is negative, cv has the opposite direction. 

The sum of two vectors can be represented geometrically by positioning the 
vectors (without changing their magnitudes or directions) so that the initial point of 
one coincides with the terminal point of the other, as shown in Figure 11.7. The vector 
u + v, called the resultant vector, is the diagonal of a parallelogram having u and v 
as its adjacent sides. 


Isaac WILLIAM Rowan HAMILTON (1805-1865) 


Some of the earliest work with vectors was 
done by the Irish mathematician William 
Rowan Hamilton. Hamilton spent many 

years developing a system of vector-like 
quantities called quaternions. Although 
Hamilton was convinced of the benefits of 
quaternions, the operations he defined did not v 
produce good models for physical phenomena. onal = -i 
It wasn’t until the latter half of the nineteenth 
century that the Scottish physicist James 


Maxwell (1831-1879) restructured To findu + v, (1) move the initial point of v (2) move the initial point of u 
Hamilton’s quaternions in a form useful for to the terminal point of u, or to the terminal point of v. 
representing physical quantities such as force, Figure 11.7 
velocity, and acceleration. 
Figure 11.8 shows the equivalence of the geometric and algebraic definitions of 
vector addition and scalar multiplication, and presents (at far right) a geometric 


interpretation of u — v. 


A A (ku, kuz) A 
(uy + Vj, Uy + v2) 
=V 
u2 u u-v 
v2 u + (=v) v 
> > 
Vector addition Scalar multiplication Vector subtraction 


Figure 11.8 
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EXAMPLE 3 Vector Operations 


Given v = (—2, 5) and w = (3, 4), find each of the vectors. 


1 
a. 5V b. w-v c. v + 2w 


Solution 
a. 3v = (32, 3(5)) = (—1,5) 
b w-v= (wi — VLW T v2) z (3 = (=2),4 = 5) T (5, =1) 
c. Using 2w = (6, 8), you have 
v + 2w = (—2, 5) + (6, 8) 
= (—2 + 6,5 + 8) 
= (4, 13). a] 


[try re] [Eeron] [Eene] 
Vector addition and scalar multiplication share many properties of ordinary 
arithmetic, as shown in the following theorem. 


THEOREM |I.I Properties of Vector Operations 

Let u, v, and w be vectors in the plane, and let c and d be scalars. 
lut+v=vt+u Commutative Property 

2. u +v) +w=u+(v+w) Associative Property 

3 u+0=u Additive Identity Property 

4. u + (—u)=0 Additive Inverse Property 

5. c(du) = (cd)u 

6. (c + dju = cu + du Distributive Property 

7. cu + v) = cu + cy Distributive Property 

8. 1(u) = u, O(u) = 0 


Proof The proof of the Associative Property of vector addition uses the Associative 
Property of addition of real numbers. 
(u F v) w= [(u,, Uy) F (v1, V>) | T (wi, W>) 
= (uy + Vy, Uy + V2) + (W1, W2) 
= ((u, + v,) + wy, (u, + v3) + wy) 
= (u, + (v; + wy), u + (v, + Wa)) 
= (Uy, Uy) + (Vv, + Wy, v + w) =u + (v +w) 
Similarly, the proof of the Distributive Property of vectors depends on the Distributive 
Property of real numbers. 
(c + du = (c + d)(u;, uy) 
= ((c + d)u,, (e+ d) uy) 
= (cu, + du,, cu, + du,) 
= (cu, CU) + (du,, du) = cu + du 


The other properties can be proved in a similar manner. <== 
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Any set of vectors (with an accompanying set of scalars) that satisfies the eight 


Emmy NOETHER (1882-1935) properties given in Theorem 11.1 is a vector space.* The eight properties are the 
One person who contributed to our knowl- vector space axioms. So, this theorem states that the set of vectors in the plane (with 
edge of axiomatic systems was the German the set of real numbers) forms a vector space. 


mathematician Emmy Noether. Noether is 
generally recognized as the leading woman 


mathematician in recent history. THEOREM 11.2 Length of a Scalar Multiple 


Let v be a vector and let c be a scalar. Then 


llev|| = |c| |||. |c] is the absolute value of c. 


Proof Because cv = (cv, cv), it follows that 


llev|] = [Kev,, eval] = (ev)? + (ev)? 
= Seren 
[e| [v v? + v 


FOR FURTHER INFORMATION For In many applications of vectors, it is useful to find a unit vector that has the same 
more information on Emmy Noether, direction as a given vector. The following theorem gives a procedure for doing this. 
see the article “Emmy Noether, Greatest 

Woman Mathematician” by Clark 

Kimberling in The Mathematics Teacher. THEOREM 11.3 Unit Vector in the Direction of v 

| MathArticle If v is a nonzero vector in the plane, then the vector 


eee: oes Lae 
IIvll vil 


has length 1 and the same direction as v. 


Proof Because 1/||v|| is positive and u = (1/||v||)v, you can conclude that u has the 


same direction as v. To see that |u|] = 1, note that 
T) 
ul = || = Jv 
Int = | 
1 
= lvl [vll 
1 
=i] [vll 
=]. 
So, u has length 1 and the same direction as v. — 


In Theorem 11.3, u is called a unit vector in the direction of v. The process of 
multiplying v by 1/||v|| to get a unit vector is called normalization of v. 


* For more information about vector spaces, see Elementary Linear Algebra, Fifth Edition, by 
Larson, Edwards, and Falvo (Boston: Houghton Mifflin Company, 2004). 


>< 


wo 


= 


Triangle inequality 
Figure 11.9 


=< 


Standard unit vectors i and j 
Figure 11.10 
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EXAMPLE 4 Finding a Unit Vector 
Find a unit vector in the direction of v = (—2, 5) and verify that it has length 1. 


Solution From Theorem 11.3, the unit vector in the direction of v is 
vl VEX +6 V20° ” A9 /29/" 


This vector has length 1, because 


VAIS ) V3 a V2 
ae Ee 

Generally, the length of the sum of two vectors is not equal to the sum of their 
lengths. To see this, consider the vectors u and v as shown in Figure 11.9. By consid- 


ering u and v as two sides of a triangle, you can see that the length of the third side is 
|u + v||, and you have 


lu + vil < [lull + [lvl]. 


Equality occurs only if the vectors u and v have the same direction. This result is 
called the triangle inequality for vectors. (You are asked to prove this in Exercise 89, 
Section 11.3.) 


Standard Unit Vectors 
The unit vectors (1, 0) and (0, 1) are called the standard unit vectors in the plane 
and are denoted by 
i= Gil. 0) and j= (0, 1) Standard unit vectors 
as shown in Figure 11.10. These vectors can be used to represent any vector uniquely, 
as follows. 
v = (vi Vo) = (v, 0) + (0, va) = v,(1, 0) + v0, 1) = vii + vj 


The vector v = v,i + v,j is called a linear combination of i and j. The scalars v, 
and v, are called the horizontal and vertical components of v. 


EXAMPLE 5 Writing a Linear Combination of Unit Vectors 
Let u be the vector with initial point (2, —5) and terminal point (— 1,3), and let 
v = 2i — j. Write each vector as a linear combination of i and j. 


a. u b. w = 2u — 3v 


Solution 


a. u = (q; — Pi G2 T Po) 
Soil = 2.3 = (=5)) 
= (—3, 8) = —3i + 8j 
b. w = 2u — 3v = 2(—3i + 8j) — 3(2i — j) 
= —6i + 16j — 6i + 3j 
= —12i + 19j i 


| Tryrt | [Exploration a | 
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If u is a unit vector and 0 is the angle (measured counterclockwise) from the 
positive x-axis to u, then the terminal point of u lies on the unit circle, and you have 
„<27 1T 77 =. Gos 6, sin 0) u = (cos 0, sin 0) = cos 6i + sin Oj Unit vector 

ra u N sin 0 as shown in Figure 11.11. Moreover, it follows that any other nonzero vector v making 

i a, \ an angle 6 with the positive x-axis has the same direction as u, and you can write 

t L t > Xx 
-1 coso Í v = ||v||<cos @, sin 6) = ||v]| cos ði + || v]| sin 6j. 
heed ee EXAMPLE 6 Writing aVector of Given Magnitude and Direction 


The vector v has a magnitude of 3 and makes an angle of 30° = 7/6 with the positive 
The angle 6 from the positive x-axis to the x-axis. Write v as a linear combination of the unit vectors i and j. 
vector u 

Figure 11.11 Solution Because the angle between v and the positive x-axis is 9 = 7/6, you can 


write the following. 
v = ||v|| cos ði + || v|| sin oj 
= 3 cos Fi +3 sin Fj 


3/3. 3, 
saN 
2 °° 9 


Applications of Vectors 


Vectors have many applications in physics and engineering. One example is force. A 
vector can be used to represent force because force has both magnitude and direction. 
If two or more forces are acting on an object, then the resultant force on the object is 
the vector sum of the vector forces. 


EXAMPLE 7 Finding the Resultant Force 


Two tugboats are pushing an ocean liner, as shown in Figure 11.12. Each boat is 
exerting a force of 400 pounds. What is the resultant force on the ocean liner? 


Solution Using Figure 11.12, you can represent the forces exerted by the first and 
second tugboats as 
F, = 400<cos 20°, sin 20°) 
= 400 cos(20°)i + 400 sin(20°)j 
F, = 400(cos(—20°), sin(—20°)) 
= 400 cos(20°)i — 400 sin(20°)j. 


The resultant force on the ocean liner is 
F=F +F, 
= [400 cos(20°)i + 400 sin(20°)j] + [400 cos(20°)i — 400 sin(20°)j] 
= 800 cos(20°)i 
= 752i. 


The resultant force on the ocean liner that is 
exerted by the two tugboats. 
Figure 11.12 


So, the resultant force on the ocean liner is approximately 752 pounds in the direction 
of the positive x-axis. 


[ Try 1t | [Exploration a | 


120° 


(a) Direction without wind 


> X 


(b) Direction with wind 
Figure 11.13 
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In surveying and navigation, a bearing is a direction that measures the acute angle 
that a path or line of sight makes with a fixed north-south line. In air navigation, bear- 
ings are measured in degrees clockwise from north. 


EXAMPLE 8 Finding a Velocity 


An airplane is traveling at a fixed altitude with a negligible wind factor. The airplane 
is traveling at a speed of 500 miles per hour with a bearing of 330°, as shown in Figure 
11.13(a). As the airplane reaches a certain point, it encounters wind with a velocity of 
70 miles per hour in the direction N 45° E (45° east of north), as shown in Figure 
11.13(b). What are the resultant speed and direction of the airplane? 


Solution Using Figure 11.13(a), represent the velocity of the airplane (alone) as 
v, = 500 cos(120°)i + 500 sin(120°)j. 

The velocity of the wind is represented by the vector 
v, = 70 cos(45°)i + 70 sin(45°)j. 

The resultant velocity of the airplane (in the wind) is 


500 cos(120°)i + 500 sin(120°)j + 70 cos(45°)i + 70 sin(45°)j 
=~ —200.5i + 482.5j. 


v=yvy,t Vv, 


To find the resultant speed and direction, write v = ||v||(cos 0i + sin 0 j). Because 
\|v|| =~ “(—200.5)* + (482.5)? = 522.5, you can write 
—200.5, 482.5, 


© 522.5( 522.5 | T 522.59 


= 522.5,[cos(112.6°)i + sin(112.6°)j]. 


The new speed of the airplane, as altered by the wind, is approximately 522.5 miles per 
hour in a path that makes an angle of 112.6° with the positive x-axis. ——— 


[try te | [Gren Exploration | 
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The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-4, (a) find the component form of the vector v 
and (b) sketch the vector with its initial point at the origin. 


1. y 2. y 
t t 3,4 
al (5, 3) ail ee 
3+ 2a 
2+ y T v 
1+ 
Pa (pl) potty tty x 
ae ae ee eer y~L12 | 45 6 
fj. 12345 ait GB, -2) 
3 y 4. y 
A A 
aa Era 
7 1 
-4 -2 2 4 2N 
` 
(-4,-2) |¥ (3,-2) (2, 1) 
Sia 1+ 
— }—}-» x 
S 2 -1 i 2 


In Exercises 5-8, find the vectors u and v whose initial and 

terminal points are given. Show that u and v are equivalent. 

5. u: (3,2), (5, 6) 
v: (—1, 4), (1, 8) 

7. u: (0,3), (6, —2) 
v: (3, 10), (9,5) 


6. u: (—4, 0), (1,8) 
v: (2, —1), (7,7) 

8. u: (—4, —1), (11, —4) 
v: (10, 13), (25, 10) 


In Exercises 9-16, the initial and terminal points of a vector v 
are given. (a) Sketch the given directed line segment, (b) write 
the vector in component form, and (c) sketch the vector with its 
initial point at the origin. 


ae : Terminal SP : Terminal 
Initial Point Point Initial Point Point 
9. (1, 2) (5, 5) 10. (2, —6) (3, 6) 
11. (10, 2) (6, —1) 12. (0, —4) (-5, -1) 
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13. (6,2) (6,6) 1477-1) = (~3,-1) 
15. (3,4) (4, 3) 16. (0.12, 0.60) (0.84, 1.25) 


In Exercises 17 and 18, sketch each scalar multiple of v. 


17. v = (2,3) 
(a) 2v (b) =3v (© v (d) Gv 
18. v = (—1, 5) 


(a) 4v (b) -iv (c) 0v (d) -6v 


In Exercises 19-22, use the figure to sketch a graph of the 
vector. To print an enlarged copy of the graph, select the 
MathGraph button. 


y 


u v 
| > xX 
19. —u 20. 2u 
21. u— v 22. u + 2v 


In Exercises 23 and 24, find (a) Zu, (b) v — u, and (c) 2u + 5v. 


23. u = (4,9) 24. u = (—3, —8) 
v = (2,—5) v = (8, 25) 


In Exercises 25-28, find the vector v where u = (2, —1) and 
w = (1, 2). Illustrate the vector operations geometrically. 


25. v =3u 26.v=u+w 
27. v=u+ 2w 28. v = 5u — 3w 


In Exercises 29 and 30, the vector v and its initial point are 
given. Find the terminal point. 

29. v = (—1, 3); Initial point: (4, 2) 

30. v = (4, —9); Initial point: (3, 2) 


In Exercises 31-36, find the magnitude of v. 

31. v = (4, 3) 32. v = (12, —5) 

33. v = 61 — 5j 34. v = —10i + 3j 

35. v = 4j 36. v=i-j 

In Exercises 37—40, find the unit vector in the direction of u and 
verify that it has length 1. 


37. u = (3, 12) 38. u = (5, 15) 
39. u = (3,3) 40. u = (-6.2, 3.4) 
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(a) |u| (b) || v|| (c) |u + v| 
ofm] elil © lineal 
ull Ivi Ju + v| 
41. u = (1, —1) 42. u = (0, 1) 
v=(-1,2) v = (3, —3) 
43. u = (1,3) 44. u = (2, —4) 
v = (2,3) v = (5,5) 


In Exercises 45 and 46, sketch a graph of u, v, and u + v. Then 
demonstrate the triangle inequality using the vectors u and v. 


45. u = (2,1), v= (5,4) 46. u = (—3,2)}, v= (1, —2) 


In Exercises 47-50, find the vector v with the given magnitude 
and the same direction as u. 


Magnitude Direction 
47. ||v|| = 4 u= (1, 1) 
48. ||v|| = 4 u = (-1,1) 
49. ||v|| = 2 u = (4,3) 
50. ||v|| = 3 u = (0, 3) 


In Exercises 51-54, find the component form of v given its 
magnitude and the angle it makes with the positive x-axis. 

51. |v =3, 0=0° 52. ||v|| = 5, 6 = 120° 

53. ||v|| = 2, @ = 150° 54. ||vl|=1, 0 =3.5° 


In Exercises 55-58, find the component form of u + v given the 
lengths of u and v and the angles that u and v make with the 
positive x-axis. 


55. |u] = 1, 0, = 0° 56. |u] = 4, 0, = 0° 
Iv =3, 2, = 45° Ivl =2, 4, = 60° 

57. uj =2, 6,=4 58. |u| =5, 6, = -0.5 
IIvl=1, 6,=2 Ilvl=5, 6, = 0.5 


Writing About Concepts 


. In your own words, state the difference between a scalar 
and a vector. Give examples of each. 


. Give geometric descriptions of the operations of addition of 
vectors and multiplication of a vector by a scalar. 


. Identify the quantity as a scalar or as a vector. Explain your 
reasoning. 


(a) The muzzle velocity of a gun 
(b) The price of a company’s stock 


. Identify the quantity as a scalar or as a vector. Explain your 
reasoning. 


(a) The air temperature in a room 


(b) The weight of a car 


In Exercises 63—68, find a and b such that v = au + bw, where 
u = (1, 2) and w = (1, —1). 


63. v = (2, 1) 64. v = (0, 3) 
65. v = (3, 0) 66. v = (3, 3) 
67. v = (1, 1) 68. v = (—1,7) 


In Exercises 69-74, find a unit vector (a) parallel to and 
(b) normal to the graph of f(x) at the given point. Then sketch 
a graph of the vectors and the function. 


Function Point 
69. f(x) = x2 (3, 9) 
70. f(x) = -x? +5 (1, 4) 
71. f(x) =x (1, 1) 
72. f(x) = x3 (—2, —8) 
73. f(x) = J/25 — x? (3, 4) 
74. f(x) = tanx (z. i) 


In Exercises 75 and 76, find the component form of v given the 
magnitudes of u and u + v and the angles that u and u + v 
make with the positive x-axis. 
75. |ual = 1, 6 = 45° 

ju + v| = V2, 0 = 90° 


76. ||ul| = 4, 6 = 30° 
ju + vl] = 6, 6 = 120° 


77. Programming You are given the magnitudes of u and v and 
the angles u and v make with the positive x-axis. Write a pro- 
gram for a graphing utility in which the output is the following. 
(a)ut+yv (b) |u + v|] 

(c) The angle u + v makes with the positive x-axis 
78. Programming Use the program you wrote in Exercise 77 to 


find the magnitude and direction of the resultant of the vectors 
shown. 


In Exercises 79 and 80, use a graphing utility to find the magni- 
tude and direction of the resultant of the vectors. 


79. 
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Vumerical and Graphical Analysis Forces with magnitudes 
of 180 newtons and 275 newtons act on a hook (see figure). The 
angle between the two forces is 6 degrees. 


(a) If 0 = 30°, find the direction and magnitude of the result- 
ant force. 


(b) Write the magnitude M and direction a of the resultant 
force as functions of 0, where 0° < @ < 180°. 


(c) Use a graphing utility to complete the table. 


0 0° | 30° | 60° | 90° | 120° | 150° | 180° 


(d) Use a graphing utility to graph the two functions M and a. 


(e) Explain why one of the functions decreases for increasing 
values of 0 whereas the other does not. 


Figure for 81 Figure for 82 


82. Resultant Force Forces with magnitudes of 500 pounds and 
200 pounds act on a machine part at angles of 30° and —45°, 
respectively, with the x-axis (see figure). Find the direction and 
magnitude of the resultant force. 


83. Resultant Force Three forces with magnitudes of 75 pounds, 
100 pounds, and 125 pounds act on an object at angles of 30°, 
45°, and 120°, respectively, with the positive x-axis. Find the 
direction and magnitude of the resultant force. 


84. Resultant Force Three forces with magnitudes of 400 
newtons, 280 newtons, and 350 newtons act on an object at 
angles of —30°, 45°, and 135°, respectively, with the positive 
x-axis. Find the direction and magnitude of the resultant force. 


85. Think About It Consider two forces of equal magnitude 
acting on a point. 


(a) If the magnitude of the resultant is the sum of the magni- 
tudes of the two forces, make a conjecture about the angle 
between the forces. 


(b) If the resultant of the forces is 0, make a conjecture about 
the angle between the forces. 


(c) Can the magnitude of the resultant be greater than the sum 
of the magnitudes of the two forces? Explain. 
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86. Graphical Reasoning Consider two forces F, = (20, 0) and 

F, = 10cos 6, sin 6). 

(a) Find ||F, + F, |]. 

(b) Determine the magnitude of the resultant as a function of 0. 
Use a graphing utility to graph the function for 
O< 6< 27. 

(c) Use the graph in part (b) to determine the range of the 
function. What is its maximum and for what value of 6 does 
it occur? What is its minimum and for what value of 0 does 
it occur? 


(d) Explain why the magnitude of the resultant is never 0. 


87. Three vertices of a parallelogram are (1, 2), (3, 1), and (8, 4). 
Find the three possible fourth vertices (see figure). 


4+ e (8, 4) 


88. Use vectors to find the points of trisection of the line segment 
with endpoints (1, 2) and (7, 5). 


Cable Tension In Exercises 89 and 90, use the figure to 
determine the tension in each cable supporting the given load. 


89. 90. 


91. Projectile Motion A gun with a muzzle velocity of 1200 feet 
per second is fired at an angle of 6° above the horizontal. Find 
the vertical and horizontal components of the velocity. 


92. Shared Load To carry a 100-pound cylindrical weight, two 
workers lift on the ends of short ropes tied to an eyelet on the 
top center of the cylinder. One rope makes a 20° angle away 
from the vertical and the other makes a 30° angle (see figure). 


(a) Find each rope’s tension if the resultant force is vertical. 


(b) Find the vertical component of each worker’s force. 


w Experienced writers 


© On-time delivery 


) 100% plagiarism free 


Figure for 92 Figure for 93 


93. Navigation A plane is flying in the direction 302°. Its speed 
with respect to the air is 900 kilometers per hour. The wind at 
the plane’s altitude is from the southwest at 100 kilometers per 
hour (see figure). What is the true direction of the plane, and 
what is its speed with respect to the ground? 


94. Navigation A plane flies at a constant groundspeed of 400 
miles per hour due east and encounters a 50-mile-per-hour 
wind from the northwest. Find the airspeed and compass 
direction that will allow the plane to maintain its groundspeed 
and eastward direction. 


True or False? In Exercises 95-100, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


95. If u and v have the same magnitude and direction, then u and 
v are equivalent. 
96. If u is a unit vector in the direction of v, then v = ||v || u. 
97. If u = ai + bj is a unit vector, then a? + b? = 1. 
98. If v = ai + bj = 0, thena = —b. 
99. If a = b, then |lai + bj|| = 2a. 
100. If u and v have the same magnitude but opposite directions, 
thenu+v=0. 
101. Prove that u = (cos 6)i — (sin 6)j and v = (sin 6)i + (cos 0)j 
are unit vectors for any angle 0. 


102. Geometry Using vectors, prove that the line segment joining 
the midpoints of two sides of a triangle is parallel to, and one- 
half the length of, the third side. 


103. Geometry Using vectors, prove that the diagonals of a 
parallelogram bisect each other. 


104. Prove that the vector w = |/u||v + ||v|lu bisects the angle 
between u and v. 


105. Consider the vector u = (x, y). Describe the set of all points 
(x, y) such that ||ul] = 5. 


Putnam Exam Challenge 


106. A coast artillery gun can fire at any angle of elevation between 
0° and 90° in a fixed vertical plane. If air resistance is 
neglected and the muzzle velocity is constant (= v,), deter- 
mine the set H of points in the plane and above the horizontal 
which can be hit. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Section 11.2 Space Coordinates and Vectors in Space 


e Understand the three-dimensional rectangular coordinate system. 
e Analyze vectors in space. 
e Use three-dimensional vectors to solve real-life problems. 


Coordinates in Space 


Up to this point in the text, you have been primarily concerned with the 
two-dimensional coordinate system. Much of the remaining part of your study of 
calculus will involve the three-dimensional coordinate system. 

Before extending the concept of a vector to three dimensions, you must be able 
to identify points in the three-dimensional coordinate system. You can construct 
this system by passing a z-axis perpendicular to both the x- and y-axes at the origin. 
Figure 11.14 shows the positive portion of each coordinate axis. Taken as pairs, 
the axes determine three coordinate planes: the xy-plane, the xz-plane, and the 
yz-plane. These three coordinate planes separate three-space into eight octants. 
The first octant is the one for which all three coordinates are positive. In this three- 
dimensional system, a point P in space is determined by an ordered triple (x, y, z) 


The three-dimensional coordinate system where x, y, and z are as follows. 


Figure 11.14 x = directed distance from yz-plane to P 


| LL | . à 
y = directed distance from xz-plane to P 


z = directed distance from xy-plane to P 


Several points are shown in Figure 11.15. 


T 
< 


Points in the three-dimensional coordinate system are 
represented by ordered triples. 
Figure 11.15 


| Potatanie Graph || 


hd x 
p y A three-dimensional coordinate system can have either a left-handed or a right- 
handed orientation. To determine the orientation of a system, imagine that you are 
standing at the origin, with your arms pointing in the direction of the positive x- and 
Right-handed Left-handed y-axes, and with the z-axis pointing up, as shown in Figure 11.16. The system is 
system system right-handed or left-handed depending on which hand points along the x-axis. In this 


Figure 11.16 text, you will work exclusively with the right-handed system. 
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z Many of the formulas established for the two-dimensional coordinate system can 
(Xp Ya» %) be extended to three dimensions. For example, to find the distance between two points 
in space, you can use the Pythagorean Theorem twice, as shown in Figure 11.17. By 
doing this, you will obtain the formula for the distance between the points (x,, y,, Z,) 
and (x5, Yz Z). 


|z-2,| 


d= Ao -m r eee Distance Formula 
(x1; Yp z) y 
(x5, Yv zı) 


VJ (x, -x + Oz -y 


EXAMPLE | Finding the Distance Between Two Points in Space 
The distance between two points in space me 


Figure 11.17 The distance between the points (2, — 1, 3) and (1, 0, — 2) is 
d= Va — 2} + (0 + 1} + (-2 - 3)? Distance Formula 
= /1+1+4+25 
= /27 
= 3/3. — 
[Pry te] [Exploration a] [Exploration e] 
A A sphere with center at (xo, Yo» Zo) and radius r is defined to be the set of all points 


(x, y, z) such that the distance between (x, y, z) and (xo, Yo» Zo) is r. You can use the 
Distance Formula to find the standard equation of a sphere of radius r, centered at 
(Xo. Yo» Zo). If (x, y, z) is an arbitrary point on the sphere, the equation of the sphere is 


(« - Xp)" + (Gp = W + z= Zo- =r Equation of sphere 
ee, as shown in Figure 11.18. Moreover, the midpoint of the line segment joining the 
Be points (x,, y,, zı) and (x5, Y2, Z2) has coordinates 
x 
Figure 11.18 X tx T Wy aTa 
$ ( | 5 201 5 22 4 5 2) Midpoint Rule 


T 
EXAMPLE 2 Finding the Equation of a Sphere 


Find the standard equation of the sphere that has the points (5, — 2, 3) and (0, 4, — 3) 
as endpoints of a diameter. 


Solution By the Midpoint Rule, the center of the sphere is 
(ete) (3.1.0) ii 
Z>? 2 > 2 ge . idpoint Rule 


By the Distance Formula, the radius is 


pa) e a a 


Therefore, the standard equation of the sphere is 


2 
(x = 3) je (y = 1} +2 = y Equation of sphere 
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Vectors in Space 


In space, vectors are denoted by ordered triples v = (v,, v», v3). The zero vector is 
denoted by 0 = (0,0,0). Using the unit vectors i = (1,0,0), j = (0, 1,0), 
and k = (0, 0, 1) in the direction of the positive z-axis, the standard unit vector 
notation for v is 


v = vi + v,j + 3k 


as shown in Figure 11.19. If v is represented by the directed line segment from 
P( p, Pos P3) to Q(q;, q2, q3), as shown in Figure 11.20, the component form of v is 
given by subtracting the coordinates of the initial point from the coordinates of the 
terminal point, as follows. 


V = (Vp V» V3) = (91 — Pi: h T Pz d3 — Ps) 


The standard unit vectors in space 
Figure 11.19 


Vectors in Space 


Let u = (uj, U5, U3) and V = (Vj, V2, v3) be vectors in space and let c be a 


Llr da» 43) scalar. 


1. Equality of Vectors: u = v if and only if u, = v4, uy = Vv, and u} = V3. 
2. Component Form: If v is represented by the directed line segment from 
P( Pj; P» P3) to O(4), q2, q3), then 


1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

1 

l 
te 


, V = (VY, Vo V3) = (qı — Pr h T P» 43 — P3)- 
3. Length: vl = VVZ F vZ Fv? 
; : v 1 
K 4. Unit Vector in the Direction of v: ivi = (i) (V1, Vy V3), VAO 
V= (4) -Pp d= Py 43 ~ P3) 5. Vector Addition: v + u = (v, + u, v, + u, v, + Us) 
1 p V2 2 V3 3 
Reesor 6. Scalar Multiplication: cv = (cv,, CV>, CV3) 


NOTE The properties of vector addition and scalar multiplication given in Theorem 11.1 are 
also valid for vectors in space. 


EXAMPLE 3 Finding the Component Form of a Vector in Space 


Find the component form and magnitude of the vector v having initial point (— 2, 3, 1) 
and terminal point (0, — 4, 4). Then find a unit vector in the direction of v. 


Solution The component form of v is 
v= (q — Pu Gs — Pigs — Ds) = (0 — (=2), -4 -3,4 = 1) 
= (2, —7, 3) 
which implies that its magnitude is 
Ivl = VZ + (72 + 32 = V62. 


The unit vector in the direction of v is 


u= yn yee? 
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y Recall from the definition of scalar multiplication that positive scalar multiples of 
a nonzero vector v have the same direction as v, whereas negative multiples have the 
direction opposite of v. In general, two nonzero vectors u and v are parallel if there 
is some scalar c such that u = cv. 


Definition of Parallel Vectors 


Two nonzero vectors u and v are parallel if there is some scalar c such that 
y u = cy. 
eX 
w 


For example, in Figure 11.21, the vectors u, v, and w are parallel because u = 2v and 


Parallel vectors w=-v. 
Figure 11.21 


EXAMPLE 4 Parallel Vectors 

Vector w has initial point (2, — 1,3) and terminal point (—4, 7, 5). Which of the 
following vectors is parallel to w? 

a. u = (3, —4, —1) 

b. v = (12, — 16, 4) 


Solution Begin by writing w in component form. 
w=(—4-2,7-—(-1),5-— 3) = (-6, 8, 2) 


a. Because u = (3, —4, — 1) = —(-6, 8,2) = -4 w, you can conclude that u is 
parallel to w. 


b. In this case, you want to find a scalar c such that 


(12, — 16, 4) = c(—6, 8, 2). 
12 = -6c > c = -2 
-16= 8&c—>c=-2 
4= 2: >c= 2 


Because there is no c for which the equation has a solution, the vectors are not 
parallel. 


[Try te] [Eplrations] 
EXAMPLE 5 Using Vectors to Determine Collinear Points 


Determine whether the points P(1, — 2, 3), Q(2, 1, 0), and R(4, 7, — 6) are collinear. 


Solution The component forms of PO and PR are 


PO = (2 — 1,1 — (—2),0 — 3) = (1,3, —3) 


and 


PR = (4 — 1,7 — (-2), -6 — 3) = (3,9, —9). 


These two vectors have a common initial point. So, P, Q, and R lie on the same line 
The points P, Q, and R lie on the same line. if and only if PQ and PR are parallel—which they are because PR = 3 PQ, as shown 
Figure 11.22 in Figure 11,22; [ae 


Try tt_| [Exploration a | 


Figure 11.23 
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EXAMPLE 6 Standard Unit Vector Notation 


a. Write the vector v = 4i — 5k in component form. 


b. Find the terminal point of the vector v = 7i — j + 3k, given that the initial point 
is P(—2, 3, 5). 
Solution 
a. Because j is missing, its component is 0 and 
v = 4i — 5k = (4,0, —5). 


b. You need to find Q(q,, q2, q3) such that v = PO = 7i — j + 3k. This implies that 
qı — (-2) =7, q —3 = —1, and q, — 5 = 3. The solution of these three 


equations is q} = 5, q, = 2, and q} = 8. Therefore, Q is (5, 2, 8). —— 
[ry te | [Explorations] 
Application 


EXAMPLE 7 Measuring Force 


A television camera weighing 120 pounds is supported by a tripod, as shown in Figure 
11.23. Represent the force exerted on each leg of the tripod as a vector. 


Solution Let the vectors F,, F,, and F, represent the forces exerted on the three legs. 
From Figure 11.23, you can determine the directions of F,, F,, and F, to be as 
follows. 


PO, = (0 — 0,-1-0,0- 4) = (0, -1, —4) 


PB, = (%3 - 0,5 -0,0-4)= (35-4) 


PB, -(-~3 - 0,4-0,0-4}=(-3,3 a) 


Because each leg has the same length, and the total force is distributed equally among 
the three legs, you know that ||F,|] = ||F,|| = ||F3||. So, there exists a constant c such 
that 


F, = c(0, -1, -4), F, = A, > -4), and F, = d-4 5 -4}, 
Let the total force exerted by the object be given by F = — 120k. Then, using the fact 
that 

F=F +F, +F, 
you can conclude that F,, F,, and F, all have a vertical component of —40. This 


implies that c(—4) = —40 and c = 10. Therefore, the forces exerted on the legs can 
be represented by 


F, = (0, — 10, — 40) 
F, = (5/3, 5, —40) 
F, = (-5 73, a — 40}. E] 


[Try re | Exploration a | 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1—4, plot the points on the same three-dimensional 
coordinate system. 


1. (a) (2, 1,3) (b) (—1,2, 1) 
2. (a) (3, —2, 5) (b) (3,4, —2) 
3. (a) (5, —2, 2) (b) (5, —2, —2) 
4. (a) (0,4, —5) (b) (4, 0, 5) 


In Exercises 5 and 6, approximate the coordinates of the points. 


6. 


In Exercises 7-10, find the coordinates of the point. 


7. The point is located three units behind the yz-plane, four units 
to the right of the xz-plane, and five units above the xy-plane. 

8. The point is located seven units in front of the yz-plane, two 
units to the left of the xz-plane, and one unit below the xy-plane. 

9. The point is located on the x-axis, 10 units in front of the 
yz-plane. 

10. The point is located in the yz-plane, three units to the right of 

the xz-plane, and two units above the xy-plane. 


11. Think About It What is the z-coordinate of any point in the 
xy-plane? 

12. Think About It What is the x-coordinate of any point in the 
yz-plane? 


In Exercises 13-24, determine the location of a point (x, y, z) 
that satisfies the condition(s). 


13. z=6 14. y=2 
15. x =4 16. z= —3 
17. y < 0 18. x < 0 
19. |y| <3 20. |x| > 4 
21. xy > 0, z= -3 22. xy <0, z=4 
23. xyz < 0 24. xyz > 0 


In Exercises 25-28, find the distance between the points. 


25. (0,0,0), (5, 2, 6) 

26. (—2, 3,2), (2,—-5, —2) 
27. (1, -2,4), (6, —2, —2) 
28. (2,2,3), (4, —5, 6) 


In Exercises 29-32, find the lengths of the sides of the triangle 
with the indicated vertices, and determine whether the triangle 
is a right triangle, an isosceles triangle, or neither. 

29. (0, 0, 0), (2, 2, 1), (2, — 4, 4) 

30. (5, 3, 4), (7, 1, 3), (3, 5, 3) 

31. (1, —3, —2), (5, —1, 2), (—1, 1, 2) 

32. (5, 0, 0), (0, 2, 0), (0, 0, —3) 


33. Think About It The triangle in Exercise 29 is translated 
five units upward along the z-axis. Determine the coordinates 
of the translated triangle. 


34. Think About It The triangle in Exercise 30 is translated 
three units to the right along the y-axis. Determine the coordi- 
nates of the translated triangle. 


In Exercises 35 and 36, find the coordinates of the midpoint of 
the line segment joining the points. 


35. (5, —9, 7), (—2, 3, 3) 36. (4, 0, — 6), (8, 8, 20) 


In Exercises 37-40, find the standard equation of the sphere. 

37. Center: (0, 2, 5) 38. Center: (4, —1, 1) 
Radius: 2 Radius: 5 

39. Endpoints of a diameter: (2, 0, 0), (0, 6, 0) 

40. Center: (—3, 2, 4), tangent to the yz-plane 


In Exercises 41-44, complete the square to write the equation of 
the sphere in standard form. Find the center and radius. 


41. x? + y? +z? — 2x + 6y + 82 +1=0 
42. x2 + y? + 22+ 9x — 2y + 102 + 19 = 0 
43. 9x? + 9y? + 9z? — 6x + 18y +1=0 

44. 4x? + 4y? + 47? — 4x — 32 8z + 33 =0 


In Exercises 45-48, describe the solid satisfying the condition. 
45. x? + y? +z? < 36 46. 2 +y +z >4 

47. x? + y? +z? < 4x — 6y + 8z- 13 

48. x? + y? +z? > —4x + 6y — 8z — 13 


In Exercises 49-52, (a) find the component form of the vector v 
and (b) sketch the vector with its initial point at the origin. 


49. 


51. 


In Exercises 53-56, find the component form and magnitude of 
the vector u with the given initial and terminal points. Then find 
a unit vector in the direction of u. 


Initial Point Terminal Point 
53. (3, 2, 0) (4, 1, 6) 
54. (4, —5, 2) (=1,7%-23) 
55. (—4, 3, 1) (—5, 3, 0) 
56. (1, —2, 4) (2,4, —2) 


In Exercises 57 and 58, the initial and terminal points of a 
vector v are given. (a) Sketch the directed line segment, (b) find 
the component form of the vector, and (c) sketch the vector with 
its initial point at the origin. 


57. Initial point: (— 1, 2, 3) 
Terminal point: (3, 3, 4) 


58. Initial point: (2, —1, —2) 
Terminal point: (—4, 3, 7) 


In Exercises 59 and 60, the vector v and its initial point are 
given. Find the terminal point. 


59. v = (3, —5, 6) 
Initial point: (0, 6, 2) 


60. v = (1, -3,5) 
Initial point: (0, 2, 3) 


In Exercises 61 and 62, find each scalar multiple of v and sketch 
its graph. 


61. v = (1, 2, 2) 62. v = (2, —2, 1) 
(a) 2v (b) -v (a) =v (b)2v 
(c) v (d) Ov (c) iv (d) $v 


In Exercises 63-68, find the vector z, given that u = (1, 2, 3), 
v = (2,2, — 1), and w = (4, 0, — 4). 

64. z=u-—v+t 2w 

66. z = 5u — 3v — 5w 


68. 2u+v—w+t 3z=0 


63. zZ=u-—v 
65. z = 2u + 4v- w 
67. 2z — 3u = Ww 


In Exercises 69-72, determine which of the vectors is (are) 
parallel to z. Use a graphing utility to confirm your results. 


69. z = (3, 2, —5) 70. z = i — 3) + įk 


(a) (—6, — 4, 10) (a) 6i — 4j + 9k 
(b) (2,5, — 9) (b) —i + $j - 3k 
(c) (6, 4, 10) (c) 12i + 9k 

(d) (1, —4, 2) @ Ji- j+ $k 
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. Z has initial point (1, — 1, 3) and terminal point (—2, 3, 5). 
(a) —6i + 8j + 4k (b) 4j + 2k 
72. z has initial point (5, 4, 1) and terminal point (—2, — 4, 4). 
(a) (7, 6, 2) (b) (14, 16, — 6) 


In Exercises 73-76, use vectors to determine whether the points 
are collinear. 

73. (0, —2, —5), (3, 4, 4), (2, 2, 1) 

74. (4, —2, 7), (—2, 0, 3), (7, —3, 9) 

75. (1, 2, 4), (2, 5, 0), (0, 1, 5) 

76. (0, 0, 0), (1, 3, —2), (2, — 6, 4) 


In Exercises 77 and 78, use vectors to show that the points form 
the vertices of a parallelogram. 

77. (2,9, 1), (3, 11, 4), (0, 10, 2), (1, 12, 5) 

78. (1, 1, 3), (9, — 1, —2), (11, 2, —9), (3, 4, —4) 


In Exercises 79-84, find the magnitude of v. 


79. v = (0, 0, 0) 80. v = (1, 0, 3) 
81. v =i — 2j — 3k 82. v = —4i + 3j + 7k 
83. Initial point of v: (1, —3, 4) 
Terminal point of v: (1, 0, — 1) 
84. Initial point of v: (0, — 1, 0) 
Terminal point of v: (1,2, —2) 


ll 


In Exercises 85-88, find a unit vector (a) in the direction of u 
and (b) in the direction opposite of u. 


85. u = (2, —1, 2) 
87. u = (3, 2, — 5) 


86. u = (6, 0, 8) 
88. u = (8, 0, 0) 


89. Programming You are given the component forms of the 
vectors u and v. Write a program for a graphing utility in which 
the output is (a) the component form of u + v, (b) ||u + v 
(c) llul], and (d) ||v]]. 

90. Programming Run the program you wrote in Exercise 89 for 
the vectors u = (— 1, 3, 4) and v = (5, 4.5, — 6). 


3 


In Exercises 91 and 92, determine the values of c that satisfy the 
equation. Let u = i + 2j + 3k and v = 2i + 2j — k. 


91. ||cv|| = 5 92. ||cul| = 3 


In Exercises 93-96, find the vector v with the given magnitude 
and direction u. 


Magnitude Direction 
93. 10 u = (0, 3, 3) 
94. 3 u= (1,1, 1) 
95. 3 u = (2, —2, 1) 
96. /5 u = (—4, 6, 2) 
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In Exercises 97 and 98, sketch the vector v and write its compo- 
nent form. 


97. v lies in the yz-plane, has magnitude 2, and makes an angle of 
30° with the positive y-axis. 


98. v lies in the xz-plane, has magnitude 5, and makes an angle of 
45° with the positive z-axis. 


In Exercises 99 and 100, use vectors to find the point that lies 
two-thirds of the way from P to Q. 


99. P(4, 3,0), Q(1, —3, 3) 100. P(1, 2,5), Q(6, 8, 2) 


101. Letu = i + j, v = j + k, and w = au + by. 
(a) Sketch u and v. 
(b) If w = 0, show that a and b must both be zero. 
(c) Find a and b such that w = i + 2j + k. 
(d) Show that no choice of a and b yields w = i + 2j + 3k. 


102. Writing The initial and terminal points of the vector v are 
(xp Yp Z,) and (x, y, z). Describe the set of all points (x, y, z) 
such that ||v|| = 4. 


Writing About Concepts 


103. A point in the three-dimensional coordinate system has 
coordinates (Xp, Yo, Zo). Describe what each coordinate 
measures. 

104. Give the formula for the distance between the points 
(x1, 9,5 Z,) and (x5, y>, 2). 

105. Give the standard equation of a sphere of radius r, 
centered at (xo Yo Zo): 


106. State the definition of parallel vectors. 


107. Let A, B, and C be vertices of a triangle. Find AB + BC + CA. 


108. Let r = (x,y,z) and rg = (1, 1, 1). Describe the set of all 
points (x, y, z) such that |r — rol] = 2. 

109. Numerical, Graphical, and Analytic Analysis The lights in 
an auditorium are 24-pound discs of radius 18 inches. Each 
disc is supported by three equally spaced cables that are L 
inches long (see figure). 


(a) Write the tension T in each cable as a function of L. 
Determine the domain of the function. 

(b) Use a graphing utility and the function in part (a) to 
complete the table. 
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It 


(c) Use a graphing utility to graph the function in part (a). 
Determine the asymptotes of the graph. 


(d) Confirm the asymptotes of the graph in part (c) analyti- 
cally. 


(e) Determine the minimum length of each cable if a cable is 
designed to carry a maximum load of 10 pounds. 


110. Think About It Suppose the length of each cable in Exercise 
109 has a fixed length L = a, and the radius of each disc is rọ 
inches. Make a conjecture about the limit lim T and give a 

r a 
reason for your answer. ° 
111. Diagonal of a Cube Find the component form of the unit 


vector v in the direction of the diagonal of the cube shown in 
the figure. 


z 


pon á 


00 


x 


Iyl =1 
Figure for 111 
m 
112. Tower Guy Wire The guy wire to a 100-foot tower has a 
tension of 550 pounds. Using the distances shown in the 


figure, write the component form of the vector F representing 
the tension in the wire. 


Figure for 112 


113. Load Supports Find the tension in each of the supporting 
cables in the figure if the weight of the crate is 500 newtons. 


Figure for 113 


Figure for 114 


114. Construction A precast concrete wall is temporarily kept in 
its vertical position by ropes (see figure). Find the total force 
exerted on the pin at position A. The tensions in AB and AC 
are 420 pounds and 650 pounds. 


115. Write an equation whose graph consists of the set of points 
P(x, y, z) that are twice as far from A(0,—1,1) as from 
B(1, 2, 0). 
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Section 11.3 The Dot Product of Two Vectors 


e Use properties of the dot product of two vectors. 

e Find the angle between two vectors using the dot product. 
Find the direction cosines of a vector in space. 

Find the projection of a vector onto another vector. 

e Use vectors to find the work done by a constant force. 


The Dot Product 


So far you have studied two operations with vectors—vector addition and multiplica- 
tion by a scalar—each of which yields another vector. In this section you will study a 
third vector operation, called the dot product. This product yields a scalar, rather than 


Interpreting a Dot Product Several 
vectors are shown below on the unit 
circle. Find the dot products of 
several pairs of vectors. Then find a vector. 
the angle between each pair that you 
used. Make a conjecture about the 
relationship between the dot product Definition of Dot Product 
of two vectors and the angle between 


ihe vectors: The dot product of u = (u,, u} and v = (Vj, v5) is 


Us V = UV + uv. 
The dot product of u = (u,, u>, u3) and v = (Vj, V5, V3) is 


U’ V= UV + Uv + U3V3. 


NOTE Because the dot product of two vectors yields a scalar, it is also called the inner 
product (or scalar product) of the two vectors. 


THEOREM I1.4_ Properties of the Dot Product 

Let u, v, and w be vectors in the plane or in space and let c be a scalar. 
lou:v=v-:u Commutative Property 
2u-(v+w)=u-vtu-:w Distributive Property 

3. clus v) =cu-v=u-cv 

4.0-v=0 

5. v- v = ||v]? 


Proof To prove the first property, let u = (u4, Uz, u3) and v = (Vv, V2, v3). Then 
uU’ V= WV, + Uv + U3V3 
= yu; + Voy + V3U3 
=Vv-u. 
For the fifth property, let v = (v,, v>, v3). Then 
vev= vú ++ 
(AER 


= |IvIP. 


Proofs of the other properties are left to you. —— 
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EXAMPLE | Finding Dot Products 


Given u = (2, — 2}, v = (5, 8), and w = (—4, 3), find each of the following. 
a u.v b. (u > v)w 


c. u- (2v) d. ||w|l? 


Solution 
a. u- v = (2, —2) + (5,8) = 2(5) + (—2)(8) = —6 
b. (u - v)w = —6(—4, 3) = (24, — 18) 


c. u» (2v) = 2(u- v) = 2(—6) = —12 Theorem 11.4 

d. w] =Ww-w Theorem 11.4 
= (=A 3) . (=A, 3) Substitute (— 4, 3) for w. 
= (—4)(—4) + (3)(3) Definition of dot product 
= 25 Simplify. 


Notice that the result of part (b) is a vector quantity, whereas the results of the other 
three parts are scalar quantities. —— 


el (eee ey 
Angle Between Two Vectors 


The angle between two nonzero vectors is the angle 6, 0 < 0 < m, between their 
respective standard position vectors, as shown in Figure 11.24. The next theorem 
shows how to find this angle using the dot product. (Note that the angle between the 
zero vector and another vector is not defined here.) 


THEOREM 11.5 Angle Between Two Vectors 


Origin 


If 0 is the angle between two nonzero vectors u and v, then 

The angle between two vectors 
Figure 11.24 _ uryv 

cos 0 = A 

lull [lvl 


Proof Consider the triangle determined by vectors u, v, and v — u, as shown in 
Figure 11.24. By the Law of Cosines, you can write 


ly — ulP = |lulP + llv? — 2lul [Ivl| cos 6. 
Using the properties of the dot product, the left side can be rewritten as 


lv = ul? = (v - w : (vV—u) 


(v-u)-v-(v-—u)-u 
=v'v-u'v-v-urtru:u 
= |v]? — 20+ v + ful? 
and substitution back into the Law of Cosines yields 
Ivi? = 2u + v + |lul? = lal? + Ivl? — 2lul] Iiv] cos 6 
—2u + v = —2\ul|||v|| cos 6 


uv 
cos 0 = rr. 
lull liv] 
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If the angle between two vectors is known, rewriting Theorem 11.5 in the form 
Ms ve || u| iiv] cos 0 Alternative form of dot product 


produces an alternative way to calculate the dot product. From this form, you can see 
that because ||u|| and ||v|| are always positive, u + v and cos @ will always have the 
same sign. Figure 11.25 shows the possible orientations of two vectors. 


Opposite u-v<0 -v=0 u-v>0 Same 
direction direction 
0 u 0 i u 
aes ee 0 u 
u v v v v f a =y 
=7 m/L< 0< T 0= 7/2 0<d0<7/2 0=0 
cos = —1 —] < cosð0 <0 cosd=0 0 < cosð < 1 cosĝô= 1 


Figure 11.25 


From Theorem 11.5, you can see that two nonzero vectors meet at a right angle 
if and only if their dot product is zero. Two such vectors are said to be orthogonal. 


Definition of Orthogonal Vectors 


The vectors u and v are orthogonal if u - v = 0. 


NOTE The terms “perpendicular,” “orthogonal,” and “normal” all mean essentially the same 
thing—meeting at right angles. However, it is common to say that two vectors are orthogonal, 
two lines or planes are perpendicular, and a vector is normal to a given line or plane. 


From this definition, it follows that the zero vector is orthogonal to every vector 
u, because 0 - u = 0. Moreover, for0 < 0 < m, you know that cos 0 = 0 if and only 
if 0 = 7/2. So, you can use Theorem 11.5 to conclude that two nonzero vectors are 
orthogonal if and only if the angle between them is 7/2. 


EXAMPLE 2_ Finding the Angle Between Two Vectors 


For u = (3, —1, 2), y = (—4, 0, 2), w = (1, —1, —2), and z = (2, 0, — 1), find the 
angle between each pair of vectors. 


a. u and v b. u and w c. vandz 


Solution 
a wsô u:v -12+0+4 —8 —4 
l lulivl 714/20 2/4/5 70 


—4 
Because u: v < 0, 0 = arccos —— = 2.069 radians. 
/70 


u-w  3+1-4_ 0 
[ullwl Jiao 84 
Because u - w = 0, u and ware orthogonal. So, 0 = 7/2. 
Pe Ver =8 P02 10 . 
viz 20/5 = 100 


Consequently, 6 = a. Note that v and z are parallel, with v = — 


b. cos 0 = 
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Direction Cosines 


For a vector in the plane, you have seen that it is convenient to measure direction in 
terms of the angle, measured counterclockwise, from the positive x-axis to the vector. 
In space it is more convenient to measure direction in terms of the angles between the 
nonzero vector v and the three unit vectors i, j, and k, as shown in Figure 11.26. The 
angles a, B, and y are the direction angles of v, and cos a, cos 8, and cos y are the 
direction cosines of v. Because 


v+ i= ||v]| lill cos æ = ||v|| cos æ 


and 


v: i= (v, v 3) * (1,0,0) = vı 


it follows that cos a = v,/||v||. By similar reasoning with the unit vectors j and k, you 


Direction angles i 
Figure 11.26 
v 
cos œ = Wi a is the angle between v and i. 
Vv 
cos B = ii B is the angle between v and j. 
Vv 
v 
cos y = hi yis the angle between v and k. 
v 


Consequently, any nonzero vector v in space has the normalized form 


rk = cos ai + cos Bj + cos yk 


v vV. Vv, 
E 1+ jt 
lvl lvl lvl 


and because v/||v|| is a unit vector, it follows that 


cos? a + cos? B + cos? y = 1. 


EXAMPLE 3 Finding Direction Angles 


Find the direction cosines and angles for the vector v = 2i + 3j + 4k, and show that 
cos? a + cos? B + cos? y = 1. 


æ= angle between v and i Solution Because ||v|| = /2? + 32 + 4 = V29, you can write the following. 
p= angle between v and j 2 
= v 
re berean yand k cos a = = — > a= 68.2° Angle between v and i 
lvl 29 
p= g m> 6 ~ 561° Angle bet dj 
cos =a = ngle between v and J 
lvl 29 
V3 4 


== DD y- 42.0 Angle between v and k 


es YW 79 


Furthermore, the sum of the squares of the direction cosines is 


4 9 16 

cos? a + cos? B + cos? y = 55 + 59 + 59 
_ 29 
29 
= 1. 


The direction angles of v 
Figure 11.27 See Figure 11.27. — 
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Projections and Vector Components 


You have already seen applications in which two vectors are added to produce a 
resultant vector. Many applications in physics and engineering pose the reverse 
problem—decomposing a given vector into the sum of two vector components. The 
following physical example enables you to see the usefulness of this procedure. 

Consider a boat on an inclined ramp, as shown in Figure 11.28. The force F due 
to gravity pulls the boat down the ramp and against the ramp. These two forces, w, 
and w,, are orthogonal—they are called the vector components of F. 


F= w tw, Vector components of F 


The forces w, and w, help you analyze the effect of gravity on the boat. For example, 
w; indicates the force necessary to keep the boat from rolling down the ramp, whereas 
w, indicates the force that the tires must withstand. 


The force due to gravity pulls the boat 


against the ramp and down the ramp. Definition of Projection and Vector Components 
Figure 11.28 


Let u and v be nonzero vectors. Moreover, let u = w, + w,, where w, is 
parallel to v and w, is orthogonal to v, as shown in Figure 11.29. 


1. w, is called the projection of u onto v or the vector component of u along 
v, and is denoted by w, = proj,u. 


2. w, = u — w; is called the vector component of u orthogonal to v. 


6 is acute. 8 is obtuse. 


w; = projyu = projection of u onto v = vector component of u along v 
w, = vector component of u orthogonal to v 
Figure 11.29 


EXAMPLE 4 Finding a Vector Component of u Orthogonal to v 


Find the vector component of u = (7, 4) that is orthogonal to v = (2, 3), given that 
w; = projyu = (4, 6) and 


u = (7,4) = w, + wy. 


Solution Because u = w, + w,, where w; is parallel to v, it follows that w, is the 
vector component of u orthogonal to v. So, you have 


w,=u-W, 
(7,4) — (4, 6) 
= (3, —2). 


< 
(3, -2) 


u=w,t w, 
Figure 11.30 Check to see that w, is orthogonal to v, as shown in Figure 11.30. = 


[Try 1t_| [Exploration a | 
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From Example 4, you can see that it is easy to find the vector component w, once 
you have found the projection, w,, of u onto v. To find this projection, use the dot 
product given in the theorem below, which you will prove in Exercise 90. 


NOTE Note the distinction between 
the terms “component” and “vector com- THEOREM I1.6 Projection Using the Dot Product 
ponent.” For example, using the standard 
unit vectors with u = u;i + uj, u, is 

the component of u in the direction of i : u'y 

and ui is the vector component in the projyu = Gas) v. 
direction of i. 


If u and v are nonzero vectors, then the projection of u onto v is given by 


The projection of u onto v can be written as a scalar multiple of a unit vector in 
the direction of v. That is, 


u’: y u'y yv Vv u: y 
v= = (k) E> k= 7— = llul] cos 8. 
(RE) ( ivi ) mM O ii Z ™l 


z The scalar k is called the component of u in the direction of v. 
A 


EXAMPLE 5 Decomposing a Vector into Vector Components 


Find the projection of u onto v and the vector component of u orthogonal to v for the 
vectors u = 3i — 5j + 2k and v = 7i + j — 2k shown in Figure 11.31. 


* 
u= 3i-5j+ 2k y ne p 
v=7i+j-2k Solution The projection of u onto v is 
ucv 12 14. 2 4 
= = 7i + j — 2k) = ~i+ -j — —k. 
iý (KE) Gi a ee Ea 


The vector component of u orthogonal to v is the vector 


14, 2 Sx) = Bi- Zi 22 


usw +w, Za = (3i — 5j + e yee 
Figure 11.31 w, =u- w = (3i — 5j + 2k) ( i j 


9 9 9 
[try te | [bpbrtons | 


EXAMPLE 6 Finding a Force 


A 600-pound boat sits on a ramp inclined at 30°, as shown in Figure 11.32. What force 
is required to keep the boat from rolling down the ramp? 


Solution Because the force due to gravity is vertical and downward, you can 
represent the gravitational force by the vector F = —600j. To find the force required 
to keep the boat from rolling down the ramp, project F onto a unit vector v in the 
direction of the ramp, as follows. 


v = cos 30°i + sin 30°j = V3.4! 


7 54 Unit vector along ramp 
Therefore, the projection of F onto v is given by 
F-v 1 3. 1, 
= = | —— = . = (— — = — — + — i 
w; = proj,F er (F- v)v =( 600)(4)v 300 zÍ 7) 


The magnitude of this force is 300, and therefore a force of 300 pounds is required to 
Figure 11.32 keep the boat from rolling down the ramp. —=as 


[Try 1t | [Exploration a | 
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Work 


The work W done by the constant force F acting along the line of motion of an object 
F is given by 


W = (magnitude of force)(distance) = ||F || ||PO|| 


i 2 as shown in Figure 11.33(a). If the constant force F is not directed along the line of 
Work = ||FII||POl| motion, you can see from Figure 11.33(b) that the work W done by the force is 
(a) Force acts along the line of motion. W = I|projpoF || \|PO| = (cos 6)||F || \|PO| =F. PO. 


This notion of work is summarized in the following definition. 


Definition of Work 


The work W done by a constant force F as its point of application moves along 


P Q the vector PQ is given by either of the following. 
Works llprojzg F | IlPoI| 1. W= ||projpo F || |PQ]| Projection form 
(b) Force acts at angle @ with the line of motion. — s 
Figure 11.33 2,.W=F-: PO Dot product form 


EXAMPLE 7 Finding Work 


To close a sliding door, a person pulls on a rope with a constant force of 50 pounds at 
a constant angle of 60°, as shown in Figure 11.34. Find the work done in moving the 
door 12 feet to its closed position. 


Solution Using a projection, you can calculate the work as follows. 


W= \|projzg F|| \|PO|| Projection form for work 
= cos(60°) ||F|| ||PQ|| 


1 
= 5 (50)(12) 


Figure 11.34 = 300 foot-pounds = 


[_ Try tt | [Exploration a | 
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The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-8, find (a) u - v, (b) u - u, (c) || ul|?, @ (u - v)v, 

and (e) u » (2v). 

1. u = (3,4), v= (2, —3) 2. u = (4,10), v = (—2,3) 

3. u=(5,-1), v=(-3,2) 4. u=(—4,8), v= (6,3) 

5. u = (2, -3,4), v= (0,6,5) 6 u=i, v=i 

7u=2i-j+k 8. u = 2i + j — 2k 
v=i-k v=i- 3j + 2k 


In Exercises 9 and 10, find u - v. 


9, Jull = 8, 
10. ||ul| = 40, 


v|| = 5, and the angle between u and v is 77/3. 


v|| = 25, and the angle between u and v is 57/6. 


In Exercises 11-18, find the angle 0 between the vectors. 


11. u = (1,1), v = (2, —2) 12. u = (3,1), v = (2, —1) 


14. u 


| 

Q 

° 

a 
T 
v aly 
3) SS 

=a 

nan 

io 

i=) 
aa 
aja 
Se 

= 


15. u = (1, 1, 1) 16. u = 3i + 2j + k 
v= (2,1,—1) v=2i-3j 
17. u = 3i + 4j 18. u = 2i — 3j + k 
v= -2j + 3k v=i-2j+k 


In Exercises 19—26, determine whether u and v are orthogonal, 
parallel, or neither. 


19. u = (4,0), v= (1,1) 
20. u = (2,18), v= (3, -2) 
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21. u = (4,3) 22. u = —+(i- 2j) 
¥= (2,4) v= 2i-4j 
23. u =j + 6k 24. u = -2i1 + 3j — k 
v=i—2j-k v=2i+j-k 


25. u = (2, —3, 1) 
v = (-1,-1,-1) 


26. u = (cos 0, sin 0, — 1) 
v = (sin 0, —cos 0, 0) 


In Exercises 27-30, the vertices of a triangle are given. 
Determine whether the triangle is an acute triangle, an obtuse 
triangle, or a right triangle. Explain your reasoning. 

27. (1,2 0), (0, 0, 0), (—2, 1, 0) 

28. (—3, 0, 0), (0, 0, 0), (1, 2, 3) 

29. (2, =3,-4), (0, 1,2), (= 1, 2,0) 

30. (2, —7, 3), (—1, 5, 8), (4, 6, — 1) 


In Exercises 31-34, find the direction cosines of u and demon- 
strate that the sum of the squares of the direction cosines is 1. 
31. u =i + 2j + 2k 

32. u = 5i + 3j — k 

33. u = (0, 6, — 4) 

34. u = (a,b, c} 


In Exercises 35-38, find the direction angles of the vector. 


35. u = 3i + 2j — 2k 
37. u = (-1,5, 2) 


36. u = —4i + 3j + 5k 
38. u = (—2, 6, 1) 


In Exercises 39 and 40, use a graphing utility to find the 
magnitude and direction angles of the resultant of forces F, and 
F, with initial points at the origin. The magnitude and terminal 
point of each vector are given. 


Vector Magnitude Terminal Point 
39. F, 50 Ib (10, 5, 3) 

F, 80 Ib (12, 7, —5) 
40. F, 300 N (—20, — 10, 5) 

F, 100 N (5, 15, 0) 


41. Load-Supporting Cables A load is supported by three cables, 
as shown in the figure. Find the direction angles of the load- 
supporting cable OA. 


(—4, —6, 10) 
Be 
(4, —6, 10) (0, 10, 10) 
e T Ay 


=: 


42. Load-Supporting Cables The tension in the cable OA in 
Exercise 41 is 200 newtons. Determine the weight of the load. 
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to v, given w, = proj,u. 


43. u = (6,7), v= (1,4), projyu = (2, 8) 
44. u = (9,7), v= (1,3), projyu = (3, 9) 
45. u = (0, 3,3), v=(-1,1,1), proja = (—2, 2, 2) 
46. u = (8,2,0), v =(2,1,—1), projyu = (6, 3, —3) 


In Exercises 47-50, (a) find the projection of u onto v, and 
(b) find the vector component of u orthogonal to v. 
47. u = (2,3), v = (5,1) 
49. u = (2, 1,2) 

v = (0, 3, 4) 


48. u = (2, —3)}, v= (3,2) 
50. u = (1,0, 4) 
v = (3,0,2) 


Writing About Concepts 


. Define the dot product of vectors u and v. 


. State the definition of orthogonal vectors. If vectors are 
neither parallel nor orthogonal, how do you find the angle 
between them? Explain. 


. What is known about 0, the angle between two nonzero 
vectors u and v, if 


(a) u-v=0? (b)u-v>0?° (c)u-v <0? 


. Determine which of the following are defined for nonzero 
vectors u, v, and w. Explain your reasoning. 


(b) (u + v)w 
(d) llull- (v + w) 


. Describe direction cosines and direction angles of a vector v. 


(a) u:(v+w) 


(c) u-vtw 


. Give a geometric description of the projection of u onto v. 


. What can be said about the vectors u and v if (a) the 
projection of u onto v equals u and (b) the projection of u 
onto v equals 0? 

. If the projection of u onto v has the same magnitude as the 


projection of v onto u, can you conclude that |lul] = ||v||? 
Explain. 


59. Revenue The vector u = (3240, 1450, 2235) gives the 
numbers of hamburgers, chicken sandwiches, and cheeseburgers, 
respectively, sold at a fast-food restaurant in one week. The 
vector v = (1.35, 2.65, 1.85) gives the prices (in dollars) per unit 
for the three food items. Find the dot product u > v, and explain 
what information it gives. 


60. Revenue Repeat Exercise 59 after increasing prices by 4%. 
Identify the vector operation used to increase prices by 4%. 


61. Programming Given vectors u and v in component form, 
write a program for a graphing utility in which the output is 
(a) |u , (b) Ilv , and (c) the angle between u and v. 


62. Programming Use the program you wrote in Exercise 61 to 
find the angle between the vectors u = (8, —4,2) and 
v = (2,5, 2). 

63. Programming Given vectors u and v in component form, 
write a program for a graphing utility in which the output is the 
component form of the projection of u onto v. 


64. Programming Use the program you wrote in Exercise 63 to 
find the projection of u onto v for u = (5,6,2) and 
v= (-1,3,4). 


Think About It In Exercises 65 and 66, use the figure to 
determine mentally the projection of u onto v. (The coordinates 
of the terminal points of the vectors in standard position are 
given.) Verify your results analytically. 


65. y 66. 
À (6, 4) 


In Exercises 67-70, find two vectors in opposite directions that 
are orthogonal to the vector u. (The answers are not unique.) 


67. u = 5i — 3j 68. u = —8i + 3j 


69. u = (3, 1, —2) 70. u = (0, —3, 6) 


71. Braking Load A 48,000-pound truck is parked on a 10° slope 
(see figure). Assume the only force to overcome is that due to 
gravity. Find (a) the force required to keep the truck from 
rolling down the hill and (b) the force perpendicular to the hill. 


(5,-5, 20) 9B 
ce ZR (=5, 5, 20) 


Weight = 48,000 Ib 


1000 kg 


Figure for 71 Figure for 72 


72. Load-Supporting Cables Find the magnitude of the projec- 
tion of the load-supporting cable OA onto the positive z-axis as 
shown in the figure. 


73. Work An object is pulled 10 feet across a floor, using a force 
of 85 pounds. The direction of the force is 60° above the 
horizontal (see figure). Find the work done. 


10 ft —— 


Not drawn to scale 


Figure for 73 Figure for 74 
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. Work A toy wagon 1s pulled by exerting a force of 25 pounds 
on a handle that makes a 20° angle with the horizontal (see 
figure in left column). Find the work done in pulling the wagon 
50 feet. 


True or False? In Exercises 75 and 76, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 

75. Ifu v =u- wandu + 0, then v = w. 


76. If u and v are orthogonal to w, then u + v is orthogonal to w. 


77. Find the angle between a cube’s diagonal and one of its edges. 


78. Find the angle between the diagonal of a cube and the diagonal 
of one of its sides. 


In Exercises 79-82, (a) find the unit tangent vectors to each 
curve at their points of intersection and (b) find the angles 
(0 < 0 < 90°) between the curves at their points of intersection. 
79. y= x2, y=xl/3 

80. y=x, y=” 

8l.y=1-x, y=r-1 

82. (y+ 12? =x, y= -1 


83. Use vectors to prove that the diagonals of a rhombus are 
perpendicular. 


84. Use vectors to prove that a parallelogram is a rectangle if and 
only if its diagonals are equal in length. 


85. Bond Angle Consider a regular tetrahedron with vertices 
(0, 0, 0), (k, k, 0), (k, 0, k), and (0, k, k), where k is a positive 
real number. 


(a) Sketch the graph of the tetrahedron. 
(b) Find the length of each edge. 
(c) Find the angle between any two edges. 


(d) Find the angle between the line segments from the centroid 
(k/2, k/2, k/2) to two vertices. This is the bond angle for a 
molecule such as CH, or PbCl,, where the structure of the 
molecule is a tetrahedron. 


86. Consider the vectors 
u = (cos a, sin a, 0) 
and 
v = (cos £, sin B, 0) 


where a > B. Find the dot product of the vectors and use the 
result to prove the identity 


cos(a — B) = cos æ cos B + sin asin $. 


87. Prove that |u — v|? = |ual? + |v]? — 2u- v. 

88. Prove the Cauchy-Schwarz Inequality |u - v| < |/ul| ||v|l. 
89. Prove the triangle inequality ||u + v|| < |lull| + [v|]. 

90. Prove Theorem 11.6. 
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Section 11.4 The Cross Product of Two Vectors in Space 


e Find the cross product of two vectors in space. 
e Use the triple scalar product of three vectors in space. 


The Cross Product 


Many applications in physics, engineering, and geometry involve finding a vector in 
space that is orthogonal to two given vectors. In this section you will study a product 
chown below. Use the deturtion te that will yield such a vector. It is called the cross product, and it is most conveniently 
find the cross product of each pair. defined and calculated using the standard unit vector form. Because the cross product 
Sketch all three vectors in a three- yields a vector, it is also called the vector product. 

dimensional system. Describe any 
relationships among the three vectors. 
Use your description to write a Definition of Cross Product of Two Vectors in Space 
conjecture about u, v, and u x V. 


Geometric Property of the Cross 
Product Three pairs of vectors are 


Letu = u,i + u,j + u,k and v = v,i + v,j + vk be vectors in space. The 
adu eh eye VP (ehh 8) cross product of u and v is the vector 


uxv= (uv = uzv)i = (uiv = U3V;)j + (um = usv; JK. 


NOTE Be sure you see that this definition applies only to three-dimensional vectors. The 
cross product is not defined for two-dimensional vectors. 


A convenient way to calculate u x v is to use the following determinant form with 
cofactor expansion. (This 3 x 3 determinant form is used simply to help remember the 
formula for the cross product—it is technically not a determinant because the entries 
of the corresponding matrix are not all real numbers.) 


i j k 
uxv=]u, U5 U3 ~<— Put “u” in Row 2. 
vo v Wy <— Put “v” in Row 3. 
= uy 2 uz|jrt k 
Yi 2 V3 
us |. u u 
_ 3 j+ 1 21k 
V3 vy V2 


= (u,v, — uvi — (uiv; — uav) j + (uiv, — uv)k 


Note the minus sign in front of the j-component. Each of the three 2 x 2 determinants 
can be evaluated by using the following diagonal pattern. 


x< = ad — bc 


Here are a couple of examples. 
2 4 
3 =] 
4 
—6 


= (2)(—1) — (4)(3) = -2 — 12 = -14 


| = @@) = 6) = 12 


NOTATION FOR DOT AND Cross PRODUCTS 


The notation for the dot product and cross 
product of vectors was first introduced by the 
American physicist Josiah Willard Gibbs 
(1839—1903). In the early 1880s, Gibbs built 
a system to represent physical quantities called 
“vector analysis.” The system was a departure 
from Hamilton’s theory of quaternions. 


MathBio 
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EXAMPLE | Finding the Cross Product 


Given u = i — 2j + k and v = 3i + j — 2k, find each of the following. 


auxv b vxu cVXV 
Solution 
i r3 —2 1 1 1 1 =2 
auxv=/l -2 1| =| i- | i+ [k 
s ada he Sa Peer a 
= (4- 1)i — (—2 — 3)j + (1 + 6)k 
= 3i + 5j + 7k 
1 J k 
~ E 1 
reef AL eh pe ob 
1 =2 1 
= (1 — 4i — (3 + 2)j + (-6 — Dk 
= —3i — 5j — 7k 
Note that this result is the negative of that in part (a). 
i j k 
e vxv=]3 1 -2 0 
3 L =2 


The results obtained in Example 1 suggest some interesting algebraic properties 
of the cross product. For instance, u x v = —(v x u), and v x v = 0. These 
properties, and several others, are summarized in the following theorem. 


THEOREM I1.7 Algebraic Properties of the Cross Product 
Let u, v, and w be vectors in space, and let c be a scalar. 
1.uxv=—(v xu) 

2. u x (v + w) = (u x v) + (u x w) 

3. clu x v) = (cu) x v = u x (cv) 

4.ux0=0xu=0 

5.uxu=0 

6 


.u-(vx w)=(uxv)y-w 


Proof To prove Property 1, let u = u,i + u,j + ujk and v = v;i + v,j + vk. 
Then, 


u x v = (u,v, — uzvi — (uv; — uv) j + (uv, — uQv,)k 
and 
v x u = (v3 — V3U2)i — (viu — v3U))j + (viuz — vou))k 


which implies that u x v = —(v x u). Proofs of Properties 2, 3, 5, and 6 are left as 
exercises (see Exercises 57—60). —s 
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Note that Property 1 of Theorem 11.7 indicates that the cross product is not 
commutative. In particular, this property indicates that the vectors u x v and v x u 
have equal lengths but opposite directions. The following theorem lists some other 
geometric properties of the cross product of two vectors. 


NOTE It follows from Properties 1 and 
2 in Theorem 11.8 that if n is a unit THEOREM I1.8 Geometric Properties of the Cross Product 


vector orthogonal to both u and v, then . 
$ Let u and v be nonzero vectors in space, and let 0 be the angle between u and v. 


u x v = +(|lul] ||v|| sin 6)n. 


1. u x v is orthogonal to both u and v. 

2. |lu x vil = [ul] [vl] sin 6 

3. u x v = 0 if and only if u and v are scalar multiples of each other. 
4 


. ||u x v|| = area of parallelogram having u and v as adjacent sides. 


Proof To prove Property 2, note because cos 0 = (u + v)/(||ul] ||v||), it follows that 


ull [lvl] sin @ = [full [Iv V1 — cos? 0 
(u + y)? 
= [lull vV 1- Jaji 
= V |lulP iv? - u - v)? 
= lu? + u? + u (v? + v2 + v2) — (uv; + uxw, + uzv)? 


= (ux; — uyy)? + (uv; — uzv)? + (uv, — ux)? 


u 
. . = |lu x vl]. 
The vectors u and v form adjacent sides of a 
parallelogram. To prove Property 4, refer to Figure 11.35, which is a parallelogram having v and u 
Figure 11.35 as adjacent sides. Because the height of the parallelogram is ||v|| sin 0, the area is 


Area = (base) (height) 
= |lul| Ivl] sine 


= |lu x vj. 


Proofs of Properties 1 and 3 are left as exercises (see Exercises 61 and 62). 


Both u x v and v x ware perpendicular to the plane determined by u and v. One 
way to remember the orientations of the vectors u, v, and u x v is to compare them 
with the unit vectors i, j, and k = i x j, as shown in Figure 11.36. The three vectors 
u, v, and u x v form a right-handed system, whereas the three vectors u, v, and v x u 
form a left-handed system. 


Plane determined 
by u and v 


Right-handed systems 
Figure 11.36 


The vector u x v is orthogonal to both u 
and v. 
Figure 11.37 


6T C=(2,4,7) 


D=(5, 0, 6) 


y 


b 6 
K 
B=(2,6, 1) 


A= (5, 2, 0) 
x 
The area of the parallelogram is approxi- 
mately 32.19. 
Figure 11.38 
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EXAMPLE 2. Using the Cross Product 


Find a unit vector that is orthogonal to both 


u=i-4j+k and v= 2i+ 3j. 


Solution The cross product u x v, as shown in Figure 11.37, is orthogonal to both 
u and v. 


i j k 
uxv=/l1 —4 1 Cross product 
2 3 0 
= —3i + 2j + 11k 
Because 
ju x v| = “(—3)?2 + 224+ 112 = 134 


a unit vector orthogonal to both u and v is 


uxv 3 2 i+ 11 k 
ju x vil ~T * Ja) J134 ~ 


ee) E ee m 
NOTE In Example 2, note that you could have used the cross product v x u to form a unit 


vector that is orthogonal to both u and v. With that choice, you would have obtained the 
negative of the unit vector found in the example. 


EXAMPLE 3 Geometric Application of the Cross Product 


Show that the quadrilateral with vertices at the following points is a parallelogram, 
and find its area. 


A = (5,2,0) 
= (2,4,7) 


B = (2,6, 1) 
= (5, 0, 6) 
Solution From Figure 11.38 you can see that the sides of the quadrilateral corre- 
spond to the following four vectors. 
AB = —3i + 4j + k CD = 3i — 4j -k = —AB 
AD = 0i — 2j + 6k CB = 0i + 2j — 6k = —AD 


So, AB is parallel to CD and AD is parallel to CB, and you can conclude that the 
quadrilateral is a parallelogram with AB and AD as adjacent sides. Moreover, because 


i j k 
AB x AD = |-3 4 1 Cross product 
0 =2 6 


= 26i + 18j + 6k 
the area of the parallelogram is 


[AB x AD|| = 1036 ~ 32.19. 


Is the parallelogram a rectangle? You can determine whether it is by finding the angle 
between the vectors AB and AD. 
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In physics, the cross product can be used to measure torque—the moment M of 
a force F about a point P, as shown in Figure 11.39. If the point of application of the 
force is Q, the moment of F about P is given by 


=% 
M = PO xF. Moment of F about P 


The magnitude of the moment M measures the tendency of the vector PO to rotate 
counterclockwise (using the right-hand rule) about an axis directed along the vector M. 


EXAMPLE 4 An Application of the Cross Product 


The moment of F about P A vertical force of 50 pounds is applied to the end of a one-foot lever that is attached 
Figure 11.39 to an axle at point P, as shown in Figure 11.40. Find the moment of this force about 
the point P when 6 = 60°. 


Q Solution If you represent the 50-pound force as F = — 50k and the lever as 
i PO = cos(60°)j + sin(60°)k = i + Sx 
é the moment of F about P is given by 
P i j k 
: M = PỌ x F = lọ 4 = = —25i. Moment of aout? 
. 0 0 50 
A erdre Myre OL aU pomada a appledak The magnitude of this moment is 25 foot-pounds. ——— 


point Q. 


NOTE In Example 4, note that the moment (the tendency of the lever to rotate about its axle) 
is dependent on the angle 0. When 0 = 7/2, the moment is 0. The moment is greatest when 
6=0. 


The Triple Scalar Product 
For vectors u, v, and w in space, the dot product of u and v x w 
u- (vx w) 


is called the triple scalar product, as defined in Theorem 11.9. The proof of this 
theorem is left as an exercise (see Exercise 56). 


FOR FURTHER INFORMATION To see THEOREM 11.9 The Triple Scalar Product 
how the cross product is used to model 
the torque of the robot arm of a space 
shuttle, see the article “The Long Arm 
of Calculus” by Ethan Berkove and Rich 
Marchand in The College Mathematics 
Journal. 


MathArticle 


For u = ui + uj + uk, v = vi + vj + vk, and w = wi + wj + wk, 
the triple scalar product is given by 


u: (yxw sivu v» V3]. 


NOTE The value of a determinant is multiplied by — 1 if two rows are interchanged. After two 
such interchanges, the value of the determinant will be unchanged. So, the following triple 
scalar products are equivalent. 


u: (vx w) =v- (wx u) =w: (ux vy) 


|| projvxw u || 


Area of base = ||v x w|| 
Volume of parallelepiped = |u + (v x w)| 
Figure 11.41 


{Rotatable Graph | 


(3, -5, 1) G1, o4 


(0, 2, —2) 


The parallelepiped has a volume of 36. 
Figure 11.42 


| Rotatable Graph | 
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If the vectors u, v, and w do not lie in the same plane, the triple scalar product 
u : (v x w) can be used to determine the volume of the parallelepiped (a polyhedron, 
all of whose faces are parallelograms) with u, v, and w as adjacent edges, as shown in 
Figure 11.41. This is established in the following theorem. 


THEOREM I1.10 Geometric Property of Triple Scalar Product 


The volume V of a parallelepiped with vectors u, v, and w as adjacent edges is 
given by 


V= |u: (vx w). 


Proof In Figure 11.41, note that 

|v x wl| = area of base 
and 

||proj,,.yul| = height of parallelepiped. 
Therefore, the volume is 


V = (height)(area of base) = ||proj, „„ulll|v x wl 


= lly w 
lv x wl 
= ju (v x w)|. p] 


EXAMPLE 5 Volume by the Triple Scalar Product 


Find the volume of the parallelepiped shown in Figure 11.42 having 
u = 3i — 5j + k, v = 2j — 2k, and w = 3i + j + k as adjacent edges. 


Solution By Theorem 11.10, you have 


V= ju : (v x w)| Triple scalar product 
3 '=5 1 
= |0 2 =2 
3 1 1 
2 =2 0 2 0 2 
7 jf ll 7 s| í + of i 
= 3(4) + 5(6) + 1(-6) 
= 36. —— | 


A natural consequence of Theorem 11.10 is that the volume of the parallelepiped 
is 0 if and only if the three vectors are coplanar. That is, if the vectors u = (u,, U5, U3), 
v = (Vj, Va V3), and w = (w,, Wp, w3) have the same initial point, they lie in the same 
plane if and only if 


u-(vxw)=|v, v» v3| =0. 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-6, find the cross product of the unit vectors and 
sketch your result. 


1. jxi 2.1xj 
3. jxk 4.kxj 
5.ixk 6k xi 


In Exercises 7-10, find (a) u x v, (b) v x u, and (c) v x v. 


7. u = —2i + 3j + 4k 8. u = 3i + 5k 
v=3i+7j+ 2k v =2i + 3j — 2k 

9. u = (7,3,2) 10. u = (3, —2, —2) 
v = (1, -1,5) v= (1,5,1) 


In Exercises 11-16, find u x v and show that it is orthogonal to 
both u and v. 


11. u = (2, —3, 1) 12. u = (-1, 1,2) 


v = (1, —2, 1) v = (0, 1,0) 
13. u = (12, —3, 0) 14. u = (— 10, 0, 6) 
v = (—2,5, 0) v = (7,0, 0) 
15.u=it+j+k 16. u=i+ 6j 
v=2i+j-—k v=-2i+j+k 


Think About It In Exercises 17—20, use the vectors u and v 
shown in the figure to sketch a vector in the direction of the 
indicated cross product in a right-handed system. 


17uxv 18. vxu 
19. (—v)x u 20. u x (u x v) 


In Exercises 21-24, use a computer algebra system to find u x v 
and a unit vector orthogonal to u and v. 


21. u = (4, —3.5, 7) 22. u = (—8, —6, 4) 


v = (-1,8,4) v = (10, — 12, —2) 
23. u = —3i + 2j — 5k 24. u = 3k 
v=3i— 4j +k v= i+ 6k 


25. Programming Given the vectors u and v in component form, 
write a program for a graphing utility in which the output is 
u x v and |lu x vl]. 


26. Programming Use the program you wrote in Exercise 25 to 
find u x v and ||u x y|| for u = (—2, 6, 10) and v = (3, 8, 5). 


Area In Exercises 27-30, find the area of the parallelogram 
that has the given vectors as adjacent sides. Use a computer 
algebra system or a graphing utility to verify your result. 


27.u =j 28. u=it+jt+k 
v=j+k v=j+k 
29. u = (3,2, — 1) 30. u = (2, — 1, 0) 

v = (1,2,3) v = (-1,2,0) 


Area In Exercises 31 and 32, verify that the points are the 
vertices of a parallelogram, and find its area. 

31; (11,1), 2,3,4), (6,5,2), (7,7,5) 

32. (2,—3, 1), (6,5, —1), (3, —6, 4), (7, 2, 2) 


Area In Exercises 33-36, find the area of the triangle with the 
given vertices. (Hint: || u x v|| is the area of the triangle having 
u and v as adjacent sides. 

33. (0, 0,0), (1, 2, 3), (3, 0, 0) 

34, (2, —3, 4), (0, 1, 2), (—1, 2, 0) 

35. (2, =7, 3), (= 1, 5; 8); 14,6, =1) 

36. (1,2,0), (—2, 1,0), (0, 0, 0) 


37. Torque A child applies the brakes on a bicycle by applying a 
downward force of 20 pounds on the pedal when the crank 
makes a 40° angle with the horizontal (see figure). The crank is 
6 inches in length. Find the torque at P. 


2000 lb 


Figure for 37 Figure for 38 


38. Torque Both the magnitude and the direction of the force on 
a crankshaft change as the crankshaft rotates. Find the torque 
on the crankshaft using the position and data shown in the 
figure. 


39. Optimization A force of 60 pounds acts on the pipe wrench 
shown in the figure on the next page. 


(a) Find the magnitude of the moment about O by evaluating 
||OA x Fl]. Use a graphing utility to graph the resulting 
function of 6. 

(b) Use the result of part (a) to determine the magnitude of the 
moment when 0 = 45°. 


(c) Use the result of part (a) to determine the angle 0 when the 
magnitude of the moment is maximum. Is the answer what 
you expected? Why or why not? 


im<—_—— 15 in. >} A 


Figure for 39 Figure for 40 


40. Optimization A force of 200 pounds acts on the bracket 
shown in the figure. 


(a) Determine the vector AB and the vector F representing the 
force. (F will be in terms of 6.) 


(b) Find the magnitude of the moment about A by evaluating 
AB x F|. 

(c) Use the result of part (b) to determine the magnitude of the 
moment when 0 = 30°. 


(d) Use the result of part (b) to determine the angle 6 when the 
magnitude of the moment is maximum. At that angle, what 
is the relationship between the vectors F and AB? Is it what 
you expected? Why or why not? 


(e) Use a graphing utility to graph the function for the 
magnitude of the moment about A for 0° < 6 < 180°. Find 
the zero of the function in the given domain. Interpret the 
meaning of the zero in the context of the problem. 


In Exercises 41—44, find u - (v x w). 


4l. u=i 42. u = (1,1, 1) 
v=j v = (2, 1, 0) 
w=k w = (0,0, 1) 

43. u = (2,0, 1) 44. u = (2,0, 0) 
v = (0, 3, 0) v= (1,1, 1) 
w = (0, 0, 1) w = (0, 2, 2) 


Volume In Exercises 45 and 46, use the triple scalar product to 
find the volume of the parallelepiped having adjacent edges u, 
v, and w. 


45.u=it+j 46. u = (1, 3, 1) 
v=jtk v = (0, 6, 6) 
w=i+k w = (—4,0, —4) 
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parallelepiped with the given vertices (see figures). 


47. (0, 0, 0), (3, 0, 0), (0, 5, 1), (3, 5, 1) 
(2, 0, 5), (5, 0, 5), (2, 5, 6), (5, 5, 6) 
48. (0, 0, 0), (1, 1,0 
(2, 1, 2), (1,1,3 


(1, 0, 2), (0, 1, 1) 


), 
), (1, 2, 1), (2, 2, 3) 


a 

1 

1 
x x 


Figure for 47 


Writing About Concepts 


. Define the cross product of vectors u and v. 
. State the geometric properties of the cross product. 


. If the magnitudes of two vectors are doubled, how will the 
magnitude of the cross product of the vectors change? 
Explain. 


. The vertices of a triangle in space are (x,, Y4, Z1), (X2; Yas Z2)» 
and (x3, y3, z3). Explain how to find a vector perpendicular 
to the triangle. 


True or False? In Exercises 53-55, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


53. It is possible to find the cross product of two vectors in a 
two-dimensional coordinate system. 
54. If u # 0 andu x v = u x w, then v = w. 


55. Ifu # 0,u : v =u- w, andu x v = u x w, then v = w. 


56. Prove Theorem 11.9. 


In Exercises 57-62, prove the property of the cross product. 


57. u x (v + w) = (u x v) + (u x w) 
58. c(u x v) = (cu) x v = u x (cy) 
59. uxu=0 

60. u: (vx w) =(uxv)-w 

61. u x v is orthogonal to both u and v. 


62. u x v = 0 if and only if u and v are scalar multiples of each 
other. 


63. Prove |lu x v|| = |lul| ||v|| if u and v are orthogonal. 


64. Prove u x (v x w) = (u- w)v — (u ; v)w. 
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Section 11.5 Lines and Planes in Space 


e Write a set of parametric equations for a line in space. 

Write a linear equation to represent a plane in space. 

e Sketch the plane given by a linear equation. 

Find the distances between points, planes, and lines in space. 


Lines in Space 
In the plane, slope is used to determine an equation of a line. In space, it is more 
convenient to use vectors to determine the equation of a line. 
PQ, > H In Figure 11.43, consider the line L through the point P(x,, y,, zı) and parallel to 
the vector v = (a, b, c). The vector v is a direction vector for the line L, and a, b, and 
c) c are direction numbers. One way of describing the line L is to say that it consists of 
all points Q(x, y, z) for which the vector PO is parallel to v. This means that PQ is 


a scalar multiple of v, and you can write PQ = tv, where t is a scalar (a real 
number). 


l 

i) 

l 
A 


PO = (x — x,y — yp Z — z) = (at, bt, ct) = tv 


By equating corresponding components, you can obtain parametric equations of a 


Line L and its direction vector v line in space. 
Figure 11.43 


THEOREM II.I11 Parametric Equations of a Line in Space 


A line L parallel to the vector v = (a, b, c) and passing through the point 
P(x,, Yı, zı) is represented by the parametric equations 


x=x tat, y=y,+ bt, and z=z + ct. 


If the direction numbers a, b, and c are all nonzero, you can eliminate the 
parameter ¢ to obtain symmetric equations of the line. 
= oh VS SS 


= = Symmetric equations 
a b c 


EXAMPLE | Finding Parametric and Symmetric Equations 


Find parametric and symmetric equations of the line L that passes through the point 
(1, —2, 4) and is parallel to v = (2, 4, —4). 


Solution To find a set of parametric equations of the line, use the coordinates 
x, = 1, y, = —2, and z, = 4 and direction numbers a = 2, b = 4, and c = —4 (see 
Figure 11.44). 


x=1+2t, y=-2+4, z=4-4 Parametric equations 


Because a, b, and c are all nonzero, a set of symmetric equations is 


The vector v is parallel to the line L. x-1l y+2 7-4 
Figure 11.44 2 fe Symmetric equations 


The normal vector n is orthogonal to each 
vector PQ in the plane. 
Figure 11.45 
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Neither parametric equations nor symmetric equations of a given line are unique. 
For instance, in Example 1, by letting tf = 1 in the parametric equations you would 
obtain the point (3, 2, 0). Using this point with the direction numbers a = 2, b = 4, 
and c = —4 would produce a different set of parametric equations 


x=3+4+2t, y=2+4t, and z= —4t. 


EXAMPLE 2 Parametric Equations of a Line Through Two Points 


Find a set of parametric equations of the line that passes through the points (—2, 1, 0) 
and (1, 3, 5). 


Solution Begin by using the points P(—2, 1,0) and Q(1, 3, 5) to find a direction 
vector for the line passing through P and Q, given by 

v = PO = (1 — (-2),3 — 1,5 — 0) = (3,2, 5) = (a,b,c). 
Using the direction numbers a = 3, b = 2, andc = 5 with the point P(—2, 1, 0), you 


can obtain the parametric equations 

x= —2 + 3t, y=1+4 21, and z= St. [=a] 
evi) oe) eae 
NOTE Ast varies over all real numbers, the parametric equations in Example 2 determine the 


points (x, y, z) on the line. In particular, note that t = 0 and t = 1 give the original points 
(—2, 1, 0) and (1, 3, 5). 


Planes in Space 


You have seen how an equation of a line in space can be obtained from a point on the 
line and a vector parallel to it. You will now see that an equation of a plane in space 
can be obtained from a point in the plane and a vector normal (perpendicular) to the 
plane. 

Consider the plane containing the point P(x,, y,, zı) having a nonzero normal 
vector n = (a,b,c), as shown in Figure 11.45. This plane consists of all points 
Q(x, y, z) for which vector PO is orthogonal to n. Using the dot product, you can write 
the following. 


n: PO =0 

(a, b,c} ° (x TXY = ypz = 21) = 0 

ale = x) + bly — yi) + ce =z) = 0 
The third equation of the plane is said to be in standard form. 


THEOREM I1.12 Standard Equation of a Plane in Space 


The plane containing the point (x,, y}, zı) and having a normal vector n = 
(a, b, c) can be represented, in standard form, by the equation 


a(x — xı) + bly = yı) ae = zı) =0. 


By regrouping terms, you obtain the general form of the equation of a plane in space. 


ane = iby ar Ce =P 6! = 0 General form of equation of plane 
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Given the general form of the equation of a plane, it is easy to find a normal 
vector to the plane. Simply use the coefficients of x, y, and z and write n = (a, b, c). 


EXAMPLE 3 Finding an Equation of a Plane in Three-Space 


Find the general equation of the plane containing the points (2, 1, 1), (0, 4, 1), and 
(—2, 1, 4). 


Solution To apply Theorem 11.12 you need a point in the plane and a vector that is 
normal to the plane. There are three choices for the point, but no normal vector is 
given. To obtain a normal vector, use the cross product of vectors u and v extending 
from the point (2, 1, 1) to the points (0, 4, 1) and (—2, 1, 4), as shown in Figure 11.46. 
The component forms of u and v are 

u = (0 — 2,4 — 1,1 — 1) = (—2, 3, 0) 

v= (-2-2,1-1,4- 1) = (-4,0, 3) 


and it follows that 


n=uxv 
i j k 
A plane determined by u and v =|-2 3 0 
Figure 11.46 = 0 8 
= 9i + 6j + 12k 
= (a,b,c) 


is normal to the given plane. Using the direction numbers for n and the point 
(x), Yp zı) = (2, 1, 1), you can determine an equation of the plane to be 


a(x =i) + b(y -= yı) + ek= zı) =0 


9(x — 2) + 6(y — 1) + 12(z- 1) = 0 Standard form 
9x + 6y + 12z — 36 = 0 General form 
3x + 2y + 4z — 12 = 0. Simplified general form 


A e [Epleratons 
NOTE In Example 3, check to see that each of the three original points satisfies the equation 
3x + 2y t4z= 12 = 0, 


Two distinct planes in three-space either are parallel or intersect in a line. If they 
intersect, you can determine the angle (0 < 0 < 7/2) between them from the angle 
between their normal vectors, as shown in Figure 11.47. Specifically, if vectors n, and 
n, are normal to two intersecting planes, the angle 0 between the normal vectors is 
equal to the angle between the two planes and is given by 


ss 
|n, - n| 


cos 0 = Ta final 


Angle between two planes 


The angle 0 between two planes 
Figure 11.47 Consequently, two planes with normal vectors n, and n, are 


1. perpendicular if n; > n, = 0. 
2. parallel if n, is a scalar multiple of n,. 


z 


Line of 
intersection 


Plane 2 
6 


Figure 11.48 


[Rotatable Graph | 


Plane 1 
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EXAMPLE 4 Finding the Line of Intersection of Two Planes 


Find the angle between the two planes given by 
x—-2y+z=0 Equation of plane 1 
2x + 3y — 2z=0 Equation of plane 2 
and find parametric equations of their line of intersection (see Figure 11.48). 


Solution Normal vectors for the planes are n; = (1, —2, 1) and n, = (2, 3, —2). 
Consequently, the angle between the two planes is determined as follows. 


n° n| : 
cos 0 = | Cosine of angle between n, and n, 


|a; || llnl] 
_ _l=6]| 
J6 s17 
6 


v 102 
= 0.59409 


This implies that the angle between the two planes is 6 ~ 53.55°. You can find the line 
of intersection of the two planes by simultaneously solving the two linear equations 
representing the planes. One way to do this is to multiply the first equation by — 2 and 
add the result to the second equation. 


x-2y+ z=0 [> —2x+ 4y-2z=0 
2x + 3y — 2z7=0 2x + 3y — 2z=0 


-£ 


7y-4=0 => 7 


Substituting y = 4z/7 back into one of the original equations, you can determine that 
x = 2/7. Finally, by letting t = z/7, you obtain the parametric equations 


x=t y= 4t, and z= 7t Line of intersection 


which indicate that 1, 4, and 7 are direction numbers for the line of intersection. 


aaa 
[Try te ] [pletion] 
Note that the direction numbers in Example 4 can be obtained from the cross 
product of the two normal vectors as follows. 


i j k 
nxn =jli -2 1 

2. 3. 9 

-2 ail i a. J =o 

i! i-l el |k 

=i+4j+7k 


This means that the line of intersection of the two planes is parallel to the cross 
product of their normal vectors. 
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Sketching Planes in Space 


If a plane in space intersects one of the coordinate planes, the line of intersection is 
called the trace of the given plane in the coordinate plane. To sketch a plane in space, 
it is helpful to find its points of intersection with the coordinate axes and its traces in 
the coordinate planes. For example, consider the plane given by 


3x + 2y + 4z = 12. Equation of plane 
You can find the xy-trace by letting z = 0 and sketching the line 
3x + 2y = 12 xy-trace 


in the xy-plane. This line intersects the x-axis at (4, 0, 0) and the y-axis at (0, 6, 0). In 
Figure 11.49, this process is continued by finding the yz-trace and the xz-trace, and 
then shading the triangular region lying in the first octant. 


xy-trace (z = 0): yz-trace (x = 0): xz-trace (y = 0): 
3x + 2y = 12 2y + 4z = 12 3x + 4z = 12 
Traces of the plane 3x + 2y + 4z = 12 

Figure 11.49 


Pine Oye If an equation of a plane has a missing variable, such as 2x + z = 1, the plane 
A must be parallel to the axis represented by the missing variable, as shown in Figure 
f 11.50. If two variables are missing from an equation of a plane, it is parallel to the 
| ©0D . ia ee 
coordinate plane represented by the missing variables, as shown in Figure 11.51. 


(30.0) d 
i pe” 


x 
Plane 2x + z = 1 is parallel to the y-axis. 
Figure 11.50 


toy 


Plane ax + d = 0 is parallel Plane by + d = 0 is parallel Plane cz + d = 0 is parallel 
to the yz-plane. to the xz-plane. to the xy-plane. 


Figure 11.51 


proj, PO 


D= ||proj, POl| 


The distance between a point and a plane 
Figure 11.52 
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Distances Between Points, Planes, and Lines 


This section is concluded with the following discussion of two basic types of 
problems involving distance in space. 


1. Finding the distance between a point and a plane 


2. Finding the distance between a point and a line 


The solutions of these problems illustrate the versatility and usefulness of vectors in 
coordinate geometry: the first problem uses the dot product of two vectors, and the 
second problem uses the cross product. 

The distance D between a point Q and a plane is the length of the shortest line 
segment connecting Q to the plane, as shown in Figure 11.52. If P is any point in the 
plane, you can find this distance by projecting the vector PQ onto the normal vector 
n. The length of this projection is the desired distance. 


THEOREM I1.13 Distance Between a Point and a Plane 
The distance between a plane and a point Q (not in the plane) is 
oe PQ- n 
D = pro PÒ = 2al 
In| 


where P is a point in the plane and n is normal to the plane. 


To find a point in the plane given by ax + by + cz + d = 0 (a + 0), let y = 0 
and z = 0. Then, from the equation ax + d = 0, you can conclude that the point 
(—d/a, 0, 0) lies in the plane. 


EXAMPLE 5 Finding the Distance Between a Point and a Plane 


Find the distance between the point Q(1, 5, —4) and the plane given by 

3x —y + 2z = 6. 
Solution You know that n = (3, — 1, 2) is normal to the given plane. To find a point 
in the plane, let y = 0 and z = 0, and obtain the point P(2, 0, 0). The vector from P 
to Q is given by 

PO = (1 —2,5-0,-4-0) 

= (-1,5, —4). 

Using the Distance Formula given in Theorem 11.13 produces 


p= PÈ: n| _ 21,5, -4 +B, =1,2)) 


Distance between a point and a plane 


||n|| JO+14+4 
7 |-3-5-8]| 
J/14 


16 


V 14 
[Try te] [Ppleration] 
NOTE The choice of the point P in Example 5 is arbitrary. Try choosing a different point in 
the plane to verify that you obtain the same distance. 
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From Theorem 11.13, you can determine that the distance between the point 
Q(Xp, Yo» Zo) and the plane given by ax + by + cz + d = O is 
lato — x1) + blo — yı) + cz — a) 


Ja? +b? 4+ e 


D= 
or 


ends E O F Bay ae 


Distance between a point and a plane 
vao oe 


ID = 


where P(x,, Y1, Z1) is a point in the plane and d = — (ax; + by, + cz,). 


EXAMPLE 6 Finding the Distance Between Two Parallel Planes 


‘ Find the distance between the two parallel planes given by 


3x —-y+2z-—6=0 and 6x—-2y+4z+4=0. 


3x-y+2z-6=0 


Solution The two planes are shown in Figure 11.53. To find the distance between 
the planes, choose a point in the first plane, say (xo, Yo, Zo) = (2, 0, 0). Then, from the 
second plane, you can determine that a = 6,b = —2,c = 4, and d = 4, and conclude 
that the distance is 


[axo + byo + C% + d| 


D = JEFE Distance between a point and a plane 
6x—2y+424+4=0 |6(2) + (—2)(0) + (4)(0) + 4| 
2 + 2 
The distance between the parallel planes is Dor es 
approximately 2.14. = 16 = 2 = 2.14. 
Figure 11.53 vV 56 vV 14 ea) 


Teama [mye] [Eporaiona] 
The formula for the distance between a point and a line in space resembles that 
for the distance between a point and a plane—except that you replace the dot product 


with the length of the cross product and the normal vector n with a direction vector 
for the line. 


THEOREM I1.14 Distance Between a Point and a Line in Space 
The distance between a point Q and a line in space is given by 


[PO x ul 
lull 


where u is a direction vector for the line and P is a point on the line. 


D= 


Proof In Figure 11 11.54, let D be the distance between the point Q Q and the given 
line. Then D = ||PQ|| sin 6, where 6 is the angle between u and PQ. By Theorem 
D= ||PO|l sin 0 11.8, you have 

lull PQ] sin 6 = ||u x PQl| = || PQ x ul. 


Line 


Consequently, 


The distance between a point and a line O% IPO x ull PO x ul 
Figure 11.54 D = ||PQ|| sin 6 = 


|| u| E] 


The distance between the point Q and the 
line is /6 ~ 2.45. 
Figure 11.55 
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EXAMPLE 7 Finding the Distance Between a Point and a Line 


Find the distance between the point Q(3, — 1, 4) and the line given by 
x==2 +3, y=-2t, and z=1+ 4. 
Solution Using the direction numbers 3, — 2, and 4, you know that a direction vector 
for the line is 
u = (3, —2, 4). Direction vector for line 
To find a point on the line, let £ = 0 and obtain 
P = (—2,0, 1). Point on the line 
So, 
PO = (3 — (-2),-1-0,4- 1) = (5, -1,3) 


and you can form the cross product 


i j k 
POxu={|5 -1 3| = 2i — 11j — 7k = (2, — 11, — 7}. 
3-2 4 
Finally, using Theorem 11.14, you can find the distance to be 
p — IPÊ x ul 
lul] 
_ ¥174 
V29 
= 6 = 2.45. See Figure 11.55. i] 


[ Try re | (Exploration a | 


Exercises for Section I1.5 


w Experienced writers 


© On-time delivery 


2) 100% plagiarism free 


The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1 and 2, the figure shows the graph of a line given 
by the parametric equations. (a) Draw an arrow on the line to 
indicate its orientation. To print an enlarged copy of the graph, 
select the MathGraph button. (b) Find the coordinates of two 
points, P and Q, on the line. Determine the vector PQ. What is 
the relationship between the components of the vector and the 
coefficients of ¢ in the parametric equations? Why is this true? 
(c) Determine the coordinates of any points of intersection with 
the coordinate planes. If the line does not intersect a coordinate 
plane, explain why. 


1x=1+4+3t 2.x =2-3t 
y=2-t y= 
z=2+5t z=1-t 
i i 
x y x y 


In Exercises 3-8, find sets of (a) parametric equations and 
(b) symmetric equations of the line through the point parallel to 
the given vector or line. (For each line, write the direction 
numbers as integers.) 


Point Parallel to 
3. (0, 0, 0) v= (1,2,3) 
4. (0,0, 0) v = (-2,3,1) 
5. (—2, 0, 3) v = 2i + 4j — 2k 
6. (—3, 0, 2) v = 6j + 3k 
7. (1,0, 1) x=3+3ty=5-2tz=-7+t 
8. (—3, 5,4) E 


In Exercises 9—12, find sets of (a) parametric equations and (b) 
symmetric equations of the line through the two points. (For 
each line, write the direction numbers as integers.) 

9. (5, -3, -2), (-3,3, 1) 
10. (2, 0, 2), (1, 4, = 3) 
11. (2, 3, 0), (10, 8, 12) 
12. (0, 0, 25), (10, 10, 0) 
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In Exercises 13-20, find a set of parametric equations of the 
line. 


13. The line passes through the point (2, 3, 4) and is parallel to the 
xz-plane and the yz-plane. 

14. The line passes through the point (—4, 5, 2) and is parallel to 
the xy-plane and the yz-plane. 

15. The line passes through the point (2, 3, 4) and is perpendicular 
to the plane given by 3x + 2y — z = 6. 

16. The line passes through the point (— 4, 5, 2) and is perpendicular 
to the plane given by ~x + 2y + z=5. 

17. The line passes through the point (5, —3, — 4) and is parallel to 
v = (2, —1, 3). 

18. The line passes through the point (— 1, 
v= Si =j. 


4, —3) and is parallel to 


19. The line passes through the point (2, 1, 2) and is parallel to the 
line x = —-t,y=1lt+4z2=-2+t. 


20. The line passes through the point (—6, 0, 8) and is parallel to 
the line x = 5 — 2t, y = —4 + 24,7 = 0. 


In Exercises 21-24, find the coordinates of a point P on the line 
and a vector v parallel to the line. 


21.x=3-t y 14+ 2t, z 2 
22. x=4, y=S-t, z=4+3t 


x=1_yt6_ _, 
23. 4 2 gti) 

3. VY 23 
24. 

5 8 6 


In Exercises 25 and 26, determine if any of the lines are parallel 
or identical. 


25. Li x%=6= 34 yo=a2+24,, 2=54+4 
L,. x= 6t, y=2-4t, z=13-— 8t 
L,,x=10-64, y=3+4t, z=7+ 81 


x=8 yh z+9 
26. Lı ae oe 
KET yo 26 
Lz: 
"3 1 5 
x+4 y-1_ z+18 
T: = = 
* $ 4 =6 
L: 222 y+3 2-4 
£ -2 1 1.5 


In Exercises 27-30, determine whether the lines intersect, and if 
so, find the point of intersection and the cosine of the angle of 
intersection. 


27.x=4t+2, y=3, z=-tt+1 
x=2s+2, y=2s+3, z=st+1 
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In Exercises 31 and 32, use a computer algebra system to graph 
the pair of intersecting lines and find the point of intersection. 
31. x = 2t+3,y=5t-—2,z=-t+1 
x=-2s+7,y=s+8,z=2s-—1 
32. x = 2t-1l,y=—4t+ 10,z =t 
x= —5s — 12, y = 3s + 11,z 2s— 4 


Cross Product In Exercises 33 and 34, (a) find the coordinates 
of three points P, Q, and R in the e plane, and determine the 
vectors PQ and PR. (b) Find PO x PR. What is the relationship 
between the components of the cross product and the coeffi- 
cients of the equation of the plane? Why is this true? 


33. 4x — 3y — 6z = 6 34. 2x + 3y + 4z =4 


£ z 


In Exercises 35-40, find an equation of the plane passing 
through the point perpendicular to the given vector or line. 


Point Perpendicular to 
35. (2, 1, 2) n=i 
36. (1, 0, —3) n=k 
37. (3, 2, 2) n= 2i + 3j — k 
38. (0, 0, 0) n= —3i + 2k 
39. (0, 0, 6) H=1-4yH24+472=4-— 21 
40. (3, 2, 2) Z =y 


In Exercises 41-52, find an equation of the plane. 


41. The plane passes through (0, 0, 0), (1, 2, 3), and (—2, 3, 3). 

42. The plane passes through (2, 3, — 2), (3, 4, 2), and (1,— 1, 0). 

43. The plane passes through (1, 2, 3), (3, 2, 1), and (—1, —2, 2). 

44. The plane passes through the point (1, 2, 3) and is parallel to 
the yz-plane. 

45. The plane passes through the point (1, 2, 3) and is parallel to 
the xy-plane. 


46. The plane contains the y-axis and makes an angle of 7/6 with 
the positive x-axis. 


47. The plane contains the lines given by 


x= 1. E x= 2) pol. g=2 
Z 59 4=z and a a 


48. The plane passes through the point (2, 2, 1) and contains the 
line given by 


x J= 
2 -1 


ra 
ee 


49. The plane passes through the points (2, 2, 1) and (—1, 1, — 1) 
and is perpendicular to the plane 2x — 3y + z = 3. 

50. The plane passes through the points (3, 2, 1) and (3, 1, — 5) 
and is perpendicular to the plane 6x + 7y + 2z = 10. 

51. The plane passes through the points (1, —2, — 1) and (2, 5, 6) 
and is parallel to the x-axis. 

52. The plane passes through the points (4, 2, 1) and (—3, 5, 7) 
and is parallel to the z-axis. 


In Exercises 53 and 54, sketch a graph of the line and find the 
points (if any) where the line intersects the xy-, xz-, and yz-planes. 


53,x=1-2t4, y=-2+4+3t, z= —-4+t 


x—-2 Z= 
54. = +1= 
oe = 2 


In Exercises 55 and 56, find an equation of the plane that 
contains all the points that are equidistant from the given points. 
55. (2,2,0), (0, 2, 2) 

56. (—3, 1,2), (6, —2, 4) 


In Exercises 57—62, determine whether the planes are parallel, 
orthogonal, or neither. If they are neither parallel nor 
orthogonal, find the angle of intersection. 


57. 5x — 3y +z=4 58. 3x + y — 4z =3 
x+4y+7z=1 —9x — 3y + 12z = 4 
59. x — 3y + 62 = 4 60. 3x + 2y -z =7 
Sx+y—-—z=4 x— 4y+2z=0 
61. x -—Sy-z=1 62. 2x —-z=1 
Sx = 25y = Sz = =3 4x + y+ 8z = 10 


In Exercises 63-70, label any intercepts and sketch a graph of 
the plane. 


63. 4x + 2y + 6z = 12 
64. 3x + 6y +2z=6 


65. 2x —y + 3z= 
66. 2x -y+z=4 
67. y+ z= 
68. x + 2y = 
69. x =5 

70. z= 
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n Exercises , use a computer algebra system to grap 
plane. 

71. 2x +y—z=6 72. x — 3z=3 

73. —5x + 4y — 6z = -8 74, 2.1x — 4.7y — z = -3 


In Exercises 75 and 76, determine if any of the planes are 
parallel or identical. 
75. Pi: 3x — 2y + 5z = 10 

P: —6x + 4y — 10z = 5 
3: —3x + 2y + 5z=8 
4: 75x — SOy + 125z = 250 
P: —60x + 90y + 30z = 27 
P,: 6x — Vy — 3z = 2 
P 
P 


76. 


3: =20x + 30y + 10z = 9 
4: 12x — 18y + 6z =5 


In Exercises 77-80, describe the family of planes 
represented by the equation, where c is any real number. 


Ti, xtyt+z=c 78 xty=c 
79. cy+z=0 80. x + cz = 0 


In Exercises 81 and 82, find a set of parametric equations for 
the line of intersection of the planes. 


81. 3x + 2y —-z=7 82. 6x — 3y +z 
x— 4y +2z=0 = yor Dg 5 


In Exercises 83-86, find the point(s) of intersection (if any) of 
the plane and the line. Also determine whether the line lies in 
the plane. 


1 y+(@/2) z+1 


83. 2x — 2y +z = 12, x 


2. —1 2 
84. 2x + 3y = —5, nlr- 
85. 2x + 3y = 10, tative, ‘ 
86. 5x + 3y = 17, xp arth? 


In Exercises 87—90, find the distance between the point and the 
plane. 
87. (0, 0, 0) 
2x + 3y + z= 12 
88. (0, 0, 0) 
8x —4y+z=8 
89. (2, 8, 4) 
2x+y+z=5 
90. (3, 2, 1) 
x-yt2z=4 


808 CHAPTER 11 Vectors and the Geometry of Space 


In Exercises 91-94, verify that the two planes are parallel, and 


find the distance between the planes. 


91. x — 3y + 42 = 10 92. 4x — 4y +9 = 7 
x— 3y+4z=6 4x — 4y + 9z = 18 
93. —3x + 6y + 7z = 1 94. 2x — 4z = 4 
6x — 12y — 14z = 25 2x — 4z = 10 


In Exercises 95-98, find the distance between the point and the 
line given by the set of parametric equations. 


95. (1,5,-2); x=4t-2, y=3, c=-tt1 
96. (1,-2,4); x=2t, y=t-—3, z=2%+2 
97, (—2,1,3); x=1—-4 y=2+4, z 2t 
98. (4,-1,5); x=3, y=1 


In Exercises 99 and 100, verify that the lines are parallel, and 
find the distance between them. 


99, L:x=2-t, y=3+2t, z=4+t 
L: x=3t, y=1-6t, z=4-3t 

100. L: x=3+6t, y=-2+9%t, z=1 12t 
Ly: x 1+4, y=3+6t, z 8t 


Writing About Concepts 


101. Give the parametric equations and the symmetric equa- 
tions of a line in space. Describe what is required to find 
these equations. 


. Give the standard equation of a plane in space. Describe 
what is required to find this equation. 


. Describe a method of finding the line of intersection of 
two planes. 


. Describe each surface given by the equations x = a, 
y=b,andz=c. 


. Describe a method for determining when two planes 


bytez+d,=0 


bay + coz + d, =0 


are (a) parallel and (b) perpendicular. Explain your 
reasoning. 


. Let L, and L, be nonparallel lines that do not intersect. Is 
it possible to find a nonzero vector v such that v is 
perpendicular to both L, and L,? Explain your reasoning. 

. Find an equation of the plane with x-intercept (a, 0, 0), 
y-intercept (0, b, 0), and z-intercept (0, 0, c). (Assume a, 
b, and c are nonzero.) 
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a) Describe and find an equation for the surface generated by 
all points (x,y,z) that are four units from the point 
(38; =2;5): 

(b) Describe and find an equation for the surface generated by 

all points (x, y, z) that are four units from the plane 


4x — 3y +z = 10. 


109. Modeling Data Per capita consumptions (in gallons) of 
different types of plain milk in the United States from 1994 to 
2000 are shown in the table. Consumption of light and skim 
milks, reduced-fat milk, and whole milk are represented by 
the variables x, y, and z, respectively. (Source: U.S. 
Department of Agriculture) 


Year | 1994 | 1995 | 1996 | 1997 | 1998 | 1999 | 2000 


a 5.8 6.2 6.4 6.6 6.5 6.3 6.1 
y 8.7 8.2 8.0 7.7 7.4 1.3 gA 


Z 8.8 8.4 8.4 8:2 7.8 7.9 7.8 


A model for the data is given by 0.04x — 0.64y + z = 3.4. 


(a) Complete a fourth row in the table using the model to 
approximate z for the given values of x and y. Compare the 
approximations with the actual values of z. 


(b) According to this model, any increases in consumption of 
two types of milk will have what effect on the consumption 
of the third type? 


110. Mechanical Design A chute at the top of a grain elevator of 
a combine funnels the grain into a bin (see figure). Find the 
angle between two adjacent sides. 


8 in. 


111. 


112. 


113. 


Distance Two insects are crawling along different lines in 
three-space. At time ¢ (in minutes), the first insect is at the 
point (x, y, z) on the line 


x=6+4 y=8-t4 z= +r 

Also, at time ż, the second insect is at the point (x, y, z) on the 
line 

x=1+h yH=2+t, z= 21. 


Assume distances are given in inches. 
(a) Find the distance between the two insects at time t = 0. 


(b) Use a graphing utility to graph the distance between the 
insects from ¢t = 0 tot = 10. 

(c) Using the graph from part (b), what can you conclude 
about the distance between the insects? 

(d) How close do the insects get? 

Find the standard equation of the sphere with center (— 3, 2, 4) 

that is tangent to the plane given by 2x + 4y — 3z = 8. 

Find the point of intersection of the plane 3x — y + 4z = 7 

and the line through (5,4, —3) that is perpendicular to this 

plane. 


116. 


x 2+2t, y=—-1+4t, z 
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4, and find the distance 
between them. 


. Find the point of intersection of the line through (1, —3, 1) 


and (3, —4, 2), and the plane given by x — y + z = 2. 

Find a set of parametric equations for the line passing through 
the point (1, 0,2) that is parallel to the plane given by 
x+y+z=5, and perpendicular to the line x= t, 
y=l+nz2=1+t. 


True or False? Yn Exercises 117-120, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


117. 


118. 


119. 
120. 


If v = aqi + b,j + ck is any vector in the plane given by 
ax + by + coz + d, = 0, then aya, + bib, + cc, = 0. 


Every pair of lines in space are either intersecting or parallel. 


Two planes in space are either intersecting or parallel. 
If two lines L, and L, are parallel to a plane P, then L, and L, 
are parallel. 
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Section 11.6 Surfaces in Space 


e Recognize and write equations for cylindrical surfaces. 
e Recognize and write equations for quadric surfaces. 
e Recognize and write equations for surfaces of revolution. 


Cylindrical Surfaces 


Zz 


The first five sections of this chapter contained the vector portion of the preliminary 
work necessary to study vector calculus and the calculus of space. In this and the next 
section, you will study surfaces in space and alternative coordinate systems for space. 
You have already studied two special types of surfaces. 


1. Spheres: (x — xo)? + (y — Yo? + (z — zw) = r? Section 11.2 
2. Planes: ax + by + cz +d=0 Section 11.5 


A third type of surface in space is called a cylindrical surface, or simply a 
cylinder. To define a cylinder, consider the familiar right circular cylinder shown in 
Figure 11.56. You can imagine that this cylinder is generated by a vertical line moving 
around the circle x? + y? = a? in the xy-plane. This circle is called a generating 


Right circular cylinder: curve for the cylinder, as indicated in the following definition. 
x+y? a 


Rulings are parallel to z-axis. Ae z 
Figure 11.56 Definition of a Cylinder 


Let C be a curve in a plane and let L be a line not in a parallel plane. The set 


ue | 
| Rotatable Graph || of all lines parallel to L and intersecting C is called a cylinder. C is called the 
generating curve (or directrix) of the cylinder, and the parallel lines are 


called rulings. 


NOTE Without loss of generality, you can assume that C lies in one of the three coordinate 
Generating planes. Moreover, this text restricts the discussion to right cylinders—cylinders whose rulings 
aveC are perpendicular to the coordinate plane containing C, as shown in Figure 11.57. 


Ruling 
intersecting C , 


For the right circular cylinder shown in Figure 11.56, the equation of the 
generating curve is 


n y? =a’. Equation of generating curve in xy-plane 


To find an equation for the cylinder, note that you can generate any one of the rulings 
by fixing the values of x and y and then allowing z to take on all real values. In this 
Cylinder: Rulings intersect C and are sense, the value of z is arbitrary and is, therefore, not included in the equation. In other 


parallel to the given line. words, the equation of this cylinder is simply the equation of its generating curve. 
Figure 11.57 


| Rotatable Graph | 


L +y =g Equation of cylinder in space 


Equations of Cylinders 


The equation of a cylinder whose rulings are parallel to one of the coordinate 
axes contains only the variables corresponding to the other two axes. 
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> In the table on pages 812 
and 813, only one of several orientations 
of each quadric surface is shown. If the 
surface is oriented along a different axis, 
its standard equation will change 
accordingly, as illustrated in Examples 2 
and 3. The fact that the two types of 
paraboloids have one variable raised 

to the first power can be helpful in 
classifying quadric surfaces. The other 
four types of basic quadric surfaces have 
equations that are of second degree in all 
three variables. 


EXAMPLE | Sketching a Cylinder 


Sketch the surface represented by each equation. 


a. z = y? b. z = sinx, O0<x< 2r 


Solution 


a. The graph is a cylinder whose generating curve, z = y’, is a parabola in the 
yz-plane. The rulings of the cylinder are parallel to the x-axis, as shown in Figure 
11.58(a). 


b. The graph is a cylinder generated by the sine curve in the xz-plane. The rulings are 
parallel to the y-axis, as shown in Figure 11.58(b). 


Generating curve C 
lies in yz-plane 


Generating curve C 
lies in xz-plane 


Cylinder: z = y? Cylinder: z = sin x 


(a) Rulings are parallel to x-axis. 
| Rotatable Graph | 
Figure 11.58 
[Try tt | | Exploration a | 


Quadric Surfaces 


(b) Rulings are parallel to y-axis. 


| Rotatable Graph | 


The fourth basic type of surface in space is a quadric surface. Quadric surfaces are 
the three-dimensional analogs of conic sections. 


Quadric Surface 


The equation of a quadric surface in space is a second-degree equation of the 
form 


Ax? + By? + Cz? + Dxy + Exz + Fyz + Gx + Hy + Iz + J=0. 


There are six basic types of quadric surfaces: ellipsoid, hyperboloid of one 
sheet, hyperboloid of two sheets, elliptic cone, elliptic paraboloid, and 
hyperbolic paraboloid. 


The intersection of a surface with a plane is called the trace of the surface in the 
plane. To visualize a surface in space, it is helpful to determine its traces in some well- 
chosen planes. The traces of quadric surfaces are conics. These traces, together with 
the standard form of the equation of each quadric surface, are shown in the table on 
pages 812 and 813. 
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P Ellipsoid 
2 y z2 
a + p2 + 2 = 1 
Trace Plane 
Ellipse Parallel to xy-plane 
Ellipse Parallel to xz-plane 
Ellipse Parallel to yz-plane 


The surface is a sphere if 
a=b=c#0. 


Hyperboloid of One Sheet 


x? y? z2 

oe 2 
Trace Plane 
Ellipse Parallel to xy-plane 


Hyperbola Parallel to xz-plane 
Hyperbola Parallel to yz-plane 


The axis of the hyperboloid 
corresponds to the variable whose 
coefficient is negative. 


yz-trace 


xz-trace 


[Rotate raph | 


Hyperboloid of Two Sheets 


7 x y _ yz-trace z xz-trace 
Ta j 

Trace Plane 

Ellipse Parallel to xy-plane 


Hyperbola Parallel to xz-plane 
Hyperbola Parallel to yz-plane 


The axis of the hyperboloid pn 
corresponds to the variable whose 
coefficient is positive. There is 

no trace in the coordinate plane 
perpendicular to this axis. 


no xy-trace 
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Elliptic Cone 


x2 y? z2 
— bigs = 0 
a b> g 
Trace Plane 
Ellipse Parallel to xy-plane 


Hyperbola Parallel to xz-plane 
Hyperbola Parallel to yz-plane 


The axis of the cone corresponds 
to the variable whose coefficient is 
negative. The traces in the coordi- 
nate planes parallel to this axis are 
intersecting lines. 


xz-trace 


xy-trace 
(one point) 


y 


parallel to 
xy-plane 


yz-trace 


Elliptic Paraboloid 


2 y 
C= 3 Go z 
a? b? yz-trace xz-trace 
Trace Plane 
Ellipse Parallel to xy-plane 
Parabola Parallel to xz-plane 
Parabola Parallel to yz-plane 


The axis of the paraboloid corre- 
sponds to the variable raised to the 
first power. 


parallel to 
xy-plane 


xy-trace 
(one point) 


| Rotatale Graph | 


Hyperbolic Paraboloid 
2 2 
bse ae ; 
bY a yz-trace 
Trace Plane 


Hyperbola Parallel to xy-plane 
Parabola Parallel to xz-plane 
Parabola Parallel to yz-plane 


The axis of the paraboloid corre- 
sponds to the variable raised to the 
first power. 


parallel to 
xy-plane 
xz-trace 


| Rotatable Graph || 
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Hyperboloid of two sheets: 


2 


2 
Y x = 
anna te 


Figure 11.59 
[essai] 


Elliptic paraboloid: 
x= y ay 422 


Figure 11.60 


| Rotatabe Graph | 


To classify a quadric surface, begin by writing the surface in standard form. Then, 
determine several traces taken in the coordinate planes or taken in planes that are 
parallel to the coordinate planes. 


EXAMPLE 2. Sketching a Quadric Surface 


Classify and sketch the surface given by 4x? — 3y? + 1277 + 12 = 0. 


Solution Begin by writing the equation in standard form. 


4x? — 3y? + 1277+ 12 =0 


Write original equation. 


2 2 
x 
ye 10 Divide by — 12. 
2 x2 zg 
1" a rae. Standard form 


From the table on pages 812 and 813, you can conclude that the surface is a hyper- 
boloid of two sheets with the y-axis as its axis. To sketch the graph of this surface, it 
helps to find the traces in the coordinate planes. 


y x2 
xy-trace (z = 0): E =] Hyperbola 
4 3 
2 2 
xz-trace (y = 0): a + a = -1 No trace 
y? z2 
yz-trace (x = 0): I r 1 Hyperbola 


The graph is shown in Figure 11.59. 
[Try te] [Bxloration’] 


EXAMPLE 3 Sketching a Quadric Surface 


Classify and sketch the surface given by x — y? — 4z? = 0. 
Solution Because x is raised only to the first power, the surface is a paraboloid. The 
axis of the paraboloid is the x-axis. In the standard form, the equation is 

x = y? + 4z. Standard form 


Some convenient traces are as follows. 


xy-trace (z = 0): Ka? Parabola 
xz-trace (y = 0): x = 422 Parabola 
y z2 
parallel to yz- plane(x = 4): 3 + TE 1 Ellipse 
The surface is an elliptic paraboloid, as shown in Figure 11.60. — 


[try te] [Bplorationa) 
Some second-degree equations in x, y, and z do not represent any of the basic 
types of quadric surfaces. Here are two examples. 


rP+ty+2=0 Single point 
rty=1 Right circular cylinder 
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For a quadric surface not centered at the origin, you can form the standard 
equation by completing the square, as demonstrated in Example 4. 


2 2 a 
E a 


4 


EXAMPLE 4 A Quadric Surface Not Centered at the Origin 


Classify and sketch the surface given by 
x? + 2y? + 2 —4x 4+ 4y —-274+3=0. 


Solution Completing the square for each variable produces the following. 
(Qe? — 4x + )+2(yp27 + 2y4+ )+(2-2z7+ )=-3 
(x2 — 4x + 4) + 2(y? + 2y + 1) + (z? = ee 1)=-3+4+2+1 


(x — 2)? + (y + 1} +z- 1? =4 
k-22 Q+? k-11? 
+ + = 
° 4 2 4 l 
An ellipsoid centered at (2, — 1, 1) From this equation, you can see that the quadric surface is an ellipsoid that is centered 
Figure 11.61 at (2, — 1, 1). Its graph is shown in Figure 11.61. a 
Co i eee eee 


TECHNOLOGY 

A computer algebra system can help you visualize a surface in space.* Most of 
these computer algebra systems create three-dimensional illusions by sketching 
several traces of the surface and then applying a “hidden-line” routine that blocks 
out portions of the surface that lie behind other portions of the surface. Two 
examples of figures that were generated by Mathematica are shown below. 


. Generated by Mathematica 
Generated by Mathematica j 


| Rotatale Graph || [Rotatale Graph | 


Elliptic paraboloid Hyperbolic paraboloid 
yp 2 ye x? 
=—+ — = = eS 
a 16 16 


Using a graphing utility to graph a surface in space requires practice. For one 
thing, you must know enough about the surface to be able to specify a viewing 
window that gives a representative view of the surface. Also, you can often improve 
the view of a surface by rotating the axes. For instance, note that the elliptic 
paraboloid in the figure is seen from a line of sight that is “higher” than the line of 
sight used to view the hyperbolic paraboloid. 


*Some 3-D graphing utilities require surfaces to be entered with parametric equations. For a 
discussion of this technique, see Section 15.5. 
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Generating curve Surfaces of Revolution 


Circular z 
YE) 


cross section 


The fifth special type of surface you will study is called a surface of revolution. In 
(0, 0, z) Section 7.4, you studied a method for finding the area of such a surface. You will now 
8 (0, r(z), z) look at a procedure for finding its equation. Consider the graph of the radius function 


yur (z) Generating curve 


in the yz-plane. If this graph is revolved about the z-axis, it forms a surface of revolu- 
tion, as shown in Figure 11.62. The trace of the surface in the plane z = Z, is a circle 


x whose radius is r(zọ) and whose equation is 
fe w+ y= [rlz]: Circular trace in plane: z = Zo 
Figure 11.62 Replacing z, with z produces an equation that is valid for all values of z. In a similar 


manner, you can obtain equations for surfaces of revolution for the other two axes, and 


—kkkEE | 
[ Rotatable Graph || the results are summarized as follows. 


Surface of Revolution 


If the graph of a radius function r is revolved about one of the coordinate axes, 
the equation of the resulting surface of revolution has one of the following 
forms. 

1. Revolved about the x-axis: y? + 2? = [r(x)]? 

2. Revolved about the y-axis: x? + z2 = [r(y)]* 

3. Revolved about the z-axis: x? + y? = [r(z)]? 


EXAMPLE 5 Finding an Equation for a Surface of Revolution 


a. An equation for the surface of revolution formed by revolving the graph of 


y= : Radius function 
z about the z-axis is 
À Surface: TER. EEEE 
E iy x y rz evolved about the z-axis 
1 2 
Ly = (4) š Substitute 1/z for r (z). 


b. To find an equation for the surface formed by revolving the graph of 9x? = y? 
about the y-axis, solve for x in terms of y to obtain 


x= 3y”? = r(y). Radius function 


So, the equation for this surface is 


P+ P= [r(y) Revolved about the y-axis 
2 2 = (1,3/2) eet 
Generating curve or ee Gy / ) Substitute zy?/? for r (y). 
9x“ =y P+ es 9y°. Equation of surface 
Figure 11.63 The graph is shown in Figure 11.63. —<— 
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The generating curve for a surface of revolution is not unique. For instance, the 
surface 


ee Ser 


can be formed by revolving either the graph of x = e~” about the y-axis or the graph 
of z = e™ about the y-axis, as shown in Figure 11.64. 


N 


Generating curve 
in yz-plane 
ZEE 


Figure 11.64 
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EXAMPLE 6 Finding a Generating Curve for a Surface of Revolution 


Find a generating curve and the axis of revolution for the surface given by 


2+3% > 2 = 9, 


Generating curve Generating curve 
in xy-plane _ in yz-plane 
x= V9-3y? z= V9- 3y? Solution You now know that the equation has one of the following forms. 


L+y = [r(z) |? Revolved about z-axis 

y? +2? = [r(x) |? Revolved about x-axis 

P+ P= [r(y)]? Revolved about y-axis 
Because the coefficients of x? and z? are equal, you should choose the third form and 
write 

Pre =9- 3y. 
The y-axis is the axis of revolution. You can choose a generating curve from either of 
the following traces. 

r=9- 3y? Trace in xy-plane 

z2 =9-— 3y? Trace in yz-plane 


For example, using the first trace, the generating curve is the semiellipse given by 


Surface: 
2 2 2 
T x= v9- 3y? Generating curve 
Figure 11.65 The graph of this surface is shown in Figure 11.65. pa 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on [M] to print an enlarged copy of the graph. 


In Exercises 1-6, match the equation with its graph. [The 
graphs are labeled (a), (b), (c), (d), (e), and (f).] 


2. 15x2 — 4y? + 1522 = —4 


3. 4x? — y? + 4227 = 4 
5. 4x? — 4y + = 


4. y? = 4x? + 92? 
6. 4x? — y? + 4z =0 


In Exercises 7-16, describe and sketch the surface. 


7.z=3 8 x=4 

9. y2? +z =9 10. x? +z? = 25 
11. x7 -y=0 12. yy +z=4 
13. 4x? + y? =4 14. y? — 22 = 

15. z — siny = 0 16. z-e =0 


17. Think About It The four figures are graphs of the quadric 
surface z = x? + y?. Match each of the four graphs with the 
point in space from which the paraboloid is viewed. The four 
points are (0, 0, 20), (0, 20, 0), (20, 0, 0), and (10, 10, 20). 


Figures for 17 


18. Use a computer algebra system to graph a view of the cylinder 
y? + z? = 4 from each point. 


(a) (10,0,0) (b) (0, 10,0) (c) (10, 10, 10) 


In Exercises 19-30, identify and sketch the quadric surface. Use 
a computer algebra system to confirm your sketch. 


2 2 2 2 

19. 2 +% 4251 2. >+% +% 51 

a Mee on a 
21. 16x? — y? + 16:2 = 4 E was =i 
23. x? =- y +z? = 24. z = x? + 4y? 
25.x27 -yt+z= 26. 3z = —y? + x? 

2 

27. Parri 28. x2 = 2y2 + 2z? 
29. 16x? + 9y? + 16z? — 32x — 36y + 36 = 0 


30. 9x? + y? — 9z? — 54x — 4y — 547z + 4 = 0 


In Exercises 31-40, use a computer algebra system to graph the 
surface. (Hint: It may be necessary to solve for z and acquire 
two equations to graph the surface.) 

32. z= x + 0.5y? 

34. 4y = x? + z? 


31. z = 2 sinx 
33. z? = x? + 4y? 


35 2 2- 2y 2 2 = p-z 
T xe + ye = |— 36. x? + y% = e™ 


z 
—x 
37. z= 4 — V|xy| ob 2 EEEE 


39, 4x? — y? + 477 = -16 40. 9x? + 4y? — 8z? = 72 


In Exercises 41-44, sketch the region bounded by the graphs of 


the equations. 


41. 2=2/x?+y7,z7=2 


AD oo JA a emer: SA =D, Ae Owvnvr—A z= 


In Exercises 45-50, find an equation for the surface of 


revolution generated by revolving the curve in the indicated 
coordinate plane about the given axis. 


Equation of Curve Coordinate Plane Axis of Revolution 


45. z? = 4y yz-plane y-axis 
46. z = 3y yz-plane y-axis 
47. z = 2y yz-plane z-axis 
48. 2z = V4- x? xz-plane x-axis 
49. xy =2 xy-plane X-axis 
50. z = Iny yz-plane z-axis 


In Exercises 51 and 52, find an equation of a generating curve 
given the equation of its surface of revolution. 


51. x2 +y- 2z=0 52. x? + z? = cos? y 


Writing About Concepts 


. State the definition of a cylinder. 

. What is meant by the trace of a surface? How do you find a 
trace? 

. Identify the six quadric surfaces and give the standard form 
of each. 


. What does the equation z = x? represent in the xz-plane? 
What does it represent in three-space? 


In Exercises 57 and 58, use the shell method to find the volume 
of the solid below the surface of revolution and above the 
xy-plane. 


57. The curve z = 4x — x? in the xz-plane is revolved about the 
Z-axis. 


58. The curve z = sin y (0 < y < 7) in the yz-plane is revolved 
about the z-axis. 


In Exercises 59 and 60, analyze the trace when the surface 

z= 4x? + ty? 

is intersected by the indicated planes. 

59. Find the lengths of the major and minor axes and the coordi- 


nates of the foci of the ellipse generated when the surface is 
intersected by the planes given by 


(a) z=2 and (b) z= 8. 

60. Find the coordinates of the focus of the parabola formed when 
the surface is intersected by the planes given by 
(a) y=4 and (b) x = 2. 


In Exercises 61 and 62, find an equation of the surface satisfying 
the conditions, and identify the surface. 


61. The set of all points equidistant from the point (0, 2, 0) and the 
plane y = —2 

62. The set of all points equidistant from the point (0, 0, 4) and the 
xy-plane 
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eography Because of the forces caused by its rotation, 
Earth is an oblate ellipsoid rather than a sphere. The equatorial 
radius is 3963 miles and the polar radius is 3950 miles. Find an 
equation of the ellipsoid. (Assume that the center of Earth is 
at the origin and that the trace formed by the plane z = 0 
corresponds to the equator.) 


64. Machine Design The top of a rubber bushing designed to 
absorb vibrations in an automobile is the surface of revolution 
generated by revolving the curve z = $y? + 1 (0 < y < 2) in 
the yz-plane about the z-axis. 


(a) Find an equation for the surface of revolution. 


(b) All measurements are in centimeters and the bushing is set 
on the xy-plane. Use the shell method to find its volume. 


(c) The bushing has a hole of diameter 1 centimeter through its 
center and parallel to the axis of revolution. Find the 
volume of the rubber bushing. 

65. Determine the intersection of the hyperbolic paraboloid 
z = y?/b? — x?/a? with the plane bx + ay — z = 0. (Assume 
a,b > 0.) 

66. Explain why the curve of intersection of the surfaces 
x? + 3y? — 277+ 2y=4 and 2x? + 6y? — 4z? — 3x =2 
lies in a plane. 


True or False? In Exercises 67 and 68, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


67. A sphere is an ellipsoid. 


68. The generating curve for a surface of revolution is unique. 


69. Think About It Three types of classic “topological” surfaces 
are shown below. The sphere and torus have both an “inside” 
and an “outside.” Does the Klein bottle have both an inside and 
an outside? Explain. 


Sphere Torus 


Klein bottle Klein bottle 


View the video below to see a sphere turn Outside In. 


d 
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Section 11.7 Cylindrical and Spherical Coordinates 


e Use cylindrical coordinates to represent surfaces in space. 
e Use spherical coordinates to represent surfaces in space. 


Cylindrical Coordinates 


You have already seen that some two-dimensional graphs are easier to represent in 
polar coordinates than in rectangular coordinates. A similar situation exists for 
surfaces in space. In this section, you will study two alternative space-coordinate 
systems. The first, the cylindrical coordinate system, is an extension of polar 


Cylindrical coordinates: ; ; : j 
coordinates in the plane to three-dimensional space. 


Z ag y? 
Rectangular y 
i ‘ tan 0 = = 
coordinates: x 
ims ie os The Cylindrical Coordinate System 
smg (x,y,z) In a cylindrical coordinate system, a point P in space is represented by an 


° 
Pi (0z) ordered triple (r, 0, z). 


1. (r, 6) is a polar representation of the projection of P in the xy-plane. 
2. zis the directed distance from (r, 0) to P. 


To convert from rectangular to cylindrical coordinates (or vice versa), use the 
Figure 11.66 following conversion guidelines for polar coordinates, as illustrated in Figure 11.66. 


Cylindrical to rectangular: 


x = r cos 0, y = rsin 9, Z=2Zz 
Rectangular to cylindrical: 

Do) ae a) == ee = 

Pa ie ys fmn O =~ Z= 


The point (0, 0, 0) is called the pole. Moreover, because the representation of a point 
in the polar coordinate system is not unique, it follows that the representation in the 
cylindrical coordinate system is also not unique. 


(x, y, 2) = (2V3, 2, 3) 


>N 


EXAMPLE | Converting from Cylindrical to Rectangular Coordinates 


. 5 . 
Convert the point (r, 0, z) = (a - 3) to rectangular coordinates. 


Solution Using the cylindrical-to-rectangular conversion equations produces 


x= Aeon E =a- = -2/3 


6 2 
1 
y=4sn = 4(4) =2 
z=3. 


5a 


(7,8, =(4, 3) 


So, in rectangular coordinates, the point is (x, y, z) = (-23, 2: 3), as shown in 
Figure 11.67 Figure 11.67. Sey 


[Dry rt | [Exploration 4} 


x 


Figure 11.68 


N 


(x, y, z) = (1,73, 2) 


(r, 9, z) = (2. K 2) or (2, a, 2) 
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EXAMPLE 2 Converting from Rectangular to Cylindrical Coordinates 


Convert the point (x, y, z) = (1, A3, 2) to cylindrical coordinates. 


Solution Use the rectangular-to-cylindrical conversion equations. 


r=+/1+3=+2 
tan 0 = /3 @= arctan (V3) + nm = 7 + nm 


z=2 


You have two choices for r and infinitely many choices for 0. As shown in Figure 
11.68, two convenient representations of the point are 


r > 0 and @ in Quadrant I 


r < 0 and 0 in Quadrant MI 


[Try te ] [Exploration 
Cylindrical coordinates are especially convenient for representing cylindrical 


surfaces and surfaces of revolution with the z-axis as the axis of symmetry, as shown 
in Figure 11.69. 


24y2=9 x? +y? =4z x2 +y =z? veya] 
as r=2 yz Wag rat 
i 
y >y 
XA 
x 
| 
Cylinder Paraboloid Cone Hyperboloid 


[Rotatale Graph | 


Figure 11.69 


Vertical planes containing the z-axis and horizontal planes also have simple cylindrical 
coordinate equations, as shown in Figure 11.70. 


Zz 


veiei l Horizontal 
plane: 
plane: ae 
oie 
& 
_—, , 


Figure 11.70 
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EXAMPLE 3 Rectangular-to-Cylindrical Conversion 


Rectangular: Cylindrical: Find an equation in cylindrical coordinates for the surface represented by each 
x+y 4z 7 Peg? rectangular equation. 


a. x? + y? = 42? 


b. y2 =x 


Solution 


a. From the preceding section, you know that the graph x? + y? = 4z? is a “double- 
napped” cone with its axis along the z-axis, as shown in Figure 11.71. If you 
replace x? + y? with 7?, the equation in cylindrical coordinates is 


Figure 11.71 


e x? + y? = 4z? Rectangular equation 
| Rotatable Graph || r? = 4z. Cylindrical equation 
b. The graph of the surface y? = x is a parabolic cylinder with rulings parallel to the 


z-axis, as shown in Figure 11.72. By replacing y with r? sin? 0 and x with r cos 9, 
you obtain the following equation in cylindrical coordinates. 


Rectangular: Cylindrical: 
y? 5p r=csc @ cot 0 y? =x Rectangular equation 
r? sin? 0 = r cos 0 Substitute r sin 0 for y and r cos 6 for x. 
r(r sin? 0 — cos 0) = 0 Collect terms and factor. 
r sin? 0 — cos 0 = 0 Divide each side by r. 
cos 0 
r= ane pb Solve for r. 
r = csc 0 cot 0 Cylindrical equation 


Note that this equation includes a point for which r = 0, so nothing was lost by 
Figure 11.72 dividing each side by the factor r. —<—a 


Converting from rectangular coordinates to cylindrical coordinates is more 


straightforward than converting from cylindrical coordinates to rectangular coordi- 
nates, as demonstrated in Example 4. 


Cylindrical: 
r? cos 20+z7+1=0 


EXAMPLE 4 Cylindrical-to-Rectangular Conversion 


Find an equation in rectangular coordinates for the surface represented by the 
cylindrical equation 


r? cos20 +z? +1=0. 


Solution 
r? cos20 +z +1=0 Cylindrical equation 
r?(cos? 0 — sin? 6) + z7+1=0 Trigonometric identity 
r cos? 6— r? sin? @+ 27 = —1 
x? y’ +z = -1 Replace r cos 0 with x and r sin 0 with y. 
Rectangular: y? = gec | Rectangular equation 


2 2 2 
ysg =g — ll 
This is a hyperboloid of two sheets whose axis lies along the y-axis, as shown in 


Figure 11.73 Figure 11.73. = 


Prime, 
meridian 


Equator 


Figure 11.74 


Spherical coordinates 
Figure 11.75 
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Spherical Coordinates 


In the spherical coordinate system, each point is represented by an ordered triple: the 
first coordinate is a distance, and the second and third coordinates are angles. This 
system is similar to the latitude-longitude system used to identify points on the surface 
of Earth. For example, the point on the surface of Earth whose latitude is 40° North 
(of the equator) and whose longitude is 80° West (of the prime meridian) is shown in 
Figure 11.74. Assuming that the Earth is spherical and has a radius of 4000 miles, you 
would label this point as 


(4000, — 80°, 50°). 


Radius 80° clockwise from 50° down from 


prime meridian North Pole 


The Spherical Coordinate System 


In a spherical coordinate system, a point P in space is represented by an 
ordered triple (p, 6, o). 

1. pis the distance between P and the origin, p = 0. 

2. 6 is the same angle used in cylindrical coordinates for r = 0. 

3. dis the angle between the positive z-axis and the line segment OP, OSST. 


Note that the first and third coordinates, p and ¢, are nonnegative. p is the 
lowercase Greek letter rho, and ¢ is the lowercase Greek letter phi. 


The relationship between rectangular and spherical coordinates is illustrated in 
Figure 11.75. To convert from one system to the other, use the following. 


Spherical to rectangular: 
x = psin ġ cos 6, y = psin d sin 0, z = pcos ġ 


Rectangular to spherical: 


P= x2 + y? + 22, tan 0 = i b= TTR 


Veit yt 2 


To change coordinates between the cylindrical and spherical systems, use the 
following. 


Spherical to cylindrical (r > 0): 
r? = p’ sin? d, 0= 86, z = pcos $ 


Cylindrical to spherical (r 2 0): 


D= (FF eS. 0= 6, ġ = arccos — 
r? + 2 
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The spherical coordinate system is useful primarily for surfaces in space that have 
a point or center of symmetry. For example, Figure 11.76 shows three surfaces with 
simple spherical equations. 


x nae X y 
x 
Sphere: Vertical half-plane: a cone: 
Se @=c g=c (0<c<4) 


| Rotatabe Graph | 


EXAMPLE 5 Rectangular-to-Spherical Conversion 


Figure 11.76 


Find an equation in spherical coordinates for the surface represented by each 


rectangular equation. 
a. Cone: x? + y? = z? 


b. Sphere: x? + y? + z? — 4z =0 


Solution 


a. Making the appropriate replacements for x, y, and z in the given equation yields the 


following. 
e+ya 2? 
p? sin? & cos? 6 + p? sin? ġ sin? 6 = p? cos? o 
Rectangular: Spherical: p? sin? ¢ (cos? 0 + sin? 0) = p? cos? 
+y7+4+7*-47=0 = 4 cos p 
ORA if ? p? sin? pġ = p° cos? p 
7 sin? 
7 $ = p20 
cos? b 
tan? d = 1 $ = 7/4 0r b = 37/4 


The equation p = 7/4 represents the upper half-cone, and the equation ġ = 37/4 
represents the lower half-cone. 


eg 


. Because p? = x? + y? + z? and z = pcos ġ, the given equation has the following 
spherical form. 


2? — 4pcosp=0 => p(p— 4cos d) = 0 
Temporarily discarding the possibility that p = 0, you have the spherical equation 


p—4coshd=0 or p=4cos ¢. 


Note that the solution set for this equation includes a point for which p = 0, so 
nothing is lost by discarding the factor p. The sphere represented by the — 
Figure 11.77 p = 4 cos ¢ is shown in Figure 11.77. 
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Exercises for Section I1.7 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 


Click on || to print an enlarged copy of the graph. 


In Exercises 1-6, convert the point from cylindrical coordinates In Exercises 49-56, find an equation in rectangular coordinates 
to rectangular coordinates. for the equation given in spherical coordinates, and sketch its 
raph. 
1. (5,0, 2) 2. (4, 7/2, —2) on 
3. (2, 77/3, 2) 4. (6, — 77/4, 2) 49. p=2 50. 0 = z 
5. (4, 77/6, 3) 6. (1, 37/2, 1) 
51. p=2 52. 6=2 
In Exercises 7—12, convert the point from rectangular coordi- 6 2 
nates to cylindrical coordinates. 53. p = 4 cos ġ 54. p = 2 sec o 
7. (0,5,1) 8. (2./2, ~2,/2, 4) 55. p = csc o 56. p = 4 csc psec 0 
= (1, v3, 4) a0; (2 v3, ~2, 6) In Exercises 57—64, convert the point from cylindrical coordi- 
11. (2, —2, —4) 12. (—3, 2, —1) nates to spherical coordinates. 
In Exercises 13-20, find an equation in cylindrical coordinates 57. (4, 7/4, 0) 58. (3, — 7/4, 0) 
for the equation given in rectangular coordinates. 59. (4, 7/2, 4) 60. (2, 27/3, —2) 
13. 2=5 14.x=4 61. (4, — 7/6, 6) 62. (—4, 7/3, 4) 
15. x? + y? +z? = 10 16. z =x? + y? -2 63. (12, 7, 5) 64. (4, 77/2, 3) 
ga Fe E 
Me yma Pee nee In Exercises 65-72, convert the point from spherical coordi- 
19. y = 10 -z7 20. x? + y? +z? —3z=0 nates to cylindrical coordinates. 
In Exercises 21-28, find an equation in rectangular coordinates 65. (10, 1/6, 7/2) 66. (4, 7/18, 77/2) 
for the equation given in cylindrical coordinates, and sketch its 67. (36, 7, 7/2) 68. (18, 7/3, 7/3) 
graph. 69. (6, — 7/6, 7/3) 70. (5, —57/6, 77) 
2. r=2 22.z=2 71. (8, 77/6, 1/6) 72. (7, 7/4, 37/4) 
23. 0 = 77/6 24. r = 52 
moe _ Py In Exercises 73-86, use a computer algebra system or graphing 
25. r= 2sin 0 26. r = 2 cos 0 ziz A 
j utility to convert the point from one system to another among 
27. r? +z = 28. z = r? cos? 0 the rectangular, cylindrical, and spherical coordinate systems. 
In Exercises 29-34, convert the point from rectangular coordi- Rectangular Cylindrical Spherical 
nates to spherical coordinates. 73. (4, 6, 3) 
29. (4, 0, 0) 30. (1, 1, 1) 74. (6, —2, —3) 
31. (—2, 2/3, 4) 32. (2, 2,4/2) 75. (5, 7/9, 8) 
33. (V3, 1,2/3) 34. (—4, 0, 0) 76. (10, —0.75, 6) 
77. (20, 21/3, 7/4) 
In Exercises 35-40, convert the point from spherical coordi- 78. (7.5, 0.25, 1) 
nates to rectangular coordinates. 79. (3, —2, 2) 
35. (4, 1/6, 7/4) 36. (12, 327/4, 77/9) 80. (3/2, 3/2, -3) 
37. (12, — 7/4, 0) 38. (9, 7/4, 77) 81. (5/2, 4/3, —3/2) 
39. (5, 7/4, 37/4) 40. (6, T, 7/2) 82. (0, —5, 4) 
83. (5, 37/4, —5) 
In Exercises 41-48, find an equation in spherical coordinates 84 (—2, 117/6, 3) 
for the equation given in rectangular coordinates. ` : j 
85. (—3.5, 2.5, 6) 
aga aie 2-2 86. (8.25, 1.3, —4) 
43. x? + y? + 2? = 36 44, x? + y? — 377 = 
45. x? + y= 46. x = 10 
47. x? + y? = 277 48. x? + y?+ 227-92 =0 
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In Exercises 87—92, match the equation (written in terms of 
cylindrical or spherical coordinates) with its graph. [The graphs 
are labeled (a), (b), (c), (d), (e), and (f).] 


(b) 


T 
87.r=5 88. 0=7 
89. p=5 9. =F 
91. r? =z 92. p = 4 sec h 


. Give the equations for the coordinate conversion from 
rectangular to cylindrical coordinates and vice versa. 


. For constants a, b, and c, describe the graphs of the equa- 
tions r = a, 0 = b, and z = c in cylindrical coordinates. 


. Give the equations for the coordinate conversion from 
rectangular to spherical coordinates and vice versa. 


. For constants a, b, and c, describe the graphs of the equa- 
tions p = a, 0 = b, and ¢ = c in spherical coordinates. 


In Exercises 97-104, convert the rectangular equation to an 
equation in (a) cylindrical coordinates and (b) spherical coordi- 
nates. 


97. x? + y? +z? = 16 

98. 4(x2 + y3) = 22 

99. x? + y? + 22-2z2=0 
100. x? +y? =z 
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In Exercises 105-108, sketch the solid that has the given 
description in cylindrical coordinates. 

105.0 < 0 < w7/2,0<r<s2,0<72<4 

106. —m/2 < 0 < 7/2,0< rs 3,05 z2< rcosé 

107.0 <0<2m,0<r<ar<z<a 

108. 0< 6<27,2<rs4 2s -°+6r-8 


In Exercises 109-112, sketch the solid that has the given 
description in spherical coordinates. 


109.0 < 0< 27,0< < m/6,0 < p< asec p 
110. 0 < 0 < 2T, T/4 < 6< T/2,0<p<1 
111. 0 < 0 < m/2,0 < $ < Tm/2,0<p<2 
112. 0<80< mT, 0< ¢< T/2,1<p<3 


Think About It In Exercises 113-118, find inequalities that 
describe the solid, and state the coordinate system used. 
Position the solid on the coordinate system such that the 
inequalities are as simple as possible. 


113. A cube with each edge 10 centimeters long 


114. A cylindrical shell 8 meters long with an inside diameter of 
0.75 meter and an outside diameter of 1.25 meters 


115. A spherical shell with inside and outside radii of 4 inches and 
6 inches, respectively 


116. The solid that remains after a hole 1 inch in diameter is drilled 
through the center of a sphere 6 inches in diameter 


117. The solid inside both x? + y? + z? = 9 and 
2 
(-3) +9 =3 


118. The solid between the spheres x? + y? + 7? =4 and 
x? + y? + z? = 9, and inside the cone z? = x? + y? 


True or False? In Exercises 119-122, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


119. In spherical coordinates, the equation 0 = c represents an 
entire plane. 


120. The equations p = 2 and x? + y? + z? = 4 represent the 
same surface. 


121. The cylindrical coordinates of a point (x, y, z) are unique. 


122. The spherical coordinates of a point (x, y, z) are unique. 


123. Identify the curve of intersection of the surfaces (in cylindri- 
cal coordinates) z = sin 0 and r = 1. 


124. Identify the curve of intersection of the surfaces (in spherical 
coordinates) p = 2 sec ¢ and p = 4. 


Review Exercises for Chapter 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on |Ħ| 


to print an enlarged copy of the graph. 


In Exercises 1 and 2, let u = PO and v = PR , and find (a) the 
component forms of u and v, (b) the magnitude of v, and 
(c) 2u + v. 

1. P = (1,2), Q = (4, 1), R = (5, 4) 

2. P = (—2, —1), Q = (5, — 1), R = (2, 4) 


In Exercises 3 and 4, find the component form of v given its 
magnitude and the angle it makes with the positive x-axis. 


3. |iv| = 8, @ = 120° 4, livi = 4, @ = 225° 


5. Find the coordinates of the point in the xy-plane four units to 
the right of the xz-plane and five units behind the yz-plane. 


6. Find the coordinates of the point located on the y-axis and 
seven units to the left of the xz-plane. 


In Exercises 7 and 8, determine the location of a point (x, y, z) 
that satisfies the condition. 


7. yz >0 8. xy < 0 


In Exercises 9 and 10, find the standard equation of the sphere. 


9. Center: (3, —2, 6); Diameter: 15 
10. Endpoints of a diameter: (0, 0, 4), (4, 6, 0) 


In Exercises 11 and 12, complete the square to write the equa- 
tion of the sphere in standard form. Find the center and radius. 


11. x? + y? + z? — 4x — 6y +4=0 
12. x? + y? + z? — 10x + 6y — 4z + 34 =0 


In Exercises 13 and 14, the initial and terminal points of a 
vector are given. Sketch the directed line segment and find the 
component form of the vector. 

13. Initial point: (2, — 1, 3) 14. Initial point: (6, 2, 0) 


Terminal point: (4, 4, —7) Terminal point: (3, —3, 8) 


In Exercises 15 and 16, use vectors to determine whether the 
points are collinear. 


15. (3,4, —1), (~1, 6, 9), (5,3, —6) 
16. (5, —4, 7), (8, —5, 5), (11, 6, 3) 


17. Find a unit vector in the direction of u = (2, 3, 5). 


18. Find the vector v of magnitude 8 in the direction (6, —3, 2). 
In Exercises 19 and 20, let u = PO and v = PR, and find (a) the 
component forms of u and v, (b) u - v, and (c) v - v. 


19. P = (5,0, 0), Q = (4, 4, 0), R = (2, 0, 6) 
20. P = (2, —1,3), Q = (0,5, 1), R = (5,5, 0) 


In Exercises 21 and 22, determine whether u and v are orthog- 
onal, parallel, or neither. 


21. u = (7, —2, 3) 
v=(-1,4,5) 


22. u = (—4, 3, —6) 
v = (16, — 12, 24) 


In Exercises 23-26, find the angle 0 between the vectors. 


23. u = 5[cos(37/4)i + sin(37/4)j] 
v = 2[cos(27/3)i + sin(27/3)j] 
24. u = (4, —1,5)}, v= (3,2, —2) 
25. u = (10, —5, 15), v = (-2, 1, -3) 
26. u = (1,0, —3), v= (2, —2, 1) 


27. Find two vectors in opposite directions that are orthogonal to 
the vector u = (5, 6, — 3). 


28. Work An object is pulled 8 feet across a floor using a force of 
75 pounds. The direction of the force is 30° above the horizontal. 
Find the work done. 


In Exercises 29-32, let u = 3, —2, 19, v= <3, —4, 3), and 
w = (-1,2,2). 

29. Show that u - u = |lul}?. 

30. Find the angle between u and v. 

31. Determine the projection of w onto u. 


32. Find the work done in moving an object along the vector u if 
the applied force is w. 


In Exercises 33-38, let u = <3, =2, 1, v= l2, —4, =a), and 
w = <-1,2,2). 


33. Determine a unit vector perpendicular to the plane containing 
v and w. 

34. Show that u x v = —(v x u). 

35. Find the volume of the solid whose edges are u, v, and w. 

36. Show that u x (v + w) = (u x v) + (u x w). 

37. Find the area of the parallelogram with adjacent sides u and v. 


38. Find the area of the triangle with adjacent sides v and w. 


39. Torque The specifications for a tractor state that the torque on 
a bolt with head size 3 inch cannot exceed 200 foot-pounds. 
Determine the maximum force ||F || that can be applied to the 
wrench in the figure. 
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40. Volume Use the triple scalar product to find the volume of the 
parallelepiped having adjacent edges u = 2i + j, v = 2j + k, 
and w = —j + 2k. 


In Exercises 41 and 42, find sets of (a) parametric equations 
and (b) symmetric equations of the line through the two points. 
(For each line, write the direction numbers as integers.) 


41. (3,0,2), (9, 11, 6) 42. (—1, 4,3), (8, 10, 5) 


In Exercises 43-46, find (a) a set of parametric equations and 
(b) a set of symmetric equations for the line. 


43. The line passes through the point (1, 2, 3) and is perpendicular 
to the xz-plane. 

44. The line passes through the point (1, 2, 3) and is parallel to the 
line given by x = y = z. 

45. The intersection of the planes 3x — 3y — 7z = —4 and 
x-y+2z=3 

46. The line passes through the point (0, 1, 4) and is perpendicular 


tou = (2, —5, 1) and v = (—3, 1, 4). 
In Exercises 47-50, find an equation of the plane. 
47. The plane passes through 

(—3, —4, 2), (-3, 4, 1), and (1, 1, —2). 


48. The plane passes through the point (—2, 3, 1) and is perpendi- 
cular ton = 3i — j + k. 


49. The plane contains the lines given by 


x= 
=y=z+1 
= y 
and 
x+1 
=y—-l=z-2 
=) y . 


50. The plane passes through the points (5, 1, 3) and (2, —2, 1) and 
is perpendicular to the plane 2x + y — z = 4. 


51. Find the distance between the point (1,0, 2) and the plane 
2x — 3y + 6z = 6. 

52. Find the distance between the point (3, —2, 4) and the plane 
2x = Sy + z= 10. 

53. Find the distance between the planes 5x — 3y + z = 2 and 
58 = 3y ZS =3. 

54. Find the distance between the point (—5, 1,3) and the line 
given by x = 1 + t, y = 3 — 2t, and z = 5 — t. 


In Exercises 55—64, describe and sketch the surface. 


55. x + 2y +3z=6 
56. y =z? 

57. y= $z 
58. y = cos z 
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x y 


59. — += +z2=1 
is g 

60. 16x? + 16y? — 9z? = 
x2 y? 5 
a 

61 16 9 Zz 1 
x2 y? z? _ 

62. 35 +4 oo 

63. x2 +227=4 


64. y2 + 22 = 16 


65. Find an equation of a generating curve of the surface of revolu- 
tion y? + z? — 4x = 0. 

66. Find an equation for the surface of revolution generated by 
revolving the curve z? = 2y in the yz-plane about the y-axis. 


In Exercises 67 and 68, convert the point from rectangular 
coordinates to (a) cylindrical coordinates and (b) spherical 
coordinates. 


67. (-2./2, 2V2, 2) 


alna 

“\ 4°" 2 
In Exercises 69 and 70, convert the point from cylindrical 
coordinates to spherical coordinates. 


69. (100, ae so) 70. (s1, - 22 27 v3) 


6 


In Exercises 71 and 72, convert the point from spherical 
coordinates to cylindrical coordinates. 


T 3T 

71: (25; == 
(5 a 
mT 27 

72. (12-7 a) 


In Exercises 73 and 74, convert the rectangular equation to 
an equation in (a) cylindrical coordinates and (b) spherical 
coordinates. 

73. x? — y? =2z 

74. x? + y? + 2? = 16 


In Exercises 75 and 76, find an equation in rectangular 
coordinates for the equation given in cylindrical coordinates, 
and sketch its graph. 


75. r= 4sin 0 76. z2=4 
In Exercises 77 and 78, find an equation in rectangular 
coordinates for the equation given in spherical coordinates, and 


sketch its graph. 


7.0=3 78. p = 2 cos 0 


| PS. | Problem Solving 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on [al to print an enlarged copy of the graph. 


1. Using vectors, prove the Law of Sines: If a, b, and ¢ are the three 
sides of the triangle shown in the figure, then 


sinA sinB sinC 
lall lbi lell 


2. Consider the function f(x) = Í Jt* + 1 dt. 
o 


(a) Use a graphing utility to graph the function on the interval 
=2 sxs 2. 

(b) Find a unit vector parallel to the graph of f at the point 
(0, 0). 

(c) Find a unit vector perpendicular to the graph of f at the point 
(0, 0). 

(d) Find the parametric equations of the tangent line to the 
graph of f at the point (0, 0). 

3. Using vectors, prove that the line segments joining the midpoints 
of the sides of a parallelogram form a parallelogram (see figure). 


4. Using vectors, prove that the diagonals of a rhombus are 
perpendicular (see figure). 


5. (a) Find the shortest distance between the point Q(2, 0, 0) and 
the line determined by the points P,(0, 0, 1) and P,(0, 1, 2). 
(b) Find the shortest distance between the point Q(2, 0, 0) and 
the line segment joining the points P,(0,0,1) and 

P,(0, 1, 2). 
6. Let P, be a point in the plane with normal vector n. Describe the 


set of points P in the plane for which (n + PP) is orthogonal to 
(n — PÈ). 


7. (a) Find the volume of the solid bounded below by the parab- 
oloid z = x? + y? and above by the plane z = 1. 
(b) Find the volume of the solid bounded below by the elliptic 


2 2 
paraboloid z = = + = and above by the plane z = k, 


where k > 0. 


(c) Show that the volume of the solid in part (b) is equal to 
one-half the product of the area of the base times the 
altitude, as shown in the figure. 


z Base 


8. (a) Use the disk method to find the volume of the sphere 
ety? +z =r. 


2 y 2 
(b) Find the volume of the ellipsoid zZ + na + a = 1. 
9. Sketch the graph of each equation given in spherical coordi- 
nates. 
(a) p=2singd 
(b) p= 2 cos ġ 
10. Sketch the graph of each equation given in cylindrical coordi- 
nates. 
(a) r = 2 cos 0 


(b) z = r? cos 20 
11. Prove the following property of the cross product. 


(u x v) x (w x z) = (u x v-z)w- (u x v- wz 


12. Consider the line given by the parametric equations 


x t+3, y=3tt+1, z 2t= 1 


and the point (4, 3, s) for any real number s. 


(a) Write the distance between the point and the line as a 
function of s. 

(b) Use a graphing utility to graph the function in part (a). Use 
the graph to find the value of s such that the distance 
between the point and the line is minimum. 


(c) Use the zoom feature of a graphing utility to zoom out 
several times on the graph in part (b). Does it appear that 
the graph has slant asymptotes? Explain. If it appears to 
have slant asymptotes, find them. 
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13. 


Figure for 13 
14. 


15. 
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A tetherball weighing 1 pound is pulled outward from the pole 
by a horizontal force u until the rope makes an angle of 0 
degrees with the pole (see figure). 


(a) Determine the resulting tension in the rope and the magni- 
tude of u when 0 = 30°. 


(b) Write the tension T in the rope and the magnitude of u as 
functions of 6. Determine the domains of the functions. 


(c) Use a graphing utility to complete the table. 


0 0° | 10° | 20° | 30° | 40° | 50° | 60° 


(d) Use a graphing utility to graph the two functions for 
0° < 0 < 60°. 


(e) Compare T and ||u|| as 6 increases. 
(£) Find (if possible) lim T and lim ||u]|. Are the 
0> 1/27 05 7/27 


results what you expected? Explain. 


Figure for 14 


A loaded barge is being towed by two tugboats, and the magni- 
tude of the resultant is 6000 pounds directed along the axis of 
the barge (see figure). Each towline makes an angle of 0 
degrees with the axis of the barge. 

(a) Find the tension in the towlines if 6 = 20°. 


(b) Write the tension T of each line as a function of 0. Deter- 
mine the domain of the function. 


(c) Use a graphing utility to complete the table. 


10° | 20° | 30° | 40° | 50° | 60° 


T 


(d) Use a graphing utility to graph the tension function. 
(e) Explain why the tension increases as 0 increases. 


Consider the vectors u = (cosa,sina,0) and v= 
(cos B, sin B, 0), where œ > ß. Find the cross product of the 
vectors and use the result to prove the identity 


sin(a — B) = sin a cos B — cos a sin B. 


16. 


17. 


18. 


19. 


20. 
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Los Angeles is located at 34.05° North latitude and 118.24° 
West longitude, and Rio de Janeiro, Brazil is located at 22.90° 
South latitude and 43.23° West longitude (see figure). Assume 
that Earth is spherical and has a radius of 4000 miles. 


z Prime, 
meridian 


Los Angeles 


Equator 


Rio de Janeiro 


(a) Find the spherical coordinates for the location of each city. 

(b) Find the rectangular coordinates for the location of each 
city. 

(c) Find the angle (in radians) between the vectors from the 
center of Earth to each city. 

(d) Find the great-circle distance s between the cities. 
(Hint: s = r6) 

(e) Repeat parts (a)-(d) for the cities of Boston, located at 
42.36° North latitude and 71.06° West longitude, and 


Honolulu, located at 21.31° North latitude and 157.86° 
West longitude. 


Consider the plane that passes through the points P, R, and S. 
Show that the distance from a point Q to this plane is 
Ju < (v x w)| 


Distance = 
lu x v|] 


where u = PR, v = PS, and w = PO. 
Show that the distance between the parallel planes 
ax + by + cz + d, = Oand ax + by + cz + d, = Qis 
: Id, — d,| 
Dist: =- 
sance Tet +e 


Show that the curve of intersection of the plane z = 2y and the 
cylinder x? + y? = 1 is an ellipse. 

Read the article “Tooth Tables: Solution of a Dental Problem 
by Vector Algebra” by Gary Hosler Meisters in Mathematics 
Magazine. Then write a paragraph explaining how vectors and 
vector algebra can be used in the construction of dental inlays. 


MathArticle 
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Section 12.1 Vector-Valued Functions 


e Analyze and sketch a space curve given by a vector-valued function. 
e Extend the concepts of limits and continuity to vector-valued functions. 


Space Curves and Vector-Valued Functions 


In Section 10.2, a plane curve was defined as the set of ordered pairs (f(t), g(t)) 
together with their defining parametric equations 


x=f() and y= g(t) 


where f and g are continuous functions of t on an interval Z. This definition can be 
extended naturally to three-dimensional space as follows. A space curve C is the set 
of all ordered triples (f(t), g(t), A()) together with their defining parametric equations 


x = f(t), y = g(t), and z = h(t) 


where f, g, and h are continuous functions of t on an interval /. 

Before looking at examples of space curves, a new type of function, called a 
vector-valued function, is introduced. This type of function maps real numbers to 
vectors. 


Definition of Vector-Valued Function 
A function of the form 

r(t = f(Di + gj Plane 
or 

r(t) = f()i + g(t)j + hk Space 


is a vector-valued function, where the component functions f, g, and h are 
real-valued functions of the parameter t. Vector-valued functions are sometimes 


A r(t) denoted as r(t) = (f(t), g(t) or r(A = (FA, g(t), ACD). 


r(t) . : f : ; : 
: Technically, a curve in the plane or in space consists of a collection of points and 


the defining parametric equations. Two different curves can have the same graph. For 
instance, each of the curves given by 


r(t) 


> xX 


EET ; L cin 28 x8 
Curve ina plane r= sinti + costj and r=sinf*i+ cosfj 


has the unit circle as its graph, but these equations do not represent the same curve— 
because the circle is traced out in different ways on the graphs. To see that these 
equations do not represent the same curve, select the animation button. 


7 
SS | Animation | 


Be sure you see the distinction between the vector-valued function r and the 
real-valued functions f, g, and h. All are functions of the real variable t, but r(f) is a 
vector, whereas f(t), g(t), and h(t) are real numbers (for each specific value of 1). 

Vector-valued functions serve dual roles in the representation of curves. By 
letting the parameter t represent time, you can use a vector-valued function to repre- 
sent motion along a curve. Or, in the more general case, you can use a vector-valued 
function to trace the graph of a curve. In either case, the terminal point of the position 


ye 


- vector r(f) coincides with the point (x,y) or (x,y,z) on the curve given by the 
Curve C is traced out by the terminal point parametric equations, as shown in Figure 12.1. The arrowhead on the curve indicates 
of position vector r(7). the curve’s orientation by pointing in the direction of increasing values of t. 


Figure 12.1 
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y Unless stated otherwise, the domain of a vector-valued function r is considered 
to be the intersection of the domains of the component functions f, g, and h. For 
instance, the domain of r(t) = (Inti + V1 — tj + tk is the interval (0, 1]. 


EXAMPLE | Sketching a Plane Curve 


Sketch the plane curve represented by the vector-valued function 
r(t) = 2 cos ti — 3 sin tj O<t< 2T. Vector-valued function 
Solution From the position vector r(f), you can write the parametric equations 


u x = 2cost and y = —3sin¢. Solving for cost and sint and using the identity 
cos*t + sin?t = | produces the rectangular equation 


r(t) =2 cos ti— 3 sin tj 

y . 
The ellipse is traced clockwise as ¢ increases pm 32 1. Rectangular equation 

from 0 to 27. 

Figure 12.2 The graph of this rectangular equation is the ellipse shown in Figure 12.2. The curve 
has a clockwise orientation. That is, as ¢ increases from 0 to 27, the position vector r(t) 


moves clockwise, and its terminal point traces the ellipse. 


Cylinder: 


FS EXAMPLE 2 Sketching a Space Curve 


Sketch the space curve represented by the vector-valued function 


r(t) = 4costi+ 4sintj + tk, 0 < t < 4r. Vector-valued function 


Solution From the first two parametric equations x = 4 cos t and y = 4 sin t, you 
can obtain 


x + y? = 16. Rectangular equation 
(4, 0, 0) ce) 


r(t) = 4 cos ti + 4 sin tj + tk 


This means that the curve lies on a right circular cylinder of radius 4, centered about 
the z-axis. To locate the curve on this cylinder, you can use the third parametric equa- 


As t increases from 0 to 47r, two spirals on tion z = ¢. In Figure 12.3, note that as ¢ increases from 0 to 47, the point (x, y, z) 
the helix are traced out. spirals up the cylinder to produce a helix. A real-life example of a helix is shown in 
Figure 12.3 the drawing at the lower left. = 


a (een) [eee 

In Examples 1 and 2, you were given a vector-valued function and were asked 
to sketch the corresponding curve. The next two examples address the reverse 
problem—finding a vector-valued function to represent a given graph. Of course, if 


the graph is described parametrically, representation by a vector-valued function is 
straightforward. For instance, to represent the line in space given by 


x=2+t y= 3t, and z=4-t 
you can simply use the vector-valued function given by 


r(t) = (2+ ti + 3tj + (4 — Ok. 


In 1953 Francis Crick and James D. Watson 
discovered the double helix structure of If a set of parametric equations for the graph is not given, the problem of representing 
DNA, which led to the $30 billion per year the graph by a vector-valued function boils down to finding a set of parametric 
biotechnology industry. equations. 
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There are many ways to parametrize this 
graph. One way is to let x = t. 
Figure 12.4 


| Editable Graph | 


NOTE Curves in space can be speci- 
fied in various ways. For instance, the 
curve in Example 4 is described as the 
intersection of two surfaces in space. 
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EXAMPLE 3 Representing a Graph by a Vector-Valued Function 


Represent the parabola given by y = x? + 1 by a vector-valued function. 
Solution Although there are many ways to choose the parameter f, a natural choice 
is to let x = t. Then y = t? + 1 and you have 

r(t) = fit+ (t a4 1)j. Vector-valued function 


Note in Figure 12.4 the orientation produced by this particular choice of parameter. 
Had you chosen x = —tż as the parameter, the curve would have been oriented in the 
opposite direction. 


EXAMPLE 4 Representing a Graph by a Vector-Valued Function 


Sketch the graph C represented by the intersection of the semiellipsoid 


2 y 2 
H+ 2 $5 = > 
eA a aan 
and the parabolic cylinder y = x°. Then, find a vector-valued function to represent the 
graph. 


Solution The intersection of the two surfaces is shown in Figure 12.5. As in 
Example 3, a natural choice of parameter is x = t. For this choice, you can use the 
given equation y = x° to obtain y = ¢?. Then, it follows that 

ge x y’ Pf -A= 

4 12 24 12 24 24 ` 


Because the curve lies above the xy-plane, you should choose the positive square root 
for z and obtain the following parametric equations. 


24 — 2t? — t4 
x=t y=?, and z=./ 6 


The resulting vector-valued function is 


g [24 — 2t2 — t4 
r(t) = tit Pjt =— < $ —2<t<2. Vector-valued function 


From the points (—2, 4, 0) and (2, 4,0) shown in Figure 12.5, you can see that the 
curve is traced as ¢ increases from —2 to 2. 


Parabolic cylinder 


C xet 
par 
DAD E 
Ellipsoid S a 


The curve C is the intersection of the semiellipsoid and the parabolic cylinder. 
F igure 12.5 SS 


| Rotatante Graph | 
[Try tt_| | Exploration A | 


As t approaches a, r(f) approaches the limit 
L. For the limit L to exist, it is not necessary 
that r(a) be defined or that r(a) be equal 

to L. 

Figure 12.6 


Animation | 
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Limits and Continuity 


Many techniques and definitions used in the calculus of real-valued functions can be 
applied to vector-valued functions. For instance, you can add and subtract vector- 
valued functions, multiply a vector-valued function by a scalar, take the limit of a 
vector-valued function, differentiate a vector-valued function, and so on. The basic 
approach is to capitalize on the linearity of vector operations by extending the 
definitions on a component-by-component basis. For example, to add or subtract two 
vector-valued functions (in the plane), you can write 


r + v(t) = [AO + gO] + AOI + g] Sum 
=[AM + FO]i+ [eiO + g(dO]i 
r(t) -rð = [AMI + gO] - Oi + 2.05] Difference 


= LAM -Oli + [ei — g(dIi- 
Similarly, to multiply and divide a vector-valued function by a scalar, you can write 
cr() = fi + gj] Scalar multiplication 
chi + cg Oj 
r(1) _ [AAi + a95] 


c Cc 


0 Scalar division 
t t 
_f0,, 2, 
Cc C 


This component-by-component extension of operations with real-valued functions to 
vector-valued functions is further illustrated in the following definition of the limit of 
a vector-valued function. 


Definition of the Limit of a Vector-Valued Function 
1. If r is a vector-valued function such that r(t) = f(t)i + g(t)j, then 
lim r(t) = | tim soli + [im sOi Plane 
ta ta ta 
provided f and g have limits as t > a. 
2. If ris a vector-valued function such that r(t) = f(t)i + g(t)j + h(t)k, then 


lim r() = [im soli n [im s0 li + [tim nto | spes 


provided f, g, and h have limits as t > a. 


If r(¢) approaches the vector L as t > a, the length of the vector r(t) — L 
approaches 0. That is, 


Ir) -L|—>0 as tra 


This is illustrated graphically in Figure 12.6. With this definition of the limit of a 
vector-valued function, you can develop vector versions of most of the limit theorems 
given in Chapter 1. For example, the limit of the sum of two vector-valued functions 
is the sum of their individual limits. Also, you can use the orientation of the curve r(t) 
to define one-sided limits of vector-valued functions. The next definition extends the 
notion of continuity to vector-valued functions. 
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Definition of Continuity of a Vector-Valued Function 


A vector-valued function r is continuous at the point given by t = a if the 
limit of r(t) exists as tf a and 


lim r(t) = r(a). 


A vector-valued function r is continuous on an interval / if it is continuous at 
every point in the interval. 


From this definition, it follows that a vector-valued function is continuous at 
t = aif and only if each of its component functions is continuous at t = a. 


EXAMPLE 5 Continuity of Vector-Valued Functions 


Discuss the continuity of the vector-valued function given by 
r(t) =tit aj + (a? = t?)k a is a constant. 


att = 0. 

Solution As ¢ approaches 0, the limit is 
lim r(t) = [tim ‘i + [tim ali + [tim (a? — lk 
t>0 t>0 t>0 t>0 


= 0i + aj + ak 


= aj + a’k. 
Because 
r(0) = (0)i + @j + (a°)k 
=ajt+a’*k 


you can conclude that r is continuous at tf = 0. By similar reasoning, you can conclude 
that the vector-valued function r is continuous at all real-number values of t. 


[try te] [Extortion] 
For each value of a, the curve represented by the vector-valued function in 
Example 5, 


r(ż) =tit aj + (a? = t?)k a is a constant. 


is a parabola. You can think of each parabola as the intersection of the vertical plane 
y = a and the hyperbolic paraboloid 


Y TX =Z 


as shown in Figure 12.7. 


For each value of a, the curve represented 
by the vector-valued function 
r(t) = ti + aj + (a? — t°)k is a parabola. 


TECHNOLOGY Almost any type of three-dimensional sketch is difficult to do 


Figure 12.7 by hand, but sketching curves in space is especially difficult. The problem is in 
trying to create the illusion of three dimensions. Graphing utilities use a variety of 

| Rotatable Graph || techniques to add “three-dimensionality” to graphs of space curves: one way is to 
show the curve on a surface, as in Figure 12.7. 
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Exercises for Section 12.1 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 

Click on to view the complete solution of the exercise. 

Click on to print an enlarged copy of the graph. 

In Exercises 1-8, find the domain of the vector-valued function. In Exercises 17—20, match the equation with its graph. [The 


i graphs are labeled (a), (b), (c), and (d).] 
1. r(ż) = Sti — 4tj — 7E (a) 


. r(A = V4 — ti + rj - 6rk 
. r(t) = Inti — e'j — tk 
. r(t) = sin ti + 4cos tj + tk 
. r(t) = F(t) + G(t) where 
F(t) = cos ti — sin tj + /tk, G(t) = costi + sin tj : 
F(t) = Inti + 5tj — 3t?k, G( =i + 4tj — 3ť?k | Rotatable Graph || 
p - 
(aera) 


nan A U N 


6. r(t) = F(t) — G(t) where 
7. r(t) = F(t) x G(t) where 

F(t) = sin ti + cos tj, G(s) = sin tj + cos tk (O) 
8. r(t) = F(t) x G(t) where 


Fi) = pi -— tj t+ tk, Gi) =3ti -+ Li + (t+ 2)k 


In Exercises 9-12, evaluate (if possible) the vector-valued 
function at each given value of t. 


=* 
= 


9. r(A = 502i — (t -— ‘Dj 
(a) r(1) (b) r(0) (c) r(s + 1) 
(d) r(2 + At) — r(2) 

10. r(t) = cos ti + 2 sin tj 
(a) r(0) (b) r(7/4) (©) r(0-— 7) 
(d) r(a/6 + At) — r(7/6) 


[Potetene Grant | 
17. r(t) = ti + 2tj + t?k, 2<t<2 


18. r(t) = cos(mt)i + sin(mt)j + tk, -1<t<1 
19. r(t) = ti + j+ "k, -2<t<2 


i 20. r(t) = ti + ings oe Ol<t<5 
11. r(f) = Inti + +i + 3rk 3 


(a) r(2) (b) r(=3) (c) r(t — 4) 21. Think About It The four figures below are graphs of the 
(d) r(1 + Ad) — r(1) vector-valued function 
12. r() = Vti + j+ ek 


r(t) = 4cos ti + 4 sin tj + ak 
(a) r(0) (b) r(4) (© r(e + 2) 


(d) r(9 + At) — r(9) Match each of the four graphs with the point in space from 
which the helix is viewed. The four points are (0, 0, 20), 
In Exercises 13 and 14, find ||r(¢) ||. (20, 0, 0), (—20, 0, 0), and (10, 20, 10). 
13. r(t) = sin 3ti + cos 3tj + tk (a) i (b) i 


14. r(t) = Vti + 3tj — 4tk 


Think About It In Exercises 15 and 16, find r(t) - u(é). Is the 
result a vector-valued function? Explain. 


= 


15. r(t) = (3t — 1)i + {t°j + 4k 


y~ 


u(t) = 7i — 8j + ek y 
Generated by Mathematica Generated by Mathematica 
16. r(t) = (3 cos t, 2 sin t, t — 2) 
u(t) = (4 sin t, —6 cos t, t?) (c) (d) ¢ 


Y 
x 


Generated by Mathematica Canerated bu Mathamatrva 
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22. Sketch three graphs of the vector-valued function 
r(t) = ti + tj + 2k 


as viewed from each point. 


(a) (0,0,20) (b) (10,0,0) (c) (5,5, 5) 


In Exercises 23-38, sketch the curve represented by the vector- 
valued function and give the orientation of the curve. 

23. r(t) = 3ti + (t — 1)j 24. r(t) = (1 — Ni + Stj 

25. r(t) = Pi+ Pj 26. r(t) = (£ + di + (7 — Dj 
27. r(@) = cos ĝi + 3 sin Oj 28. r(t) = 2 cos ti + 2 sin tj 
29. r(0) = 3 sec ði + 2tan Oj 30. r(t) = 2 cos? ti + 2 sin? tj 
31. r(t) = (—t + 1)i + (4t + 2)j + (2t + 3)k 

32. r(t) = ti + (2t — 5)j + 3tk 


33. r(t) = 2 cos ti + 2 sin tj + tk 
34. x(t) = 3 cos ti + 4sintj ok 
35. r(t) = 2 sin ti + 2 cos tj + e'k 


36. r(t) = ti + 2tj + 3tk 
37. r(t) = (s, 12,31) 
38. r(t) = (cost + tsin t, sin t — t cos t, t) 


In Exercises 39—42, use a computer algebra system to graph the 
vector-valued function and identify the common curve. 


= lasa . PBs 
39. r(t) ait tj 5 t?k 

oe Boada 
40. r(t) = ti A Pit sek 


i i 4 wo) 1 34 1 it 
41. r(t) = sin ti + ( 7 Cost — ziji + | 5 cost + 


42. r(t) = — /2sinti + 2costj + V2 sin tk 


Think About It In Exercises 43 and 44, use a computer algebra 
system to graph the vector-valued function r(t). For each u(t), 
make a conjecture about the transformation (if any) of the 
graph of r(t). Use a computer algebra system to verify your 
conjecture. 
43. r(t) = 2 cos ti + 2 sin tj + itk 

(a) u(t) = 2(cost — 1)i + 2sintj 4 itk 

(b) u(t) = 2 cos ti + 2 sin tj + 2tk 

(c) u(t) = 2 cos(— t)i + 2 sin(—dj 4 H fk 

(d) u(t) = 5ti + 2 sin tj + 2 cos tk 

(e) u(t) = 6 cos ti + 6 sin tj 4 itk 
44. r(t) = ti + Pj + 5k 

(a) u(t) = ti + (£? — 2)j + trk 

(b) u(t) = Pi + tj + 5k 

(c) u(t) = ti + Pj (403 4)k 

(d) u(t) = ti + Pj + GK 

©) u4) = (ñi + (9j 


3(—1)°k 
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valued function. (There are many correct answers.) 


45. y=4-x 46. 2x — 3y +5=0 

47. y = (x — 2)? 48. y=4- x 

49. x? + y? = 25 50. (x — 2} + y? = 
2 r 2 2 

51. T6 47! 52. igt =! 


53. A particle moves on a straight-line path that passes through the 
points (2,3,0) and (0, 8,8). Find a vector-valued function 
for the path. Use a computer algebra system to graph your 
function. (There are many correct answers.) 


54. The outer edge of a playground slide is in the shape of a helix of 
radius 1.5 meters. The slide has a height of 2 meters and makes 
one complete revolution from top to bottom. Find a vector- 
valued function for the helix. Use a computer algebra system to 
graph your function. (There are many correct answers.) 


In Exercises 55-58, find vector-valued functions forming the 
boundaries of the region in the figure. State the interval for the 
parameter of each function. 


55. y a 56. y 
y=—5x+6 A 


2 4 6 8 1012 


57. v 58. v 
y= vx 


In Exercises 59—66, sketch the space curve represented by the 
intersection of the surfaces. Then represent the curve by a 
vector-valued function using the given parameter. 


Surfaces Parameter 
59. z= x? +y? x+y=0 x=t 
60. z =x? +y? z=4 x =2cost 
61. x? + y? = z= x? x =2sint 
62. 4x7 + 4y? + z? = 16, x= 2? z=t 
63. x? + y? +z? =4, x+z=2 x=1+sint 
64. x? +y?+77=10, xt+y=4 x=2+sint 
65. x? +727=4, y?+77=4 x = t (first octant) 
66. x? + y? +z? = 16, xy =4 x = t (first octant) 
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67. Show that the vector-valued function . Let r(t) and u(t) be vector-valued functions whose limits exist 


r(t) = ti + 2t cos tj + 2t sin tk as t — c. Prove that 


li t |= li t) x li t). 
lies on the cone 4x? = y? + z?. Sketch the curve. re [o xuta] e rę) x =e u(t) 


68. Show that the vector-valued function 86. Let r(t) and u(t) be vector-valued functions whose limits exist 
as t — c. Prove that 


r(t) = e™ cos ti + e™ sintj + e'k 
lim [r() + u(t)] = lim r(ż) - lim u(). 
tc tc tc 


lies on the cone z? = x? + y?. Sketch the curve. 
87. Prove that if r is a vector-valued function that is continuous at 


In Exercises 69-74, evaluate the limit. c, then |r| is continuous at c. 


5 88. Verify that the converse of Exercise 87 is not true by finding a 
69. tim yfai ča j4 1 K) vector-valued function r such that ||r || is continuous at c but r 
t? — 2t t is not continuous at c. 


130 


70. li og asa ek 
Oslin Veri rj ) True or False? In Exercises 89—92, determine whether the 


ds — cost statement is true or false. If it is false, explain why or give an 
71. | im (1 i+ 3rj + 1a 2051) example that shows it is false. 
72. lim ( Jii +- -i 4272 x) 89. If fig, and h are first-degree polynomial functions, then the 
1 curve given by x = f(t), y = g(t), and z = h(t) is a line. 
1, 90. If the curve given by x = f(t), y = g(t), and z = h(t) is a line, 
Bes im (44 a is rk) then f, g, and h are first-degree polynomial functions of t. 


74. lim (ei + *j m 


t= 


k 91. Two particles traveling along the curves r(t) = ti + £j and 
u(t) = (2 + fi + 8tj will collide. 
92. The vector-valued function r(t) = Pi + tsintj + tcos tk 
In Exercises 75-80, determine the interval(s) on which the lies on the paraboloid x = y? + z?. 
vector-valued function is continuous. 


t? +1 


75. r(t) = tit —j 76. r(t) = Vti + /t-1j 


t 
77. r(t) = ti + arcsin tj + (t — 1)k 

78. x(t) = 2e™ti + ej + In(t — 1)k 

79. x(t) = (e™', t?, tan t) 80. r(A) = (8, V2, 3/1) 


Writing About Concepts 


81. State the definition of a vector-valued function in the plane 
and in space. 


82. If r(f) is a vector-valued function, is the graph of the vector- 
valued function u(t) = r(t — 2) a horizontal translation of 
the graph of r(t)? Explain your reasoning. 


. Consider the vector-valued function 
r(t) = Pi + (t — 3)j + tk. 
Write a vector-valued function s(¢) that is the specified 
transformation of r. 


(a) A vertical translation three units upward 


(b) A horizontal translation two units in the direction of the 
negative x-axis 
(c) A horizontal translation five units in the direction of the 
positive y-axis 
. State the definition of continuity of a vector-valued 
function. Give an example of a vector-valued function that 
is defined but not continuous at t = 2. 
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Section 12.2 Differentiation and Integration of Vector-Valued Functions 


e Differentiate a vector-valued function. 
e Integrate a vector-valued function. 


Differentiation of Vector-Valued Functions 


In Sections 12.3-12.5, you will study several important applications involving the 
calculus of vector-valued functions. In preparation for that study, this section is 
devoted to the mechanics of differentiation and integration of vector-valued functions. 

The definition of the derivative of a vector-valued function parallels that given for 
real-valued functions. 


Definition of the Derivative of a Vector-Valued Function 
The derivative of a vector-valued function r is defined by 


, _ x(t + Ad — r(t) 
an nee 


for all ¢ for which the limit exists. If r’(c) exists, then r is differentiable at c. 
If r’(c) exists for all c in an open interval J, then r is differentiable on the 
interval J. Differentiability of vector-valued functions can be extended to 
closed intervals by considering one-sided limits. 


NOTE In addition to r’(t), other notations for the derivative of a vector-valued function are 


Dir], fro], and G 


Differentiation of vector-valued functions can be done on a component-by- 
component basis. To see why this is true, consider the function given by 

r() = fi + gj. 
Applying the definition of the derivative produces the following. 
r(t + At) — r(t) 


a ere 
r(t+ An —r() — ee Adi + al ei = fi = gi 
= ym [O] a [= 80)) 
on ot 


=f Wire) 
This important result is listed in the theorem on the next page. Note that the derivative 
of the vector-valued function r is itself a vector-valued function. You can see from 
# Figure 12.8 that r’(7) is a vector tangent to the curve given by r(t) and pointing in the 
Figure 12.8 direction of increasing t-values. 
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THEOREM 12.1 


r() = fit gj. 


of t, then 


r(t) =f(Oi+ g(Oj + h’(Ok. 


Differentiation of Vector-Valued Functions 


1. If r(t) = f(t)i + g(t)j, where f and g are differentiable functions of t, then 


2. If r(t) = f(t)i + g(t)j + A(t)k, where f, g, and h are differentiable functions 


Plane 


Space 


EXAMPLE | 


Differentiation of Vector-Valued Functions 


Find the derivative of each vector-valued function. 


a. r(t) = Pi- 4j 


1 
b. r(t) = vi + Intj + e%k 


Solution Differentiating on a component-by-component basis produces the 


following. 
a. r(t) = 2ti — Oj 
= 2ti 
b. r'( = -ži + i + 2e7k 


Derivative 


Derivative 


Higher-order derivatives of vector-valued functions are obtained by successive 


differentiation of each component function. 


EXAMPLE 2 Higher-Order Differentiation 


For the vector-valued function given by r(t) = cos ti + sin tj + 21k, find each of the 


following. 


b. r’(t) 
d. r(t) x v(t) 


a. r’(t) 
c. r(t) + r’(t) 


Solution 
a. r'(f) = —sin ti + cos tj + 2k 


b. r(t) = —cos ti — sin tj + Ok 


—cos ti — sin fj 


c. r(t) + r(t) = sin t cost — sin t cost = 0 
i j k 
d. r’(t) x rf) = | -sint cost 2 


—cost —sint 0 


_ | cost 2 
—snt 0 


—sint 
— cos t 


= 2 sinti — 2 cos tj + k 


First derivative 


Second derivative 


Dot product 


Cross product 


cos t 
—sint 


—sint 
0 J — cos t 


Note that the dot product in part (c) is a real-valued function, not a vector-valued 


function. 
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The parametrization of the curve represented by the vector-valued function 


r(t) = fi + gj + Ak 


is smooth on an open interval / if f’, g’, and h’ are continuous on J and r’(t) # 0 for 
any value of ¢ in the interval Z. 


EXAMPLE 3 Finding Intervals on Which a Curve Is Smooth 


Find the intervals on which the epicycloid C given by 
r(t) = (5cost — cos 5t)i + (5 sint — sin 5t)j, OS t < 2m 


is smooth. 


Solution The derivative of r is 


} > x r’(t) = (—S5sint + 5 sin 5t)i + (5 cost — 5 cos 5%)j. 


In the interval [0, 27r], the only values of t for which 
r(t) = 01 + Oj 


are t = 0, 7/2, m, 31/2, and 27. Therefore, you can conclude that C is smooth in the 


intervals 
r(t) = (5 cos t—cos 5t)i + (5 sin t — sin 5pj 
aw\ [T 3a 37 
The epicycloid is not smooth at the points (o. 7), z ) G 37), and (= 2n) 
where it intersects the axes. 
Figure 12.9 as shown in Figure 12.9. =a 


NOTE In Figure 12.9, note that the curve is not smooth at points at which the curve makes 
abrupt changes in direction. Such points are called cusps or nodes. 


Most of the differentiation rules in Chapter 2 have counterparts for vector-valued 
functions, and several are listed in the following theorem. Note that the theorem 
contains three versions of “product rules.” Property 3 gives the derivative of the 
product of a real-valued function f and a vector-valued function r, Property 4 gives 
the derivative of the dot product of two vector-valued functions, and Property 5 gives 
the derivative of the cross product of two vector-valued functions (in space). Note that 
Property 5 applies only to three-dimensional vector-valued functions, because the 
cross product is not defined for two-dimensional vectors. 


THEOREM 12.2 Properties of the Derivative 


Let r and u be differentiable vector-valued functions of t, let f be a differentiable 
real-valued function of ft, and let c be a scalar. 

1. D[cr())] = cr’(d) 

» Dir + u()] = r) + u(y) 

» DL fOrO] = fOr’) + fOr 

» D{r() + ud] = r@ + uw’) + rd) + uy) 

. D[r(t) x u(t)] = r(A x u(t) + r(t) x u(t) 

» DEFOA] = vr’ FOO 

. If r(t) - r(t) = c, then r(t) - r(t) = 0. 


lN ANAN Bb Ww WY 
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Proof To prove Property 4, let 
r(t) = fi + gj and ud) = AAi + gj 

where fi, fa, g), and g, are differentiable functions of t. Then, 
e(d) + ult) = OL + ge) 

and it follows that 


D{r(t) - u(d)] =f, (Of + FORO + g(t) gz (t) T gi (t) g(t) 


Let r(t) = cos ti + sin tj. Sketch the 


graph of r(t). Explain why the graph = LAOR À + g(t) 80 (t)] + LA OAM + 81 Og] 

is a circle of radius 1 centered at the = r(t) - u(t) + v(t) + u(t). 

origin. Calculate r(7/4) and r'(7/4). i i i 

Position the vector r’(77/4) so that its Proofs of the other properties are left as exercises (see Exercises 73-77 and 
initial point is at the terminal point of Exercise 80). — 


(77/4). What do you observe? Show 
that r(¢) - r(t) is constant and that 
r(t) - v(t) = 0 for all t. How does 


this example relate to Property 7 of . : 
Treven ID DP For the vector-valued functions given by 


EXAMPLE 4 Using Properties of the Derivative 


r(t) = i —jtinek and ul) = ?i- 2tj + k 
find 
a. Dir(t)- u(t)] and b. D[u(s) x u(a)]. 
Solution 
a. Because r’(t) = -4i + ik and u’(t) = 2ti — 2j, you have 
Dlr) > u()] = r(t) + wC) + r(t) + ud) 


(ti -j+ ink) - (2ti — 2j) 


1 1 
+ (-4i + 4) ei- 2tj + k) 


= 2.42. (=1) + 


ale 


=3+ 


b. Because u(t) = 2ti — 2j and u(t) = 2i, you have 
Dlui) x wA] = [u x ud] + [u (A x ud] 


i j k 
=| =} 1+0 
2 (0) 0 
—2t 1). |? 1|. |E —2t 
-| 0 k= | ih 2 of 
= Oi — (—2)j + 4tk 
= 2j + 4tk. — 


es) ees] [eee 
NOTE Try reworking parts (a) and (b) in Example 4 by first forming the dot and cross 
products and then differentiating to see that you obtain the same results. 
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Integration of Vector-Valued Functions 


The following definition is a rational consequence of the definition of the derivative 
of a vector-valued function. 


Definition of Integration of Vector-Valued Functions 


1. If r(A = f(Oi + g(t)j, where f and g are continuous on [a,b], then the 
indefinite integral (antiderivative) of r is 


[ro dt = | fro arhi + | [20 arli Plane 


and its definite integral over the intervala < t < bis 


fro dt = [fro ali + [fzo ali. 


2. Ifr(A = f(ti + g(t)j + hlt)k, where f, g, and h are continuous on [a, b], then 
the indefinite integral (antiderivative) of r is 


fro dt = | fro ahi + [feo arli + [fro ark Space 


and its definite integral over the intervala < t < bis 
b b b b 
fro Pe [roai ji a) ali + p ni ae i 


The antiderivative of a vector-valued function is a family of vector-valued func- 
tions all differing by a constant vector C. For instance, if r(t) is a three-dimensional 
vector-valued function, then for the indefinite integral fr(t) dt, you obtain three 
constants of integration 


fro dt = F(t) + C, feo dt = G(t) + C,, fro dt = H(t) + C, 


where F’(t) = f(t), G’(t) = g(t), and H(t) = h(t). These three scalar constants 
produce one vector constant of integration, 


f r(t) dt = [F(t) + Cli + [G() + C]j + [H(t) + Clk 


= [Fi + G()j + Hek] + [Ci + Cj + Ck] 
=R +C 
where R’(t) = r(t). 


EXAMPLE 5 Integrating a Vector-Valued Function 


Find the indefinite integral 
f (ti + 3j) dt. 


Solution Integrating on a component-by-component basis produces 


2 
[cit a-Sir sue 
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Example 6 shows how to evaluate the definite integral of a vector-valued 
function. 


EXAMPLE 6 Definite Integral of a Vector-Valued Function 
Evaluate the integral 
1 1 
- 1 
= 3/44 Fj =f 
Í r(t) dt | (i+ TEL k) ar 
Solution 
1 1 
Í r(t) dt = (f ie ai + (f Hai i+ (f etd) 
0 0 
3 1 
= G Je] i+ [in + ul) j+ [-e=| k 
4 0 0 0 


a + (In2)j + sae -1h 


As with real-valued functions, you can narrow the family of antiderivatives of a 
vector-valued function r’ down to a single antiderivative by imposing an initial 
condition on the vector-valued function r. This is demonstrated in the next example. 


EXAMPLE 7 The Antiderivative of a Vector-Valued Function 


Find the antiderivative of 


; , er 1 
r'(t) = cos 2ti — 2 sin tj tipp" 


that satisfies the initial condition r(0) = 3i — 2j + k. 
Solution 


r(t) = fro dt 


= ([ cos2rar)i (f -2sinrat)i + (f tsa) 


1 
= (3 sin 2t + c}i+ + (2cost + C,)j + (arctan t + C,)k 


Letting t = 0 and using the fact that r(0) = 3i — 2j + k, you have 
r(0) = (0 + C)i+ (2 + C)j§+(O+ C)k 
= 3i + (—2)j + k. 
Equating corresponding components produces 
C, = 3, 2+C,=-2, and CG = 1. 


So, the antiderivative that satisfies the given initial condition is 


1 
r(t) = (3 sin 2t + 3) + (2cost — 4)j + (arctan t + 1)k. 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-6, sketch the plane curve represented by the vec- 
tor-valued function, and sketch the vectors r(fo) and r’(¢) for 
the given value of tọ. Position the vectors such that the initial 
point of r (tọ) is at the origin and the initial point of r’(tọ) is at the 
terminal point of r (tọ). What is the relationship between r’(to) 
and the curve? 


1. r() = Pit tj, t =2 2. r() =ti+ Pj, t= 1 
1 
3. r) = Pit —j, to = 2 


~r)y=14+ i+ Pj, 4 =1 


A 


5. r(t) = cos ti + sin tj, t => 
6. r(t) = eit e”j, t =0 
7. Investigation Consider the vector-valued function 
r(t) = ti + Pj. 
(a) Sketch the graph of r(t). Use a graphing utility to verify 
your graph. 


(b) Sketch the vectors r(1/4), r(1/2), and r(1/2) — r(1/4) on 
the graph in part (a). 


(c) Compare the vector r’(1/4) with the vector 


r(1/2) — (1/4). 
1/2 — 1/4 


8. Investigation Consider the vector-valued function 
r(t = ti + (4 — Pj. 


(a) Sketch the graph of r(ż). Use a graphing utility to verify 
your graph. 

(b) Sketch the vectors r(1), r(1.25), and r(1.25) — r(1) on the 
graph in part (a). 

: : r(1.25) — r(1) 

(c) Compare the vector r’(1) with the vector ee 1 

In Exercises 9 and 10, (a) sketch the space curve represented by 

the vector-valued function, and (b) sketch the vectors r (tọ) and 

r’(to) for the given value of fo. 


9. r(t) = 2cos ti + 2 sin tj + tk, tf = = 
10. r(A = i+ j + 3k, = 2 
In Exercises 11-18, find r’(¢). 
1 tr? 
11. r(t) = 6ti — 7P°j + Pk 12. r(t) = Pe + 16tj + 5k 


13. r(t) = acos* ti + a sin? tj + k 

14. r(A = 4V/ti + P/tj + In ?k 

15. r(A = ei + 4j 

16. r(t) = (sint — t cos t, cos t + tsin t, t°) 


17. r(t) = (t sin t, t cos t, t) 18. r(t) = (arcsin t, arccos t, 0) 


In Exercises 19-26, find (a) r”(¢) and (b) r(é) - rð. 


19. r(t) = ti + iej 20. r(t) = (2 + ñi + (2 — Dj 
21. r(t) = 4 cos ti + 4 sin tj 22. r(t) = 8 cos ti + 3 sin fj 
23. r(t) = 52 — tj + ok 

24. r(t) = ti + (2t + 3)j + (3t — 5)k 

25. r(t) = (cost + tsin t, sin t — t cos t, t) 

26. r(t) = (e™', 2, tan t) 


In Exercises 27 and 28, a vector-valued function and its graph 
are given. The graph also shows the unit vectors r’(to)/ || r(t) || 
and r(ty)/||r”(¢g) ||. Find these two unit vectors and identify 
them on the graph. 


27. r(t) = cos(w di + sinr Aj + rk, h= -1 


28. r(A) = ti + Pj + 7K, h=} 


z Z 


kad 


Figure for 27 Figure for 28 


|[Rotatatne Graph | ([ Rotatatie Graph | 


In Exercises 29—38, find the open interval(s) on which the curve 
given by the vector-valued function is smooth. 


29. r(t) = Pi+ Py 30. r(t) = 


7 1 i i+ 3¢j 
31. r(0) = 2 cos? ĝi + 3 sin? 6j 
32. r(0) = (0 + sin i + (1 — cos Oj 
33. r(6) = (0 — 2sin 6)i + (1 — 2 cos Aj 
y) a 
8+ ny 


2t, 
34. r(t) = gap 


35. r(t) = (t — 1)i + *j —?k 36. rf = ei — e™'j + 3tk 


37. r(t) = ti — 3tj + tan tk 
38. r(t) = Vti + (2 — 1)j + fk 


In Exercises 39 and 40, use the properties of the derivative to 
find the following. 


(a) rd) b) r’(0) © D[r@ + u(Z)] 
(d) D[3r@) — u@] (e) Dir® x ud] O Diroll «> 0 


39. r(t) = ti + 3tj + ?k, ult) = 4ti + Pj + Pk 
40. r(t) = ti + 2 sin tj + 2 cos tk, 


1 
u(t) = Ti+ 2 sin ij + 2 cos tk 


In Exercises 41 and 42, find (a) Dir: u] and 
(b) D [r(t) x u(t)] by differentiating the product, then applying 
the properties of Theorem 12.2. 


41. r(t) = ti + 27) + Pk, u(t) = rík 
42. r(t) = costi + sin tj + tk, u(t) = j + tk 


In Exercises 43 and 44, find the angle 0 between r(f) and r’(f) as 
a function of t. Use a graphing utility to graph 0(¢). Use the 
graph to find any extrema of the function. Find any values of t 
at which the vectors are orthogonal. 


43. r(t) = 3 sin ti + 4 cos tj 44. r(t) = Pit tj 


In Exercises 45-48, use the definition of the derivative to find 


r’‘(t). 

45. r(t) = (3t + 2i + (1 — j 46. r() = vti + Sj — 2tk 
47. r(t) = (P, 0, 2t) 48. r(t) = (0, sin t, 4t) 
In Exercises 49—56, find the indefinite integral. 


49. Í (2 +j+k)dt 50. Í (4i + 6tj — 41k) dt 


51. fiti- eek)a 52. [ (msi +p ak) a 


53. fle — Dit 4j + svik] dt 


54. Í (e'i + sin tj + cos tk) dt 


1 
55. Í (sec? ti + ai) dt 


56. Í (e™ sin ti + e™ cos tj) dt 


In Exercises 57-62, evaluate the definite integral. 


1 1 
57. Í (8ti + tj — k) dt 58. Í (ti + pj + 3/tk) at 
0 


=f 


m/2 
59. Í [(a cos t)i + (a sin t)j + k] dt 
0 
1/4 
60. Í [(sec ż tan t)i + (tan t)j + (2 sin ż cos t)k] dt 
0 


2 3 
61. Í (ti + ej — te'k) dt 62. Í |i + £jl| dt 
0 0 


In Exercises 63-68, find r(t) for the given conditions. 


63. r/(t) = 4e%i + 3ej, r(0) = 2i 

64. v(t) = 3j + 6/tk, r(0) =i + 2j 

65. rt) = —32j, r/(0) = 600/3i + 600j, r(0) =0 
66. v(t) = —4 cos tj — 3 sin tk, r/(0) = 3k, r(0) = 4j 
67. v(t) = tei- ej tk, r(0) =+i-jt+k 


PA 2d P 
pit pl ; 7K r(1) = 2i 


68. r’(7) 
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Writing About Concepts 


. State the definition of the derivative of a vector-valued 
function. Describe how to find the derivative of a vector- 
valued function and give its geometric interpretation. 

70. How do you find the integral of a vector-valued function? 

71. The three components of the derivative of the vector-valued 
function u are positive at £ = fo. Describe the behavior of u 
at t = fo. 

72. The z-component of the derivative of the vector-valued 

function u is O for ¢ in the domain of the function. What 

does this information imply about the graph of u? 


In Exercises 73-80, prove the property. In each case, assume 
r, u, and v are differentiable vector-valued functions of t, f is a 
differentiable real-valued function of ¢, and c is a scalar. 


73. D,[cr(t)] = cr’(t) 

74. D[r(t) + ul] = r(t) + u(t) 

75. Di f(r) ] = fOr A + fOr 

76. D,[r(t) x u(t)] = r(t) x u(t) + rÀ x u(t) 

77. Dir] = rAr O 

78. D[r(t) x r(A] = r(t) x rA 

79. D,{r(t) [ul x Ah = rÀ + [uÀ x vO] + 
r(A) + [u’() x vO] + re) -u x vO] 


80. If r(t) - r(¢) is a constant, then r(t) - r’(t) = 0. 


81. Particle Motion A particle moves in the xy-plane along the 
curve represented by the vector-valued function 
r(t) = (t — sin fji + (1 — cos dj. 


(a) Use a graphing utility to graph r. Describe the curve. 
(b) Find the minimum and maximum values of ||r ‘|| and |[r”||. 


82. Particle Motion A particle moves in the yz-plane along the 
curve represented by the vector-valued function 
r(t) = (2 cos t)j + (3 sin t)k. 


(a) Describe the curve. 


(b) Find the minimum and maximum values of ||r ‘|| and ||r”||. 


True or False? In Exercises 83-86, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


83. If a particle moves along a sphere centered at the origin, then 
its derivative vector is always tangent to the sphere. 


84. The definite integral of a vector-valued function is a real number. 
85. ilro = IOl 


86. If r and u are differentiable vector-valued functions of t, then 
Dr) < u()] = r4) < u). 


87. Consider the vector-valued function 
r(t) = (e sin t)i + (e cos t)j. 


Show that r(r) and r’(r) are always perpendicular to each other. 
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Section 12.3 Velocity and Acceleration 


Exploring Velocity Consider the 
circle given by 


r(t) = (cos wti + (sin wf)j. 


Use a graphing utility in parametric 
mode to graph this circle for several 
values of w. How does w affect the 
velocity of the terminal point as it 
traces out the curve? For a given 
value of w, does the speed appear 
constant? Does the acceleration 
appear constant? Explain your 
reasoning. 


=3 3 


-2 


e Describe the velocity and acceleration associated with a vector-valued function. 
e Use a vector-valued function to analyze projectile motion. 


Velocity and Acceleration 


You are now ready to combine your study of parametric equations, curves, vectors, 
and vector-valued functions to form a model for motion along a curve. You will begin 
by looking at the motion of an object in the plane. (The motion of an object in space 
can be developed similarly.) 

As an object moves along a curve in the plane, the coordinates x and y of its 
center of mass are each functions of time ¢. Rather than using the letters f and g to 
represent these two functions, it is convenient to write x = x(t) and y = y(t). So, the 
position vector r(t) takes the form 


r(t) = x(t)i + y(j. 


The beauty of this vector model for representing motion is that you can use the first 
and second derivatives of the vector-valued function r to find the object’s velocity and 
acceleration. (Recall from the preceding chapter that velocity and acceleration are 
both vector quantities having magnitude and direction.) To find the velocity and accel- 
eration vectors at a given time ¢, consider a point O(x(t + At), y(t + Ad) that is 
approaching the point P(x(t), y(t)) along the curve C given by r(t) = x(t)i + y(d)j, as 
shown in Figure 12.10. As At — 0, the direction of the vector PO (denoted by Ar) 
approaches the direction of motion at time t. 


Ar = r(t + At) — r(t) 
Ar _ r(t + Ad) — r(t) 


Position vector 


At At 
. Ar _ v(t + At) — r(t) 
nun At n At 


If this limit exists, it is defined to be the velocity vector or tangent vector to the curve 
at point P. Note that this is the same limit used to define r’(1). So, the direction of r(t) 
gives the direction of motion at time t. Moreover, the magnitude of the vector r’(t) 


Irol = [lx Oi + y'O5l = KOP + Ly OP 


gives the speed of the object at time t. Similarly, you can use r”(f) to find acceleration, 
as indicated in the definitions at the top of page 849. 


Velocity vector _--~ 


Velocity vector 
at time t at time t 


> x 


A : 
As At 0, = approaches the velocity vector. 


Figure 12.10 


| Animation | 
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Definitions of Velocity and Acceleration 


If x and y are twice-differentiable functions of t, and r is a vector-valued function 
given by r(t) = x(i + y(dj, then the velocity vector, acceleration vector, and 
speed at time ¢ are as follows. 


Velocity = v(t) r(t) xdi + y (Oj 
Acceleration = a(t) r’(t) x (Di + y"(Oj 


Speed = |v] = [rll = OF + OFP 


For motion along a space curve, the definitions are similar. That is, if 
r(t) = x(#)i + y(Aj + z(t)k, you have 
Velocity = v(t) r(t) xdi + yj + zk 
Acceleration = a(t) r(t) x”(Di + y"(Oj + zik 


Speed = |v] = lOl = OP + OP + ROP. 


EXAMPLE | Finding Velocity and Acceleration Along a Plane Curve 


NOTE In Example 1, note that the Find the velocity vector, speed, and acceleration vector of a particle that moves along 
velocity and acceleration vectors are the plane curve C described by 
orthogonal at any point in time. This is 
characteristic of motion at a constant r(t) = 2 sin ti + 2cos t j. Bastion vector 
speed. (See Exercise 53.) 2 2 
Solution 


The velocity vector is 


t 
v(t) = r(t) = cos zÍ — sin 5 j. 


Velocity vector 
The speed (at any time) is 


Ir’ = ./ cos? 5 + sin? 5 =1. Speed 


Circle: x? + y2=4 ; . 
2 The acceleration vector is 


y 
| a(t) = r’(t) — l sin i- l cos A Acceleration vector 
2 2 2 2 2 ——— 
The parametric equations for the curve in Example 1 are 
2 2 i P 
x= 2 sin; and y= 2 cos 5. 
By eliminating the parameter t, you obtain the rectangular equation 
= e+ yr=4, Rectangular equation 
r()=2 sinz i+ 2 cos i So, the curve is a circle of radius 2 centered at the origin, as shown in Figure 12.11. 


: ; Because the velocity vector 
The particle moves around the circle at 


a constant speed. v(i) = cos t i— sin t, 

Figure 12.11 2 2° 

|| Evitan Graph | has a constant magnitude but a changing direction as t increases, the particle moves 
around the circle at a constant speed. 
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r()=(? -4i+ tj 


a4 sey =a 


At each point on the curve, the acceleration 
vector points to the right. 
Figure 12.12 


At each point in the comet’s orbit, the 
acceleration vector points toward the sun. 
Figure 12.13 


| Animation | 


Curve: 
r(A =ti+ Pj + 3tk, 120 


Figure 12.14 


| Rotatable Graph | 
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EXAMPLE 2. Sketching Velocity and Acceleration Vectors in the Plane 


Sketch the path of an object moving along the plane curve given by 


r(t) = (t? — 4)i + tj 


Position vector 


and find the velocity and acceleration vectors when ¢ = 0 and t = 2. 


Solution Using the parametric equations x = £t? — 4 and y = t, you can determine 
that the curve is a parabola given by x = y? — 4, as shown in Figure 12.12. The 
velocity vector (at any time) is 


Velocity vector 


v(t) =r(t) = 2tit+ j 
and the acceleration vector (at any time) is 


a(t) = r’(t) = 2i. 


Acceleration vector 
When ż = 0, the velocity and acceleration vectors are given by 

v(0) = 2(0)i +f =j and a(0) = 2i. 

When ż = 2, the velocity and acceleration vectors are given by 

v(2) = 22) + j= 41+ j and a(2) = 2i. 

[Try te] [Bplorationa] 

For the object moving along the path shown in Figure 12.12, note that the 
acceleration vector is constant (it has a magnitude of 2 and points to the right). This 
implies that the speed of the object is decreasing as the object moves toward the vertex 
of the parabola, and the speed is increasing as the object moves away from the vertex 
of the parabola. 

This type of motion is not characteristic of comets that travel on parabolic 
paths through our solar system. For such comets, the acceleration vector always 
points to the origin (the sun), which implies that the comet’s speed increases as it 


approaches the vertex of the path and decreases as it moves away from the vertex. 
(See Figure 12.13.) 


EXAMPLE 3 Sketching Velocity and Acceleration Vectors in Space 


Sketch the path of an object moving along the space curve C given by 
r(t) = ti + £j + 3tk, t20 Position vector 

and find the velocity and acceleration vectors when t = 1. 

Solution Using the parametric equations x = ¢ and y = f3, you can determine that 

the path of the object lies on the cubic cylinder given by y = x°. Moreover, because 


z = 3t, the object starts at (0,0, 0) and moves upward as t increases, as shown in 
Figure 12.14. Because r(t) = ti + tj + 3tk, you have 

v(t) = r(t) =i + 3t} + 3k Velocity vector 
and 

a(t) = r(t) = 6tj. Acceleration vector 


When ¢ = I, the velocity and acceleration vectors are given by 


vil) =r(i) =i+ 3j+ 3k and a(l) = r”(1) = 6j. 


Curve: 


2 
ro zit (S42) +Pk 


p 


The object takes 2 seconds to move from 


point (1, 2, 0) to point (1, 4, 4) along C. 


Figure 12.15 
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So far in this section, you have concentrated on finding the velocity and acceler- 
ation by differentiating the position function. Many practical applications involve the 
reverse problem—finding the position function for a given velocity or acceleration. 
This is demonstrated in the next example. 


EXAMPLE 4 Finding a Position Function by Integration 


An object starts from rest at the point P(1, 2, 0) and moves with an acceleration of 
a(t) = j + 2k Acceleration vector 
where |la(7)|| is measured in feet per second per second. Find the location of the object 
after t = 2 seconds. 
Solution From the description of the object’s motion, you can deduce the following 
initial conditions. Because the object starts from rest, you have 
v(0) = 0. 
Moreover, because the object starts at the point (x, y, z) = (1, 2, 0), you have 
r(0) = x(0)i + y(O)j + z(0)k 
li + 2j + 0k 
=it 2j. 


To find the position function, you should integrate twice, each time using one of the 
initial conditions to solve for the constant of integration. The velocity vector is 


v(t) = a(t) dt | (j + 2k) dt 
= tj) + 2k + C 


where C = Ci + Cj + Ck. Letting t= 0 and applying the initial condition 
v(0) = 0, you obtain 


v(0) = Ci + Cj + CGk=0 DW c=aQ=Cc=0. 


So, the velocity at any time t is 
v(t) = tj + 2tk. Velocity vector 


Integrating once more produces 
r(t) = f v(t) dt = i (tj + 2tk) dt 
t2 
= zj +7?k+C 


where C = C,i+ Cj + Ck. Letting t= 0 and applying the initial condition 
r(0) = i + 2j, you have 


r(0) = Ci + Cj + Ck=i+23 = C,=1C,;=2,C,=0. 


So, the position vector is 
12 
r(A =i+ (5 + 2)j + ¢7k. Position vector 


The location of the object after t = 2 seconds is given by r(2) = i + 4j + 4k, as 
shown in Figure 12.15. 


[try te y] 
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Y və = Initial velocity Projectile Motion 
A 


You now have the machinery to derive the parametric equations for the path of a 
projectile. Assume that gravity is the only force acting on the projectile after it is 
launched. So, the motion occurs in a vertical plane, which can be represented by the 
xy-coordinate system with the origin as a point on Earth’s surface, as shown in Figure 
12.16. For a projectile of mass m, the force due to gravity is 


v) 


Y= v(0) 


F= —mgj Force due to gravity 


where the gravitational constant is g = 32 feet per second per second, or 9.81 meters 


| Initial height 


= per second per second. By Newton’s Second Law of Motion, this same force 
Figure 12.16 produces an acceleration a = a(t), and satisfies the equation F = ma. Consequently, 
the acceleration of the projectile is given by ma = —mgj, which implies that 
a= —gj. Acceleration of projectile 
EXAMPLE 5 Derivation of the Position Function for a Projectile 
A projectile of mass m is launched from an initial position rọ with an initial velocity 
Vọ. Find its position vector as a function of time. 
Solution Begin with the acceleration a(t) = — gj and integrate twice. 
v(t) = [a dt = —gjdt=-—gtj+C, 
. 1 Qe 
r(t) = | v(t) dt = | (—gtj + C,)dt = eed + Ct+C, 
You can use the facts that v(0) = vo and r(0) = r, to solve for the constant vectors C, 
and C,. Doing this produces C, = v, and C, = rọ. Therefore, the position vector is 
1 
r(t) = 75 gt’ j + tv, + ro- Position vector = 
[En] 
|| vl] = vo = initial speed In many projectile problems, the constant vectors rọ and v, are not given 
|[ro|| =A = initial height explicitly. Often you are given the initial height A, the initial speed vp, and the angle 0 


at which the projectile is launched, as shown in Figure 12.17. From the given height, 
you can deduce that rọ = hj. Because the speed gives the magnitude of the initial 
velocity, it follows that vọ = ||v,|| and you can write 
Vy = xit+ yj 
= (|lvol| cos @)i + ([voll sin ©j 


vo cos ĝi + Vo sin Oj. 


So, the position vector can be written in the form 


IDE: 
T7 ET AP IN AP Eo Position vector 


r(t) 


x= ||Vo|| cos 6 


y= [Ivo sin 6 


Figure 12.17 


1 
z gt? j + tvo cos Oi + tv sin Oj + hj 


1 
(vo cos O)ti + [r + (vp sin 6)t — Teli 


Figure 12.18 
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THEOREM 12.3 Position Function for a Projectile 


Neglecting air resistance, the path of a projectile launched from an initial height A 
with initial speed vp and angle of elevation 6 is described by the vector function 


r(t) = (vo cos @)ti + [a + (vo sin At — Leli 


where g is the gravitational constant. 


EXAMPLE 6 Describing the Path of a Baseball 


A baseball is hit 3 feet above ground level at 100 feet per second and at an angle of 
45° with respect to the ground, as shown in Figure 12.18. Find the maximum height 
reached by the baseball. Will it clear a 10-foot-high fence located 300 feet from home 
plate? 


Solution You are given h = 3, vọ = 100, and 0 = 45°. So, using g = 32 feet per 
second per second produces 


ri = (100 cos a + [s + (100 sin 2), - te? 


(50/2 ti + (3 + 502+ — 1612)j 
v(t) = r) = 50/2 i + (50/2 — 328). 
The maximum height occurs when 


y(t) = 50/2 — 32t = 0 


which implies that 


ve 25/2 
16 


= 2.21 seconds. 


So, the maximum height reached by the ball is 


2 
y=3+ sov/3( 522) 7 16522) 
_ 049 
8 
= 81 feet. Maximum height when f = 2.21 seconds 


The ball is 300 feet from where it was hit when 
300 = aly) = 50/2 t. 


Solving this equation for t produces t = 3/2 = 4.24 seconds. At this time, the height 
of the ball is 


y=3 + 50/2 (3/2) — 163/2 F 


= 303 — 288 
= 15 feet. Height when t = 4.24 seconds 
Therefore, the ball clears the 10-foot fence for a home run. n 


[Try te | [Exploration a | 
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Exercises for Section 12.3 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on || to print an enlarged copy of the graph. 
In Exercises 1-8, the position vector r describes the path of an In Exercises 19-22, use the given acceleration function to find 
object moving in the xy-plane. Sketch a graph of the path and the velocity and position vectors. Then find the position at time 
sketch the velocity and acceleration vectors at the given point. t=2. 
Position Function Point 19. a(t) =i+j+k 

1. r(t) = 3ti + (t -— Dj (3, 0) v(0) = 0, r(0)=0 

2. r(t) = (6 — Hit tj (3, 3) 20. a(t) = 2i + 3k 

3. r(t) = Pit tj (4, 2) v(0) = 4j, r(0) =0 

4. r(A = Pi+ Pj (1, 1) 21. a(t) = tj + tk 

5. r(t) = 2 costi + 2 sintj eZ J/2) v1) = 5j, r(1)=0 

6. r(t) = 3 cos ti + 2 sintj (3, 0) 22. a(t) = —cos ti — sin tj 

7. r(t) = (t — sint, 1 — cos t) (a, 2) v(0)=j+k, r(0)=i 

8. r(t) = (e-,e') (1, 1) 


Writing About Concepts 


In Exercises 9-16, the position vector r describes the path of an 7 
object moving in space. Find the velocity, speed, and acceleration 23. In your own words, explain the difference between the 
of the object. velocity of an object and its speed. 

24. What is known about the speed of an object if the angle 


9. v(t) = ti + (2r — 5)j + 3tk between the velocity and acceleration vectors is (a) acute 


10. r(t) = 4ti + 4tj + 2tk and (b) obtuse? 
12 
11. r(t) = ti + t?j + zE 
12. r(t) = 3ti + tj it?k Projectile Motion In Exercises 25-40, use the model for 
13. r() = ti + 7 + VI- Pk projectile motion, assuming there is no air resistance. 
14. r(t) = ti + tj + 2t??k fp 25. Find the vector-valued function for the path of a projectile 


launched at a height of 10 feet above the ground with an initial 
velocity of 88 feet per second and at an angle of 30° above the 
horizontal. Use a graphing utility to graph the path of the 
projectile. 


15. r(t) = (4t, 3 cos t, 3 sin t) 
16. r(t) = (e cos t, e' sin t, e'} 
Linear Approximation In Exercises 17 and 18, the graph of the 


vector-valued function r(¢) and a tangent vector to the graph at 
t = ty are given. 


26. Determine the maximum height and range of a projectile fired 
at a height of 3 feet above the ground with an initial velocity of 
900 feet per second and at an angle of 45° above the horizontal. 
(a) Find a set of parametric equations for the tangent line to the 27 


. A baseball, hit 3 feet above the ground, leaves the bat at an 
graph at t = tọ 


angle of 45° and is caught by an outfielder 3 feet above the 


(b) Use the equations for the line to approximate r (t) + 0.1). ground and 300 feet from home plate. What is the initial speed 
of the ball, and how high does it rise? 


17. r(t) = (t, -1,42), ly = 
18. r(t) = (t, J25 = t, V2 


28. A baseball player at second base throws a ball 90 feet to the 
player at first base. The ball is thrown 5 feet above the ground 
with an initial velocity of 50 miles per hour and at an angle of 
15° above the horizontal. At what height does the player at first 
base catch the ball? 


29. Eliminate the parameter t from the position function for the 
motion of a projectile to show that the rectangular equation is 


^ 16 sec? 0 
2 a 


Vo 


(i;=1,4) x? + (tan Ox + h. 


x 


y= 


30. The path of a ball is given by the rectangular equation 


Figure for 17 Figure for 18 y = x — 0.005x?. 


SS | | eee a | 
[ Rotatable Graph | | Rotatable Graph | Use the result of Exercise 29 to find the position function. Then 
find the speed and direction of the ball at the point at which it 


has traveled 60 feet horizontally. 


31. 


32. 


33. 


34. 


35. 


36. 


Modeling Data After the path of a ball thrown by a baseball 
player is videotaped, it is analyzed on a television set with a 
grid covering the screen. The tape is paused three times and the 
positions of the ball are measured. The coordinates are approx- 
imately (0, 6.0), (15, 10.6), and (30, 13.4). (The x-coordinate 
measures the horizontal distance from the player in feet and the 
y-coordinate measures the height in feet.) 


(a) Use a graphing utility to find a quadratic model for the data. 
(b) Use a graphing utility to plot the data and graph the model. 
(c) Determine the maximum height of the ball. 


(d) Find the initial velocity of the ball and the angle at which it 
was thrown. 


A baseball is hit from a height of 2.5 feet above the ground with 
an initial velocity of 140 feet per second and at an angle of 22° 
above the horizontal. An eight-mile-per-hour wind is blowing 
horizontally toward the batter. Use a graphing utility to graph 
the path of the ball and determine whether it will clear a 
10-foot-high fence located 375 feet from home plate. 


The SkyDome in Toronto, Ontario has a center field fence that 
is 10 feet high and 400 feet from home plate. A ball is hit 3 feet 
above the ground and leaves the bat at a speed of 100 miles 
per hour. 


(a) The ball leaves the bat at an angle of @ = 6) with the 
horizontal. Write the vector-valued function for the path of 
the ball. 

(b) Use a graphing utility to graph the vector-valued function 
for 0 = 10°, 6) = 15°, 6 = 20°, and @) = 25°. Use the 
graphs to approximate the minimum angle required for the 
hit to be a home run. 


(c) Determine analytically the minimum angle required for the 
hit to be a home run. 


The quarterback of a football team releases a pass at a height of 
7 feet above the playing field, and the football is caught by a 
receiver 30 yards directly downfield at a height of 4 feet. The 
pass is released at an angle of 35° with the horizontal. 


(a) Find the speed of the football when it is released. 
(b) Find the maximum height of the football. 


(c) Find the time the receiver has to reach the proper position 
after the quarterback releases the football. 


A bale ejector consists of two variable-speed belts at the end of 
a baler. Its purpose is to toss bales into a trailing wagon. 
In loading the back of a wagon, a bale must be thrown to a 
position 8 feet above and 16 feet behind the ejector. 


(a) Find the minimum initial speed of the bale and the corre- 
sponding angle at which it must be ejected from the baler. 


(b) The ejector has a fixed angle of 45°. Find the initial speed 
required. 


A bomber is flying at an altitude of 30,000 feet at a speed of 
540 miles per hour (see figure). When should the bomb be 
released for it to hit the target? (Give your answer in terms of 
the angle of depression from the plane to the target.) What is the 
speed of the bomb at the time of impact? 


37. 


38. 


39. 


40. 
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540 mph ` 


Figure for 36 


A shot fired from a gun with a muzzle velocity of 1200 feet per 
second is to hit a target 3000 feet away. Determine the 
minimum angle of elevation of the gun. 


A projectile is fired from ground level at an angle of 12° with 
the horizontal. The projectile is to have a range of 150 feet. 
Find the minimum initial velocity necessary. 


Use a graphing utility to graph the paths of a projectile for the 
given values of 0 and vo. For each case, use the graph to approx- 
imate the maximum height and range of the projectile. (Assume 
that the projectile is launched from ground level.) 


(a) 0 = 10°, vo = 66 ft/sec 
(b) 0 = 10°, vo = 146 ft/sec 
(c) 0 = 45°, vo = 66 ft/sec 
(d) 0 = 45°, vy = 146 ft/sec 
(e) 0 = 60°, vy = 66 ft/sec 
(£) 0 = 60°, vo = 146 ft/sec 


Find the angle at which an object must be thrown to obtain (a) 
the maximum range and (b) the maximum height. 


Projectile Motion In Exercises 41 and 42, use the model for 
projectile motion, assuming there is no resistance. [a(t) = —9.8 
meters per second per second] 


41. 


42. 


Determine the maximum height and range of a projectile fired 
at a height of 1.5 meters above the ground with an initial 
velocity of 100 meters per second and at an angle of 30° above 
the horizontal. 


A projectile is fired from ground level at an angle of 8° with 
the horizontal. The projectile is to have a range of 50 meters. 
Find the minimum velocity necessary. 


Cycloidal Motion In Exercises 43 and 44, consider the motion 
of a point (or particle) on the circumference of a rolling circle. 
As the circle rolls, it generates the cycloid 


r(t) = b(@t — sin wt)i + b(1 — cos wt)j 


where @ is the constant angular velocity of the circle and b is the 
radius of the circle. 


43. 


44. 


Find the velocity and acceleration vectors of the particle. Use 
the results to determine the times at which the speed of the 
particle will be (a) zero and (b) maximized. 


Find the maximum speed of a point on the circumference of an 
automobile tire of radius 1 foot when the automobile is 
traveling at 55 miles per hour. Compare this speed with the 
speed of the automobile. 
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Circular Motion In Exercises 45-48, consider a particle 
moving on a circular path of radius b described by 


r(t) = b cos wti + b sin wtj 
where w = d0|dt is the constant angular velocity. 


45. Find the velocity vector and show that it is orthogonal to r(¢). 
46. (a) Show that the speed of the particle is bw. 


(b) Use a graphing utility in parametric mode to graph the 
circle for b = 6. Try different values of w. Does the graphing 
utility draw the circle faster for greater values of w? 


47. Find the acceleration vector and show that its direction is 
always toward the center of the circle. 


48. Show that the magnitude of the acceleration vector is bw”. 


Circular Motion In Exercises 49 and 50, use the results of 
Exercises 45-48. 


49. A stone weighing | pound is attached to a two-foot string and 
is whirled horizontally (see figure). The string will break under 
a force of 10 pounds. Find the maximum speed the stone can 
attain ‘aa breaking the string. (Use F = ma, where 
m = 35. 


Figure for 49 Figure for 50 


50. A 3000-pound automobile is negotiating a circular interchange 
of radius 300 feet at 30 miles per hour (see figure). Assuming 
the roadway is level, find the force between the tires and the 
road such that the car stays on the circular path and does not 
skid. (Use F = ma, where m = 3000/32.) Find the angle at 
which the roadway should be banked so that no lateral 
frictional force is exerted on the tires of the automobile. 


51. Shot-Put Throw The path of a shot thrown at an angle 6 is 
1 
r(t) = (vp cos Oti + E + (vo sin Ot — seeli 


where vo is the initial speed, h is the initial height, ¢ is the time 
in seconds, and g is the acceleration due to gravity. Verify that 
the shot will remain in the air for a total of 


=% sin 0 + \/v¢ sin? 0 + 2gh 
E 


seconds 


and will travel a horizontal distance of 


2 0 2gh 
aa (sin 0+ qa 0+ st) feet. 
& Vo 
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with an initial speed of v) = 45 feet per second and at an angle 
of 0 = 42.5° with the horizontal. Find the total time of travel 
and the total horizontal distance traveled. 


53. Prove that if an object is traveling at a constant speed, its 
velocity and acceleration vectors are orthogonal. 


54. Prove that an object moving in a straight line at a constant 
speed has an acceleration of 0. 


55. Investigation An object moves on an elliptical path given by 
the vector-valued function 


r(t) = 6 cos ti + 3 sin tj. 


(a) Find v(t), |v 
(b) Use a graphing utility to complete the table. 


, and a(t). 


mj 2m) a 
2| 3 


~ 
D 
A| 


Speed 


(c) Graph the elliptical path and the velocity and acceleration 
vectors at the values of ż given in the table in part (b). 


(d) Use the results in parts (b) and (c) to describe the geometric 
relationship between the velocity and acceleration vectors 
when the speed of the particle is increasing, and when it is 
decreasing. 


56. Writing Consider a particle moving on the path 
r(t) = x(t)i + y(t) j + z(t)k. 


(a) Discuss any changes in the position, velocity, or acceleration 
of the particle if its position is given by the vector-valued 
function r,( = r,(27). 


(b) Generalize the results for the position function 
r,(t) = r,(o?). 


True or False? In Exercises 57 and 58, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


57. The acceleration of an object is the derivative of the speed. 


58. The velocity vector points in the direction of motion. 


59. When f = 0, an object is at the point (0, 1) and has a velocity 
vector v(0) = —i. It moves with an acceleration of 


a(t) = sin ti — cos t j. 


Show that the path of the object is a circle. 
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Section 12.4 Tangent Vectors and Normal Vectors 


e Find a unit tangent vector at a point on a space curve. 
e Find the tangential and normal components of acceleration. 


Tangent Vectors and Normal Vectors 


In the preceding section, you learned that the velocity vector points in the direction of 
motion. This observation leads to the following definition, which applies to any 
smooth curve—not just to those for which the parameter represents time. 


Definition of Unit Tangent Vector 
Let C be a smooth curve represented by r on an open interval /. The unit 


tangent vector T(r) at t is defined to be 


ry) 
1O =O 


r(t) #0. 


|’ 


Recall that a curve is smooth on an interval if r’ is continuous and nonzero on the 
interval. So, “smoothness” is sufficient to guarantee that a curve has a unit tangent 
vector. 


EXAMPLE | Finding the Unit Tangent Vector 


Find the unit tangent vector to the curve given by 
rt) = ti+ Pj 

when ¢t = 1. 

Solution The derivative of r(t) is 
r(A =i + 2¢j. Derivative of r(t) 


So, the unit tangent vector is 


(t) = al Definition of T(r) 
: (i + 2tj) Substitute for r (£) 
= — e $ ubstitute for r (t). 
e V1 + 41? 
When f = 1, the unit tangent vector is 
r()=tit+ 7j 

The direction of the unit tangent vector T(1) = E + 2j) 
depends on the orientation of the curve. 
Figure 12.19 as shown in Figure 12.19. a 


eral [Try te ] [Exploration] 
NOTE In Example 1, note that the direction of the unit tangent vector depends on the 
orientation of the curve. For instance, if the parabola in Figure 12.19 were given by 


r() = —(¢ - 2)i + (t — 2)j, 


T(1) would still represent the unit tangent vector at the point (1, 1), but it would point in the 
opposite direction. Try verifying this. 
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The tangent line to a curve at a point is the line passing through the point and 
parallel to the unit tangent vector. In Example 2, the unit tangent vector is used to find 
the tangent line at a point on a helix. 
EXAMPLE 2 Finding the Tangent Line at a Point on a Curve 
Es 
Find T(z) and then find a set of parametric equations for the tangent line to the helix 
given by 
r(t) = 2 cos ti + 2 sin tj + tk 
at the point corresponding to t = 77/4. 
Solution The derivative of r(t) is r(A = —2 sin ti + 2 cos tj + k, which implies 
R that ||r (A|| = v4 sin? t + 4 cos? t + 1 = V5. Therefore, the unit tangent vector is 
r(t) = 2 cos ti + 2 sin tj + tk xt or (À 
z Irol 
1 er . 
= —=(—2 sin ti + 2 cos tj + k). Unit tangent vector 


Tangent 
line 


The tangent line to a curve at a point is 
determined by the unit tangent vector at 
the point. 

Figure 12.20 


| Rotatable Graph | 


5 


When t = 77/4, the unit tangent vector is 


a(™) = 1(-2¥2 442%? 54k 
Gia. i+) 


4) /5\ ~ 2 2 
= -zli + J/2j +k). 


Using the direction numbers a = —/2, b= ./2, and c= 1, and the point 
(x Yp 2) = (4/2, J2, 7/4), you can obtain the following parametric equations 
(given with parameter s). 


x=x +as= J/2- /2s 
y =y +bs = /2 + /2s 


T 
e=4 toa 7s 


This tangent line is shown in Figure 12.20. 
[C [meer] 
In Example 2, there are infinitely many vectors that are orthogonal to the tangent 


vector T(r). One of these is the vector T(t). This follows from Property 7 of Theorem 
12.2. That is, 


TO TÒ =|[TOIR=1 => 


By normalizing the vector T (t), you obtain a special vector called the principal unit 
normal vector, as indicated in the following definition. 


T(t): T(t) = 0. 


Definition of Principal Unit Normal Vector 


Let C be a smooth curve represented by r on an open interval 7. If T(t) # 0, 
then the principal unit normal vector at ¢ is defined to be 


_ re 
NO = Tro 


y Curve: i 
A r(f) = 3ti + 2t-j 
(t) J c 
3 F N(1) =4(-4i + 3j) 
2+ 


T(1) =2Gi+4j) 


i J 
T T T > x 


1 2 3 


The principal unit normal vector points 
toward the concave side of the curve. 


Figure 12.21 


At any point on a curve, a unit normal vector 
is orthogonal to the unit tangent vector. The 
principal unit normal vector points in the 
direction in which the curve is turning. 
Figure 12.22 


[Rotatable Graph | 
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EXAMPLE 3 Finding the Principal Unit Normal Vector 
Find N(z) and N(1) for the curve represented by 
r(t) = 3ti + 2t?j. 


Solution By differentiating, you obtain 
r(t)=3i+4tj and |r()|| = V9 + 167 


which implies that the unit tangent vector is 


r(e) 
= Trl 
1 : : 
= erie + 4tj). Unit tangent vector 
Using Theorem 12.2, differentiate T(t) with respect to ¢ to obtain 
Ki) = 1 ; 16t . f 
T) = o e” = OF ep2 + 4tj) 
12 


= Breet tita) 


9+ 16° 12 
Irol = fg + 16)) 9 + 16 


Therefore, the principal unit normal vector is 
_ Ti 
ITO 


1 : ei 
= ——(—4ti + 3j). Principal unit normal vector 


V9 + 1682 


When ż = 1, the principal unit normal vector is 


N(t) 


1 
N(1) = 5(-4i + 3j) 
as shown in Figure 12.21. a] 
m eee 
The principal unit normal vector can be difficult to evaluate algebraically. For plane 
curves, you can simplify the algebra by finding 


T(t) = x(t)i F y(t)j Unit tangent vector 


and observing that N(7) must be either 
N, (4) = yi — x(j or N,(1) = —yi + xj. 


Because V|x(t) P + [y(t] = 1, it follows that both N,(t) and N,(¢) are unit normal 
vectors. The principal unit normal vector N is the one that points toward the concave 
side of the curve, as shown in Figure 12.21 (see Exercise 86). This also holds for 
curves in space. That is, for an object moving along a curve C in space, the vector T(t) 
points in the direction the object is moving, whereas the vector N(t) is orthogonal to 
T(¢) and points in the direction in which the object is turning, as shown in Figure 
12.22. 
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Helix: 
r(t) =2 cos ti + 2 sin tj + tk 


N(¢) is horizontal and points toward the 
z-axis. 
Figure 12.23 
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EXAMPLE 4 Finding the Principal Unit Normal Vector 


Find the principal unit normal vector for the helix given by 


r(t) = 2 cos ti + 2 sin tj + tk. 
Solution From Example 2, you know that the unit tangent vector is 


1 
T(t) = pe sin ti + 2 cos tj + k). Unit tangent vector 


5 


So, T(t) is given by 
1 
T(t) = —=(-2 cos ti — 2 sin fj). 
O=- i) 


Because ||T (t)|| = 2//5, it follows that the principal unit normal vector is 
T9 
IT()|| 


1 
x(-2 cos ti — 2 sin tj) 


N(t) = 


= —cos fi — sin fj. Principal unit normal vector 


Note that this vector is horizontal and points toward the z-axis, as shown in Figure 


[try te | [bpteations | 
Tangential and Normal Components of Acceleration 


Let’s return to the problem of describing the motion of an object along a curve. In 
the preceding section, you saw that for an object traveling at a constant speed, the 
velocity and acceleration vectors are perpendicular. This seems reasonable, because 
the speed would not be constant if any acceleration were acting in the direction of 
motion. You can verify this observation by noting that 


r(t) r(t) = 0 


if ||r‘(2)|| is a constant. (See Property 7 of Theorem 12.2.) 

However, for an object traveling at a variable speed, the velocity and acceleration 
vectors are not necessarily perpendicular. For instance, you saw that the acceleration 
vector for a projectile always points down, regardless of the direction of motion. 

In general, part of the acceleration (the tangential component) acts in the line of 
motion, and part (the normal component) acts perpendicular to the line of motion. In 
order to determine these two components, you can use the unit vectors T(t) and N(®, 
which serve in much the same way as do i and j in representing vectors in the plane. 
The following theorem states that the acceleration vector lies in the plane determined 
by T(t) and N(¢). 


THEOREM 12.4 Acceleration Vector 


If r(ż) is the position vector for a smooth curve C and N(t) exists, then the 
acceleration vector a(t) lies in the plane determined by T(r) and N(?). 
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Proof To simplify the notation, write T for T(t), T’ for T(t), and so on. Because 
T =r’/|r’|| = v/v], it follows that 


v = |lv|IT. 


By differentiating, you obtain 


a=W= D{||v\[JT + vit Product Rule 
a E 
= pit + Ivl (m1) 
= DIMOT + VINTIN. N= rri 


Because a is written as a linear combination of T and N, it follows that a lies in the 
plane determined by T and N. — 


The coefficients of T and N in the proof of Theorem 12.4 are called the 
tangential and normal components of acceleration and are denoted by 
ar = D|||v\|] and ay = ||v|| ||T’||. So, you can write 


a(t) = a,T(t) + ayN(t). 


The following theorem gives some convenient formulas for ay and ay. 


THEOREM 12.5 Tangential and Normal Components 
of Acceleration 


If r(t) is the position vector for a smooth curve C [for which N(ż) exists], then 
the tangential and normal components of acceleration are as follows. 


vera 
y= Dill = as T= 


vVxa 
ay = vit =a N= el vaa 


Note that ay 2 0. The normal component of acceleration is also called the 
centripetal component of acceleration. 


Proof Note that a lies in the plane of T and N. So, you can use Figure 12.24 to 
conclude that, for any time ¢, the component of the projection of the acceleration 
vector onto T is given by ay = a+ T, and onto N is given by ay = a + N. Moreover, 


because a = v’ and T = v/||v||, you have 
ady=a:T 
=T:-a 
So 
le 
pa a 
vil 


In Exercises 88 and 89, you are asked to prove the other parts of the theorem. 


The tangential and normal components of = 
acceleration are obtained by projecting a 
onto T and N. NOTE The formulas from Theorem 12.5, together with several other formulas from this 


Figure 12.24 chapter, are summarized on page 875. 
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EXAMPLE 5 Tangential and Normal Components of Acceleration 


Find the tangential and normal components of acceleration for the position vector 
given by r(t) = 3ti — tj + 17k. 


Solution Begin by finding the velocity, speed, and acceleration. 
v(t) = r(t) = 3i — j + 2tk 


IVO = /9+ 1+ 42 = /10 + 4r 
a(t) = r(t) = 2k 


By Theorem 12.5, the tangential component of acceleration is 


v:a 4t 
ár = = Tangential component of acceleration 
(vil 10+ 42 
and because 
i j k 
vxa=|3 -1 2t| = -2i - 6j 
0 0 2 
the normal component of acceleration is 
lv x al] /4 + 36 24/10 
ay = = A =" Normal component of acceleration 
Iivi J10 + 4t 10 + 4t 


ee 
[try te] [Botertion a] [Epiratione] [open Eceran] 
NOTE In Example 5, you could have used the alternative formula for ay as follows. 


162? 2/10 
= /lal?—a2= 2 
an lall ar (2) 10 + 42 10 + 42 


EXAMPLE 6 Finding a; and a, for a Circular Helix 


Find the tangential and normal components of acceleration for the helix given by 
r(t) = bcos ti + b sin tj + ctk, b > 0. 


Solution 
v(t) = r(t) = —b sin ti + bcos tj + ck 
\|v(@)|| = Vb? sin? t + b? cos? t + e = Vb? + c? 
a(t) = r’(t) = —b cos ti — b sin tj 


By Theorem 12.5, the tangential component of acceleration is 


Tangential component 
0. of acceleration 


P _ V'a _ b’ sintcost — b? sint cos t+0_ 
T ivl JDE 


Moreover, because |lal| = //b? cos? t + b? sin? t = b, you can use the alternative 
formula for the normal component of acceleration to obtain 


ay = Val? — a? = VP? - 8 = b. 


Normal component 
of acceleration 


The normal component of acceleration is 


equal to the radius of the cylinder around 
which the helix is spiraling. 
Figure 12.25 


| Rotatable Graph | 


Note that the normal component of acceleration is equal to the magnitude of the 
acceleration. In other words, because the speed is constant, the acceleration is 
perpendicular to the velocity. See Figure 12.25. 
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r() = (50-V20)i + (50-V2t— 1612)j EXAMPLE 7 Projectile Motion 


i The position vector for the projectile shown in Figure 12.26 is given by 
10T r(t) = (50/2 di + (50/214 — 162)j. Position vector 
i i 7 = Find the tangential component of acceleration when t = 0, 1, and 25/2/16. 
2) Solution 
0) ae oe ei v(t) = 50/2i + (50/2 — 321); Vodiy vedi 
The path of a projectile IIv(2)|] = 2/50? = 16(50)./2t + 16777 Speed 
Figure 12.26 a(t) = —32j Acceleration vector 


[_Eaitabie Graph | The tangential component of acceleration is 
—32(50./2 — 321) 


a= v(t) + a(t) _ 
j WOL 2/50 = 1650 Zr + 16272 
At the specified times, you have 


a,(0) = -— = -16/2 ~ —22.6 


—32(50/2 - 32) 
2,/502 — 16(50)./2 + 162 
, (422) _ —32(50/2 - 50/2) _ 
TY 16 50/2 


You can see from Figure 12.26 that, at the maximum height, when t = 25 </ 2} 16, the 
tangential component is 0. This is reasonable because the direction of motion is 
horizontal at the point and the tangential component of the acceleration is equal to the 
horizontal component of the acceleration. —— 


[Try te | [Exploration a | 


Tangential component 
of acceleration 


— 15.4 


ar(1) 


0. 
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The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1—4, sketch the unit tangent and normal vectors at In Exercises 5-10, find the unit tangent vector to the curve at 
the given points. To print an enlarged copy of the graph, select the specified value of the parameter. 
the MathGraph button. : ; z ; 
5. r() = fi + 24, t=1 6. r(t) = Pi + 2j, t=1 
1. y 2. y ma 
A A 7. r(t) = 4 cos ti + 4 sin tj, = 
. : P T 
8. r(t) = 6 costi + 2 sin tj, t= 3 
9. r(t) =Intit+ 2tj, t=e 
z _| k 10. r(t) = æ costi + ej, t=0 
3 y 4. y In Exercises 11-16, find the unit tangent vector T(¢) and find a 
A A set of parametric equations for the line tangent to the space 
curve at point P. 
11. r(t) = ti + t?j + tk, P(0, 0,0) 
a = 4 74 4 
eg 12. r() = Pi + tj + 4k, PI, 1,4) 
13. r(t) = 2cos ti + 2 sin tj + tk, P(2, 0, 0) 
14. r(t) = (t, t v4- P), P(1,1, 3) 


15. 
16. 


r(t) = (2 cos t, 2 sin t, 4), P( /2, /2, 4) 
r(t) = (2 sin t, 2 cos t, 4 sin? t), P(1, V3, 1) 
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In Exercises 17 and 18, use a computer algebra system to graph 9. rth=eite“j, t=0 
the space curve. Then find T(¢) and find a set of parametric 40. r() = ei + ej + tk, t=0 
equations for the line tangent to the space curve at point P. , 
Graph the tangent line. 41. r(t) = æ costi + æ sintj, t= a 
17. (1) = (t, P, 2/3), PQ, 9, 18) 42. r(t) = acos wti + bsin otj, t=0 
= : ae eh a. 
18. r(t) = 3 costi + 4sintj + rk, P(0,4, 7/4) 43. r(t) = (cos wt + of sin wt, sin wt — wf cos wf), t= to 


44. r(t) = (wt — sin wt, 1 — cos at), t=t 
Linear Approximation In Exercises 19 and 20, find a set of ko a 9 


parametric equations for the tangent line to the graph at t = to 
and use the equations for the line to approximate r(¢, + 0.1). 


19. r(t) = (t, Int, Jt), tp = 1 
20. r(t) = (e™', 2 cost, 2 sin t}, t =0 


Circular Motion In Exercises 45-48, consider an object 
moving according to the position function 


r(t) = a cos œt i + a sin œt j. 


45. Find T(z), N(t¢), ay, and ay. 


In Exercises 21 and 22, verify that the space curves intersect at 46. Determine the directions of T and N relative to the position 
the given values of the parameters. Find the angle between the function r. 
tangent vectors to the curves at the point of intersection. 47. Determine the speed of the object at any time ¢ and explain its 
21. r(1) = (t — 2.2, i), t=4 value relative to the value of ar. 
u(s) = (is, 25, Vs), s=8 48. If the angular velocity w is halved, by what factor is ay 
changed? 


22. r(t) = (t, cost, sint), t= 0 


= Lana ; T ; 
u(s) ( zsin?s — sins, 1 — zsin? s — sin s, In Exercises 49-52, sketch the graph of the plane curve given 


zsin s cos s+ 5s), s=0 by the vector-valued function, and, at the point on the curve 
determined by r(t), sketch the vectors T and N. Note that N 
In Exercises 23-30, find the principal unit normal vector to the points toward the concave side of the curve. 
curve at the specified value of the parameter. ; . 
Function Time 
23. r(i = i+ 507j, t= 2 1 
j 49. (i) = ti +j fy = 2 
24. r(A =ti+-j, t=3 
t 50. rż) = Pit tj fl =1 
25. r(t) = Inti + (t+ 1)j, t=2 
0 l di 51. r(t) = 2 cos ri + 2 sin tj ly = 7 
26. r(t) = 3 cos ti + 3 sin rj, r=2 Á 
4 52. r(t) = 3 cos ti + 2 sin tj = 7 
27. r(t) = ti + fj +Intk, t= 1 
28. r() = ti + ej tek, t=0 In Exercises 53-56, find T(t), NÖ, ay, and ay at the given time 
a t for the space curve r(t). [Hint: Find a(t), T(t), and ay. Solve for 
29. r(t) = 6costi+ 6sintj + k, t= rl N in the equation a(t) = aT + a,N.] 
a j i pa Function Time 
. r(t) = ti + 2sintj +k, t= -—— 
mi) = cos ti + 2 sin zj 4 53. r(t) = ti + 2tj — 3tk t=1 
54. r(t) = 4ti — 4tj + 2tk t=2 
In Exercises 31-34, find v(t), a(t), T(t), and N(ċ) (if it exists) for 2 
an object moving along the path given by the vector-valued 55. r(t) = ti + Pj + ris t=1 
function r(¢). Use the results to determine the form of the path. eee , , , 
Is the speed of the object constant or changing? 56. r(1) = e'sin ti + e'costj + e'k t=0 
31. r(i) = 4ti 32. r(t) = 4ti — 2j In Exercises 57 and 58, use a computer algebra system to graph 


33. r(t) = 407i 34. r(t) = Pj +k fp the space curve. Then find T(t), N(¢), ay, and ay at the given 
time ¢. Sketch T(t) and N(¢) on the space curve. 
In Exercises 35-44, find T(t), N(d), a, and ay at the given time 


t for the plane curve r(¢). xen Lime 
1 57. r(t) = 4ti + 3 cos tj + 3 sin tk r=2 
35. r(t) = ti + 7i t=1 36. r(t) = i+ 2tj, t= 1 2 
‘ T 
37. r(t) = (t — Bi + 2Pj, t=1 58. r(t) = ti + 3275 + zE E) 


38. r(t) = (P — 4i + (P — 1)j, t=0 


w Experienced writers 


© On-time delivery 


2} 100% plagiarism free 


Writing About Concepts 


= 
binormal vector B = T x N, for the vector-valued function r(t) 


. Define the unit tangent vector, the principal unit normal at the given value of t. 
vector, and the tangential and normal components of r B 
acceleration. 65. r(t) = 2 cos ti + 2 sin tj + 3k 66. r(t) = ti + t?j + 3k 
. How is the unit tangent vector related to the orientation of 
a curve? Explain. ty = a t=1 
. Describe the motion of a particle if the normal component 
of acceleration is 0. 4 i 
. Describe the motion of a particle if the tangential compo- ET 
nent of acceleration is 0. 3+ 
63. Cycloidal Motion The figure shows the path of a particle 
modeled by the vector-valued function 3 3 y 
x -i+ 
r(t) = (mt — sin mt, 1 — cos 7 t). 
Figure for 65 Figure for 66 


The figure also shows the vectors v(t)/||v(z)|| and a(t)/||a(d)|| at 


y 


A 
67. r(t) =i + sin tj + costk, ft = a 
t=3 izi 68. r(t) = 2e'i + e' cos tj + e sintk, t =0 
| t=3 s . x T 
2 69. r(t) = 4 sinti + 4costj + 2tk, t) = 3 
> XxX ar 
70. r(t) = 2cos 2ti + 2 sin 2tj + tk, t = 4 


71. Projectile Motion Find the tangential and normal compo- 


F 1 3 
(a) Find ay and dy at t = 3, t = 1, and t = 3. nents of acceleration for a projectile fired at an angle 0 with the 


(b) Determine whether the speed of the particle is increasing or horizontal at an initial speed of vọ. What are the components 
decreasing at each of the indicated values of t. Give reasons when the projectile is at its maximum height? 

for your answers. 72. Projectile Motion Use your results from Exercise 71 to find 

64. Motion Along an Involute of a Circle The figure shows a the tangential and normal components of acceleration for a 

particle moving along a path modeled by projectile fired at an angle of 45° with the horizontal at an 


initial speed of 150 feet per second. What are the components 


r(i) = (cos mt + mt sin mt, sin Tt — Tt cos m1). when the projectile is at its maximum height? 


The figure also shows the vectors v(t) and a(t) for t = 1 and Fy 73. Projectile Motion A projectile is launched with an initial 
t=2. velocity of 100 feet per second at a height of 5 feet and at an 
E angle of 30° with the horizontal. 
A (a) Determine the vector-valued function for the path of the 


projectile. 


(b) Use a graphing utility to graph the path and approximate 
the maximum height and range of the projectile. 


(c) Find v(t), ||v()||, and a(ð. 
(d) Use a graphing utility to complete the table. 
t 0.5 | 1.0 | 1.5 | 2.0 | 2.5 | 3.0 
i; Speed 
(a) Find ay and ay at t = | andż = 2. 


(b) Determine whether the speed of the particle is increasing or 
decreasing at each of the indicated values of t. Give reasons 
for your answers. 


(e) Use a graphing utility to graph the scalar functions a, and 
dy. How is the speed of the projectile changing when ay 
and ay have opposite signs? 
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74. Projectile Motion A projectile is launched with an initial 
velocity of 200 feet per second at a height of 4 feet and at an 
angle of 45° with the horizontal. 


(a) Determine the vector-valued function for the path of the 
projectile. 


(b) Use a graphing utility to graph the path and approximate 
the maximum height and range of the projectile. 


(c) Find v(t), || vð 
(d) Use a graphing utility to complete the table. 


, and a(r). 


t 0.5 | 1.0 | 1.5 | 2.0 | 2.5 | 3.0 


Speed 


75. Air Traffic Control Because of a storm, ground controllers 
instruct the pilot of a plane flying at an altitude of 4 miles to 
make a 90° turn and climb to an altitude of 4.2 miles. The 
model for the path of the plane during this maneuver is 
r(A = (10 cos 107, 10 sin 107t,4 + 41), O<t<% 


where ż is the time in hours and r is the distance in miles. 
(a) Determine the speed of the plane. 


(b) Use a computer algebra system to calculate ay and day. 
Why is one of these equal to 0? 


76. Projectile Motion A plane flying at an altitude of 36,000 feet 
at a speed of 600 miles per hour releases a bomb. Find the 
tangential and normal components of acceleration acting on the 
bomb. 


77. Centripetal Acceleration An object is spinning at a constant 
speed on the end of a string, according to the position function 
given in Exercises 45-48. 


(a) If the angular velocity w is doubled, how is the centripetal 
component of acceleration changed? 


(b) If the angular velocity is unchanged but the length of the 
string is halved, how is the centripetal component of accel- 
eration changed? 


78. Centripetal Force An object of mass m moves at a constant 
speed v in a circular path of radius r. The force required to 
produce the centripetal component of acceleration is called the 
centripetal force and is given by F = mv?/r. Newton’s Law of 
Universal Gravitation is given by F = GMm/d?, where d is the 
distance between the centers of the two bodies of masses M and 
m, and G is a gravitational constant. Use this law to show that 
the speed required for circular motion is v = /GM/r. 
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Orbital Speed In Exercises 79-82, use the result of Exercise 

to find the speed necessary for the given circular orbit around 
Earth. Let GM = 9.56 x 104 cubic miles per second per second, 
and assume the radius of Earth is 4000 miles. 


79. The orbit of a space shuttle 100 miles above the surface of Earth 
80. The orbit of a space shuttle 200 miles above the surface of Earth 


81. The orbit of a heat capacity mapping satellite 385 miles above 
the surface of Earth 


82. The orbit of a SYNCOM satellite r miles above the surface of 
Earth that is in geosynchronous orbit [The satellite completes 
one orbit per sidereal day (approximately 23 hours, 56 minutes), 
and therefore appears to remain stationary above a point 
on Earth. ] 


True or False? In Exercises 83 and 84, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


83. If a car’s speedometer is constant, then the car cannot be 
accelerating. 


84. If ay = 0 for a moving object, then the object is moving in a 
straight line. 


85. A particle moves along a path modeled by 
r(t) = cosh(br)i + sinh(ba)j 


where b is a positive constant. 
(a) Show that the path of the particle is a hyperbola. 
(b) Show that a(t) = b? r(t). 


86. Prove that the principal unit normal vector N points toward the 
concave side of a plane curve. 


87. Prove that the vector T (#) is 0 for an object moving in a straight 
line. 


88. Prove that ay = co 


89. Prove that ay = lal? = af. 


Putnam Exam Challenge 


90. A particle of unit mass moves on a straight line under the action 
of a force which is a function f(v) of the velocity v of the 
particle, but the form of this function is not known. A motion is 
observed, and the distance x covered in time f is found to be 
connected with rt by the formula x = at + b? + ct, where a, 
b, and c have numerical values determined by observation of 
the motion. Find the function f(v) for the range of v covered by 
the experiment. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


Section 12.5 Arc Length and Curvature 


Are Length Formula The formula 
for the arc length of a space curve is 
given in terms of the parametric 
equations used to represent the curve. 
Does this mean that the arc length of 
the curve depends on the parameter 
being used? Would you want this to 
be true? Explain your reasoning. 

Here is a different parametric 
representation of the curve in 
Example 1. 


4 1 

= 7214+ -—-Pi4+—/4 
r(t) = 171 z” 5 Ok 
Find the arc length from t = 0 to 


t = ./2 and compare the result with 
that found in Example 1. 


atin Bie a MD 
r(t) = tit 3f J+ 5tk 


As t increases from 0 to 2, the vector r(t) 
traces out a curve. 
Figure 12.27 


[Rotatable Graph | 
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e Find the arc length of a space curve. 

Use the arc length parameter to describe a plane curve or space curve. 
Find the curvature of a curve at a point on the curve. 

e Use a vector-valued function to find frictional force. 


Arc Length 


In Section 10.3, you saw that the arc length of a smooth plane curve C given by the 
parametric equations x = x(t) and y = y(f),a < t < b, is 


s= i VOP + [y OF at. 


In vector form, where C is given by r(t) = x(t)i + y(d)j, you can rewrite this equation 
for arc length as 


= Í Ir ole. 


The formula for the arc length of a plane curve has a natural extension to a smooth 
curve in space, as stated in the following theorem. 


THEOREM 12.6 Arc Length of a Space Curve 


If C is a smooth curve given by r(t) = x(t)i + y()j + z(t)k, on an interval 
[a, b], then the arc length of C on the interval is 


s= Vie(@P +OP + EOF a = | lr (| dr. 


EXAMPLE | Finding the Arc Length of a Curve in Space 


Find the arc length of the curve given by 


4 1 
=ti +z j+ k 
r(t) = ti grit st 
from t = 0 to t = 2, as shown in Figure 12.27. 


Solution Using x( = t, y(t) = $ 13/2, and <(t) =422, you obtain x(t) = 1, 
y(t) = 2t'/?, and z(t) = t. So, the arc length from t = 0 to t = 2 is given by 


s= [ vix (oJ? F Lyf F [z “t)|? dt Formula for arc length 
- | irira 
= f V(t + 2)? — 3 dt 


=| 2? er ara -ime + 2) + OFFI 


Integration tables (Appendix B), Formula 26 


= 2/13 - = in(4 + /13)-1+ ihng ~ 4.816. 
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EXAMPLE 2_ Finding the Arc Length of a Helix 


Curve: : CNE 
r(t) = b cos ti+bsintj+y 1 brk Find the length of one turn of the helix given by 
r(t) = b costi + bsintj + V1 — b? tk 


as shown in Figure 12.28. 


Solution Begin by finding the derivative. 
r(t) = —b sinti + bcostj + V1 — b?k Derivative 
Now, using the formula for arc length, you can find the length of one turn of the helix 


by integrating ||r’(t)|| from 0 to 277. 


207 
p= f \[r (t) Il dt Formula for arc length 
0 


207 
= f /b*(sin? t + cos? t) + (1 — b?) dt 
0 


2m 
= f dt 
0 
One turn of a helix 
Figure 12.28 So, the length is 27 units. = 


Arc Length Parameter 


You have seen that curves can be represented by vector-valued functions in different 
ways, depending on the choice of parameter. For motion along a curve, the convenient 
parameter is time t. However, for studying the geometric properties of a curve, the 
convenient parameter is often arc length s. 


s(t) = Ie UP + Ly’ WP + fz’) du 


Definition of Arc Length Function 


Let C be a smooth curve given by r(t) defined on the closed interval [a, b]. For 
a < t < b, the arc length function is given by 


s(t) = f le (w)|| du al View? + [y]? + [z'u]? du. 


The arc length s is called the arc length parameter. (See Figure 12.29.) 


x 


Figure 12.29 NOTE The arc length function s is nonnegative. It measures the distance along C from the 
initial point (x(a), yla), z(a)) to the point (x(t), y(2), z(2)). 


Using the definition of the arc length function and the Second Fundamental 
Theorem of Calculus, you can conclude that 


ds 7 kai : 
Fp = |r Oll. Derivative of arc length function 


In differential form, you can write 


ds = ||r || dt. 


y 
A 


r(t)=(3 -30i+ 4tj 
O<stsl 


The line segment from (3, 0) to (0, 4) can 
be parametrized using the arc length 
parameter s. 

Figure 12.30 
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EXAMPLE 3 Finding the Arc Length Function for a Line 


Find the arc length function s(t) for the line segment given by 
r(t) = (3 — 301+ 4tj, OS ts 


and write r as a function of the parameter s. (See Figure 12.30.) 


Solution Because r‘(t) = —3i + 4j and 
r'@ll = V3? + 4 = 5 
you have 


rE f e || du 


= | sau 
0 


= 5t. 
Using s = 5t (ort = s/5), you can rewrite r using the arc length parameter as follows. 
r(s) = (3 = 3s)i + tsj, O<s<5. a 
[Bry te | [Exploration] 
One of the advantages of writing a vector-valued function in terms of the arc 
length parameter is that ||r (s)|| = 1. For instance, in Example 3, you have 


wrt = ./(-2) + (3) = 


So, for a smooth curve C represented by r(s), where s is the arc length parameter, the 
arc length between a and b is 


b 
Length of arc = f \|r (s)]| ds 


b 
= Í ds 
=b-a 
= length of interval. 


Furthermore, if t is any parameter such that ||r (¢)|| = 1, then ¢ must be the arc length 
parameter. These results are summarized in the following theorem, which is stated 
without proof. 


THEOREM 12.7 Arc Length Parameter 
If C is a smooth curve given by 

r(s) = x(s)i + y(s)j or r(s) = x(s)i + y(s)j + z(s)k 
where s is the arc length parameter, then 

[lr (s)l| = 1. 


Moreover, if t is any parameter for the vector-valued function r such that 
\|r (¢)|| = 1, then ż must be the arc length parameter. 
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Curvature at P is greater than at Q. 
Figure 12.31 


| > xX 


The magnitude of the rate of change of 
T with respect to the arc length is the 
curvature of a curve. 

Figure 12.32 


7 1 
A K=} 
T 
(x, y) 
(r, 0) 


The curvature of a circle is constant. 
Figure 12.33 
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Curvature 


An important use of the arc length parameter is to find curvature—the measure of 
how sharply a curve bends. For instance, in Figure 12.31 the curve bends more sharply 
at P than at Q, and you can say that the curvature is greater at P than at Q. You can 
calculate curvature by calculating the magnitude of the rate of change of the unit 
tangent vector T with respect to the arc length s, as shown in Figure 12.32. 


Definition of Curvature 


Let C be a smooth curve (in the plane or in space) given by r(s), where s is the 
arc length parameter. The curvature K at s is given by 


dT ; 
x= |) = ro 


A circle has the same curvature at any point. Moreover, the curvature and the 
radius of the circle are inversely related. That is, a circle with a large radius has a small 
curvature, and a circle with a small radius has a large curvature. This inverse relation- 
ship is made explicit in the following example. 


EXAMPLE 4 Finding the Curvature of a Circle 


Show that the curvature of a circle of radius r is K = 1/r. 


Solution Without loss of generality you can consider the circle to be centered at the 
origin. Let (x, y) be any point on the circle and let s be the length of the arc from (r, 0) 
to (x, y), as shown in Figure 12.33. By letting 0 be the central angle of the circle, you 
can represent the circle by 

r(6) = rcos ĝi + r sin 6j. 0 is the parameter. 
Using the formula for the length of a circular arc s = r@, you can rewrite r(@) in terms 
of the arc length parameter as follows. 


S, ge N . 
r(s) =rcos-1+rsin—J Arc length s is the parameter. 
r r 


So, r(s) = —sinŽi + cos = j, and it follows that |r (s)|| = 1, which implies that the 
r r 


unit tangent vector is 


r(s) 
T6) = To 


and the curvature is given by 


so 5, S, 
—sin-1 + cos-j 
r r 


i losa i e Sa 
K =||T“(s)|| = | --:c0s 21 — sin 3] =. 


at every point on the circle. 
[Evertona] [Exmterationt] 
NOTE Because a straight line doesn’t curve, you would expect its curvature to be 0. Try 
checking this by finding the curvature of the line given by 


r(s) = (3 — 2s) + ts. 


Figure 12.34 
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In Example 4, the curvature was found by applying the definition directly. This 
requires that the curve be written in terms of the arc length parameter s. The follow- 
ing theorem gives two other formulas for finding the curvature of a curve written in 
terms of an arbitrary parameter t. The proof of this theorem is left as an exercise [see 
Exercise 88, parts (a) and (b)]. 


THEOREM 12.8 Formulas for Curvature 
If C is a smooth curve given by r(¢), then the curvature K of C at t is given by 


ITO _ Ir’ x rOl 
Ir ll lOp 


Because |r (¢)|| = ds/dt, the first formula implies that curvature is the ratio of the 
rate of change in the tangent vector T to the rate of change in arc length. To see that 
this is reasonable, let At be a “small number.’ Then, 


T@ _ [Ta + At)- TOHI/At Tt + At) -TA _ AT 
ds/dt [s(t + An) — s(t)|/At s(t + AD — s(t) As’ 


In other words, for a given As, the greater the length of AT, the more the curve bends 
at t, as shown in Figure 12.34. 


EXAMPLE 5 Finding the Curvature of a Space Curve 
Find the curvature of the curve given by r(t) = 2ti + 1?j — i tk. 


Solution It is not apparent whether this parameter represents arc length, so you 
should use the formula K = ||T (z)||/|[r |l. 


r(t) = 2i + 2rj — t?k 


rol ~ Var ar + A =? +2 Length of r(t) 
rt 2i + 2tj — tk 
NE rol PR _ 2 
T(t) = (? + 2)Qj — 2tk) — Hi + 2j — rk) 
(t? + 2} 
—4ti + (4 — 2t?)j — 4tk 
(i? +2) 
TO] = 3/167 + 16 = 16? + 44 + 16r? 
(i? + 2} 
_ 202 +2) 
(t2 + 2)? 
2 
~ +2 Length of T (1) 
Therefore, 
Tt 2 
K= zal (22 + 2)?" Curvature 
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The following theorem presents a formula for calculating the curvature of a plane 
curve given by y = f(x). 


THEOREM 12.9 Curvature in Rectangular Coordinates 


If C is the graph of a twice-differentiable function given by y = f(x), then the 
curvature K at the point (x, y) is given by 

I" 

[+ OPP 


K= 


Proof By representing the curve C by r(x) = xi + f(x)j + Ok (where x is the 
parameter), you obtain r(x) = i + f(x)j, 


Ir’ = V1 + LPP 
and r(x) = f”(x)j. Because r(x) x r”(x) = f”(x)k, it follows that the curvature is 
IIr’(x) x 2’) 
Ir IP 
_ ro 
a Ue aa 


5 _ ly”| 
r=radius of + [1 + (y PPZ 


K = 


curvature 


K =1 Let C be a curve with curvature K at point P. The circle passing through point P 
with radius r = 1/K is called the circle of curvature if the circle lies on the concave 
side of the curve and shares a common tangent line with the curve at point P. The 
radius is called the radius of curvature at P, and the center of the circle is called the 
center of curvature. 

The circle of curvature gives you a nice way to estimate graphically the curvature 
K at a point P on a curve. Using a compass, you can sketch a circle that lies against 
the concave side of the curve at point P, as shown in Figure 12.35. If the 
circle has a radius of r, you can estimate the curvature to be K = 1/r. 


Center of 
curvature 


The circle of curvature 


Eee EXAMPLE 6 Finding Curvature in Rectangular Coordinates 


Find the curvature of the parabola given by y = x — ix? at x = 2. Sketch the circle of 
curvature at (2, 1). 


Solution The curvature at x = 2 is as follows. 


t X á 
= y=l-3 y= 
ho Hie 
y 2 y 2 
zD pal 
U + (y Ppe 2 


Because the curvature at P(2, 1) is 5, it follows that the radius of the circle of curva- 
ture at that point is 2. So, the center of curvature is (2, — 1), as shown in Figure 12.36. 
The circle of curvature [In the figure, note that the curve has the greatest curvature at P. Try showing that the 
Figure 12.36 curvature at Q(4, 0) is 1/25/2 = 0.177.] — 
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Arc length and curvature are closely related to the tangential and normal compo- 
nents of acceleration. The tangential component of acceleration is the rate of change 
of the speed, which in turn is the rate of change of the arc length. This component is 
negative as a moving object slows down and positive as it speeds up—regardless of 
whether the object is turning or traveling in a straight line. So, the tangential 
component is solely a function of the arc length and is independent of the curvature. 

On the other hand, the normal component of acceleration is a function of both 
speed and curvature. This component measures the acceleration acting perpendicular 
to the direction of motion. To see why the normal component is affected by both speed 


The amount of thrust felt by passengers in a and curvature, imagine that you are driving a car around a turn, as shown in Figure 
car that is turning depends on two things— 12.37. If your speed is high and the turn is sharp, you feel yourself thrown against the 
the speed of the car and the sharpness of the car door. By lowering your speed or taking a more gentle turn, you are able to lessen 
turn. this sideways thrust. 

Figure 12.37 The next theorem explicitly states the relationships among speed, curvature, and 


the components of acceleration. 


THEOREM 12.10 Acceleration, Speed, and Curvature 


NOTE Note that Theorem 12.10 gives If r(z) is the position vector for a smooth curve C, then the acceleration vector 
additional formulas for ay and ay. is given by 
ds A 
a(t) = —, T+ Kki\—] N 
(0) dt? ($ 


where K is the curvature of C and ds/dt is the speed. 


Proof For the position vector r(f), you have 
a(t) = aT + ayN 
D{|lv|JT + llv] T/N 


d’s ds 
a EP rpg a 
dt? T dt (|v||JK)N 
d’s ds \? 
di (5) à EE 


EXAMPLE 7 Tangential and Normal Components of Acceleration 


Find ay and ay for the curve given by 


r(t) = 2ti + tj — 4 rk. 


Solution From Example 5, you know that 


2 (Oates. ad e 


dt (t + 22 
Therefore, 
d’s f 
ay =a 7T 2t Tangential component 
dt 
and 
ds \? 2 
dy = (4) = (2 + 2p (t?7 + 2) =2. Normal component 
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Application 


There are many applications in physics and engineering dynamics that involve 
the relationships among speed, arc length, curvature, and acceleration. One such 
application concerns frictional force. 

A moving object with mass m is in contact with a stationary object. The total 
force required to produce an acceleration a along a given path is 


d's ds \? 
F = ma = m( SS) + mx({*) N 


= maT + mayxN. 


The portion of this total force that is supplied by the stationary object is called the 
force of friction. For example, if a car moving with constant speed is rounding a turn, 
the roadway exerts a frictional force that keeps the car from sliding off the road. If the 
car is not sliding, the frictional force is perpendicular to the direction of motion and 
has magnitude equal to the normal component of acceleration, as shown in Figure 
12.38. The potential frictional force of a road around a turn can be increased by 
banking the roadway. 


The force of friction is perpendicular to the direction of the motion. 
Figure 12.38 


EXAMPLE 8 Frictional Force 


A 360-kilogram go-cart is driven at a speed of 60 kilometers per hour around a 
circular racetrack of radius 12 meters, as shown in Figure 12.39. To keep the cart from 
skidding off course, what frictional force must the track surface exert on the tires? 


Solution The frictional force must equal the mass times the normal component of 
acceleration. For this circular path, you know that the curvature is 


1 


K=- 
12 


Curvature of circular racetrack 


Therefore, the frictional force is 


May 


ll 

3 
aN 
ee 


1 60,000 m \? 
(360 kof 12 =) 3600 2m) 


Figure 12.39 = 8333 (kg)(m)/sec?. mo 
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Summary of Velocity, Acceleration, and Curvature 


Let C be a curve (in the plane or in space) given by the position function 


r(t) = x(ti + y(t)j Curve in the plane 

r(t) = x(t)i + y(d)j + z(d)k. Curve in space 
Velocity vector, speed, and v(t) = r(t) Velocity vector 
acceleration vector: ds i 

IOl = z = FOl Speed 

t 

a(t) = r(t) = arT(t) F anN(t) Acceleration vector 
Unit tangent vector and principal rð T 
unit normal vector: Wi \|r (2)|| IO \|T (2)|| 

: G2 
Components of acceleration: ay =a:T ya : 
lvl at 
llv x all JHE- a7 ds 2 
ay =a: N= = Vaar = KE 
lv dt 
Formulas for curvature in the g= ly”| i 
plane: DOZ C given by y = f(x) 
x A ty 

K= a ae aa C given by x = x(t), y = y(t) 
Pommes or euver in Gie K= |T (s)| = lle“s)|| s is arc length parameter. 
plane or in space: ; , Y 

-TOI lO x rol a 
|r (D| |r (OP t is general parameter. 
_ alt) NO 
Ivo 


Cross product formulas apply only to curves in space. 


Exercises for Section 12.5 
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The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-6, sketch the plane curve and find its length over 
the given interval. 


Function Interval 
1. r( = ti + 3tj [0, 4] 
2. r(t) = ti + tk [0, 4] 
3. r(t) = Pi+ Pj [0, 2] 
4. r(t) = (t+ Dit+ Pj [0, 6] 
5. r(t) = aco? ti + asin tj [0, 277] 
6. r(t) = acos ti + asin tj [0, 27] 


7. Projectile Motion A baseball is hit 3 feet above the ground at 
100 feet per second and at an angle of 45° with respect to the 
ground. 


(a) Find the vector-valued function for the path of the baseball. 
(b) Find the maximum height. 

(c) Find the range. 

(d) Find the arc length of the trajectory. 


8. Projectile Motion An object is launched from ground level. 
Determine the angle of the launch to obtain (a) the maximum 
height, (b) the maximum range, and (c) the maximum length of 
the trajectory. For part (c), let v) = 96 feet per second. 


In Exercises 9-14, sketch the space curve and find its length 
over the given interval. 


Function Interval 
9. r(t) = 2ri — 3tj + tk [0, 2] 
10. r(A =i+ Pj + Pk [0, 2] 
11. r(t) = (3t, 2 cos t, 2 sin t) [o, 7 
12. r(t) = (2 sin t, 5t, 2 cos t) [0, a] 
13. r(t) = a cos ti + asin tj + btk [0, 277] 
14. r(t) = (cost + tsin t, sin t — t cos t, t°) [o, z 
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In Exercises 15 and 16, use the integration capabilities of a 
graphing utility to approximate the length of the space curve 
over the given interval. 


Function Interval 
15. r(t) = 171 + tj + Intk Lss 
16. r(t) = sin mti + cos mtj + tk O<r<2 


17. Investigation Consider the graph of the vector-valued 
function 


r(t) = ti + (4-2?) + bk 
on the interval [0, 2]. 


(a) Approximate the length of the curve by finding the length 
of the line segment connecting its endpoints. 


(b) Approximate the length of the curve by summing the 
lengths of the line segments connecting the terminal points 
of the vectors r(0), r(0.5), r(1), r(1.5), and r(2). 
(c) Describe how you could obtain a more accurate approxi- 
mation by continuing the processes in parts (a) and (b). 
(d) Use the integration capabilities of a graphing utility to 
approximate the length of the curve. Compare this result 
with the answers in parts (a) and (b). 
18. Investigation Repeat Exercise 17 for the vector-valued 
function r(t) = 6 cos(at/4)i + 2 sin(at/4)j + tk. 
19. Investigation Consider the helix represented by the vector- 
valued function r(t) = (2 cos t, 2 sin t, t). 


(a) Write the length of the arc s on the helix as a function of t 
by evaluating the integral 


s= [ [xw)P + [y WP + [2(w)P du. 


(b) Solve for ¢ in the relationship derived in part (a), and 
substitute the result into the original set of parametric 
equations. This yields a parametrization of the curve in 
terms of the arc length parameter s. 


(c) Find the coordinates of the point on the helix for arc lengths 
s= J5 and s = 4. 


(d) Verify that |r (s)| = 1. 


20. Investigation Repeat Exercise 19 for the curve represented by 
the vector-valued function 


r(t) = (4(sin t — t cos f), 4(cost + t sin t), 2 P). 


In Exercises 21-24, find the curvature K of the curve, where s is 
the arc length parameter. 


21. r(s) (: 2s) (i A) 


2 2 
22. r(s) = (3 + slit j 
23. Helix in Exercise 19: r(t) = (2 cos t, 2 sin t, t} 
24. Curve in Exercise 20: 


r(i) = (A(sin t — tcos t), 4(cos t + t sin t), 372) 
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n Exercises 25-30, find the curvature K of the plane curve a 
the given value of the parameter. 


25. r(t) = 4ti — 2tj, t= 1 
26. r(t) =?jtk, t=0 


27. r(t) =tit+ -j, t=1 


28. r(t) = tit+ ?j, t=1 


29. r(t) = ti + costj, t=0 


30. r(t) = 5 cos ti + 4sintj, t= a 


In Exercises 31—40, find the curvature K of the curve. 


31. r(t) = 4cos 2ati + 4 sin 27tj 
32. r(t) = 2 cos mti + sin mtj 


33. r(t) = a cos wti + asin wtj 


34. r(t) = a cos wti + b sin wtj 
35. r(t) = lalwt — sin wt), a(1 — cos wt)) 


36. r(t) = (cos wt + wf sin wt, sin wt — wt cos wt) 


t 
37. r(t) = ti + tj + ak 


1 
38. r(t) = 277i + tj + xvk 


39. r(t) = 4ti + 3 cos tj + 3 sin tk 
40. r(t) = e cos ti + e sin tj + «æ k 


In Exercises 41-46, find the curvature and radius of curvature 
of the plane curve at the given value of x. 

41. y=3x-2, x=a 

42. y= m +b, x=a 

43. y = 2x? +3, x 1 


44, y= 2x +4 x=1 


45. y= Va? — x, x=0 


46. y 3 16-—x7, x=0 


Writing In Exercises 47 and 48, two circles of curvature to the 
graph of the function are given. (a) Find the equation of the 
smaller circle, and (b) write a short paragraph explaining why 
the circles have different radii. 


47. f(x) = sinx 48. f(x) = 4x?/(x? + 3) 


© 
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In Exercises 49-52, use a graphing utility to graph the function. 
In the same viewing window, graph the circle of curvature to the 
graph at the given value of x. 


49. y =x +F, x=1 50. y=Inx, x=1 


51. y=e*%, x=0 52. y = 42, x=1 

Evolute An evolute is the curve formed by the set of centers of 
curvature of a curve. In Exercises 53 and 54, a curve and its 
evolute are given. Use a compass to sketch the circles of curva- 
ture with centers at points A and B. To print an enlarged copy 
of the graph, select the MathGraph button. 


53. Cycloid: x =f -— sint y 
A 
y=1-cost zt 
Evolute: x= sint + t lh 
y =cost— 1 
> X 
tt B 
A 
=al 
54. Ellipse: x = 3 cos t i 
y =2sint at 
: =S nae 
Evolute: x = 3 cos? t A 
y=5sin t 
} — x 
-m T 
sg 


In Exercises 55—60, (a) find the point on the curve at which the 
curvature K is a maximum and (b) find the limit of K as x > œœ. 


55. y= (x-1? +3 56. y= x? 
57. y = x2/3 58. y al 

x 
59. y = lnx 60. y = e* 


In Exercises 61-64, find all points on the graph of the function 
such that the curvature is zero. 


6l. y=1- x2} 
63. y = cosx 


62. y= x-1} +3 
64. y = sinx 


Writing About Concepts 


65. Describe the graph of a vector-valued function for which 
the curvature is O for all values of ż in its domain. 


66. Given a twice-differentiable function y = f(x), determine its 
curvature at a relative extremum. Can the curvature ever be 
greater than it is at a relative extremum? Why or why not? 


68. 


69. 


70. 


71. 


72. 


73. 
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ow that the curvature 1s greatest at the endpoints of the major 
axis, and is least at the endpoints of the minor axis, for the 
ellipse given by x? + 4y? = 4. 

Investigation Find all a and b such that the two curves given 
by 

_ _ x 

yı =ax(b—x) and y,= Ppa) 
intersect at only one point and have a common tangent line and 
equal curvature at that point. Sketch a graph for each set of 
values of a and b. 


Investigation Consider the function f(x) = x4 — x?. 
(a) Use a computer algebra system to find the curvature K of 
the curve as a function of x. 


(b) Use the result of part (a) to find the circles of curvature to 
the graph of f when x = 0 and x = 1. Use a computer 
algebra system to graph the function and the two circles of 
curvature. 

(c) Graph the function K(x) and compare it with the graph of 
f(x). For example, do the extrema of f and K occur at the 
same critical numbers? Explain your reasoning. 

Investigation The surface of a goblet is formed by revolving 

the graph of the function 


y=4x85, O<x<5 


about the y-axis. The measurements are given in centimeters. 

(a) Use a computer algebra system to graph the surface. 

(b) Find the volume of the goblet. 

(c) Find the curvature K of the generating curve as a function 
of x. Use a graphing utility to graph K. 

(d) Ifa spherical object is dropped into the goblet, is it possible 
for it to touch the bottom? Explain. 

A sphere of radius 4 is dropped into the paraboloid given by 

z=x +y. 

(a) How close will the sphere come to the vertex of the 
paraboloid? 

(b) What is the radius of the largest sphere that will touch the 
vertex? 


Speed The smaller the curvature in a bend of a road, the faster 
a car can travel. Assume that the maximum speed around a turn 
is inversely proportional to the square root of the curvature. 
A car moving on the path y = ix (x and y are measured in 
miles) can safely go 30 miles per hour at (1, 1), How fast can it 
go at (5, 3)? 

Let C be a curve given by y = f(x). Let K be the curvature 
(K # 0) at the point P(x, yo) and let 


1 + f(x)? 
f "(xo) f 


Show that the coordinates (a, B) of the center of curvature at P 
are (a, B) = (xo ~~ Foz Yo pg z): 


y = 
&j 


878 CHAPTER 12 Vector-Valued Functions 


74. Use the result of Exercise 73 to find the center of curvature for 
the curve at the given point. 


(a) y=e*, (0, 1) 


ae 1 
(b) y= oy (1 z) 
e) y=, (0,0) 


75. A curve C is given by the polar equation r = f(0). Show that 
the curvature K at the point (r, 6) is 


— 2r? = rr’? + 77] 
[oP + PP? 


K 


[Hint: Represent the curve by r(@) = r cos ĝi + r sin 6j.] 


76. Use the result of Exercise 75 to find the curvature of each polar 


curve. 
(a) r=1+sin6 (b) r= 6 
(c) r=asin 0 (d) r= e? 


77. Given the polar curve r = e”°, a > 0, find the curvature K and 
determine the limit of K as (a) 0 —> co and (b) a > o. 


78. Show that the formula for the curvature of a polar curve 
r = f(@) given in Exercise 75 reduces to K = 2/|r’| for the 
curvature at the pole. 


In Exercises 79 and 80, use the result of Exercise 78 to find the 
curvature of the rose curve at the pole. 


79. r= 4sin 20 80. r = 6 cos 30 


81. For a smooth curve given by the parametric equations x = f(t) 
and y = g(t), prove that the curvature is given by 


_ lf Os’O — e AO] 
{LFO? + [e’@PP?’ 


82. Use the result of Exercise 81 to find the curvature K of the 
curve represented by the parametric equations x(t) = f and 
y(t) = 5. Use a graphing utility to graph K and determine any 
horizontal asymptotes. Interpret the asymptotes in the context 
of the problem. 


K 


83. Use the result of Exercise 81 to find the curvature K of the 
cycloid represented by the parametric equations 


x(0) = a(@ — sin ©) and y(@) = a(l — cos 8). 


What are the minimum and maximum values of K? 


84. Use Theorem 12.10 to find ay and ay for each curve given by 
the vector-valued function. 


(a) r = 31+ Br-Aj (b) r() = ti + Pj t+ 4r?k 
85. Frictional Force A 5500-pound vehicle is driven at a speed 
of 30 miles per hour on a circular interchange of radius 100 


feet. To keep the vehicle from skidding off course, what 
frictional force must the road surface exert on the tires? 


86. Frictional Force A 6400-pound vehicle is driven at a speed 
of 35 miles per hour on a circular interchange of radius 250 
feet. To keep the vehicle from skidding off course, what 
frictional force must the road surface exert on the tires? 
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$7. Verify that the curvature at any point (x, y) on the graph o 
y = cosh x is 1/y?. 


88. Use the definition of curvature in space, K = |T (s)|| = llers) 
to verify each formula. 


$ 


ITO 
© K= rol 
Orl 
O K= TOF 
_ alt) + N(d) 
© K= WOP 


True or False? In Exercises 89-92, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


89. The arc length of a space curve depends on the parametrization. 
90. The curvature of a circle is the same as its radius. 
91. The curvature of a line is 0. 


92. The normal component of acceleration is a function of both 
speed and curvature. 


Kepler’s Laws In Exercises 93-100, you are asked to verify 
Kepler’s Laws of Planetary Motion. For these exercises, assume 
that each planet moves in an orbit given by the vector-valued 
function r. Let r = ||r||, let G represent the universal gravita- 
tional constant, let M represent the mass of the sun, and let m 
represent the mass of the planet. 


93. Prove that r + r’ = ee 
dt 
94. Using Newton’s Second Law of Motion, F = ma, and 
Newton’s Second Law of Gravitation, F = —(GmM/r*)r, 


show that a and r are parallel, and that r(t) x r(t) = Lisa 
constant vector. So, r(t) moves in a fixed plane, orthogonal to L. 


d|r 1 ; 
95. Prove THH = z tle xr]xr}. 


r 


r 
96. Show that 
6. Show at Gu 


r : 
x L — — = e is a constant vector. 
r 


97. Prove Kepler’s First Law: Each planet moves in an elliptical 
orbit with the sun as a focus. 


98. Assume that the elliptical orbit 


ed 


r= — 
1 + ecos 0 


is in the xy-plane, with L along the z-axis. Prove that 


dé 

L| =?—-. 

Iul = 2% 

99. Prove Kepler’s Second Law: Each ray from the sun to a planet 
sweeps out equal areas of the ellipse in equal times. 


100. Prove Kepler’s Third Law: The square of the period of a 
planet’s orbit is proportional to the cube of the mean distance 
between the planet and the sun. 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1—4, (a) find the domain of r and (b) determine the 
values (if any) of t for which the function is continuous. 


1. r(t) = ti + csctk 2. r(t) = Vti + i 


3. r(t) = Inti + tj + tk 4. r(t) = (2t + 1)i + t?j + tk 


In Exercises 5 and 6, evaluate (if possible) the vector-valued 
function at each given value of t. 
5. r(t) = (2t + 1)i + ¢£?j — 42k 
(a) r(0) (b) r(—2) (©) r(e — 1) (d) r(1 + Ax) — r(1) 
6. r(t) = 3 cos ti + (1 — sin j — tk 


(a) r(0) (b) (2) © rls- 7) (d) r(r + At) — x(a) 


In Exercises 7 and 8, sketch the plane curve represented by the 
vector-valued function and give the orientation of the curve. 


8. r(t) = (t, t/(t — 1)) 


7. r(t) = (cos t, 2 sin? t) 


In Exercises 9-14, use a computer algebra system to graph the 
space curve represented by the vector-valued function. 

9. r(t) =i+tj+ rk 
11. r(¢) = (1, sinz, 1) 
13. r(A = (t, Int, 31?) 


10. r(t) = 2ti + tj + t?°k 
12. r(t) = (2 cos t, t, 2 sin t) 
14. r() = ($t, Vi t) 


In Exercises 15 and 16, find vector-valued functions forming the 
boundaries of the region in the figure. 


I5., y 16. 


17. A particle moves on a straight-line path that passes through the 
points (—2, —3,8) and (5,1,—2). Find a vector-valued 
function for the path. (There are many correct answers.) 


18. The outer edge of a spiral staircase is in the shape of a helix of 
radius 2 meters. The staircase has a height of 2 meters and is 
three-fourths of one complete revolution from bottom to top. 
Find a vector-valued function for the helix. (There are many 
correct answers.) 


In Exercises 19 and 20, sketch the space curve represented by 
the intersection of the surfaces. Use the parameter x = ¢ to find 


a vector-valued function for the space curve. 
19 z= x? + yr, x+y=0 


20. x2 +z =4, x-y=0 


In Exercises 21 and 22, evaluate the limit. 


21. lim (i+ /4— Pj + k) 22. im (= 2t 
t27 an 


i+ etj + ek) 


In Exercises 23 and 24, find the following. 

(a) r (b) rd) © D[r® - uO] 
® DuA- © DillrO@ll],t>0 © Dir x uO] 
23. r(t) = 3ti + (t-— 1)j, ul) = ti + jt 23k 


er ; er op 2 
24. r(t) = sin ti + costj + tk, u(t) = sinti + cos tj 4 Kk 


25. Writing The x- and y-components of the derivative of the 
vector-valued function u are positive at t = fọ, and the 
z-component is negative. Describe the behavior of u at t = fo. 


26. Writing The x-component of the derivative of the vector- 
valued function u is 0 for ¢ in the domain of the function. What 
does this information imply about the graph of u? 


In Exercises 27-30, find the indefinite integral. 


27. | (0 ti + tcos tj) dt 28. fas + tlntj + k) dt 


29. [ feo ti + sintj + tk|| dt 


30. fu + t?k) x (i + tj + tk) dt 


In Exercises 31 and 32, find r(¢) for the given conditions. 


31. r(t) = 2i + ej+e~k, r(0) =i+ 3j —5k 
32. r(t) = sec ti + tantj + t?°k, r(0) = 3k 


In Exercises 33-36, evaluate the definite integral. 


1 


2 
33. f (3ti + 2125 — 13k) dt a | (/t§j + tsin tk) dt 
=2 


0 


2 1 
35. Í (e/?i — 3j-—k)dt 36. Í (Pi + arcsin tj — t?k) dt 
0 =f 


In Exercises 37 and 38, the position vector r describes the path 
of an object moving in space. Find the velocity, speed, and accel- 
eration of the object. 


37. r(t) = (cos? t, sin? t, 3t) 38. r(t) = (t, —tan t, e' Y 


Linear Approximation In Exercises 39 and 40, find a set of 
parametric equations for the tangent line to the graph of the 
vector-valued function at ¢ = f). Use the equations for the line to 
approximate r(¢, + 0.1). 


39. r(t) = In(t — 3)i + 25 + itk, t =4 
40. r(t) = 3 coshti + sinhtj — 2tk, tọ = 0 
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Projectile Motion In Exercises 41-44, use the model for 
projectile motion, assuming there is no air resistance. 
[a(t) = —32 feet per second per second or a(t) = —9.8 meters 
per second per second.] 


41. A projectile is fired from ground level with an initial velocity of 
75 feet per second at an angle of 30° with the horizontal. Find 
the range of the projectile. 


42. The center of a truck bed is 6 feet below and 4 feet horizontally 
from the end of a horizontal conveyor that is discharging gravel 
(see figure). Determine the speed ds/dt at which the conveyor 
belt should be moving so that the gravel falls onto the center of 
the truck bed. 


Yo s 4 ft> 


43. A projectile is fired from ground level at an angle of 20° with 
the horizontal. The projectile has a range of 80 meters. Find the 
minimum initial velocity. 

44. Use a graphing utility to graph the paths of a projectile 
if vo = 20 meters per second, h =O and (a) 8 = 30°, 
(b) 6 = 45°, and (c) 6 = 60°. Use the graphs to approximate 
the maximum height and range of the projectile for each case. 


In Exercises 45-52, find the velocity, speed, and acceleration at 
time ¢. Then find a - T anda - N at time t. 


45. r(t) = 5ti 46. r(t) = (1 + 4n)i + (2 — 3pj 
2 
+1? 


47. r(t) = tit+ Jtj 48. r(A = 2(t + Ii 


49. r(A = eit ej 
50. r(t) = tcosti + tsintj 


1 
51. r() = tit ?jt 70k 


52. r() = (¢ — 1)1 + #4 Tk 


In Exercises 53 and 54, find a set of parametric equations for 
the line tangent to the space curve at the given point. 


53. r(t) = 2 cos ti + 2 sin tj + tk, 1-2 


54. r(t) = ti + tj + oh k, t=2 


55. Satellite Orbit Find the speed necessary for a satellite to 
maintain a circular orbit 600 miles above the surface of Earth. 


56. Centripetal Force An automobile in a circular traffic 
exchange is traveling at twice the posted speed. By what factor 
is the centripetal force increased over that which would occur 
at the posted speed? 
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n Exercises 57-60, sketch the plane curve and find its leng 
over the given interval. 


Function Interval 
57. r(t) = 2ti — 3tj [0, 5] 
58. r(t) = Pi + 2tk [0, 3] 
59. r(t) = 10 cos? ti + 10 sin? rj [0, 27] 
60. r(t) = 10 cos ti + 10 sin tj [0, 27] 


In Exercises 61-64, sketch the space curve and find its length 
over the given interval. 


Function Interval 
61. r(t) = —3ti + 2tj + 4tk [0, 3] 
62. r(t) = ti + Pj + 2tk [0, 2] 
63. r(t) = (8 cos t, 8 sin t, t) [0, 7/2] 
64. r(t) = (2(sin t — t cos t), 2(cos t + t sin f), t) [0, 7/2] 


In Exercises 65 and 66, use a computer algebra system to find 
the length of the space curve over the given interval. 

65. r(t) = 4tit+ sin tj + costk, O<t< 7 

66. r(t) = æ sinti + e’costk, O<t<a7 


In Exercises 67-70, find the curvature K of the curve. 


67. r(t) = 3ti + 2tj 68. r(t) = 2/ ti + 3tj 
69. r(t) = 2ti + 4j + 27k 


70. r(t) = 2ti + 5 cos tj + 5 sin tk 


In Exercises 71-74, find the curvature and radius of curvature 


of the plane curve at the given value of x. 
71. y = 5x2 + 2, x=4 72. y=e2, x= 


73. y=Inx, x=1 74. y = tanx, x= 


>ļl3a o 


75. Writing A civil engineer designs a highway as shown in the 
figure. BC is an arc of the circle. AB and CD are straight lines 
tangent to the circular arc. Criticize the design. 


PTa, D 
1 oo 
t—++ t—+—+ > x 
-2 1 2 3 
©&1,-1) 
Figure for 75 Figure for 76 


76. A line segment extends horizontally to the left from the point 
(—1,—1). Another line segment extends horizontally to the 
right from the point (1, 1), as shown in the figure. Find a curve 
of the form 


y = axð + bx? + cx 


that connects the points (— 1, — 1) and (1, 1) so that the slope 
and curvature of the curve are zero at the endpoints. 
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| PS. | Problem Solving 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on S| to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


1. The cornu spiral is given by 4. Repeat Exercise 3 if the bomber is facing away from the launch 


A site, as shown in the figure. 
x(t) = f co 2 *) du and y(t) - | sin 2 Te) au 
0 


1000 + 


The spiral shown in the figure was plotted over the interval 


3200----t--------- 
= SSK 
TOO ie 
5. Consider one arch of the cycloid 
r(0) = (0 — sin Oi + (1 — cos 0j, 0 < 0 < 27 
Generated by Mathematica as shown in the figure. Let s(@) be the arc length from the 


highest point on the arch to the point (x(6), y(0)), and let 


Tl 2 
1 
| Animation | p(6) = X be the radius of curvature at the point (x(0), y(0)). 


(a) Find the arc length of this curve from t = 0 tot = a. Show that s and p are related by the equation s? + p” = 16. 


(b) Find thecirväture of the graph when t =a (This equation is called a natural equation for the curve.) 


(c) The cornu spiral was discovered by James Bernoulli. He 
found that the spiral has an amazing relationship between 
curvature and arc length. What is this relationship? 


y 
A 


2. Let T be the tangent line at the point P(x, y) to the graph of the 
curve x?/3 + y?/3 = q?/3, a > 0, as shown in the figure. Show 
that the radius of curvature at P is three times the distance from 
the origin to the tangent line T. 


(x(8), y(0)) 


| | | 
y T T T =x 
n T 27 


6. Consider the cardioid r = 1 — cos 0,0 < 0 < 27, as shown in 
the figure. Let s(0) be the arc length from the point (2, 7r) on the 


1 
cardioid to the point (r, 6), and let p(6) = x be the radius of 


curvature at the point (r, 6). Show that s and p are related by 
the equation s? + 9p? = 16. (This equation is called a natural 
equation for the curve.) 


3. A bomber is flying horizontally at an altitude of 3200 feet with 
a velocity of 400 feet per second when it releases a bomb. A 
projectile is launched 5 seconds later from a cannon at a site F 
facing the bomber and 5000 feet from the point beneath the Gs) 
original position of the bomber, as shown in the figure. The (2, n) 
projectile is to intercept the bomb at an altitude of 1600 feet. ł ==0 
Determine the initial speed and angle of inclination of the 
projectile. (Ignore air resistance.) 


NIJ 


7. If r(t) is a nonzero differentiable function of t, prove that 


ae = (et I) = a ror’ r(7). 


Projectile 


8. A communications satellite moves in a circular orbit around a 
Earth at a distance of 42,000 kilometers from the center of 
Earth. The angular velocity 
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dé GT os 
7 tTn radian per hour 


is constant. 


(a) Use polar coordinates to show that the acceleration vector 
is given by 


oe H (a p2 pod hy 
d? | dt a) |" |" ae dt dt | ° 


where u, = cos ĝi + sin 0j is the unit vector in the radial 
direction and u, = —sin ĝi + cos 6j. 


(b) Find the radial and angular components of the acceleration 
for the satellite. 


In Exercises 9-11, use the binormal vector defined by the 
equation B = T x N. 


9. 


10. 


11. 


12. 


Find the unit tangent, unit normal, and binormal vectors for the 


helix r(t) = 4 cos ti + 4 sin tj + 3tk at t= A Sketch the 


helix together with these three mutually orthogonal unit 
vectors. 


Find the unit tangent, unit normal, and binormal vectors for the 


; ge og T 
curve r(t) = cos ti + sin tj — k at t= T Sketch the curve 


together with these three mutually orthogonal unit vectors. 


(a) Prove that there exists a scalar 7, called the torsion, such 
that dB/ds = — 7N. 


d 
(b) Prove that N = —KT + 7B. 


ds 
(The three equations dT/ds = KN, dN/ds = —KT + 7B, 
and dB/ds = — 7N are called the Frenet-Serret formulas.) 


A highway has an exit ramp that begins at the origin of a 
coordinate system and follows the curve y = $ x°/? to the point 
(4, 1) (see figure). Then it follows a circular path whose 
curvature is that given by the curve at (4, 1). What is the radius 
of the circular arc? Explain why the curve and the circular arc 
should have the same curvature at (4, 1). 


Circular 


13. 


14. 
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Consider the vector-valued function r(t) = (t cos mt, t sin Tt), 
O<t<2. 


(a) Use a graphing utility to graph the function. 
(b) Find the length of the arc in part (a). 


(c) Find the curvature K as a function of t. Find the curvatures 
when f is 0, 1, and 2. 


(d) Use a graphing utility to graph the function K. 
(e) Find (if possible) lim K. 
t-00 
(£) Using the result of part (e), make a conjecture about the 
graph of r as to. 


You want to toss an object to a friend who is riding a Ferris 
wheel (see figure). The following parametric equations give the 
path of the friend r,(r) and the path of the object r,(¢). Distance 
is measured in meters and time is measured in seconds. 


se ME \ TÉ\. 
r(t = 15{sin mi + (16 — 15 cos mij 
r (t) = [22 — 8.03(t — tọ)li + 


[1 + 11.47(¢ — to) — 4.9(t — t)?]j 


YOO OO 


(a) Locate your friend’s position on the Ferris wheel at time 
t=0. 

(b) Determine the number of revolutions per minute of the 
Ferris wheel. 


(c) What are the speed and angle of inclination (in degrees) at 
which the object is thrown at time f = tọ? 


(d) Use a graphing utility to graph the vector-valued functions 
using a value of tọ that allows your friend to be within reach 
of the object. (Do this by trial and error.) Explain the 
significance of tọ. 


(e) Find the approximate time your friend should be able to 
catch the object. Approximate the speeds of your friend and 
the object at that time. 
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Comparing Dimensions Without 
using a graphing utility, describe the 
graph of each function of two 
variables. 


BS = a oe ye 

Is B= s04P jp 

«© z=x?+y 

d. z= Vx? + y? 
Cag = a 


Mary FAIRFAX SOMERVILLE (1780—1872) 


Somerville was interested in the problem of 
creating geometric models for functions of 
several variables. Her most well-known book, 
The Mechanics of the Heavens, was published 
in 1831. 


MathBio 
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Section 13.1 Introduction to Functions of Several Variables 


Understand the notation for a function of several variables. 
Sketch the graph of a function of two variables. 

e Sketch level curves for a function of two variables. 

e Sketch level surfaces for a function of three variables. 

e Use computer graphics to graph a function of two variables. 


Functions of Several Variables 


So far in this text, you have dealt only with functions of a single (independent) 
variable. Many familiar quantities, however, are functions of two or more variables. For 
instance, the work done by a force (W = FD) and the volume of a right circular cylin- 
der (V = mr7h) are both functions of two variables. The volume of a rectangular solid 
(V = lwh) is a function of three variables. The notation for a function of two or more 
variables is similar to that for a function of a single variable. Here are two examples. 


z=f(x,y) =x + xy Function of two variables 
—— 


2 variables 
and 
w = f(x,y,z) =x + 2y — 3z Function of three variables 


—— 
3 variables 


Definition of a Function of Two Variables 


Let D be a set of ordered pairs of real numbers. If to each ordered pair (x, y) in 
D there corresponds a unique real number f(x, y), then f is called a function of 
x and y. The set D is the domain of f, and the corresponding set of values for 
f(x, y) is the range of f. 


For the function given by z = f(x,y), x and y are called the independent 
variables and z is called the dependent variable. 

Similar definitions can be given for functions of three, four, or n variables, where 
the domains consist of ordered triples (x1, x2, x3), quadruples (x1, x2, X3, x4), and 
n-tuples (x1, X2,. . ., X,). In all cases, the range is a set of real numbers. In this 
chapter, you will study only functions of two or three variables. 

As with functions of one variable, the most common way to describe a function 
of several variables is with an equation, and unless otherwise restricted, you can 
assume that the domain is the set of all points for which the equation is defined. 
For instance, the domain of the function given by 


f(x,y) = x? + y? 
is assumed to be the entire x y-plane. Similarly, the domain of 
f(x, y) = Inxy 


is the set of all points (x, y) in the plane for which xy > 0. This consists of all points 
in the first and third quadrants. 


} >x 
-4 4 
Domain of 
EP rah as) 
fa, y) = — 
Figure 13.1 
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EXAMPLE | Domains of Functions of Several Variables 


Find the domain of each function. 


/x? + y2— 9 x 
z b. g(x, y, z) aere 


a. f(x,y) = 


Solution 
a. The function f is defined for all points (x, y) such that x # 0 and 
x+y? > 9, 


So, the domain is the set of all points lying on or outside the circle x? + y? = 9, 
except those points on the y-axis, as shown in Figure 13.1. 


b. The function g is defined for all points (x, y, z) such that 
rry Fro. 


Consequently, the domain is the set of all points (x, y, z) lying inside a sphere of 
radius 3 that is centered at the origin. — 


| Exploration a | 
Functions of several variables can be combined in the same ways as functions of 


single variables. For instance, you can form the sum, difference, product, and quotient 
of two functions of two variables as follows. 


G am g(x, y) z PE y) ar g(x, y) Sum or difference 
(fa) (x, y) = IEC) Product 
Í = f(xy) y) otien 
ae y) g(x, y) a(x, y) #0 Quotient 


You cannot form the composite of two functions of several variables. However, if h is 
a function of several variables and g is a function of a single variable, you can form 
the composite function (g ° h)(x, y) as follows. 


(8 ° h)(x, y) = g(h(x, y)) Composition 


The domain of this composite function consists of all (x, y) in the domain of h such 
that A(x, y) is in the domain of g. For example, the function given by 


fly) = VI6= =P 


can be viewed as the composite of the function of two variables given by h(x, y) = 
16 — 4x? — y? and the function of a single variable given by g(u) = \/u. The domain 
of this function is the set of all points lying on or inside the ellipse given by 
4x? + y2 = 16. 

A function that can be written as a sum of functions of the form cx”y” (where c 
is a real number and m and n are nonnegative integers) is called a polynomial 
function of two variables. For instance, the functions given by 


f(x,y) =x? + y? — 2xy+x+2 and g(x,y) =3xy?+x-2 


are polynomial functions of two variables. A rational function is the quotient of two 
polynomial functions. Similar terminology is used for functions of more than two 
variables. 
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See The Graph of a Function of Two Variables 


As with functions of a single variable, you can learn a lot about the behavior of a 

function of two variables by sketching its graph. The graph of a function f of two 

variables is the set of all points (x, y, z) for which z = f(x, y) and (x, y) is in the 

domain of f. This graph can be interpreted geometrically as a surface in space, as 

discussed in Sections 11.5 and 11.6. In Figure 13.2, note that the graph of z = f(x, y) 
y is a surface whose projection onto the xy-plane is D, the domain of f. To each point 
Ga (x, y) in D there corresponds a point (x, y, z) on the surface, and, conversely, to each 
point (x, y, z) on the surface there corresponds a point (x, y) in D. 


Domain: D 
x 


Figure 13.2 
I 
[ Rotatable Graph || EXAMPLE 2. Describing the Graph of a Function of Two Variables 
What is the range of f(x, y) = 16 — 4x? — y?? Describe the graph of f. 
Solution The domain D implied by the equation for f is the set of all points (x, y) 
such that 16 — 4x? — y? = 0. So, D is the set of all points lying on or inside the 
ellipse given by 
face: z= 4/16 — 4x” — y? 7 £ 
SM ae! a =F Y= 1. Ellipse in the xy-plane 
4 16 
z Trace in . 
plane z=2 The range of f is all values z = f(x, y) such that 0 < z < /16or 
O0<z<4. Range of f 


A point (x, y, z) is on the graph of f if and only if 


Range m 16 = 4x? — y»? 
z = 16 — 4x — y? 
4x? + y? + 27 = 16 
y 2 2 2 
Domain ie St, epee 
4 16 16 
The graph of f(x,y) = /16 — 4x2 — y? 
is the upper half of an ellipsoid. From Section 11.6, you know that the graph of f is the upper half of an ellipsoid, as 
Figure 13.3 shown in Figure 13.3. — 
a m | [Eperoen 
en anes To sketch a surface in space by hand, it helps to use traces in planes parallel to 


the coordinate planes, as shown in Figure 13.3. For example, to find the trace of the 
surface in the plane z = 2, substitute z = 2 in the equation z = /16 — 4x? — y? and 
obtain 


2 


= DA a ae Le eaj, 
Dao =y ie ad 


So, the trace is an ellipse centered at the point (0, 0, 2) with major and minor axes of 
lengths 4/3 and 2/3. 

Traces are also used with most three-dimensional graphing utilities. For instance, 
Figure 13.4 shows a computer-generated version of the surface given in Example 2. 
For this graph, the computer took 25 traces parallel to the xy-plane and 12 traces in 
vertical planes. 

If you have access to a three-dimensional graphing utility, use it to graph several 
Figure 13.4 surfaces. 
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Level Curves 


A second way to visualize a function of two variables is to use a scalar field in which 
the scalar z = f(x, y) is assigned to the point (x, y). A scalar field can be characterized 
by level curves (or contour lines) along which the value of f(x, y) is constant. For 
instance, the weather map in Figure 13.5 shows level curves of equal pressure called 
isobars. In weather maps for which the level curves represent points of equal 
temperature, the level curves are called isotherms, as shown in Figure 13.6. Another 
common use of level curves is in representing electric potential fields. In this type of 
map, the level curves are called equipotential lines. 


{ [ oN 


Level curves show the lines of equal pressure Level curves show the lines of equal 
(isobars) measured in millibars. temperature (isotherms) measured in 
Figure 13.5 degrees Fahrenheit. 

Figure 13.6 


Contour maps are commonly used to show regions on Earth’s surface, with the 
level curves representing the height above sea level. This type of map is called a 
topographic map. For example, the mountain shown in Figure 13.7 is represented by 
the topographic map in Figure 13.8. View the animation to see this more clearly. 

A contour map depicts the variation of z with respect to x and y by the spacing 
between level curves. Much space between level curves indicates that z is changing 
slowly, whereas little space indicates a rapid change in z. Furthermore, to give a good 
three-dimensional illusion in a contour map, it is important to choose c-values that are 
evenly spaced. 


Height in feat 


Figure 13.7 Figure 13.8 


| Animation | 


w Experienced writers 


©On-t del 
888 CHAPTER 13 Functions of Several Variables ren AEEA ae 


2} 100% plagiarism free 


EXAMPLE 3 Sketching a Contour Map 


The hemisphere given by f(x, y) = /64 — x? — y? is shown in Figure 13.9. Sketch 
a contour map for this surface using level curves corresponding toc = 0,1, 2,..., 8. 


Solution For each value of c, the equation given by f(x, y) = c is a circle (or point) 
in the xy-plane. For example, when c, = 0, the level curve is 
x? + y? = 64 Circle of radius 8 


which is a circle of radius 8. Figure 13.10 shows the nine level curves for the 
hemisphere. 


Surface: c,=0 | c;=4 
fœ y)= y 64-27 -y SN a 

C3 =2 = 
c4=3 gal 


Hemisphere Contour map 
Figure 13.9 Figure 13.10 


| Animation | 
[Try tt | 


EXAMPLE 4 Sketching a Contour Map 


Hyperbolic paraboloid 
i a rë a The hyperbolic paraboloid given by 


z=yt— x2 


is shown in Figure 13.11. Sketch a contour map for this surface. 


Solution For each value of c, let f(x, y) = c and sketch the resulting level curve in 
the xy-plane. For this function, each of the level curves (c # 0) is a hyperbola whose 
asymptotes are the lines y = +x. If c < 0, the transverse axis is horizontal. For 


instance, the level curve for c = —4 is given by 
2 2 

ae 
Oe, 2 


Hyperbola with horizontal transverse axis 


Ifc > 0, the transverse axis is vertical. For instance, the level curve for c = 4 is given 


S-aHl. Hyperbola with vertical transverse axis 


Hyperbolic level curves (at increments of 2) If c = 0, the level curve is the degenerate conic representing the intersecting 
Figure 13.12 asymptotes, as shown in Figure 13.12. ee 


[ Try 1t | [Open Exploration | 
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One example of a function of two variables used in economics is the Cobb- 
Douglas production function. This function is used as a model to represent the 
number of units produced by varying amounts of labor and capital. If x measures the 
units of labor and y measures the units of capital, the number of units produced is 
given by 


f(x,y) = Cxty'~4 


where C and a are constants with 0O < a < 1. 


EXAMPLE 5 The Cobb-Douglas Production Function 
Y c= 80,000 c= 160,000 A toy manufacturer estimates a production function to be f(x, y) = 100x°6y%4, where 
x is the number of units of labor and y is the number of units of capital. Compare the 
production level when x = 1000 and y = 500 with the production level when 
x = 2000 and y = 1000. 


(2000, 1000) 


1000 5 Solution When x = 1000 and y = 500, the production level is 
500 + f (1000, 500) = 100(1000°*)(500°4) = 75,786. 
- When x = 2000 and y = 1000, the production level is 
ia i (2000, 1000) = 100(2000%5)(1000°4) = 151,572. 
Level curves (at increments of 10,000) The level curves of z = f(x, y) are shown in Figure 13.13. Note that by doubling both 
Figure 13.13 x and y, you double the production level (see Exercise 79). —— | 


Level Surfaces 


The concept of a level curve can be extended by one dimension to define a level 

surface. If f is a function of three variables and c is a constant, the graph of the 

F(X, ¥ 2) = Cy i F(X, Y, 2) = Cy equation f(x, y, z) = c is a level surface of the function f, as shown in Figure 13.14. 

With computers, engineers and scientists have developed other ways to view 

functions of three variables. For instance, Figure 13.15 shows a computer simulation 

that uses color to represent the pressure waves of a high-speed train traveling through 
a tunnel. 


F(X, y, z) = C3 


Level surfaces of f 
Figure 13.14 


High-Speed Train (M=o.a0) 


Fiwnming in a Tanna 


LE 


Figure 13.15 
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Level surfaces: 
4x? +y? +z =c 


Figure 13.16 


| Rotatable Graph || 


fœ y) =(@7 + ye! = 


Figure 13.17 


| Rotatalo raph | 
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EXAMPLE 6 Level Surfaces 


Describe the level surfaces of the function 


f(xy, z) = 4x2 + y? + z? 


Solution Each level surface has an equation of the form 
4x? + y? +2=C. Equation of level surface 


So, the level surfaces are ellipsoids (whose cross sections parallel to the 
yz-plane are circles). As c increases, the radii of the circular cross sections increase 
according to the square root of c. For example, the level surfaces corresponding to the 
values c = 0, c = 4, and c = 16 are as follows. 


4x? + y? +77=0 Level surface for c = 0 (single point) 
x2 y? z? / 
~+ l] Level surface for c = 4 (ellipsoid) 
1 4 4 
Cae eS 24 Level surface f 16 (ellipsoid) 
SS a oS evel surface for c = 16 (ellipsoi 
4 16° 16 
These level surfaces are shown in Figure 13.16. en 


[tsar] (Eee 
NOTE Ifthe function in Example 6 represented the temperature at the point (x, y, z), the level 
surfaces shown in Figure 13.16 would be called isothermal surfaces. 


Computer Graphics 


The problem of sketching the graph of a surface in space can be simplified by using a 
computer. Although there are several types of three-dimensional graphing utilities, 
most use some form of trace analysis to give the illusion of three dimensions. To use 
such a graphing utility, you usually need to enter the equation of the surface, the 
region in the xy-plane over which the surface is to be plotted, and the number of traces 
to be taken. For instance, to graph the surface given by 


f(x, y) = (x? + yJe! == 


you might choose the following bounds for x, y, and z. 


—-3<x<3 Bounds for x 
—-3<ys3 Bounds for y 
O<z<3 Bounds for z 


Figure 13.17 shows a computer-generated graph of this surface using 26 traces taken 
parallel to the yz-plane. To heighten the three-dimensional effect, the program uses a 
“hidden line” routine. That is, it begins by plotting the traces in the foreground (those 
corresponding to the largest x-values), and then, as each new trace is plotted, the 
program determines whether all or only part of the next trace should be shown. 

The graphs on page 891 show a variety of surfaces that were plotted by computer. 
If you have access to a computer drawing program, use it to reproduce these surfaces. 
Remember also that the three-dimensional graphics in this text can be viewed and 
rotated. 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on || to print an enlarged copy of the graph. 


In Exercises 1—4, determine whether z is a function of x and y. 


1. xz + yz— xy = 10 2. xz? + 2xy — y? = 


2 2 
3 >+% +251 


Leo —8= 
4° 9 4.z+xIny-—8=0 


In Exercises 5-16, find and simplify the function values. 


5. f(x,y) = x/y 
(a) (3,2) (b) (-1,4) (©) (30,5) 
@ Sy ©@2 ®© 69 
6. f(x,y) = 4 — x2 — 4y? 
(a) (0,0) (b) (0,1) © (2,3) 
(d) (,y) (©) 0) ®© 1) 
7. f(x, y) = xe” 
(a) (5,0) (b) (3,2) (©) (2,-1) 
(d) (5,y) (©) @&2) ®© (A 
8. g(x, y) = In|x + y| 
(a) (2,3) (b) (5,6) (c) (e, 0) 
(d) (0,1) (e) (2,-3) (Œ) (e, e) 
9. h(x, y,z) = = 
z 
(a) (2,3,9) (b) (1,0,1) (© (—2,3,4) (d) (5,4, —6) 
10. f(x,y,z) = vVx+y+z 
(a) (0,5,4) (b) (6,8, —3) 
(c) (4,6,2) (d) (10, —4, —3) 
11. f(x, y) = xsin y 


T T T 
(a) (2 z) (b) (3,1) (© (-3.2) (d) (a z) 
12. V(r, h) = mr’h 


(a) (3,10) (b) (5,2) (©) (4,8) (d) (6,4) 
13. g(x, y) = Í “(21 — 3)dt 

@ 0.4) ) 1.4) © 4) @ (0.3) 
14. g(x,y) = Í i Lar 


(a) (4,1) (b) (6,3) (©) (2,5) (d) (3,7) 
15. f(x,y) = x? — 2y 16. f(x, y) = 3xy + y? 
d f(x + Ax, y) — f(x, y) Ò f(x + Ax, y) — f(x, y) 


( Ax ( Ax 
p ertas g fly + Ay) ~ fla) 
y y 


In Exercises 17-28, describe the domain and range of the Ae 


function. 


17. f(x,y) = V4 - x? — y? 


19. f(x, y) = arcsin(x + y) 


18. f(x,y) = V4 — x? — 4y? 
20. f(x,y) = arccos(y/x) 


21. f(x, y) = In(4 — x — y) 22. f(x, y) = Inxy — 6) 
23, z = 272 24. z = 
xy y= 
25. f(x,y) = e” 26. f(x,y) =x? + y? 
1 
27. g(x, y) = a 28. g(x, y) =xJy 
29. Think About It The graphs labeled (a), (b), (c), and (d) are 


30. 


graphs of the function f(x, y) = —4x/(x? + y? + 1). Match 
the four graphs with the points in space from which the surface 
is viewed. The four points are (20, 15, 25), (—15, 10, 20), 
(20, 20, 0), and (20, 0, 0). 


(a) t 


SSS 

SISSESSSSESSSSS 
SSS 
> 


SSS 
SSS 


z 


(c) 


N BVP 


<> 
RSL 
Mie 


VOLES 
KK 
ARR 


l) 
RUH 


Generated by Maple Generated by Maple 


Think About It Use the function given in Exercise 29. 

(a) Find the domain and range of the function. 

(b) Identify the points in the xy-plane where the function value 
is 0. 

(c) Does the surface pass through all the octants of the rectan- 
gular coordinate system? Give reasons for your answer. 


In Exercises 31-38, sketch the surface given by the function. 
31. f(x,y) =5 32. f(x,y) = 6 — 2x — 3y 
33. f(x,y) = y? 34. g(x,y) = 5x 
35. z = 4- x? -— y? 36. z= i2 +y? 
37. f(x,y) = e* 
JW, x20,y20 
38. fea) = {9 x <Oory <0 
In Exercises 39-42, use a computer algebra system to graph the 
function. 
39. z= y2- x? +1 40. z = V14 — 16x? — 9y? 


41 


» f, y) = xed 42. f(x,y) = xsin y 


43. Conjecture Consider the function f(x, y) = x? + y?. 
(a) Sketch the graph of the surface given by f. 


(b) Make a conjecture about the relationship between the 
graphs of f and g(x, y) = f(x,y) + 2. Use a computer 
algebra system to confirm your answer. 


(c) Make a conjecture about the relationship between the 
graphs of f and g(x, y) = f(x,y — 2). Use a computer 
algebra system to confirm your answer. 

(d) Make a conjecture about the relationship between the 


graphs of f and g(x,y) = 4 — f(x, y). Use a computer 
algebra system to confirm your answer. 


(e) On the surface in part (a), sketch the graphs of z = f(1, y) 
and z = f(x, 1). 
44. Conjecture Consider the function f(x, y) = xy, for x = 0 
and y = 0. 
(a) Sketch the graph of the surface given by f. 


(b) Make a conjecture about the relationship between the 
graphs of f and g(x, y) = f(x, y) — 3. Use a computer 
algebra system to confirm your answer. 


(c) Make a conjecture about the relationship between the 
graphs of f and g(x, y) = —f(x, y). Use a computer algebra 
system to confirm your answer. 


(d) Make a conjecture about the relationship between the 
graphs of f and g(x, y) = 5f(x, y). Use a computer algebra 
system to confirm your answer. 


(e) On the surface in part (a), sketch the graph of z = f(x, x). 


In Exercises 45-48, match the graph of the surface with one of 
the contour maps. [The contour maps are labeled (a), (b), (c), 
and (d).] 
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2 + 2 
47. f(x,y) = Inly — x?| 222) 


48. f(x,y) = cos ( Fi 


In Exercises 49-56, describe the level curves of the function. 
Sketch the level curves for the given c-values. 

49.z=xt+y, c=-—1,0,2,4 

50. z = 6 — 2x — 3y, c= 0,2,4, 6,8,10 

51. z 25 — x? — y?, c=0,1,2,3,4,5 

52. f(x,y) =x? + 2y? c=0,2,4,6,8 

53. f(x,y) = xy, c=+1,+2,...,+6 

54. f(x,y) = e, c= 2,3,4, 7 a 


ag 
ea, 


x 
55. f(x,y) = pay 
56. f(x, y) = In(x — y), c = 0, +4 


+ 
ha 
iv 
ha 
N 


In Exercises 57-60, use a graphing utility to graph six level 
curves of the function. 


57. f(x,y) =x? —y? +2 58. f(x, y) = |x| 
8 
Se) cade roe TT z 60. h(x, y) = 3 sin(|x| + |y]) 


Writing About Concepts 


. Define a function of two variables. 


. What is a graph of a function of two variables? How is it 
interpreted geometrically? Describe level curves. 


. All of the level curves of the surface given by z = f(x, y) 
are concentric circles. Does this imply that the graph of f is 
a hemisphere? Illustrate your answer with an example. 


. Construct a function whose level curves are lines passing 
through the origin. 
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Writing In Exercises 65 and 66, use the graphs of the level 
curves (c-values evenly spaced) of the function f to write a 
description of a possible graph of f. Is the graph of f unique? 
Explain. 


65. y 66. y 


67. Investment In 2005, an investment of $1000 was made in a 
bond earning 10% compounded annually. Assume that the 
buyer pays tax at rate R and the annual rate of inflation is Z. In 
the year 2015, the value V of the investment in constant 2005 
dollars is 


10 
rie oa +0.10(1 — a . 


1+] 


Use this function of two variables to complete the table. 


Inflation Rate 


Tax Rate 0 0.03 | 0.05 
0 
0.28 


0.35 


68. Investment A principal of $1000 is deposited in a savings 
account that earns an interest rate of r (written as a decimal), 
compounded continuously. The amount A(r, t) after t years is 


A(r, t) = 1000e”. 


Use this function of two variables to complete the table. 


Number of Years 


Rate | 5 | 10 | 15 | 20 


0.02 


0.04 


0.06 


0.08 


In Exercises 69-74, sketch the graph of the level surface 
f(x,y,z) = c at the given value of c. 


69. f(x, yz) =x- 2y + 3z, c=6 
70. f(x,y,z) = 4x 
71. f(x,y,z) = x? 


y+2z, c=4 


y +z, c=9 


72. 
73. 
74. 


75. 


76. 


77. 


78. 


79. 


80. 


81. 


82. 
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(BHO = x° + 3y 
f(x,y, z) = 4x? + 4y- 22, c=0 
f(x,y,z) =sinx-—z c=0 


Forestry The Doyle Log Rule is one of several methods used 
to determine the lumber yield of a log (in board-feet) in terms 
of its diameter d (in inches) and its length L (in feet). The 
number of board-feet is 


N(d,L) = (454). 


(a) Find the number of board-feet of lumber in a log 22 inches 
in diameter and 12 feet in length. 
(b) Find N(30, 12). 


Queuing Model The average length of time that a customer 
waits in line for service is 


1 
Wx, y) = ——, 
(x, y) ar me 
where y is the average arrival rate, written as the number of 
customers per unit of time, and x is the average service rate, 
written in the same units. Evaluate each of the following. 
(a) W(15, 10) (b) W(12,9) (c) W(12,6) (d) W(4, 2) 


Temperature Distribution The temperature T (in degrees 
Celsius) at any point (x, y) in a circular steel plate of radius 10 
meters is 


T = 600 — 0.75x? — 0.75y? 
where x and y are measured in meters. Sketch some of the 
isothermal curves. 


Electric Potential The electric potential V at any point (x, y) is 


— 5 _ 


Sketch the equipotential curves for V = }, V = L and V = ti 


Cobb-Douglas Production Function Use the Cobb-Douglas 
production function (see Example 5) to show that if the number 
of units of labor and the number of units of capital are doubled, 
the production level is also doubled. 


Cobb-Douglas Production Function Show that the Cobb- 
Douglas production function z = Cx“y!~¢ can be rewritten as 


V(x, y) = 


nishe? 
y y 


Construction Cost A rectangular box with an open top has a 
length of x feet, a width of y feet, and a height of z feet. It costs 
$0.75 per square foot to build the base and $0.40 per square 
foot to build the sides. Write the cost C of constructing the box 
as a function of x, y, and z. 


Volume A propane tank is constructed by welding 
hemispheres to the ends of a right circular cylinder. Write the 
volume V of the tank as a function of r and l, where r is 
the radius of the cylinder and hemispheres, and / is the length 
of the cylinder. 
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83. Ideal Gas Law According to the Ideal Gas Law, PV = kT, 
where P is pressure, V is volume, T is temperature (in Kelvins), 
and k is a constant of proportionality. A tank contains 2600 
cubic inches of nitrogen at a pressure of 20 pounds per square 
inch and a temperature of 300 K. 


represents the estimated annual hours of air conditioner use for 
an average household. (Source: Association of Home 
Appliance Manufacturers) 


(a) Determine k. 


(b) Write P as a function of V and T and describe the level 
curves. 


84. Modeling Data The table shows the net sales x (in billions of 
dollars), the total assets y (in billions of dollars), and the 
shareholder’s equity z (in billions of dollars) for Wal-Mart for 
the years 1998 through 2003. (Source: 2003 Annual Report 
for Wal-Mart) 


Year | 1998 | 1999 | 2000 | 2001 | 2002 | 2003 Less than 400 hours 
LJ 400 to 999 hours 
x 118.0 | 137.6 | 165.0 | 191.3 | 217.8 | 244.5 1000 to 1749 hours 
y | 454 | 500 | 703 | 781 | 83.5 | 947 i a cl 
18.5 21.1 25.8 31.3 35.1 39.3 (a) Discuss the use of color to represent the level curves. 


85. 


86. 


A model for these data is 


z = f(x, y) = 0.156x + 0.031y — 1.66. 


(a) Use a graphing utility and the model to approximate z for 
the given values of x and y. 


(b) Which of the two variables in this model has the greater 
influence on shareholder’s equity? 


(c) Simplify the expression for f(x, 55) and interpret its 
meaning in the context of the problem. 


Meteorology Meteorologists measure the atmospheric 
pressure in millibars. From these observations they create 
weather maps on which the curves of equal atmospheric 
pressure (isobars) are drawn (see figure). On the map, the closer 
the isobars the higher the wind speed. Match points A, B, and 
C with (a) highest pressure, (b) lowest pressure, and (c) highest 
wind velocity. 


Figure for 85 Figure for 86 


Acid Rain The acidity of rainwater is measured in units 
called pH. A pH of 7 is neutral, smaller values are increasingly 
acidic, and larger values are increasingly alkaline. The map 
shows the curves of equal pH and gives evidence that 
downwind of heavily industrialized areas the acidity has been 
increasing. Using the level curves on the map, determine the 
direction of the prevailing winds in the northeastern United 
States. 


88. 


GeoQuest Systems, Inc. 


True or False? 


(b) Do the level curves correspond to equally spaced annual 
usage hours? Explain. 


(c) Describe how to obtain a more detailed contour map. 


Geology The contour map in the figure represents color- 
coded seismic amplitudes of a fault horizon and a projected 
contour map, which is used in earthquake studies. (Source: 
Adapted from Shipman/Wilson/Todd, An Introduction to 
Physical Science, Eighth Edition) 


_—_. 


(a) Discuss the use of color to represent the level curves. 


(b) Do the level curves correspond to equally spaced ampli- 
tudes? Explain. 


In Exercises 89-92, determine whether the 


statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


89. 
90. 


91. 
92. 


If f(x, Yo) = f(x, yı), then xo = x, and yo = yı. 
A vertical line can intersect the graph of z = f(x, y) at most 
once. 


If f is a function, then f(ax, ay) = a?f(x, y). 
The graph of f(x, y) = x? — y? is a hyperbolic paraboloid. 
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Section 13.2 Limits and Continuity 


Sonya Kovaevsky (1850-1891) 


Much of the terminology used to define limits 
and continuity of a function of two or three 
variables was introduced by the German 
mathematician Karl Weierstrass (1815—1897). 
Weierstrass’s rigorous approach to limits and 
other topics in calculus gained him the 
reputation as the“father of modern analysis.” 
Weierstrass was a gifted teacher. One of his 
best-known students was the Russian mathe- 
matician Sonya Kovalevsky, who applied many 
of Weierstrass’s techniques to problems in 
mathematical physics and became one of the 
first women to gain acceptance as a research 
mathematician. 


Understand the definition of a neighborhood in the plane. 

Understand and use the definition of the limit of a function of two variables. 
Extend the concept of continuity to a function of two variables. 

Extend the concept of continuity to a function of three variables. 


Neighborhoods in the Plane 


In this section, you will study limits and continuity involving functions of two or three 
variables. The section begins with functions of two variables. At the end of the section, 
the concepts are extended to functions of three variables. 

We begin our discussion of the limit of a function of two variables by defining a 
two-dimensional analog to an interval on the real line. Using the formula for the 
distance between two points (x, y) and (Xo, yo) in the plane, you can define the 
6-neighborhood about (xo, yọ) to be the disk centered at (xo, Yọ) with radius ô > 0 


{(, y: V@— HP +O y < 8} Open disk 


as shown in Figure 13.18. When this formula contains the less than inequality, <, the 
disk is called open, and when it contains the less than or equal to inequality, <, the 
disk is called closed. This corresponds to the use of < and < to define open and closed 
intervals. 


» y 
A A 
á Se N _— Boundary 
d ae 4 4 point 
es i 
i. » Yo 4 
h. 7 
k. 4 
N 3 w 
ae gi < 
Boundary of R 
> xX > xX 
An open disk The boundary and interior points of a region R 


Figure 13.18 Figure 13.19 


A point (xo, yo) in a plane region R is an interior point of R if there exists a 
6-neighborhood about (xo, Yo) that lies entirely in R, as shown in Figure 13.19. If every 
point in R is an interior point, then R is an open region. A point (Xp, yo) is a boundary 
point of R if every open disk centered at (Xp, yo) contains points inside R and points 
outside R. By definition, a region must contain its interior points, but it need not 
contain its boundary points. If a region contains all its boundary points, the region is 
closed. A region that contains some but not all of its boundary points is neither open 
nor closed. 


FOR FURTHER INFORMATION For more information on Sonya Kovalevsky, see the 
article “S. Kovalevsky: A Mathematical Lesson” by Karen D. Rappaport in The American 
Mathematical Monthly. 


MathArticle 


ae a 


x (x, I o Yo) N 

Disk of radius 6 
For any (x, y) in the circle of radius 6, the 
value f(x, y) lies between L + £ and 
L= 6, 
Figure 13.20 
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Limit of a Function of Two Variables 


Definition of the Limit of a Function of Two Variables 


Let f be a function of two variables defined, except possibly at (Xp, yo), on an 
open disk centered at (xo, yo), and let L be a real number. Then 


lm f(xy) =L 


(x, y)> Xo Yo) 
if for each € > 0 there corresponds a 6 > 0 such that 


|f(x, y) — L| < © whenever 0 < V(x — x)? + (y — y) < ô. 


NOTE Graphically, this definition of a limit implies that for any point (x, y) # (%p, Yo) in the 
disk of radius ô, the value f(x, y) lies between L + s and L — e, as shown in Figure 13.20. 


The definition of the limit of a function of two variables is similar to the defini- 
tion of the limit of a function of a single variable, yet there is a critical difference. To 
determine whether a function of a single variable has a limit, you need only test the 
approach from two directions—from the right and from the left. If the function 
approaches the same limit from the right and from the left, you can conclude that the 
limit exists. However, for a function of two variables, the statement 


(x y) > (Xo Yo) 


means that the point (x, y) is allowed to approach (xo, Yo) from any direction. If the 
value of 


im Xs 
(x, y)— (xo; Yo) fl ») 


is not the same for all possible approaches, or paths, to (Xp, Yo), the limit does not exist. 


EXAMPLE | Verifying a Limit by the Definition 


Show that 


lim x=a 
(x, y)—>(a, b) 


Solution Let f(x, y) = x and L = a. You need to show that for each s > 0, there 
exists a 6-neighborhood about (a, b) such that 
[fœ y) = L| = |x= a| < e 
whenever (x, y) # (a, b) lies in the neighborhood. You can first observe that from 
0< V(x —a?+(y- bP? <6 


it follows that 


If») = al = ra 
- F 


< JE FOF 
< 6. 
So, you can choose 6 = e, and the limit is verified. n 


[ Try1t | [Exploration a | 
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Limits of functions of several variables have the same properties regarding sums, 
differences, products, and quotients as do limits of functions of single variables. (See 
Theorem 1.2 in Section 1.3.) Some of these properties are used in the next example. 


EXAMPLE 2 Verifying a Limit 


’ 5x? 
Evaluate lim 5 xy 5 
(x,y), 2) x4 + y 


Solution By using the properties of limits of products and sums, you obtain 
5(1°)(2) 
= 10 


lim — 5x? 
(x, y)>l, 2) a 
and 

lim G+) = (1 +2) 


(x, y) (1, 2) 
= 5. 


Because the limit of a quotient is equal to the quotient of the limits (and the denomi- 
nator is not 0), you have 
: 5x? 10 
lim 2y ee 
(@ y>0,2).x7 + y? 5 
2. 


[Try 1t_] [Exploration a | 


EXAMPLE 3 Verifying a Limit 


5x7y 


Evaluate lim i 
(x,y) 3(0,0) x? + y? 


Solution In this case, the limits of the numerator and of the denominator are both 0, 
and so you cannot determine the existence (or nonexistence) of a limit by taking the 
limits of the numerator and denominator separately and then dividing. However, from 
the graph of f in Figure 13.21, it seems reasonable that the limit might be 0. So, you 
can try applying the definition to L = 0. First, note that 


ly] © V2 Fy? and x 


< 
x+y? 


Then, in a &-neighborhood about (0, 0), you have 0 < vx? + y? < ô, and it follows 
that, for (x, y) # (0, 0), 


_ |_5x’y 
| f(x, y) 0| T pean y? 
= sbi) 
Figure 13.21 TAE y? 
[ao a 
LSJ + y? 
< 56. 
So, you can choose ô = ¢/5 and conclude that 
5 2 
im “y= 0. 
(x, y) (0, 0) x2 + y? -n 


[Try 1t | [Exploration a | 


x 


. 1 : 
lim — —>——5 does not exist. 
(x,y) (0,0) x" + y 


Figure 13.22 


[Rotatable Graph | 


NOTE In Example 4, you could 
conclude that the limit does not exist 
because you found two approaches that 
produced different limits. If two 
approaches had produced the same limit, 
you still could not have concluded that 
the limit exists. To form such a conclu- 
sion, you must show that the limit is the 
same along all possible approaches. 
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For some functions, it is easy to recognize that a limit does not exist. For instance, 
it is clear that the limit 


lim o 
(x, y)3(0,0) x? + y? 


does not exist because the values of f(x, y) increase without bound as (x, y) approaches 
(0, 0) along any path (see Figure 13.22). 

For other functions, it is not so easy to recognize that a limit does not exist. For 
instance, the next example describes a limit that does not exist because the function 
approaches different values along different paths. 


EXAMPLE 4 A Limit That Does Not Exist 


Show that the following limit does not exist. 


. x2 T A 2 
jim 4] 
(x, y)3(0, 0) (x? + y? 


Solution The domain of the function given by 


o (x2 = y2\? 
fy) = (5 x 5) 
consists of all points in the xy-plane except for the point (0, 0). To show that the limit 
as (x, y) approaches (0,0) does not exist, consider approaching (0,0) along two 
different “paths,” as shown in Figure 13.23. Along the x-axis, every point is of the 
form (x, 0), and the limit along this approach is 


x2 = 02 2 
lim Co nay lim T= Limit along x-axis 
(x, 0)3(0, 0) \x? + 07 (x, 0) (0, 0) 


However, if (x, y) approaches (0, 0) along the line y = x, you obtain 


x? = x2 2 2 
lim eae oo = lim KD =0. Limit along line y = x 
(x, x)(0, 0) \x? + x? (x, (0, 0)\ 2x? i 


This means that in any open disk centered at (0, 0) there are points (x, y) at which f 
takes on the value 1, and other points at which f takes on the value 0. For instance, 
f(x, y) = 1 at the points (1, 0), (0.1, 0), (0.01, 0), and (0.001, 0) and f(x, y) = 0 at the 
points (1, 1), (0.1, 0.1), (0.01, 0.01), and (0.001, 0.001). So, f does not have a limit as 
(x, y) > (0, 0). 


z Along x-axis: (x, 0) > (0, 0) 
Limit is 1. 


____ Along y =x: (x, x) > (0, 0) 


Limit is 0. 
. Poy ; 
He i (5 = F z| does not exist. 
x, y)— (0, 5 = 
Figure 13.23 = 
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Continuity of a Function of Two Variables 


Notice in Example 2 that the limit of f(x, y) = 5x?y/(x? + y?) as (x, y) > (1, 2) can 
be evaluated by direct substitution. That is, the limit is f(1, 2) = 2. In such cases the 
function f is said to be continuous at the point (1, 2). 


NOTE This definition of continuity can 


be extended to boundary points of the Definition of Continuity of a Function of Two Variables 

open region R by considering a special . f : . , : 

type of limit in which (x, y) is allowed to A function f of two variables is continuous at a point (x, Yọ) in an open 
approach (xp, yọ) along paths lying in the region R if f(x, Yo) is equal to the limit of f(x, y) as (x, y) approaches (x, yo). 
region R. This notion is similar to that of That is, 


one-sided limits, as discussed in Chapter 1. 


fx, y) = Fao Yo)- 


(x, y)—> (xo Yo) 


The function f is continuous in the open region R if it is continuous at every 
point in R. 


In Example 3, it was shown that the function 


5x 


f(x, y) ar + y2 


is not continuous at (0, 0). However, because the limit at this point exists, you can 
remove the discontinuity by defining f at (0, 0) as being equal to its limit there. Such 
a discontinuity is called removable. In Example 4, the function 


feos) = (222) 


x? + y? 


was also shown not to be continuous at (0, 0), but this discontinuity is nonremovable. 


THEOREM 13.1 Continuous Functions of Two Variables 


If k is areal number and f and g are continuous at (xo, Yo), then the following 
functions are continuous at (Xp, Yo). 


1. Scalar multiple: kf 3. Product: fg 
2. Sum and difference: f + g 4. Quotient: f/g, if g(x, Yo) # 0 


Theorem 13.1 establishes the continuity of polynomial and rational functions at 
every point in their domains. Furthermore, the continuity of other types of functions 
can be extended naturally from one to two variables. For instance, the functions whose 
graphs are shown in Figures 13.24 and 13.25 are continuous at every point in the plane. 


Surface: 


; = lls Dae 
Surface: f(x, y) = zsin a +y’) P cose VEF 


The function f is continuous at every point in the plane. The function f is continuous at every point in the plane. 
Figure 13.24 Figure 13.25 


[Rotatabe Graph | | Rotatable Graph | 


Hold a spoon a foot or so from your 
eyes. Look at your image in the 
spoon. It should be upside down. 
Now, move the spoon closer and 
closer to one eye. At some point, 
your image will be right side up. 
Could it be that your image is being 
continuously deformed? Talk about 
this question and the general meaning 
of continuity with other members of 
your class. (This exploration was 
suggested by Irvin Roy Hentzel, Iowa 
State University.) 
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The next theorem states conditions under which a composite function is 
continuous. 


THEOREM 13.2 Continuity of a Composite Function 


If h is continuous at (xo, yo) and g is continuous at A(xo, yo), then the composite 
function given by (g ° h)(x, y) = g(h(x, y)) is continuous at (xp, Yo). That is, 


lim g(h(x, y)) = g(A(%, Yo)). 


(x, y) > (Xo: Yo) 


NOTE Note in Theorem 13.2 that h is a function of two variables and g is a function of one 
variable. 


EXAMPLE 5 Testing for Continuity 


Discuss the continuity of each function. 


x — 2y — 2 
x2 + y? b. g(x, y) y=? 


a. f(x, y) = 


Solution 


a. Because a rational function is continuous at every point in its domain, you can 
conclude that f is continuous at each point in the xy-plane except at (0, 0), as 
shown in Figure 13.26. 


b. The function given by g(x, y) = 2/(y — x?) is continuous except at the points at 
which the denominator is 0, y — x? = 0. So, you can conclude that the function is 
continuous at all points except those lying on the parabola y = x°. Inside this 
parabola, you have y > x?, and the surface represented by the function lies above 
the xy-plane, as shown in Figure 13.27. Outside the parabola, y < x?, and the 
surface lies below the xy-plane. 


2 


x, Y) = 
gx, y) eF 


The function g is not continuous on the 


parabola y = x?. 


Figure 13.27 


The function f is not continuous at (0, 0). 
Figure 13.26 
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A Continuity of a Function of Three Variables 


The preceding definitions of limits and continuity can be extended to functions of 
three variables by considering points (x, y, z) within the open sphere 


Œo Yor Zo) 
° - 


= Xo)? se W += Z <0 Open sphere 


The radius of this sphere is ô, and the sphere is centered at (Xp, Yo, Zp), as shown in 
Figure 13.28. A point (xo, Yo Zo) in a region R in space is an interior point of R if 
there exists a 6-sphere about (x, yo, Zo) that lies entirely in R. If every point in R is an 
interior point, then R is called open. 


x 


Open sphere in space 
Figure 13.28 


[ Rotatable Graph | Definition of Continuity of a Function of Three Variables 


A function f of three variables is continuous at a point (xp, yo, Zp) in an open 
region R if (Xp, Yo, Zo) is defined and is equal to the limit of f(x, y, z) as 
(x, y, z) approaches (xo, yo, Zo). That is, 


lim F(x, y, 2) = Fos Yo Zo). 


(x, y, 2) (xo, Yo» Zo) 
The function f is continuous in the open region R if it is continuous at every 
point in R. 


EXAMPLE 6 Testing Continuity of a Function of Three Variables 


The function 


f(x, y, 2) = : 


xt y2—z 


is continuous at each point in space except at the points on the paraboloid given by 
g = x? F ya i] 
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The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-4, use the definition of the limit of a function of 
two variables to verify the limit. 


1. lim x= 5 im = 
(x, y) (2, 3) (x, y)>(4, — 1) 
. lim y=-3 4. lim y=b 
(x, y) (1, —3) (x, y) >, b) 


In Exercises 5-8, find the indicated limit by using the limits 
flxsy )= = 5 and lim g(x,y) = = 3. 


(x, Jm. b) mee 

7 eater b) [f(x y) — g(x, y)] 
af y) 

(x, ye b) | g(x, y) l 

i Lex. yg(x, »)] 


(x, am b) 
: f(x,y) — gx, | 
is l a 
8 (x, y Du Al f(x, y) 


In Exercises 9-18, find the limit and discuss the continuity of 
the function. 


9. + 3y? 10. 5Sx+y+1 
(x, Pi mp 1) (x y ) (x, nae € x y ) 
P x+y x 
11. lim 12. Ta 

(x, y) 50, 4x—y eat 1) Vx +y 
13. i arcsin(x/y) 

(wy)>0,1) 1+ xy 
14. lim 

(x, pen 2) J COSxy 
15. lim — e*” 

aSa 2) 


. xy 
16. 1 
i @ DDU, 1) x2 + y? 


17. lim Vxty+z 
(x, y, JC, 2, 5) 


18. lim xe? 
(x, y, z) (2, 0, 1) 
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In Exercises 19-24, find the limit (if it exists). If the limit does 
not exist, explain why. 


28. f(x, y) 


x+y 


19. im 20. lim =~~ 
(x, y)3(0,0) x? + y (x, y)3(0, 0) x? — y? 
: = 1 x+ 
2. jim ~ 22. lim 4 
œ>, 1) 1 + xy œ y»>0, 0x + y 
23 lim MYT YE TNE 
* (Gy, 2)9(0, 0,0) x? y? zZ 
a. im ZDZ te 
" œ y,z)=>(0,0,0) x2 + y? + 2 


In Exercises 25-28, discuss the continuity of the function and 
evaluate the limit of f(x, y) (if it exists) as (x, y) — (0, 0). 


25. f(x, y) = e” i fp In Exercises 29-32, use a graphing utility to make a table show- 


ing the values of f(x,y) at the given points. Use the result to 
make a conjecture about the limit of f(x, y) as (x,y) > (0, 0). 
Determine whether the limit exists analytically and discuss the 
continuity of the function. 


x. 
29. fe) = PS 


Path: y = 0 

Points: (1, 0), 

(0.5, 0), (0.1, 0), 

(0.01, 0), (0.001, 0) 

Path: y = x 

Points: (1, 1), 

(0.5, 0.5), (0.1, 0.1), 
(0.01, 0.01), (0.001, 0.001) 


x2 30. fs) = a 
+ Dy? + 1) 


26. f(x, y) = 
Path: y = 0 


Points: (1, 0), 

(0.5, 0), (0.1, 0), 

(0.01, 0), (0.001, 0) 

Path: y = x 

Points: (1, 1), 

(0.5, 0.5), (0.1, 0.1), 

(0.01, 0.01), (0.001, 0.001) 


2 
SS LE eee 
27. f(x,y) = Ine? + y?) y 
Path: x = y? 
Points: (1, 1), 
(0.25, 0.5), (0.01, 0.1), 
(0.0001, 0.01), 
(0.000001, 0.001) 
Path: x = —y? 
Points: (— 1, 1), 
(—0.25, 0.5), (— 0.01, 0.1), 
(—0.0001, 0.01), 


(—0.000001, 0.001) 
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32. f(x,y) = TET 


Path: y = 0 

Points: (1, 0), 

(0.25, 0), (0.01, 0), 
(0.001, 0), 

(0.000001, 0) 

Path: y = x 

Points: (1, 1), 

(0.25, 0.25), (0.01, 0.01), 
(0.001, 0.001), 

(0.0001, 0.0001) 


In Exercises 33 and 34, discuss the continuity of the functions f 
and g. Explain any differences. 


x? + e y? 


sae. gan ee 
i (x, y) = (0, 0) 
x? + 2xy? + y? ne 
a(x, y) = ety (x, y) # (0, 0) 
š (x, y) = (0, 0) 
4x? y? 
34. f(x,y) = 4x2 + y?’ (x, y) # (0, 0) 
es (x, y) = (0, 0) 
4x7y? 
e(x, y) = 4x2 + y?” (x, y) # (0,0) 
(x, y) = (0, 0) 


In Exercises 35-40, use a computer algebra system to graph the 
function and find lim, ‘i f(x,y) (if it exists). 
X, VJ, 


35. f(x, y) = sinx + siny 36. f(x, y) = sin + + cos = 


x2 
37. f(x,y) = Tp 
x2 ae y? 
38. f(x,y) = Py 
10x. 
39. f(x,y) = m 
2x 
40. f(x,y) = ae 


In Exercises 41-48, use polar coordinates to find the limit. 
[Hint: Let x=rcos@ and y=rsin@, and note that 
(x, y) > (0, 0) implies r > 0.] 


sin(x? + y?) 
. im ——S 20 
(x,y)3(0,0) x + y? 
2 


41 


xy 


a (x, fi 0) x? + y? 
3 4. a3 


5 im 
(x,y) (0, 0) x? + y? 
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44, lim +? 
(x, y) (0, 0) x" + y 


x2 Zaye 

y 

lim a ——— 

(90,0) x? + y 
lim sin /x2 + y? 

(90,0) Sx? + y? 


47. i 24 y2)In(x2 + y2 
«ft o (x? + y?)In(x? + y?) 


1 — cos(x? + y? 
im : ( : y?) 
(x, y)—(0, 0) Ky 


45. 


46. 


48. 


In Exercises 49-54, discuss the continuity of the function. 


1 
49. J. 2) = me 
We) TT 
z 
0: M02) ae kw 
sin z 
51. f(x, y, z) = aro 


52. f(x,y,z) = xy sinz 


sin xy 
; +0 

53. f(x,y) =; z 

1, xy=0 

sin(x? — y?) 

— > ety 

54. f(x,y) =) © —~Y 

1, 2— y? 


In Exercises 55-58, discuss the continuity of the composite 
function f ° g. 


55. fy =P 

g(x, y) = 3x — 2y 
56. f(t) = + 

gay) =x? + 
57. f(t) = 

a(x, y) = 3x — 2y 
58. f(t) = 4 = ; 


a(x, y) =r + y? 


In Exercises 59—62, find each limit. 


fæ T Ax, y) — f(x,y) 


a in, Ax 
. fy + Ay) — f(x,y) 
(b) mi Ay 


59. f(x, y) = x? — 4y 

60. f(x,y) = x2 + y? 

61. f(x, y) = 2x + xy — 3y 
62. f(x,y) = Vy(y + 1) 


True or False? In Exercises 63—66, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


63. If n of y) = 0, then lim f(x, 0) = 0. 

64. "j 7 lim, af m y) = 0, then " Jim, 5 f(x y) = 0. 

65. If T is continuous for all nonzero x and y, and f(0, 0) = 0, then 
& go, of EN 

66. If g and h are continuous functions of x and y, and f(x, y) = 


g(x) + h(y), then f is continuous. 


Writing About Concepts 


67. Define the limit of a function of two variables. Describe a 
method for showing that 


f(x, y) 


lim 
(x, y) > Go Yo) 


does not exist. 


e State the definition of continuity of a function of two 
variables. 


. If be 3) 
im, y f(x, y)? 


= 4, can you conclude anything about 


(x, 


Give reasons for your answer. 


ar LE f(x, y) = 4, can you conclude anything about 


(R a m 2, 3) 
f(2, 3)? Give reasons for your answer. 


2 2 


+y 


lim see figure). 
(x, y) (0, 0) ( gure) 


71. Consider 


z 


20 


(a) Determine (if possible) the limit along any line of the form 
y = ax. 
(b) Determine (if possible) the limit along the parabola y = x?. 


(c) Does the limit exist? Explain. 


72. 


73. 


74. 


75. 


76. 


77. 


78. 
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Consider lim 


set ety (see figure). 


(a) Determine (if possible) the limit along any line of the form 
y= ax 
(b) Determine (if possible) the limit along the parabola y = x?. 


(c) Does the limit exist? Explain. 


In Exercises 73 and 74, use spherical coordinates to find the 
limit. 
z = pcos œ, and note that (x, y, z) > (0, 0, 0) implies p— 0*.] 


[Hint: Let x = p sing cos 0, y = psin ġ sin 0, and 


XYZ 
lim 2 2 
E toe: + y + 2 


2 or 
et yt 2 


Find the following limit. 


lim — tan— i 
(x y)—>(0, 1) 


For the function 


lim tan 
(x, y, z) (0, 0, 0) 
E 
FOT 


f(x, y) = xy 


define f(0, 0) such that f is continuous at the origin. 


Prove that 

[fæ y) + gx y)] = L +L, 
(x, cee b) 
where f(x,y) approaches L, and g(x,y) approaches L, as 
(x, y) — (a, b). 
Prove that if f is continuous and f(a, b) < 0, there exists a 
6-neighborhood about (a, b) such that f(x,y) < 0 for every 
point (x, y) in the neighborhood. 
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Section 13.3 Partial Derivatives 


JEAN LE ROND D’ALEMBERT (1717—1783) 


The introduction of partial derivatives 
followed Newton’s and Leibniz’s work in 
calculus by several years. Between 1730 and 
1760, Leonhard Euler and Jean Le Rond 
d'Alembert separately published several 
papers on dynamics, in which they established 
much of the theory of partial derivatives. 
These papers used functions of two or more 
variables to study problems involving equilib- 
rium, fluid motion, and vibrating strings. 


MathBio 


e Find and use partial derivatives of a function of two variables. 
e Find and use partial derivatives of a function of three or more variables. 
e Find higher-order partial derivatives of a function of two or three variables. 


Partial Derivatives of a Function of Two Variables 


In applications of functions of several variables, the question often arises, “How will 
the value of a function be affected by a change in one of its independent variables?” 
You can answer this by considering the independent variables one at a time. For 
example, to determine the effect of a catalyst in an experiment, a chemist could 
conduct the experiment several times using varying amounts of the catalyst, while 
keeping constant other variables such as temperature and pressure. You can use a 
similar procedure to determine the rate of change of a function f with respect to one 
of its several independent variables. This process is called partial differentiation, and 
the result is referred to as the partial derivative of f with respect to the chosen 
independent variable. 


Definition of Partial Derivatives of a Function of Two Variables 


If z = f(x, y), then the first partial derivatives of f with respect to x and y are 
the functions f, and f, defined by 


n foe + Assy) - fly) 


f(x,y) = li 


Ax>0 Ax 
_ f(x,y + Ay) -f y) 
LG y) = an Ay 


provided the limits exist. 


This definition indicates that if z = f(x, y), then to find f, you consider y constant 
and differentiate with respect to x. Similarly, to find f,, you consider x constant and 
differentiate with respect to y. 


EXAMPLE | Finding Partial Derivatives 


Find the partial derivatives f, and f, for the function 


f(x, y) = 3x — xy? + 2x3y. Original function 


Solution Considering y to be constant and differentiating with respect to x produces 
f(x, y) = 3x — xy? + 2x3y 
fx, y) = 3 — 2xy? + 6x?y. 


Write original function. 


Partial derivative with respect to x 

Considering x to be constant and differentiating with respect to y produces 
f(x, y) = 3x — x?y? + 2x3y 
Ley) = hey + 2°. 


[Try 1t | [Exploration a | 


Write original function. 


Partial derivative with respect to y 
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Notation for First Partial Derivatives 


For z = f(x, y), the partial derivatives f, and f, are denoted by 


Je y) = f(x, y) = hy = 7 
and 

ð Oz 

ayl y) =f y) =z = ay 


The first partials evaluated at the point (a, b) are denoted by 


0z Oz 
= = f(a, b) and — = f (a,b). 
ax (a, b) dy (a, b) 2 


EXAMPLE 2. Finding and Evaluating Partial Derivatives 


For f(x, y) = xe*, find f, and f,, and evaluate each at the point (1, In 2). 


(Xp, Yop Zo) 


Solution Because 
— 2 2 r Eua a 
fax, y) = ye”? (2xy) + ery Partial derivative with respect to x 


the partial derivative of f with respect to x at (1, In 2) is 


f, In 2) = e2(2 In 2) + e"? 
= 41n2 + 2. 
Because 
fæ y) = xex?) 
= ery Partial derivative with respect to y 
= = slope in x-direction the partial derivative of f with respect to y at (1, In 2) is 
Figure 13.29 i (1, In 2) = eln2 


[try re] [Ena EEE 
1 a 
The partial derivatives of a function of two variables, z = f(x, y), have a useful 
geometric interpretation. If y = yo, then z = f(x, yo) represents the curve formed by 
intersecting the surface z = f(x, y) with the plane y = yo, as shown in Figure 13.29. 
Therefore, 


Fo Yo) = Jim, fix + Ax, w — f(Xo, Yo) 


represents the slope of this curve at the point (Xo, Yo f(Xp, Yo)). Note that both the curve 
and the tangent line lie in the plane y = yọ. Similarly, 


Plane: x= ag Eae Fio Yo + Ay) = ice Yo) 
Fo Yo) = lim 

of _ r ; = 2 Ay>0 Ay 

r slope in y-direction 

ek 13.30 represents the slope of the curve given by the intersection of z = f(x, y) and the plane 
X = Xo at (Xo Yo F(X. Yo)), as Shown in Figure 13.30. 

—kE——— | . 

| Rotatable Graph || Informally, the values of af/ax and ðf/ðy at the point (xə, Yo Zo) denote the slopes 
of the surface in the x- and y-directions, respectively. 
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EXAMPLE 3 Finding the Slopes of a Surface in the x- and y-Directions 
Find the slopes in the x-direction and in the y-direction of the surface given by 
x 7, 29 
= —— — + — 
F(x, y) a 2 tg 
at the point (5, ie 2). 
Solution The partial derivatives of f with respect to x and y are 
Ja; y) = and fx, y) = =2y, Partial derivatives 
So, in the x-direction, the slope is 
1 1 
ils 1) = =) Figure 13.31(a) 
and in the y-direction, the slope is 
Ae 1) = —2 Figure 13.31(b) 
Surface: i 
2 
Ee Netra i A 
1,1,2) 
y > y 
Slope in x-direction: Slope in y-direction: 
x M : | 1 
tiz N=-3 l a- 
(a) (b) 
c ce 
Figure 13.31 
A (Een [ae 
ery EXAMPLE 4 Finding the Slopes of a Surface in the x- and y-Directions 


f(x, y)=1-(- 1)? -(y- 2) 


f @ y) 


ED 
fœ y) 


Figure 13.32 


| Rotatable Graph | 


Find the slopes of the surface given by 
Jay) =1 =w= TP (y= 2)? 


at the point (1, 2, 1) in the x-direction and in the y-direction. 


Solution The partial derivatives of f with respect to x and y are 
fay) =-2x-1) and = f(x,y) = —2(y — 2). 
So, at the point (1, 2, 1), the slopes in the x- and y-directions are 


f(1,2)=-21-1=0 and £(1,2) = —-2(2-2) =0 


Partial derivatives 


as shown in Figure 13.32. 


[Try tt] [Exploration | 
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No matter how many variables are involved, partial derivatives can be interpreted 
as rates of change. 


EXAMPLE 5 Using Partial Derivatives to Find Rates of Change 


The area of a parallelogram with adjacent sides a and b and included angle 0 is given 
by A = ab sin 6, as shown in Figure 13.33. 


A =ab sin @ asin@ 


a. Find the rate of change of A with respect to a fora = 10, b = 20, and 6 = 


cae Silt 


The area of the parallelogram is ab sin 0. b. Find the rate of change of A with respect to 0 for a = 10, b = 20, and 0 = 


Figure 13.33 


ala Ala 


Solution 


a. To find the rate of change of the area with respect to a, hold b and 6 constant and 
differentiate with respect to a to obtain 


ðA ; , T 

Ja = bsin 0 Find partial with respect to a. 
a 

ðA noT 

— = 20 sin > = 10. Substitute for b and 0. 

da 6 


b. To find the rate of change of the area with respect to 0, hold a and b constant and 
differentiate with respect to 0 to obtain 


ðA 

00 = ab cos 0 Find partial with respect to 0. 
ðA 

20 = 200 cos . = 100 /3. Substitute for a, b, and 0. 


[Try re | [Eqploration 4] 
Partial Derivatives of a Function of Three or More Variables 


The concept of a partial derivative can be extended naturally to functions of three or 
more variables. For instance, if w = f(x, y, z), there are three partial derivatives, 
each of which is formed by holding two of the variables constant. That is, to define 
the partial derivative of w with respect to x, consider y and z to be constant and 
differentiate with respect to x. A similar process is used to find the derivatives of w 
with respect to y and with respect to z. 


W faya = jim, erand — Sen 
Bln) = fim, ATE EnA 

In general, if w = f(x,,x5,. . .,x,,), there are n partial derivatives denoted by 
= Fniss) K=12.. 50 


To find the partial derivative with respect to one of the variables, hold the other 
variables constant and differentiate with respect to the given variable. 
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EXAMPLE 6 Finding Partial Derivatives 


a. To find the partial derivative of f(x,y,z) = xy + yz? + xz with respect to z, 
consider x and y to be constant and obtain 


ð 
e + yz? + xz] = 2yz + x. 


b. To find the partial derivative of f(x, y, z) = z sin(xy? + 2z) with respect to z, 
consider x and y to be constant. Then, using the Product Rule, you obtain 
LERN EE PIP EE 
zE sin(xy? + 2z)] = (ce -[sin&xy + 2z)] + sin(xy? + 2z) z] 
= (z)[cos(xy? + 2z)](2) + sin(xy? + 2z) 
= 2z cos(xy? + 2z) + sin(xy? + 2z). 


c. To find the partial derivative of f(x, y, z, w) = (x + y + z)/w with respect to w, 
consider x, y, and z to be constant and obtain 


tfztyte|- zty 
ðw w Roo T 


| Try tt | [Exploration | 


Higher-Order Partial Derivatives 


As is true for ordinary derivatives, it is possible to take second, third, and higher 
partial derivatives of a function of several variables, provided such derivatives exist. 
Higher-order derivatives are denoted by the order in which the differentiation occurs. 
For instance, the function z = f(x, y) has the following second partial derivatives. 


1. Differentiate twice with respect to x: 


fow 


ax\ðx/ ax? 


a(x) -24 - 


2. Differentiate twice with respect to y: 


2(#)\-4- 


ay ay E dy? Fikes 


3. Differentiate first with respect to x and then with respect to y: 


NOTE Note that the two types of 


notation for mixed partials have different oror oF 
conventions for indicating the order of ay \ax = adyax = ie 
differentiation. 


2. 
za (2) ag OE, Right-to-left order 4. Differentiate first with respect to y and then with respect to x: 


dy \ðx 7 ðyðx 
Ea = fy Left-to-right order a (af af 
You can remember the order by ax \ðy E xðy = fox 


observing that in both notations, you 
differentiate first with respect to the 
variable “nearest” f. The third and fourth cases are called mixed partial derivatives. 
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EXAMPLE 7 Finding Second Partial Derivatives 


Find the second partial derivatives of f(x, y) = 3xy? — 2y + 5x?y?, and determine 
the value of f,,(—1, 2). 


Solution Begin by finding the first partial derivatives with respect to x and y. 
fx, y) = 3y? + 10xy? and fx, y) = Gay — 2 + 10x°y 


Then, differentiate each of these with respect to x and y. 


fax, y) = 10y? and f(x, y) = 6x + 10x? 
F(x, y) = 6y + 20xy and falx, y) = 6y + 20xy 
At (—1, 2), the value of fẹ is £,(-1, 2) = 12 — 40 = —28. —— 


[Pry te ] [Exploration 
NOTE Notice in Example 7 that the two mixed partials are equal. Sufficient conditions for 
this occurrence are given in Theorem 13.3. 


THEOREM 13.3 Equality of Mixed Partial Derivatives 


If f is a function of x and y such that f, and f, are continuous on an open disk 
R, then, for every (x, y) in R, 


fo Y) = f y). 


Theorem 13.3 also applies to a function f of three or more variables so long as 
all second partial derivatives are continuous. For example, if w = f(x, y, z) and all the 
second partial derivatives are continuous in an open region R, then at each point in R 
the order of differentiation in the mixed second partial derivatives is irrelevant. If the 
third partial derivatives of f are also continuous, the order of differentiation of the 
mixed third partial derivatives is irrelevant. 


EXAMPLE 8 Finding Higher-Order Partial Derivatives 


Show that f = f and = f = fax for the function given by 


XZZ 


f(x,y,z) = ye* + xInz. 


Solution 


First partials: 
oe 
Kaya) = yest Inz, f(x yz) = 7 
Second partials (note that the first two are equal): 
1 1 x 
f Y, z) = 7, fay: z) = f, y, z) m 
Z z Z 
Third partials (note that all three are equal): 


Si y» z) = E Jal, y» z) = ge fax, Y; z) = ge — 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on | to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


Think About It In Exercises 1—4, use the graph of the surface 
to determine the sign of the indicated partial derivative. 


1. £(4, 1) 2. £(-1, -2) 

3. £,(4, 1) 4. f{—1,—1) 
In Exercises 5-28, find both first partial derivatives. 

5. f(x,y) = 2x — 3y + 5 6. f(x,y) =x? — 3y? +7 

7.2 =xJ/y 8. z = 2y2Vx 

9. z = x? — S5xy + 3y? 10. z= y? — 4xy? - 1 
11. z = xe? 12. z = xe*/” 

13. z = ln(x? + y?) 14. z = InV/xy 

+ 
15. z = In == 16. z = In(x? — y?) 
x=y 
Far" -2 

Uraa EE 

19. h(x, y) = ety) 20. g(x, y) = In Vx? + y? 
21. f(x,y) = Vx? + y? 22. f(x,y) = V2x + y? 


23. z = tan(2x — y) 
25. z = æ sin xy 


27. f(x, y) = f (t? — 1) dt 


24. z = sin 3x cos 3y 
26. z = cos(x? + y?) 


28. f(x,y) [e + 1)dt 4 [e 1) dt 


In Exercises 29-32, use the limit definition of partial derivatives 
to find f,(x, y) and f,(x, y). 


29. f(x,y) = 2x + 3y 
31. f(x,y) = Vx ty 


30. f(x, y) = x? — 2xy + y? 


1 


32. f(x, y) = x+y 


In Exercises 33-36, evaluate f, and f, at the given point. 
33. f(x, y) = arctan 7 (2, —2) 
34. f(x,y) = arccos xy, (1,1) 


35. fx y) = Z 7 (2,9) 


Xx 


= 6xy 
36. f(x,y) = Jae? (1, 1) 


In Exercises 37-40, find the slopes of the surface in the x- and 
y-directions at the given point. 


37. g(x,y) =4— x? — y? 38. h(x, y) = x? — y? 
(1, 1, 2) (—2, 1,3) 


z Z 


40. z = cos(2x — y) 
(z m s>) 
Aa 2 


Z z 


39. z = e™* cosy 


(0, 0, 1) 


In Exercises 41-44, use a computer algebra system to graph the 


curve formed by the intersection of the surface and the plane. 
Find the slope of the curve at the given point. 


Surface Plane Point 
41. z = V49 — x? — y? x=2 (2, 3, 6) 
42. z =x? + 4y? y=1 (2, 1, 8) 
43. z = 9x? — y? y=3 (1, 3, 0) 
44. z = 9x? — y? x=1 (1, 3, 0) 


In Exercises 45—48, for f(x, y), find all values of x and y such 
that f(x,y) = 0 and f(x,y) = 0 simultaneously. 


45. f(x,y) = x? + 4xy +y? — 4x + 16y + 3 
46. f(x, y) = 3x3 — 12xy + y? 


1 1 
47. fly) = + y 


48. f(x,y) = InQ? + y? + 1) 


Think About It In Exercises 49 and 50, the graph of a function 
f and its two partial derivatives f, and f, are given. Identify f, 
and f, and give reasons for your answers. 


49. 


i fey) 


(b) Í 


50. 


(a) z (b) z 


In Exercises 51—56, find the first partial derivatives with respect 
to x, y, and z. 


51. w= Je +y? +z? SAT ae 
53. F(x, y, z) = Inva? + y? + 2? 

1 
54. G(x, y, z) J-e R 


55. H(x, y, z) = sin(x + 2y + 3z) 
56. f(x, y, z) = 3x?y — 5xyz + 10yz? 


In Exercises 57-60, evaluate f, f,, and f, at the given point. 
57. f(x, y,z) = V3 + y? — 22, (1, -2, 1) 


58. f(x, y, z) = P re 7 


, (3,1, —1) 
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59. f(x,y, z) = z sin(x + y), (o. s -4) 


60. f(x, y, z) = x? + 2xyz — 3yz, (—2, 1, 2) 


In Exercises 61-68, find the four second partial derivatives. 
Observe that the second mixed partials are equal. 


61. z = x? — 2xy + 3y? 
63. 2 = Vx? + y? 


65. z = e*tany 


62. z = xt — 3x2y? + yt 
64. z = In(x — y) 
66. z = 2xe” — 3ye™* 


67. z= arctan * 68. z = sin(x — 2y) 


In Exercises 69-72, use a computer algebra system to find the 
first and second partial derivatives of the function. Determine 
whether there exist values of x and y such that f (x,y) = 0 and 
f,(x, y) = 0 simultaneously. 


69. f(x, y) = x sec y 
70. f(x,y) = V9 — x? — y? 


x 
71. f(x, y) = EE 


72. f) = 


In Exercises 73-76, show that the mixed partial derivatives f, 
yxy) and f,,, are equal. 


73. f(x,y,z) = xyz 
74. f(x,y,z) = x? — 3xy + 4yz + 3 
75. f(x,y,z) = e™* sin yz 


2z 
wy 


76. f(x, y, z) = 


Laplace’s Equation In Exercises 77-80, show that the function 
satisfies Laplace’s equation 02z/0x2 + 02z/dy2 = 0. 


77. z = 5xy 78. z = He — e™)sin x 
79. z = e“ siny 80. z = arctan = 


Wave Equation In Exercises 81-84, show that the function 
satisfies the wave equation ?z/ðt? = c?(02z/0x?). 


81. z 
83. z 


sin(x — ct) 82. z = cos(4x + 4cr) 


In(x + cf) 84. z = sin wet sin wx 


Heat Equation In Exercises 85 and 86, show that the function 
satisfies the heat equation 0z/0t = c?(02z/0x?). 


x 
85. z = e™' cos = 
c 


P Xx 
86. z = esin? 
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93. 


. Define the first partial derivatives of a function f of two 
variables x and y. 


. Let f be a function of two variables x and y. Describe the 
procedure for finding the first partial derivatives. 


. Sketch a surface representing a function f of two variables 
x and y. Use the sketch to give geometric interpretations of 


af/ax and df/dy. 


. Sketch the graph of a function z = f(x, y) whose derivative 
f. is always negative and whose derivative f, is always 
positive. 


. Sketch the graph of a function z = f(x, y) whose derivatives 
f, and f, are always positive. 


. If f is a function of x and y such that f, and f,, are 


continuous, what is the relationship between the mixed 
partial derivatives? Explain. 


Marginal Costs A company manufactures two types of 
wood-burning stoves: a freestanding model and a fireplace- 
insert model. The cost function for producing x freestanding 
and y fireplace-insert stoves is 


C = 32/xy + 175x + 205y + 


1050. 


(a) Find the marginal costs (@C/dx and dC/dy) when x = 80 
and y = 20. 


(b) When additional production is required, which model of 
stove results in the cost increasing at a higher rate? How 
can this be determined from the cost model? 


94. Marginal Productivity Consider the Cobb-Douglas produc- 


95. 


96. 


97. 


tion function f(x, y) = 200x°7y°3. When x = 1000 and 
y = 500, find 

(a) the marginal productivity of labor, df/dx. 

(b) the marginal productivity of capital, df/dy. 

Think About It Let N be the number of applicants to a 
university, p the charge for food and housing at the university, 
and ż the tuition. N is a function of p and ż such that aN/dp < 0 
and dN/dt < 0. What information is gained by noticing that 
both partials are negative? 


Investment The value of an investment of $1000 earning 10% 
compounded annually is 


1 + 0.10(1 — i 


V(I, R) 1000| 14I 


where / is the annual rate of inflation and R is the tax rate for 
the person making the investment. Calculate V,(0.03, 0.28) and 
V,(0.03, 0.28). Determine whether the tax rate or the rate of 
inflation is the greater “negative” factor on the growth of the 
investment. 


Temperature Distribution The temperature at any point (x, y) 
in a steel plate is T = 500 — 0.6x? — 1.5y, where x and y are 
measured in meters. At the point (2, 3), find the rate of change 
of the temperature with respect to the distance moved along the 
plate in the directions of the x- and y-axes. 


99. 
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A measure of what hot weather feels 
like to two average persons is the Apparent Temperature 
Index. A model for this index is 


1.20th 


A = 0.885t — 22.4h 4 0.544 


where A is the apparent temperature in degrees Celsius, t is 
the air temperature, and h is the relative humidity in decimal 
form. (Source: The UMAP Journal, Fall 1984) 


(a) Find dA/dt and dA/dh when t = 30° and h = 0.80. 

(b) Which has a greater effect on A, air temperature or 
humidity? Explain. 

Ideal Gas Law The Ideal Gas Law states that PV = nRT, 

where P is pressure, V is volume, n is the number of moles of 


gas, R is a fixed constant (the gas constant), and T is absolute 
temperature. Show that 


ar ap av _ 
oP ƏV oT 

100. Marginal Utility The utility function U = f(x,y) is a 
measure of the utility (or satisfaction) derived by a person 
from the consumption of two products x and y. Suppose the 
utility function is 
U = —5x? + xy — 3y?. 

(a) Determine the marginal utility of product x. 

(b) Determine the marginal utility of product y. 

(c) When x = 2 and y = 3, should a person consume one 
more unit of product x or one more unit of product y? 
Explain your reasoning. 

(d) Use a computer algebra system to graph the function. 
Interpret the marginal utilities of products x and y 
graphically. 

101. Modeling Data Per capita consumptions (in gallons) of 
different types of plain milk in the United States from 1994 to 
2000 are shown in the table. Consumption of light and skim 
milks, reduced-fat milk, and whole milk are represented by 
the variables x, y, and z, respectively. (Source: U.S. 
Department of Agriculture) 

Year | 1994 | 1995 | 1996 | 1997 | 1998 | 1999 | 2000 
x 5.8 6.2 6.4 6.6 6.5 6.3 6.1 
y 8.7 8.2 8.0 TI 7.4 T3 7A 
Zz 8.8 8.4 8.4 8.2 7.8 79 7.8 


A model for the data is given by 


z = —0.04x + 0.64y + 3.4. 


2 ð 
(a) Find = and z 
Ox oy 


(b) Interpret the partial derivatives in the context of the problem. 


102. Modeling Data The table shows the amount of public 
medical expenditures (in billions of dollars) for worker’s 
compensation x, public assistance y, and Medicare z for 
selected years. (Source: Centers for Medicare and Medicaid 
Services) 


Year | 1990 | 1996 | 1997 | 1998 | 1999 | 2000 


EG 17:5 | 21.9 | 20.5 | 20.8 | 22.5 | 23.3 
y 78.7 | 157.6 | 164.8 | 176.6 | 191.8 | 208.5 
Zz 110.2 | 197.5 | 208.2 | 209.5 | 212.6 | 224.4 


A model for the data is given by 
z = —1.3520x? — 0.0025y* + 56.080x + 1.537y — 562.23. 


(b) Determine the concavity of traces parallel to the xz-plane. 
Interpret the result in the context of the problem. 


(c) Determine the concavity of traces parallel to the yz-plane. 
Interpret the result in the context of the problem. 


True or False? In Exercises 103-106, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


103. If z = f(x, y) and dz/dx = dz/dy, then z = c(x + y). 
104. If z = f(x)g(y), then (4z/dx) + (4z/ay) = f8) + F@)g (9). 


02z 


ðyðx 


105. If z = e®, then = (xy + le». 


106. If a cylindrical surface z = f(x, y) has rulings parallel to the 
y-axis, then dz/dy = 0. 


107. Consider the function defined by 


w = y’) 
0, (x, y) = (0, 0) 

(a) Find f,(x, y) and f,(x, y) for (x, y) # (0, 0). 

(b) Use the definition of partial derivatives to find f,(0, 0) and 


f,(0, 0). 

B _ f(x, 0) — f(0, 0) 
aint f0, 0) dim, E : 

(c) Use the definition of partial derivatives to find fy(0, 0) 
and f,,(0, 0). 

(d) Using Theorem 13.3 and the result of part (c), what can be 
said about f., or fy? 


108. Let f(x, y) = Í JI + Bdt. Find fx, y) and f,(x, y). 


109. Consider the function f(x, y) = (x3 + y3)!7, 
(a) Show that f,(0, 0) = 1. 


(b) Determine the points (if any) at which Tx y) fails to 
exist. 
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110. Consider the function f(x, y x4 + y*)*/°. Show that 


4 
fy) = ea pie (x,y) # (0,0) 


0, (x, y) = (0, 0) 
FOR FURTHER INFORMATION For more information about this 


problem, see the article “A Classroom Note on a Naturally Occurring 
Piecewise Defined Function” by Don Cohen. 
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Section 13.4 Differentials 


e Understand the concepts of increments and differentials. 
e Extend the concept of differentiability to a function of two variables. 
e Use a differential as an approximation. 


Increments and Differentials 


In this section, the concepts of increments and differentials are generalized to 
functions of two or more variables. Recall from Section 3.9 that for y = f(x), the 
differential of y was defined as 


dy = f'(x) dx. 
Similar terminology is used for a function of two variables, z = f(x, y). That is, Ax 


and Ay are the increments of x and y, and the increment of z is given by 


Ne = fiee +b Ave, sy E ANY) = Je, y) Increment of z 


Definition of Total Differential 


If z = f(x, y) and Ax and Ay are increments of x and y, then the differentials of 
the independent variables x and y are 


dx = Ax and dy = Ay 
and the total differential of the dependent variable z is 


_ Oz Oz _ 
dz = — dx + ay dy = f(x, y) dx + f,(x, y) dy. 


This definition can be extended to a function of three or more variables. For 
instance, if w = f(x, y, z, u), then dx = Ax, dy = Ay, dz = Az, du = Au, and the 
total differential of w is 


EXAMPLE | Finding the Total Differential 
Find the total differential for each function. 
a. z = 2x sin y — 3x?y? b. w =x? + y? + 2? 
Solution 
a. The total differential dz for z = 2x sin y — 3xy? is 
dz = — dx + —dy Total differential dz 


= (2 sin y — 6xy?) dx + (2x cos y — 6x?y) dy. 


b. The total differential dw for w = x? + y? + z? is 


dw = dx + dy + dz Total differential dw 


= 2x dx + 2y dy + 2z dz. aa 


[Try tt_| [Exploration a | 
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Differentiability 


In Section 3.9, you learned that for a differentiable function given by y = f(x), you 
can use the differential dy = f'(x) dx as an approximation (for small Ax) to the value 
Ay = f(x + Ax) — f(x). When a similar approximation is possible for a function of 
two variables, the function is said to be differentiable. This is stated explicitly in the 
following definition. 


Definition of Differentiability 


A function f given by z = f(x, y) is differentiable at (xo, yo) if Az can be writ- 
ten in the form 


Az = fixo Yo) Ax + fo Yo) Ay + €,Ax + e,Ay 


where both s, and s, 30 as (Ax, Ay) > (0, 0). The function f is differentiable 
in a region R if it is differentiable at each point in R. 


EXAMPLE 2 Showing That a Function Is Differentiable 


Show that the function given by 
f(x,y) = x? + 3y 


is differentiable at every point in the plane. 


Solution Letting z = f(x, y), the increment of z at an arbitrary point (x, y) in the 
plane is 


Az = f(x + Ax, y + Ay) — f(x, y) Increment of z 
= (x? + 2xAx + Ax?) + 3(y + Ay) — (x? + 3y) 
= 2xAx + Ax? + 3Ay 
= 2x(Ax) + 3(Ay) + Ax(Ax) + O(Ay) 
= f (x, y) Ax + f(x, y) Ay + Ax + £,Ay 
where s; = Ax and s, = 0. Because ¢,->0 and s,—>0 as (Ax, Ay)— (0, 0), it 


follows that f is differentiable at every point in the plane. The graph of f is shown in 
Figure 13.34 Figure 13.34. A 


[tata Grant | [ Try te_| [Exploration a | 
Be sure you see that the term “differentiable” is used differently for functions of 
two variables than for functions of one variable. A function of one variable is differ- 
entiable at a point if its derivative exists at the point. However, for a function of two 
variables, the existence of the partial derivatives f, and f, does not guarantee that the 
function is differentiable (see Example 5). The following theorem gives a sufficient 


condition for differentiability of a function of two variables. A proof of Theroem 13.4 
is given in Appendix A. 


THEOREM 13.4 Sufficient Condition for Differentiability 


If f is a function of x and y, where f, and f, are continuous in an open region 
R, then f is differentiable on R. 
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Approximation by Differentials 
A Theorem 13.4 tells you that you can choose (x + Ax, y + Ay) close enough to (x, y) 
De to make e,Ax and £,Ay insignificant. In other words, for small Ax and Ay, you can 
Seay i use the approximation 
d i 
° eles : Az = dz. 
Zax a 4 Pa à This approximation is illustrated graphically in Figure 13.35. Recall that the partial 
i a M derivatives ðz/ðx and ðz/ðy can be interpreted as the slopes of the surface in the 
- Az i i p 
ga f&a x- and y-directions. This means that 


Bo 
(x+ Ax, y) (x + Ax, y + Ay) 


The exact change in z is Az. This change can 
be approximated by the differential dz. 
Figure 13.35 


| Rotatable Graph | 


S(x+ Ax,y+Ay) f(x, y) 


(1,1 
(1.01, 0.97) 


As (x, y) moves from (1, 1) to the point 
(1.01, 0.97), the value of f(x, y) changes 
by about 0.0137. 

Figure 13.36 


| Rotatable Graph | 


0z Oz 
dz=—Ax+—A 
ox i oy Á 


represents the change in height of a plane that is tangent to the surface at the point 
(x, y, f(x, y)). Because a plane in space is represented by a linear equation in the 
variables x, y, and z, the approximation of Az by dz is called a linear approximation. 
You will learn more about this geometric interpretation in Section 13.7. 


EXAMPLE 3 Using a Differential as an Approximation 


Use the differential dz to approximate the change in z = V4 — x? — y? as (x, y) 
moves from the point (1, 1) to the point (1.01, 0.97). Compare this approximation 
with the exact change in z. 


Solution Letting (x,y) = (1,1) and (x + Ax, y + Ay) = (1.01, 0.97) produces 
dx = Ax = 0.01 and dy = Ay = — 0.03. So, the change in z can be approximated by 


ðZ 0z =x, =y 
= Ax + Ay. 
J4 — x? — y? J4 — x? — y? Á 
When x = | and y = 1, you have 
0.02 


1 1 
T (0.01) — a (—0.03) = oa /2 (0.01) ~ 0.0141. 


In Figure 13.36 you can see that the exact change corresponds to the difference in the 
heights of two points on the surface of a hemisphere. This difference is given by 


Az = f(1.01, 0.97) — f(1, 1) 
= J4 — (1.01)? — (0.97)2 — /4 — 1? — 1? = 0.0137. 


[Exploration A| [Open Exploration | 
A function of three variables w = f(x, y, z) is called differentiable at (x, y, z) 


provided that 
Aw = f(x + Ax, y + Ay,z + Az) — f(x y, z) 


Az = dz = 


Az = — 


can be written in the form 
Aw = f,Ax + f,Ay + fAz + e,Ax + e,Ay + e,Az 


where &,, €», and £, > 0 as (Ax, Ay, Az) > (0, 0, 0). With this definition of differen- 
tiability, Theorem 13.4 has the following extension for functions of three variables: If 
f is a function of x, y, and z, where f, f., f,, and f, are continuous in an open region 
R, then f is differentiable on R. 

In Section 3.9, you used differentials to approximate the propagated error intro- 
duced by an error in measurement. This application of differentials is further 
illustrated in Example 4. 


Volume = xyz 
Figure 13.37 


| Rotatable Graph | 
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EXAMPLE 4 Error Analysis 


The possible error involved in measuring each dimension of a rectangular box is +0.1 
millimeter. The dimensions of the box are x = 50 centimeters, y = 20 centimeters, 
and z = 15 centimeters, as shown in Figure 13.37. Use dV to estimate the propagated 
error and the relative error in the calculated volume of the box. 


Solution The volume of the box is given by V = xyz, and so 


aV aV ôV 
= + + d 
dV Ox dx ay dy jz z 


= yz dx + xz dy + xy dz. 


Using 0.1 millimeter = 0.01 centimeter, you have dx = dy = dz = +0.01, and the 
propagated error is approximately 


dV = (20)(15)(+0.01) + (50)(15)(+0.01) + (50)(20)(+0.01) 
= 300(+0.01) + 750(+0.01) + 1000(+0.01) 
= 2050(+0.01) = +20.5 cubic centimeters. 


Because the measured volume is 
V = (50)(20)(15) = 15,000 cubic centimeters, 
the relative error, AV/V, is approximately 


AV dV 20.5 
V vV 15,000 — Oa —— 


As is true for a function of a single variable, if a function in two or more variables 
is differentiable at a point, it is also continuous there. 


THEOREM 13.5 Differentiability Implies Continuity 


If a function of x and y is differentiable at (xp, yo), then it is continuous at 
com M o): 


Proof Let f be differentiable at (xo, Yọ), where z = f(x, y). Then 


Az = EACT Yo) + e] Ax + lieo Yo) T E>] Ay 
where both s, and s, > 0 as (Ax, Ay) > (0, 0). However, by definition, you know that 
Az is given by 

Az = f(% + Ax, yo + Ay) — F(X; Yo). 
Letting x = x) + Ax and y = yọ + Ay produces 

f(x, y) = Fes Yo) = Eo Yo) + e] Ax + EAC Yo) + £5] Ay 

= (ees Yo) +e le= Xo) F LA Yo) + e,|(y — Yo). 

Taking the limit as (x, y) > (xo; yo), you have 


lim _ f(x, y) = f% Yo) 


(x, yo; Yo) 


which means that f is continuous at (xp, yo). —— 
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Remember that the existence of f, and f, is not sufficient to guarantee differen- 
tiability, as illustrated in the next example. 


EXAMPLE 5 A Function That Is Not Differentiable 


Show that f,(0, 0) and f,(0, 0) both exist, but that f is not differentiable at (0, 0) where 


f is defined as 
0. if (x,y) # (0,0) 
fay) =14 2+ y : 
0, if (x, y) = (0, 0) 
TECHNOLOGY Usea graph- Solution You can show that f is not differentiable at (0, 0) by showing that it is not 
ing utility to graph the function given continuous at this point. To see that f is not continuous at (0, 0), look at the values of 


in Example 5. For instance, the graph f(x, y) along two different approaches to (0, 0), as shown in Figure 13.38. Along the 
shown below was generated by line y = x, the limit is 
Mathematica. 


= 3x? 3 
li = i 2 
& 350, 0) F(x 9) (x, 320, 0) 2x? 2 
whereas along y = —x you have 
3x? 3 
li = li — =L, 
(x, HS0 0) fy) (x, J, 0) 2x? 2 


So, the limit of f(x, y) as (x, y) — (0, 0) does not exist, and you can conclude that f 
is not continuous at (0,0). Therefore, by Theorem 13.5, you know that f is not 
differentiable at (0, 0). On the other hand, by the definition of the partial derivatives 


Generated by Mathematica te and f f you have 
i {Ax 0 -f0 4 O= 0 _ 
F{0, 0) = Pee Ax 7 ree Ax 
and 
i fO Aa) =FG,0) n 0-0 
510.) = a a 


So, the partial derivatives at (0, 0) exist. 


3 
Ze (x, y) # (0, 0) 


HGS 2 ae 


0, (x, y) = (0, 0) 


Along the line y = —x, 
f(x, y) approaches 3/2. 


_ Along the line y = x, 
J (x, y) approaches —3/2. 


Figure 13.38 


| Rotatabe Graph | 
Ea 
[Try It | 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on || to print an enlarged copy of the graph. 


In Exercises 1-10, find the total differential. 


1. z = 3x?y3 ee 
y 
=] Xe 
3. z7= x2 + y2 4w= = 
5. z = x cos y — y cosx 6. z = Het — e=?) 
7. z= e*siny 8. w = e? cosx + 2 
9. w = 2zy sin x 10. w = x?yz? + sin yz 


In Exercises 11-16, (a) evaluate f(1,2) and f(1.05, 2.1) and 
calculate Az, and (b) use the total differential dz to approximate 
Az. 


11. f(x,y) =9 — x? -— y? 
13. f(x,y) = xsin y 


12. f(x, y) = Vx? + y? 
14. f(x, y) = xe 


15. f(x,y) = 3x — 4y 16. f(x,y) = : 


In Exercises 17-20, find z = f(x, y) and use the total differential 
to approximate the quantity. 


17. /G.05 + GIF - J+ 3 
18. (2.03)?(1 + 8.9)3 — 27(1 + 9)3 
1 — (3.05 1-3? 
(5.95)? 6° 
20. sin[(1.05)? + (0.95)?] — sin(1? + 1”) 


19. 


Writing About Concepts 


. Define the total differential of a function of two variables. 


. Describe the change in accuracy of dz as an approximation 
of Az as Ax and Ay increase. 


. What is meant by a linear approximation of z = f(x, y) at 
the point P(x, yo)? 

. When using differentials, what is meant by the terms 
propagated error and relative error? 


25. Area The area of the shaded rectangle in the figure is A = lh. 
The possible errors in the length and height are AZ and Ah, 
respectively. Find dA and identify the regions in the figure 
whose areas are given by the terms of dA. What region 
represents the difference between AA and dA? 


anh 2 
ee = 
pr m >| wa 
l Al mon 
KH 
Ar 
Figure for 25 Figure for 26 


| Rotatante Graph] 


26. Volume The volume of the red right circular cylinder in the 
figure is V = mr?°h. The possible errors in the radius and 
the height are Ar and Ah, respectively. Find dV and identify the 
solids in the figure whose volumes are given by the terms of dV. 
What solid represents the difference between AV and dV? 


27. Numerical Analysis A right circular cone of height h = 6 
and radius r = 3 is constructed, and in the process errors Ar 
and Ah are made in the radius and height, respectively. 
Complete the table to show the relationship between AV and dV 
for the indicated errors. 


dV AV AV — dV 
or or or 
Ar Ah ds AS AS — dS 
0.1 0.1 
0.1 =0.1 


0.001 0.002 


— 0.0001 0.0002 


28. Numerical Analysis The height and radius of a right circular 
cone are measured as h = 20 meters and r = 8 meters. In the 
process of measuring, errors Ar and Ah are made. S is the 
lateral surface area of a cone. Complete the table above to show 
the relationship between AS and dS for the indicated errors. 


29. Modeling Data Per capita consumptions (in gallons) of 
different types of plain milk in the United States from 1994 to 
2000 are shown in the table. Consumption of light and skim 
milks, reduced-fat milk, and whole milk are represented by the 
variables x, y, and z, respectively. (Source: U.S. Department 
of Agriculture) 


Year | 1994 | 1995 | 1996 | 1997 | 1998 | 1999 | 2000 


x 5.8 6.2 6.4 6.6 6.5 6.3 6.1 
y 8.7 8.2 8.0 TT TA 7.3 TA 
Z 8.8 8.4 8.4 8.2 7.8 7.9 7.8 


A model for the data is given by z = —0.04x + 0.64y + 3.4. 
(a) Find the total differential of the model. 


(b) A dairy industry forecast for a future year is that per capita 
consumption of light and skim milks will be 6.2 + 0.25 
gallons and that per capita consumption of reduced-fat milk 
will be 7.5 + 0.25 gallons. Use dz to estimate the maxi- 
mum possible propagated error and relative error in the pre- 
diction for the consumption of whole milk. 


30. Rectangular to Polar Coordinates A rectangular coordinate 
system is placed over a map and the coordinates of a point of 
interest are (8.5, 3.2). There is a possible error of 0.05 in each 
coordinate. Approximate the maximum possible error in 
measuring the polar coordinates for the point. 
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31. Volume The radius r and height h of a right circular cylinder 
are measured with possible errors of 4% and 2%, respectively. 
Approximate the maximum possible percent error in measuring 
the volume. 


32. Area A triangle is measured and two adjacent sides are found 
to be 3 inches and 4 inches long, with an included angle of 77/4. 
The possible errors in measurement are b inch for the sides and 
0.02 radian for the angle. Approximate the maximum possible 
error in the computation of the area. 


33. Wind Chill The formula for wind chill C (in degrees 
Fahrenheit) is given by 


C = 35.74 + 0.6215T — 35.75v°!6 + 0.4275Ty°!6 


where v is the wind speed in miles per hour and T is the 
temperature in degrees Fahrenheit. The wind speed is 23 + 3 
miles per hour and the temperature is 8° + 1°. Use dC to 
estimate the maximum possible propagated error and relative 
error in calculating the wind chill. 


34. Acceleration The centripetal acceleration of a particle 
moving in a circle is a = v?/r, where v is the velocity and r is 
the radius of the circle. Approximate the maximum percent 
error in measuring the acceleration due to errors of 3% in v and 
2% inr. 


35. Volume A trough is 16 feet long (see figure). Its cross sections 
are isosceles triangles with each of the two equal sides measuring 
18 inches. The angle between the two equal sides is 0. 


(a) Write the volume of the trough as a function of 0 
and determine the value of @ such that the volume is a 
maximum. 


(b) The maximum error in the linear measurements is one-half 
inch and the maximum error in the angle measure is 2°. 
Approximate the change from the maximum volume. 


Not drawn to scale 


Figure for 35 Figure for 36 


36. Sports A baseball player in center field is playing approxi- 
mately 330 feet from a television camera that is behind home 
plate. A batter hits a fly ball that goes to a wall 420 feet from 
the camera (see figure). 


(a) The camera turns 9° to follow the play. Approximate the 
number of feet that the center fielder has to run to make the 
catch. 


(b) The position of the center fielder could be in error by as 
much as 6 feet and the maximum error in measuring the 
rotation of the camera is 1°. Approximate the maximum 
possible error in the result of part (a). 
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where E is voltage and R is resistance. Approximate the 
maximum percent error in calculating power if 200 volts is 
applied to a 4000-ohm resistor and the possible percent errors 
in measuring E and R are 2% and 3%, respectively. 


38. Resistance The total resistance R of two resistors connected 
in parallel is 
1 1 1 


=> +. 
R R R, 


Approximate the change in R as R, is increased from 10 ohms 
to 10.5 ohms and R, is decreased from 15 ohms to 13 ohms. 


39. Inductance The inductance L (in microhenrys) of a straight 
nonmagnetic wire in free space is 


| 0.00021( 1n Z = 075) 


where h is the length of the wire in millimeters and r is the 
radius of a circular cross section. Approximate L when 
ra 2 $ millimeters and h = 100 + I millimeters. 


40. Pendulum The period T of a pendulum of length L is 
T = 27/L/g, where g is the acceleration due to gravity. A 
pendulum is moved from the Canal Zone, where g = 32.09 feet 
per second per second, to Greenland, where g = 32.23 feet per 
second per second. Because of the change in temperature, the 
length of the pendulum changes from 2.5 feet to 2.48 feet. 
Approximate the change in the period of the pendulum. 


In Exercises 41-44, show that the function is differentiable 
by finding values for £} and e, as designated in the definition 
of differentiability, and verify that both e, and £,—>0 as 
(Ax, Ay) > (0, 0). 


41. f(x,y) =x? — 2x +y 
43. f(x,y) = xy 


42. f(x,y) = x? + y? 
44. f(x,y) = 5x — 10y + y3 


In Exercises 45 and 46, use the function to prove that (a) f,(0, 0) 
and f,(0, 0) exist, and (b) f is not differentiable at (0, 0). 


3xy 
45. f(x,y) = 4x8 + y? (x, y) # (0, 0) 
0, (x, y) = (0, 0) 

5 2 
46. 0,9) <{B Fy OY) #00) 
0, ica y) = (0, 0) 


47. Interdisciplinary Problem Consider measurements and 
formulas you are using, or have used, in other science or 
engineering courses. Show how to apply differentials to these 
measurements and formulas to estimate possible propagated 
errors. 


Section 13.5 


Chain Rule: one independent variable w is a 
function of x and y, which are each functions 
of t. This diagram represents the derivative of 
w with respect to t. 

Figure 13.39 
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Chain Rules for Functions of Several Variables 


e Use the Chain Rules for functions of several variables. 
e Find partial derivatives implicitly. 


Chain Rules for Functions of Several Variables 


Your work with differentials in the preceding section provides the basis for the 
extension of the Chain Rule to functions of two variables. There are two cases—the 
first case involves w as a function of x and y, where x and y are functions of a single 
independent variable t. (A proof of this theorem is given in Appendix A.) 


THEOREM 13.6 Chain Rule: One Independent Variable 


Let w = f(x, y), where f is a differentiable function of x and y. If x = g(t) and 
y = A(t), where g and A are differentiable functions of t, then w is a differentiable 
function of t, and 


dw _ dwdx | dw dy 
dt ox dt dy dt 


See Figure 13.39. 


EXAMPLE | Using the Chain Rule with One Independent Variable 


Let w = x?y — y?, where x = sin ft and y = e’. Find dw/dt when t = 0. 


Solution By the Chain Rule for one independent variable, you have 
dw _ dwdx | dwdy 
dt ox dt ody dt 
= 2xy(cos t) + (x? — 2y)et 
= 2(sin A)(e’)(cos A + (sin? t — 2e’)e' 


= 2e' sin t cos t + e sin? t — 2e”. 


When t = 0, it follows that 


The Chain Rules presented in this section provide alternative techniques for 
solving many problems in single-variable calculus. For instance, in Example 1, you 
could have used single-variable techniques to find dw/dt by first writing w as a 
function of t, 


w= xy — y? 
(sin #)?(e’) — (e')? 


= e' sin? t — e” 


and then differentiating as usual. 


dw i ; 
FA 2e' sin t cos t + e sin? t — 2e” 
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The Chain Rule in Theorem 13.6 can be extended to any number of variables. For 
example, if each x, is a differentiable function of a single variable t, then for 


w = f(X Xa o e X) 

you have 
dw _ dw dx, ðw dx | Ow dXn 
dt 0x, dt ðx, dt ox, dt` 


EXAMPLE 2 An Application of a Chain Rule to Related Rates 


Two objects are traveling in elliptical paths given by the following parametric equations. 


y x, = 4cost and y, =2sint First object 
$ X, = 2sin2t and Y2 = 3 cos 2t Second object 
4+ t=8 
3 At what rate is the distance between the two objects changing when t = m? 
2 aa 
i Solution From Figure 13.40, you can see that the distance s between the two objects 
i ; 8 a is given by 
-a3 \ 4 
s= Vo =x) + (Ye y) 
2+ 
and that when t = 7, you have x, = —4, y, = 0, x, = 0, y, = 3, and 
Si s= /(0 + 4)? + @ -— 0)? =5. 

> When t = 7, the partial derivatives of s are as follows. 

A Be. es 
as _ ua Xi) eye 
Ox, V(x, =H) yy = Hi) 5 5 
ð —(y2 - 1 3 

S _ O» yı) 5=-~(3-0)=-% 
dy, Ve = x)? + Oa = y) 5 5 
Os (x2 = x1) 1 4 
— = =-(00 +4 =z 
OX, V(x, =) Oe = y) 5l ) 5 
ð x 1 3 
So Oa yı) -= B-00 => 
ya Vaa y 5 5 
When t = 7, the derivatives of x,, y4, X2, and y, are 

dxi 4sinf = dı E 
d 4sint=0 “oe 2 
e ce ip OS a6 snort 
dt dt 


So, using the appropriate Chain Rule, you know that the distance is changing at a 
rate of 


ds _ ðs dx, + ðs dyı " ðs dx + ðs dyz 
dt ox, dt dy, dt ðx, dt ðy, dt 


4 3 4 3 
= (-2)o + (-2)(-2 + (2) + BQ 
Paths of two objects traveling in elliptical 


orbits 2. 
F igure 13.40 5 E 


Chain Rule: two independent variables 
Figure 13.41 
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In Example 2, note that s is the function of four intermediate variables, x,, y,, X>, 
and y,, each of which is a function of a single variable t. Another type of composite 
function is one in which the intermediate variables are themselves functions of more 
than one variable. For instance, if w = f(x, y), where x = g(s, t) and y = A(s, t), it 
follows that w is a function of s and f, and you can consider the partial derivatives of 
w with respect to s and t. One way to find these partial derivatives is to write w as a 
function of s and t explicitly by substituting the equations x = g(s, t) and y = h(s, t) 
into the equation w = f(x, y). Then you can find the partial derivatives in the usual 
way, as demonstrated in the next example. 


EXAMPLE 3 Finding Partial Derivatives by Substitution 


Find dw/ds and dw/dt for w = 2xy, where x = s? + £t? and y = s/t. 


Solution Begin by substituting x = s? + 1? and y = s/t into the equation w = 2xy 
to obtain 


s s? 
w = 2xy = 2(s? + (2) = (= + si); 


Then, to find dw/ds, hold ¢ constant and differentiate with respect to s. 


ðt 2 
eee) + t2 
7 (=p 
t 
_ 2st? — 253 
= : 


Theorem 13.7 gives an alternative method for finding the partial derivatives in 
Example 3, without explicitly writing w as a function of s and t. 


THEOREM 13.7 Chain Rule: Two Independent Variables 


Let w = f(x, y), where f is a differentiable function of x and y. If x = g(s, t) and 
y = h(s, t) such that the first partials 0x/ds, ðx/ðt, dy/ds, and dy/dt all exist, 
then dw/ds and dw/dt exist and are given by 


) ð ð 8) ð 
ðw _ ðw x , ow dy ind w ôw x ow y 
ðs ox ðs Oy OS ot Ox ðt ody ðt 


Proof To obtain dw/ds, hold t constant and apply Theorem 13.6 to obtain the 
desired result. Similarly, for dw/dt hold s constant and apply Theorem 13.6. 


NOTE The Chain Rule in this theorem is shown schematically in Figure 13.41. 
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EXAMPLE 4 The Chain Rule with Two Independent Variables 


Use the Chain Rule to find dw/ds and ðw/ðt for 
w = 2xy 
where x = s? + f and y = s/t. 


Solution Note that these same partials were found in Example 3. This time, using 
Theorem 13.7, you can hold ¢ constant and differentiate with respect to s to obtain 


ðw _ ðw Ox ðw oy 
os ox ðs  ðy OS 


= 2y(2s) + 2x(7) 


1 
= 2(Jeas + 2s? + (2) Substitute (s/t) for y and s? + ft? for x. 
_ 4s? T 2s? + 217 
[A t 
oar. 
t 


Similarly, holding s constant gives 


ðw _ ðw Ox ðw oy 
ot ox ðt oy ot 


= 2y(21) + 2(=2) 


Ss =S 
= 2(“)en + 2(s? + D(z) Substitute (s/t) for y and s? + r? for x. 
253 + 2st? 
Se z 
Ast? — 253 — 2st? 

= z 

_ 2st? — 253 

= F 


[Try tt | [Oven exploration | 


The Chain Rule in Theorem 13.7 can also be extended to any number of variables. 


For example, if w is a differentiable function of the n variables x,, x,,. . .,x,, where 
each x, is a differentiable function of the m variables f,, t,,. . ., t,» then for 
w = f(X X. o -.%,) 


you obtain the following. 


ðw _ OW Ox, OW OX> o. ow OXn 
ot, Ox, Ot, OX, Ot, Ox, Ot; 
OW _ w Om ðw ðX, OW Oe 
Ot, 9X, Ot, ~~ AX Ot, Ox, Oty 
ðw ðw Ox, ðw ðX m OW OXn 


at, Ox, Ot, AX» dt, ax, dt, 
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EXAMPLE 5 The Chain Rule for a Function of Three Variables 


Find dw/ds and dw/dt when s = 1 and t = 27 for the function given by 
W>=xy + yz + xz 


where x = s cos t, y = s sin t, and z = t. 


Solution By extending the result of Theorem 13.7, you have 
ðw _ ðwôðx  ðwðy ðw ðz 
ðs ox ðs dy ðs 0z ðs 
= (y + z)(cos t) + (x + z)(sin t) + (y + x)(0) 
= (y + z)(cos £) + (x + z)(sin 2). 


When s=1 and t=2m, you have x=1, y=0, and z=27. So, 
ðw/aðs = (0 + 2m)(1) + (1 + 27)(0) = 2r. Furthermore, 


ðw ðwðx ðwðy ðw dz 
ðt Ox ðt ðy ðt Oz Ot 


= (y + z)(—ssin f) + (x + z)(s cos t) + (y + x)\(1) 


and for s = 1 and t = 27, it follows that 


~ = (0 + 2n)(0) + (1 + 2m)(1) + (0 + 1)(1) 


[try te] [Bpteratons 
Implicit Partial Differentiation 


This section concludes with an application of the Chain Rule to determine the 
derivative of a function defined implicitly. Suppose that x and y are related by the 
equation F(x, y) = 0, where it is assumed that y = f(x) is a differentiable function of 
x. To find dy/dx, you could use the techniques discussed in Section 2.5. However, you 
will see that the Chain Rule provides a convenient alternative. If you consider the 
function given by 


w = F(x, y) = Fx, f(x) 
you can apply Theorem 13.6 to obtain 


dw dx dy 
Y = F(x, y) + Bx, y) &- 
d Py) a + Bey) a 
Because w = F(x, y) = 0 for all x in the domain of f, you know that dw/dx = 0 and 
you have 

dy _ 


dx 
F(x, y) 7 + BAe 3) ix 


Now, if F,(x, y) # 0, you can use the fact that dx/dx = 1 to conclude that 


dy _ _ R% y), 
dx F,(x, y) 


A similar procedure can be used to find the partial derivatives of functions of several 
variables that are defined implicitly. 
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THEOREM 13.8 Chain Rule: Implicit Differentiation 


If the equation F(x, y) = 0 defines y implicitly as a differentiable function of x, 
then 


dy _ _ F(x,y) 
dx F, (x, yy 


F(x, y) # 0. 


If the equation F(x, y, z) = 0 defines z implicitly as a differentiable function of 
x and y, then 
dz _ ‘F(x, y, 2) dz _ _ B(x, y, 2) 


= and = , F(x, y,z) #0. 
Ox F(x, y, z) ðy F (x, y, z) 02) 


This theorem can be extended to differentiable functions defined implicitly with 
any number of variables. 


EXAMPLE 6 Finding a Derivative Implicitly 
Find dy/dx, given y? + y? — 5y — x? + 4 = 0. 


Solution Begin by defining a function F as 

F(x, y) = y? + y? — 5y — x? + 4. 
Then, using Theorem 13.8, you have 

F(x,y) = -2x and F(x,y) =3y +2y-5 
and it follows that 

dy __Feltsy) __ -C29 2x 


dx Fy) at aes z 3y2 + 2y- 5 —— 
[ Tryre | [Exploration] [Exploration 8 | 


NOTE Compare the solution of Example 6 with the solution of Example 2 in Section 2.5. 


EXAMPLE 7 Finding Partial Derivatives Implicitly 
Find 0z/dx and dz/dy, given 3x2z — xy? + 2z? + 3yz — 5 = 0. 


Solution To apply Theorem 13.8, let 

F(x, y, z) = 3x2z — x?y? + 2z3 + 3yz — 5. 
Then 

F (x, y, z) = 6xz — 2xy? 

F(x, y, 2) = —2x?y + 3z 

F(x, y, z) = 3x? + 6z? + 3y 
and you obtain 


dz _. Fx, y,z) 2xy? — 6xz 


ax FA, y,z) 3x? + 6z? + 3y 
éz_ FG, y, z) 2x*y — 3z 


oy F(x, y, z) 3x? + 6z? + 3y = 


[ Try 1t | [Exploration a | 


Exercises for Section 13.5 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


l. w =x +y? 2. w = Vx? + y? 
x=eé, y= e" x= cost, y= æ 
X 
3. w = xsec y 4. w = In- 
x 
xe, yami x=cost, y= sint 


In Exercises 5-10, find dw/dt (a) using the appropriate 
Chain Rule and (b) by converting w to a function of t before 
differentiating. 


5. w=xy, x=2sint, y= cost 

6. w=cos(x— y), x=ť, y=] 
Twe=x+y?+277, x= e cost, y=esint, z= e 
8. w=xycosz, x=t, y= f, z= arccos t 

9. w =xy + xz +t yzg x=t-1l, y=r-1, z=t 
10. w = xyz, x=, y=2t, z= e" 


Projectile Motion Yn Exercises 11 and 12, the parametric 
equations for the paths of two projectiles are given. At what rate 
is the distance between the two objects changing at the given 
value of t? 


11. x, = 10 cos 2t, y, = 6 sin 2t First object 
X, = 7cost, y, = 4sint Second object 
t= 7/2 

12. x, = 48/2, y= 48./2t — 167? First object 
X= 48/31, yo = 48t — 167? Second object 
t=1 


In Exercises 13 and 14, find d?w/dt? using the appropriate Chain 
Rule. Evaluate d?w/d?? at the given value of t. 


13. w = arctan(2xy), x= cost y=sint, t=0 


In Exercises 15-18, find w/s and Ow/dt using the appropriate 
Chain Rule, and evaluate each partial derivative at the given 
values of s and t. 


Function Point 

15. w = x? + y? s=2, t=-1 
SoS S$ehk JEsi 

16. w = y? — 3x?y s=0, t=1 


x=e, y=e 

17. w = x? — y? s = 3, =i 
x=scost, y=ssint 

18. w = sin(2x + 3y) s= 0, =3 


=r y= 


In Exercises 19-22, find ðw/ðr and dw/00 (a) using the appro- 
priate Chain Rule and (b) by converting w to a function of r and 
0 before differentiating. 


19. w=x?-2xy+y, x=r+6 y=r-9@ 


20. w = V25 — 5x? — 5y*, x =rcos@, y=rsin@ 


21. w 


ll 


arctan ~, x=rcos@é, y=rsin@ 
x 


2.w=%, x=@, y=rt+6 z=r—0 


In Exercises 23-26, find Ow/ds and ðw/ðt by using the appro- 
priate Chain Rule. 


23. w = xyz, x=stt y=s-t z=sP 


24. w = xcos yz, x=s?, y=, z=s-—2t 


25. w = ze, x=s-t, y=st+t, z=st 


26. w =x? +y? +z% x=tsins, y=tcoss, z= st? 


In Exercises 27-30, differentiate implicitly to find dy/dx. 


27. x? — 3xy + y?- 2x t+y—-—5=0 
28. cosx + tanxy +5 =0 


29. In/x? + y + xy =4 


X 
N aD 
30. py? y 


In Exercises 31-38, differentiate implicitly to find the first 
partial derivatives of z. 

31. x? + y? + 27 = 25 32. xz + yz + xy =0 

33. tan(x + y) + tan(y + z) = 1 34. z = e*sin(y + z) 

35. x? + 2yz +z? =1 36. x + sin(y + z) = 0 

37. e+ xy =0 38. xIny +yz +z =8 


In Exercises 39-42, differentiate implicitly to find the first 
partial derivatives of w. 


39. xyz + xzw — yzw + w? = 5 
40. x? + y? + z? — Syw + 10w? = 2 
41. cos xy + sin yz + wz = 20 


42. w— JV/x-y-wvy—-z=0 


Homogeneous Functions In Exercises 43-46, the function f is 
homogeneous of degree n if f (tx, ty) = t”f (x, y). Determine the 
degree of the homogeneous function, and show that 


xfx, y) + yf, y) = nf x, y). 


xy 


43. f(xy) = Tere 
45. f(x,y) = e” 


44. f(x,y) = x3 — 3xy? + y? 


x2 


46. f(x,y) = Jena 


930 
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Writing About Concepts 


51. 


52. 


53. 


54. 


. Let w = f(x, y) be a function where x and y are functions 
of a single variable t. Give the Chain Rule for finding 
dw/dt. 


. Let w = f(x, y) be a function where x and y are functions 
of two variables s and t. Give the Chain Rule for finding 
dw/ds and dw/dt. 


. Describe the difference between the explicit form of a func- 
tion of two variables x and y and the implicit form. Give an 
example of each. 


. If f(x, y) = 0, give the rule for finding dy/dx implicitly. If 
f(x,y,z) = 0, give the rule for finding dz/dx and dz/dy 
implicitly. 


Volume and Surface Area The radius of a right circular 
cylinder is increasing at a rate of 6 inches per minute, and the 
height is decreasing at a rate of 4 inches per minute. What are 
the rates of change of the volume and surface area when the 
radius is 12 inches and the height is 36 inches? 


Volume and Surface Area Repeat Exercise 51 for a right 
circular cone. 


Area Let 0 be the angle between equal sides of an isosceles 
triangle and let x be the length of these sides. x is increasing at 
1 meter per hour and @ is increasing at 7/90 radian per hour. 
Find the rate of increase of the area when x = 6 and 0 = 7/4. 


Volume and Surface Area The two radii of the frustum of a 
right circular cone are increasing at a rate of 4 centimeters per 
minute, and the height is increasing at a rate of 12 centimeters 
per minute (see figure). Find the rates at which the volume and 
surface area are changing when the two radii are 15 centimeters 
and 25 centimeters, and the height is 10 centimeters. 


Figure for 54 


55. 


56. 


Figure for 55 


Moment of Inertia An annular cylinder has an inside radius 
of rı and an outside radius of rz (see figure). Its moment of 
inertia is 

1 = blr? + 13) 


where m is the mass. The two radii are increasing at a rate of 2 
centimeters per second. Find the rate at which 7 is changing at 
the instant the radii are 6 centimeters and 8 centimeters. 
(Assume mass is constant.) 


Ideal Gas Law The Ideal Gas Law is pV = mRT, where R is 
a constant, m is a constant mass, and p and V are functions of 
time. Find dT/dt, the rate at which the temperature changes 
with respect to time. 


58. 


59. 


60. 


61. 


62. 
63. 


64. 
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Maximum Angle painting hangs on a wa 
such that the bottom is 6 feet fit the floor. A child whose eyes 
are 4 feet above the floor stands x feet from the wall (see figure). 


(a) Show that x? tan 0 — 2x + 8 tan 0 = 0. 
(b) Use implicit differentiation to find d6/dx. 


(c) Find x such that 6 is maximum. 


Show that if f(x,y) is homogeneous of degree n, then 


xf y) + yf, y) = nf(x, y). 


[Hint: Let g(t) = f(tx, ty) = tr" f(x, y). Find ¢’(t) and then let 
t=1.] 
Show that 
ðw ðw 
— + — = 

ðu ðv 9 

for w = f(x, y), = u — v, and y = v — u. 


Demonstrate the result of Exercise 59 for 
w = (x — y) sin(y — x). 


Consider the function w = f(x, y), where x = rcos @ and 
y = r sin 6. Prove each of the following. 


t ðw ðw 9 ðw sin 0 
a ox or cas od r 
ðw ðw. ðw cos 0 
sin 0 + 
oy or 00 r 


© (5) + (5) = GG) + (Nas) 

ax} ~ \ay ar) ` \r?)\ae 
Demonstrate the result of Exercise 61(b) for w = arctan(y/x). 
Cauchy-Riemann Equations Given the functions u(x, y) and 
v(x, y), verify that the Cauchy-Riemann differential equations 


ðu _ ðv ðu ðv 
ôx oy oy Ox 


can be written in polar coordinate form as 


ðu 1 ðv d ðv 1 ðu 
ðr rðð ae gy r 00 


Demonstrate the result of Exercise 63 for the functions 


u = InJ/x* + y? and v = arctan a 
x 
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Section 13.6 Directional Derivatives and Gradients 


e Find and use directional derivatives of a function of two variables. 
e Find the gradient of a function of two variables. 
z e Use the gradient of a function of two variables in applications. 
e Find directional derivatives and gradients of functions of three variables. 


Directional Derivative 


You are standing on the hillside pictured in Figure 13.42 and want to determine the 
hill’s incline toward the z-axis. If the hill were represented by z = f(x, y), you would 
already know how to determine the slopes in two different directions— 
the slope in the y-direction would be given by the partial derivative f,(x, y), and 
the slope in the x-direction would be given by the partial derivative f(x, y). In this 


x Surface: section, you will see that these two partial derivatives can be used to find the slope in 
z=f(x, y) any direction. 
Figure 13.42 To determine the slope at a point on a surface, you will define a new type of 


derivative called a directional derivative. Begin by letting z = f(x, y) be a surface 
and P(xp, yo) a point in the domain of f, as shown in Figure 13.43. The “direction” of 
the directional derivative is given by a unit vector 


u = cos ĝi + sin 0j 


where 0 is the angle the vector makes with the positive x-axis. To find the desired 
slope, reduce the problem to two dimensions by intersecting the surface with a vertical 
plane passing through the point P and parallel to u, as shown in Figure 13.44. This 
vertical plane intersects the surface to form a curve C. The slope of the surface at 
(Xo. Yoo. (Xp Yo)) in the direction of u is defined as the slope of the curve C at that 
point. 

Informally, you can write the slope of the curve C as a limit that looks much like 
those used in single-variable calculus. The vertical plane used to form C intersects the 
xy-plane in a line L, represented by the parametric equations 


x = X + tcos 0 
Figure 13.43 and 


| == aE | 


so that for any value of t, the point Q(x, y) lies on the line L. For each of the points P 
Surface: and Q, there is a corresponding point on the surface. 
z =f, y) 


z 
A 


(i Yo» f (xo, Yo)) Point above P 
Mg» Yor fq: Yo) (x, y, f(x, y)) Point above Q 


Moreover, because the distance between P and Q is 


V(x = x)? + (y — ya = V(t cos 6)? + (tsin 0}? 
= |z 


you can write the slope of the secant line through (xo, Yo, f(Xo Yo)) and (x, y, f(x, y)) as 


Pan 4 f(x,y) = fo. Yo) _ fa + teos 9, yo + tsin 0) — fl%o, Yo) 
t t ` 


Figure 13.44 Finally, by letting t approach 0, you arrive at the following definition. 


| Potatanie ramh || 
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Definition of Directional Derivative 


Let f be a function of two variables x and y and let u = cos ĝi + sin 0j be a 
unit vector. Then the directional derivative of f in the direction of u, denoted 
by Da f, is 


f(x + tcos 6, y + tsin 6) — f(x, y) 
t 


Def, y) = lim 
t>0 


provided this limit exists. 


Calculating directional derivatives by this definition is similar to finding the 
derivative of a function of one variable by the limit process (given in Section 2.1). A 
simpler “working” formula for finding directional derivatives involves the partial 
derivatives f, and f, 


THEOREM 13.9 Directional Derivative 


If f is a differentiable function of x and y, then the directional derivative of f in 
the direction of the unit vector u = cos ĝi + sin 0j is 


Da f(x, y) = fx, y) cos 0 + f(x, y) sin 0. 


Proof For a fixed point (xo, Yo), let x = x) + t cos 0 and let y = yọ + ż sin 0. Then, 
let g(t) = f(x, y). Because f is differentiable, you can apply the Chain Rule given in 
Theorem 13.7 to obtain 


gO =f yx) +60, yy =F, y) cos 0 + f(x, y) sin 0. 
If £ = 0, then x = x and y = yo, so 

g0) = fKxo; Yo) cos 6 + So» Yo) sin 6. 
By the definition of g (1), it is also true that 


130 t 
Si f(x + tcos 0, Yo + tsin 6) — f(Xp, Yo) 
a t ` 
Consequently, Dy f(Xo, Yo) = fo» Yo) cos 8 + f,(%, Yo) sin 8. = 


There are infinitely many directional derivatives to a surface at a given point— 
one for each direction specified by u, as shown in Figure 13.45. Two of these are the 
partial derivatives f, and f,. 


Surface: 
z=f y) 
1. Direction of positive x-axis (0 = 0): u = cos Qi + sin Oj = i 
l D; f(x, y) = f(x, y) cos 0 + f(x, y) sin 0 = f(x, y) 

i The vector u ma 


Figure 13.45 2 


T . T 
| Rotatabie raph | D; f(x, y) = fx, y) cos > + FQ; y) sin 5 = AO y) 


2. Direction of positive y-axis (0 = 7/2): u = cos >i + sin 5 j =j 


Surface: 
F@,y)=4 =x? = iy? 


Figure 13.46 

[g 

NOTE Note in Figure 13.46 that you 
can interpret the directional derivative as 
giving the slope of the surface at the 


point (1, 2, 2) in the direction of the unit 
vector U. 


Surface: 25 
f(x, y) =x? sin 2y 


Figure 13.47 


[Rotatable Graph | 
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EXAMPLE | Finding a Directional Derivative 


Find the directional derivative of 
fx, y) =4— x?- y2 Surface 


at (1, 2) in the direction of 
u= (cos 2); + (sin 2) Directi 
3 3 J: rection 


Solution Because f, and f, are continuous, f is differentiable, and you can apply 
Theorem 13.9. 


Da f(x, y) = fx, y) cos 0 + f(x, y) sin 0 


= (—2x) cos 0 + (-2) sin 0 


Evaluating at 6 = 7/3, x = 1, and y = 2 produces 


paraa = (3) + of) 


= — 1.866. See Figure 13.46. — 


You have been specifying direction by a unit vector u. If the direction is given by 
a vector whose length is not 1, you must normalize the vector before applying the 
formula in Theorem 13.9. 


EXAMPLE 2 Finding a Directional Derivative 


Find the directional derivative of 
f(x, y) = x? sin 2y Surface 
at (1, 7/2) in the direction of 
v = 3i - 4j. Direction 
Solution Because f, and f, are continuous, f is differentiable, and you can apply 
Theorem 13.9. Begin by finding a unit vector in the direction of v. 


4 
u hi i- 5J = cos ĝi + sin 0j 


Using this unit vector, you have 


D, f(x, y) = (2x sin 2y)(cos @) + (2x? cos 2y)(sin 6) 


Dail z) = (2 sin (2) + (2 cos m(-4) 


See Figure 13.47. 
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The Gradient of a Function of Two Variables 


z The gradient of a function of two variables is a vector-valued function of two 
variables. This function has many important uses, some of which are described later 
in this section. 


Definition of Gradient of a Function of Two Variables 


Let z = f(x, y) be a function of x and y such that f, and f, exist. Then the 
gradient of f, denoted by Vf(x, y), is the vector 


y Vf, y) = fC yi + fa y). 


z Vf is read as “del f.” Another notation for the gradient is grad f(x, y). In 
s 9) Figure 13.48, note that for each (x, y), the gradient Vf(x, y) is a vector in the 


The gradient of f is a vector in the xy-plane plane (not a vector in space). 
Figure 13.48 


— 
| Rotatable Graph || NOTE No value is assigned to the symbol V by itself. It is an operator in the same sense that 


d/dx is an operator. When V operates on f(x, y), it produces the vector Vf(x, y). 


(x, y) 


EXAMPLE 3 Finding the Gradient of a Function 
Find the gradient of f(x, y) = y ln x + xy? at the point (1, 2). 
Solution Using 

fAx, y) = r + y? and f(x, y) = lnx + 2xy 


you have 


Vf(x, y) = (2 + vj + (Inx + 2xy)j. 


At the point (1, 2), the gradient is 


v/(1, 2) = (2 + 2)i + [n1 + 2D] 


= 6i + 4j. ey 
[mye] [Eroria] 
Because the gradient of f is a vector, you can write the directional derivative of 
f in the direction of u as 


Da fx, y) = LAG y)i + f(x, y)j] + [cos 0i + sin 8j]. 


In other words, the directional derivative is the dot product of the gradient and the 
direction vector. This useful result is summarized in the following theorem. 


THEOREM 13.10 Alternative Form of the Directional Derivative 


If f is a differentiable function of x and y, then the directional derivative of f in 
the direction of the unit vector u is 


Da f(x, y) = Vix, y) - u. 


Surface: 
f(%, y) = 3x? — 2y? 


Z 


Figure 13.49 


NOTE Part 2 of Theorem 13.11 says 
that at the point (x, y), f increases most 
rapidly in the direction of the gradient, 


Vf (x, y). 
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EXAMPLE 4 Using Vf(x, y) to Find a Directional Derivative 


Find the directional derivative of 
fixy) = 3x? = 2y? 
at (—3, 0) in the direction from P(-3, 0) to Q(0, 1). 


Solution Because the partials of f are continuous, f is differentiable and you can 
apply Theorem 13.10. A vector in the specified direction is 


PG =v=(0+2}i+ 0-0 


rii 


and a unit vector in this direction is 
u E ia j Unit vector in direction of PO 
= ee Fe |e nit vector 1n direction o: 
Iv] 5 5 
Because Vf(x, y) = fx, y)i + f(x, y)j = Oxi — 4yj, the gradient at (-3, 0) is 
v(-4 o) = -2i + Oj. Gradient at (-3, 0) 


Consequently, at (-3, 0) the directional derivative is 


p.s- 0) = y({-ż o) -u 


= (-2i- oi) (i+ ti) 


-—. Directional derivative at (-43, 0) 


See Figure 13.49. — 
[Try te | (Eporationa] 


Applications of the Gradient 


You have already seen that there are many directional derivatives at the point (x, y) on 
a surface. In many applications, you may want to know in which direction to move so 
that f(x, y) increases most rapidly. This direction is called the direction of steepest 
ascent, and it is given by the gradient, as stated in the following theorem. 


THEOREM 13.11 Properties of the Gradient 
Let f be differentiable at the point (x, y). 
1. If Vf(x, y) = 0, then D, f(x, y) = 0 for all u. 


2. The direction of maximum increase of f is given by Vf(x, y). The maximum 
value of D, f(x, y) is ||Vf(x, y). 


3. The direction of minimum increase of f is given by — Vf(x, y). The minimum 
value of D, f(x, y) is —||Vf(x, y|. 
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Proof If Vf(x, y) = 0, then for any direction (any u), you have 
z Df y) = Vfl, y) u 
p 


Maximum 


increase = (0i + Oj) - (cos Oi + sin 0j) 
= 0. 


(x, y, fœ, y)) 
y If Vf(x, y) # 0, then let ġ be the angle between Vf(x, y) and a unit vector u. Using the 


dot product, you can apply Theorem 11.5 to conclude that 
Daf, y) = Vfl y) > u 
= [Vf y) llul] cos ¢ 
= |INfG, y)|| cos 
and it follows that the maximum value of D, f(x, y) will occur when cos ¢ = 1. So, 


ġ = 0, and the maximum value for the directional derivative occurs when u has the 
same direction as Vf(x, y). Moreover, this largest value for D, f(x, y) is precisely 


The gradient of f is a vector in the xy-plane IVF, y)|| cos & = ||VFCx, yll. 

that points in the direction of maximum 

increase on the surface given by z = f(x, y). Similarly, the minimum value of D, f(x, y) can be obtained by letting p = 7 so that 
Figure 13.50 u points in the direction opposite that of Vf(x, y), as shown in Figure 13.50. 


[a] 

To visualize one of the properties of the gradient, imagine a skier coming down a 
mountainside. If f(x, y) denotes the altitude of the skier, then — Vf (x, y) indicates the 
compass direction the skier should take to ski the path of steepest descent. (Remember 
that the gradient indicates direction in the xy-plane and does not itself point up or 
down the mountainside.) 

As another illustration of the gradient, consider the temperature T(x, y) at any 
point (x, y) on a flat metal plate. In this case, VT(x, y) gives the direction of greatest 

evel curves temperature increase at the point (x, y), as illustrated in the next example. 
T(x, y) = 20 — 4x? — y? 


y 


7 EXAMPLE 5 Finding the Direction of Maximum Increase 


The temperature in degrees Celsius on the surface of a metal plate is 
T(x, y) = 20 — 4x? — y? 


where x and y are measured in centimeters. In what direction from (2, — 3) does the 
temperature increase most rapidly? What is this rate of increase? 


Solution The gradient is 


T Tx 
= 3 VI(x, y) = T, y)i + T, y)j 
= —8xi — 2yj. 
It follows that the direction of maximum increase is given by 
(2, -3) 


VT(2, —3) = —16i + 6j 
as shown in Figure 13.51, and the rate of increase is 


IVT, —3)|| = /256 + 36 


The direction of most rapid increase in tem- 


perature at (2, — 3) is given by — 16i + 6j. = ¥292 
Figure 13.51 = 17.09° per centimeter. ———— 


[Try tt_| [Exploration | 
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The solution presented in Example 5 can be misleading. Although the gradient 
points in the direction of maximum temperature increase, it does not necessarily point 
toward the hottest spot on the plate. In other words, the gradient provides a local 
solution to finding an increase relative to the temperature at the point (2, —3). Once 
you leave that position, the direction of maximum increase may change. 


EXAMPLE 6 Finding the Path of a Heat-Seeking Particle 


A heat-seeking particle is located at the point (2, — 3) on a metal plate whose temper- 
ature at (x, y) is 


T(x, y) = 20 — 4x? — y?. 


Find the path of the particle as it continuously moves in the direction of maximum 
temperature increase. 


Solution Let the path be represented by the position function 
r(t) = x()i + y(dj. 


Level curves: 5 4 A tangent vector at each point (x(t), y(t) is given by 
T(x, y) = 20 — 4x" -y 
dx dy 
7 rd) =—i+ —j. 
Pi €) dt dt? 
Because the particle seeks maximum temperature increase, the directions of r(t) and 


VT(x, y) = —8xi — 2yj are the same at each point on the path. So, 


and —2y= 2 


dx 
8x = ki dt 


d 


where k depends on ft. By solving each equation for dt/k and equating the results, you 


a obtain 
i : dx _ dy 
—8x —2y 
The solution of this differential equation is x = Cy*. Because the particle starts at the 
(2,-3) point (2, —3), you can determine that C = 2/81. So, the path of the heat-seeking 
particle is 
2 
<5 = Ad 
wae ds 


Path followed by a heat-seeking particle 
Figure 13.52 The path is shown in Figure 13.52. ———— 


[try te ] [Extortion] 

In Figure 13.52, the path of the particle (determined by the gradient at each point) 
appears to be orthogonal to each of the level curves. This becomes clear when you 
consider that the temperature T(x, y) is constant along a given level curve. So, at any 


point (x, y) on the curve, the rate of change of T in the direction of a unit tangent 
vector u is 0, and you can write 


VE (x, y) "uS Da T(x, y) = 0. u is a unit tangent vector. 


Because the dot product of V(x, y) and u is 0, you can conclude that they must be 
orthogonal. This result is stated in the following theorem. 
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THEOREM 13.12 Gradient Is Normal to Level Curves 


If f is differentiable at (xp, yo) and Vf(xo, yo) # 0, then Vf(xo, yo) is normal to 
the level curve through (xo, yo). 


EXAMPLE 7 Finding a Normal Vector to a Level Curve 


Sketch the level curve corresponding to c = 0 for the function given by 


f(x, y) = y — sinx 


and find a normal vector at several points on the curve. 


Solution The level curve for c = 0 is given by 
0=y- sinx 
y = sinx 
as shown in Figure 13.53(a). Because the gradient vector of f at (x, y) is 


Vi (x, y) = fx, yi + fx, y)j 


= —cos xi +j 


you can use Theorem 13.12 to conclude that Vf(x, y) is normal to the level curve at 
the point (x, y). Some gradient vectors are 


Vf(— 7, 0) =i+j 


These are shown in Figure 13.53(b). 


z 


y Gradient is 
A normal to the 
3-7 level curve. 


(a) The surface is given by f(x, y) = y — sin x. (b) The level curve is given by f(x, y) = 0. 


c 
Figure 13.53 e 
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Functions of Three Variables 


The definitions of the directional derivative and the gradient can be extended naturally 
to functions of three or more variables. As often happens, some of the geometric 
interpretation is lost in the generalization from functions of two variables to those of 
three variables. For example, you cannot interpret the directional derivative of a 
function of three variables to represent slope. 

The definitions and properties of the directional derivative and the gradient of a 
function of three variables are given in the following summary. 


Directional Derivative and Gradient for Three Variables 


Let f be a function of x, y, and z, with continuous first partial derivatives. The 
directional derivative of f in the direction of a unit vector u = ai + bj + ck is 
given by 
D, f, y2) = af Kx y, z) + bf, y, z) + f(x, y, z). 
The gradient of f is defined to be 
Vfl, y, z) = fx, y, i + f, y, DI + fx, y, z)k. 
Properties of the gradient are as follows. 
1. D, fx, y, z) = Vf(x, y, z) -u 
2. If Vf(x, y, z) = 0, then D, f(x, y, z) = 0 for all u. 


3. The direction of maximum increase of f is given by Vf(x, y, z). The maximum 
value of D, f(x, y, z) is 


\|VF(x, y, 2. Maximum value of D, f(x, y, z) 


4. The direction of minimum increase of f is given by —Vf(x, y, z). The mini- 
mum value of D,, f(x, y, z) is 


= \|VA(x, y, zl. Minimum value of D, f(x, y, z) 


NOTE You can generalize Theorem 13.12 to functions of three variables. Under suitable 
hypotheses, 


Vi (Xo: Yo» Zo) 


is normal to the level surface through (xp, Yo, Zo): 


EXAMPLE 8 Finding the Gradient for a Function of Three Variables 


Find Vf(x, y, z) for the function given by 
F(x, y, z) = x? + y? — 4z 


and find the direction of maximum increase of f at the point (2, — 1, 1). 


Solution The gradient vector is given by 


Vil. y, z) =f y, D+ f, y, DI + fx, y, Dk 
= 2xi + 2yj — 4k. 


So, it follows that the direction of maximum increase at (2, — 1, 1) is 


Vf(2, —1, 1) = 41 - 2j — 4k. C a] 


| Tryrt | [Exploration a | 


940 CHAPTER 13 Functions of Several Variables 


Exercises for Section 13.6 


wv Experienced writers 
© On-time delivery 


® 100% plagiarism free 


The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-12, find the directional derivative of the function 
at P in the direction of v. 
1 = 
1. f(x, y) = 3x — 4xy + 5y, PUI, 2), v = it + 3j) 


2. f(x,y) =- y’, P(4,3), v = La + j) 


3. f(x,y) = xy, P(2,3),v=itj 

4. f(x,y) = 5 P0, 1), v= -j 

5. g(x,y) = Jr F y3, P(3,4), v =3i— 4j 
6. g(x, y) = arccos xy, P(1,0),v=i+5j 
7. h(x, y) = e* sin y, (1.7), v=-i 


8. h(x, y) = ety), P(O,0), v =it+j 

9. f(x,y,z) =xytyztxz, PU,1,1),v = 2i+j—k 

10. f(x,y,z), =x? + y2+ 22, P(1,2,—1),v =i- 2j + 3k 
11. A(x, y,z) = xarctanyz, P(4, 1,1), v = (1,2, -1) 

12. h(x, y, z) = xyz, P(2, 1, 1), v = (2, 1, 2) 


In Exercises 13-16, find the directional derivative of the 
function in the direction of u = cos 0i + sin 0j. 


13. f(x,y) =x? +y? O= a 
y T 
14. Tenma py a= 6 
15. f(x,y) = sin(2x — y), @= 3 
2 
16. g(x, y) = xe’, O= os 


In Exercises 17-20, find the directional derivative of the 
function at P in the direction of Q. 


17. f(x,y) =x? + 4y?, P(3, 1), QU, —-1) 


18. f(x,y) = cos(x + y), P(0, 7), (3 o) 


19. h(x, y, z) = nœ + y +z), P(1, 0,0), Q(4, 3, 1) 
20. g(x, y, z) = xye*, P(2, 4, 0), Q(0, 0, 0) 


In Exercises 21-26, find the gradient of the function at the given 
point. 

21. f(x,y) = 3x — 5y? + 10, (2,1) 

22. g(x, y) = 2xe/*, (2,0) 

23. z = cos(x? + y?), (3, —4) 

24. z = In(x? — y), (2,3) 

25. w = 3x?y — 5yz + z?, (1,1, —2) 

26. w = xtan(y + z), (4,3, —1) 


In Exercises 27-30, use the gradient to find the directional 
derivative of the function at P in the direction of Q. 


27. g(x,y) =x? +y? +1, P(1,2), Q(3,6) 
28. f(x,y) = 3x? — y? + 4, P(3,1), OU, 8) 
29. f(x,y) = e™*cosy, P(0,0), Q(2, 1) 


30. f(x,y) = sin2x cosy, P(0, 0), oF, n) 


In Exercises 31-38, find the gradient of the function and the 
maximum value of the directional derivative at the given point. 


Function Point 
31. A(x, y) = x tan y (2, z) 
32. h(x, y) = y cos(x — y) (0 z) 
33. g(x, y) = In Vx? + y? (1, 2) 
34. g(x, y) = ye” (0, 5) 
35. f(x,y,z) = Vx +y? +z? (1, 4, 2) 

1 

36. w = 0, 0, 0 

Me ep ae e 
37. f(x,y, z) = xe” (2,0, — 4) 
38. w = xy?z? (2, 1, 1) 


In Exercises 39-46, use the function 


perit 


39. Sketch the graph of f in the first octant and plot the point 
(3, 2, 1) on the surface. 
40. Find D, f(3, 2), where u = cos ĝi + sinj. 
T 27 
(a) 0= r (b) 0= 3 
41. Find D, f(3, 2), where u = cos 0i + sin@j. 


_ 4a -T 
w = (b) 0 A 


42. Find D, f(3, 2), where u = Di 


[vll 
(a) v=itj (b) v= —3i - 4j 
43. Find D, f(3, 2), where u = Ive 
(a) v is the vector from (1, 2) to (—2, 6). 
(b) v is the vector from (3, 2) to (4, 5). 
44. Find Vf(x, y). 
45. Find the maximum value of the directional derivative at (3, 2). 


46. Find a unit vector u orthogonal to Vf(3,2) and calculate 
D,,f(3, 2). Discuss the geometric meaning of the result. 


In Exercises 47—50, use the function 

f(x,y) =9-—x? - y? 

47. Sketch the graph of f in the first octant and plot the point 
(1, 2, 4) on the surface. 

48. Find D, f(1, 2), where u = cos ĝi + sin 0j. 


= =f 
(a) 0= 4 (b) 0 3 


49. Find Vf(1, 2) and ||Vf(1, 2)||. 


50. Find a unit vector u orthogonal to Vf(1,2) and calculate 
D, f(1, 2). Discuss the geometric meaning of the result. 


Investigation In Exercises 51 and 52, (a) use the graph to 
estimate the components of the vector in the direction of the 
maximum rate of increase in the function at the given point. (b) 
Find the gradient at the point and compare it with your 
estimate in part (a). (c) In what direction would the function be 
decreasing at the greatest rate? Explain. 


51. f(x, y) = W? — Bay + y), 52. flx, y) = vx, 
(1, 2) (1, 2) 


7 


2 
LO 
ed 
KE 
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ae 
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53. Investigation Consider the function 
fœ y) =x? = y? 
at the point (4, — 3, 7). 


(a) Use a computer algebra system to graph the surface 
represented by the function. 

(b) Determine the directional derivative D„f(4,—3) as a 
function of 0, where u = cos 0i + sin 0j. Use a computer 
algebra system to graph the function on the interval [0, 277). 

(c) Approximate the zeros of the function in part (b) and 
interpret each in the context of the problem. 

(d) Approximate the critical numbers of the function in part (b) 
and interpret each in the context of the problem. 


(e 


<~ 


Find ||Vf(4, —3)|| and explain its relationship to your 
answers in part (d). 


(£) Use a computer algebra system to graph the level curve 
of the function f at the level c = 7. On this curve, graph 
the vector in the direction of Vf(4,—3), and state its 
relationship to the level curve. 
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nvestigation e figure 
function 


= 8y 
fey) = 1+ x? + y? 


at the level c = 2. 


| | | | 
T T T [=A 


=2 =1 1 2 


(a) Analytically verify that the curve is a circle. 


(b) At the point (3, 2) on the level curve, sketch the vector 
showing the direction of the greatest rate of increase of the 
function. (To print an enlarged copy of the graph, select the 
MathGraph button.) 

(c) At the point (V3, 2) on the level curve, sketch the vector 
such that the directional derivative is 0. 

(d) Use a computer algebra system to graph the surface to 
verify your answers in parts (a)—(c). 


In Exercises 55-58, find a normal vector to the level curve 
S(x,y) =c at P. 


55. f(x,y) = x? + y? 56. f(x, y) = 6 — 2x — 3y 
c=25, P(3,4) c=6, P(0,0) 
X 
57. f(x,y) = gag 58. f(x,y) = xy 
c=}, P(1,1) c= —3, P(-1,3) 


In Exercises 59—62, use the gradient to find a unit normal vector 
to the graph of the equation at the given point. Sketch your 
results. 

59. 4x? — y = 6, (2, 10) 

61. 9x? + 4y? = 40, (2, —1) 


60. 3x? — 2y? = 1, (1,1) 
62. xæ — y = 5, (5,0) 


63. Temperature Distribution The temperature at the point (x, y) 
on a metal plate is 


eee: 
x2 + y? 


Find the direction of greatest increase in heat from the point 
(3, 4). 

64. Topography The surface of a mountain is modeled by the 
equation h(x, y) = 5000 — 0.001x? — 0.004y?. A mountain 
climber is at the point (500, 300, 4390). In what direction 
should the climber move in order to ascend at the greatest rate? 
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Writing About Concepts 


. Define the derivative of the function z = f(x,y) in the 
direction u = cos 6i + sin 6j. 


. In your own words, give a geometric description of the 
directional derivative of z = f(x, y). 


. Write a paragraph describing the directional derivative 
of the function f in the direction u = cos 6i + sin 0j when 
(a) 0 = 0° and (b) 6 = 90°. 

. Define the gradient of a function of two variables. State the 
properties of the gradient. 


. Sketch the graph of a surface and select a point P on the 
surface. Sketch a vector in the xy-plane giving the direction 
of steepest ascent on the surface at P. 


. Describe the relationship of the gradient to the level curves 
of a surface given by z = f(x, y). 


71. Topography The figure shows a topographic map carried by 
a group of hikers. Sketch the paths of steepest descent if 
the hikers start at point A and if they start at point B. (To 
print an enlarged copy of the graph, select the MathGraph 
button.) 


72. Meteorology Meteorologists measure the atmospheric 
pressure in units called millibars. From these observations they 
create weather maps on which the curves of equal atmospheric 
pressure (isobars) are drawn (see figure). These are level curves 
to the function P(x, y) yielding the pressure at any point. Sketch 
the gradients to the isobars at the points A, B, and C. Although 
the magnitudes of the gradients are unknown, their lengths 
relative to each other can be estimated. At which of the three 
points is the wind speed greatest if the speed increases as the 
pressure gradient increases? (To print an enlarged copy of the 
graph, select the MathGraph button.) 
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heat-seeking particle placed at point P on a metal plate with a 
temperature field T(x, y). 


Temperature Field Point 
73. T(x, y) = 400 — 2x? — y? P(10, 10) 
74. T(x, y) = 100 — x? — 2y? P(4, 3) 


75. Investigation A team of oceanographers is mapping the 
ocean floor to assist in the recovery of a sunken ship. Using 
sonar, they develop the model 


D = 250 + 30x? + 50sin >, OSx<2,0<ys2 


where D is the depth in meters, and x and y are the distances in 
kilometers. 


(a) Use a computer algebra system to graph the surface. 


(b) Because the graph in part (a) is showing depth, it is not a 
map of the ocean floor. How could the model be changed 
so that the graph of the ocean floor could be obtained? 


(c) What is the depth of the ship if it is located at the 
coordinates x = 1 and y = 0.5? 


(d) Determine the steepness of the ocean floor in the positive 
x-direction from the position of the ship. 


(e) Determine the steepness of the ocean floor in the positive 
y-direction from the position of the ship. 


(f) Determine the direction of the greatest rate of change of 
depth from the position of the ship. 


76. Temperature The temperature at the point (x, y) on a metal 
plate is modeled by 
T(x, y) = 400e70°+»)/2, x = 0,y = O. 
(a) Use a computer algebra system to graph the temperature 
distribution function. 


(b) Find the directions of no change in heat on the plate from 
the point (3, 5). 


(c) Find the direction of greatest increase in heat from the point 
(3, 5). 


True or False? In Exercises 77-80, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


77. If f(x,y) = V1 — x? — y?, then D, f(0, 0) = 0 for any unit 


vector u. 
78. If f(x,y) =x + y, then —1 < D, f(x,y) < 1. 
79. If D, f(x, y) exists, then D, f(x, y) = —D_, f(x, y). 
80. If D, f(x. Yo) = c for any unit vector u, then c = 0. 
81. Find a function f such that 


Vf = e* cos yi — e* sin yj + zk. 
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Section 13.7 Tangent Planes and Normal Lines 


Billiard Balls and Normal Lines 

In each of the three figures below, 
the cue ball is about to strike a 
stationary ball at point P. Explain 
how you can use the normal line to 
the stationary ball at point P to 
describe the resulting motion of each 
of the two balls. Assuming that each 
cue ball has the same speed, which 
stationary ball will acquire the 
greatest speed? Which will acquire 
the least? Explain your reasoning. 


Normal line Sy) 
to stationary Ny 
ball at point P 
Moving 
Me cue ball 
ie 
G Stationary 
Da ball 
Normal line 


to stationary 


2 1 Moving 
g cue ball 
A Stationary 
á ball 
Normal line ee 
to stationary we 
ball at \ B si 
ö Moving 
Stationary cue ball 
ball 


e Find equations of tangent planes and normal lines to surfaces. 
e Find the angle of inclination of a plane in space. 
e Compare the gradients Vf(x, y) and VF(x, y, z). 


Tangent Plane and Normal Line to a Surface 
So far you have represented surfaces in space primarily by equations of the form 
z = f(x, y). 


In the development to follow, however, it is convenient to use the more general repre- 
sentation F(x, y, z) = 0. For a surface S given by z = f(x, y), you can convert to the 
general form by defining F as 


F(x, y, z) = f, y) — 
Because f(x, y) — z = 0, you can consider S to be the level surface of F given by 


F(x, y, z) = 0. 


Equation of a surface S 


Alternative equation of surface S 


EXAMPLE | Writing an Equation of a Surface 


For the function given by 
F(x, y,z) = x? + y? + 22-4 


describe the level surface given by F(x, y, z) = 0. 


Solution The level surface given by F(x, y, z) = 0 can be written as 
rty+7=4 
which is a sphere of radius 2 whose center is at the origin. 

You have seen many examples of the usefulness of normal lines in applications 
involving curves. Normal lines are equally important in analyzing surfaces and solids. 
For example, consider the collision of two billiard balls. When a stationary ball is 
struck at a point P on its surface, it moves along the line of impact determined by P 
and the center of the ball. The impact can occur in two ways. If the cue ball is moving 
along the line of impact, it stops dead and imparts all of its momentum to the 
stationary ball, as shown in Figure 13.54. If the cue ball is not moving along the line 
of impact, it is deflected to one side or the other and retains part of its momentum. 
That part of the momentum that is transferred to the stationary ball occurs along the 


line of impact, regardless of the direction of the cue ball, as shown in Figure 13.55. 
This line of impact is called the normal line to the surface of the ball at the point P. 


“Line of A 
Line of 


impact 3 a E 
Si Line of ¿f j impact © © 


impact, ™ 


Figure 13.54 


| Animation | 


Figure 13.55 


[Animation | 
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In the process of finding a normal line to a surface, you are also able to solve the 
problem of finding a tangent plane to the surface. Let S be a surface given by 


F(x, y,z) = 0 


and let P(xo, Yo» Zo) be a point on S. Let C be a curve on S through P that is defined by 
the vector-valued function 


r( = xdi + y(Oj + chk. 
Then, for all z, 
F(x(t), y(t), z0) = 0. 


Surface S: If F is differentiable and x’(t), y’(t), and z’(t) all exist, it follows from the Chain Rule 
that 


0 = F(t) 
= F(x, y, 2)x’(t) + Fs y, Zy (t) + F(x, y, z)z(2). 
At (xo, Yo, Zo), the equivalent vector form is 


0 = VF(%9, Yo Zo) © F’ (to): 
% ie a 


a 


Gradient Tangent 
vector 


This result means that the gradient at P is orthogonal to the tangent vector of every 
Tangent plane to surface S at P curve on S through P. So, all tangent lines on S lie in a plane that is normal to 
Figure 13.56 VF (Xo, Yo» Zo) and contains P, as shown in Figure 13.56. 


[Rotatable Graph | 


Definition of Tangent Plane and Normal Line 


Let F be differentiable at the point P(x, yo, Zo) on the surface S given by 
F(x, y, z) = 0 such that VF (Xp, Yo, Zo) ¥ 0. 


1. The plane through P that is normal to VF (Xp, Yo, Zo) is called the tangent 
plane to S at P. 


2. The line through P having the direction of VF(X, yo, Zo) is called the normal 
line to S at P. 


NOTE In the remainder of this section, assume VF (Xo, Yo; Zo) to be nonzero unless stated 
otherwise. 


To find an equation for the tangent plane to S at (x9, Yo, Zo), let (x, y, z) be an 
arbitrary point in the tangent plane. Then the vector 


y= (x = Xo)i + (y ag YJ +z- Zok 


lies in the tangent plane. Because VF(xp, yo, Zo) is normal to the tangent plane at 
(Xo. Yo» Zo), it must be orthogonal to every vector in the tangent plane, and you have 
VFX; Yo» Zo) © V = 0, which leads to the following theorem. 


THEOREM 13.13 Equation of Tangent Plane 


If F is differentiable at (xo, yo, Zo), then an equation of the tangent plane to the 
surface given by F(x, y, z) = 0 at (Xp, Yo» Zo) is 


F (xo Yo Zo (x E Xo) T F (xo Yo z9 5 Yo) + F (xo Yo Zo) (z = Zo) =0. 


VF(, -1, 4) 


Tangent plane to surface 
Figure 13.57 


| Rotatable Graph | 
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EXAMPLE 2. Finding an Equation of a Tangent Plane 


Find an equation of the tangent plane to the hyperboloid given by 
z? — 2x? — 2y? = 12 
at the point (1, — 1, 4). 


Solution Begin by writing the equation of the surface as 
z= 2x7 — 2y?- 12 =0. 
Then, considering 
F(x, y, 2) = z2? — 2x2 — 2y? — 12 
you have 
F (x, y, 2) = —4x, F (x,y,z) = —4y, and F (x,y,z) = 2z. 
At the point (1, — 1, 4) the partial derivatives are 
F(1,—1,4) = —4, F, —1,4)=4, and F(1, —1,4) = 8. 
So, an equation of the tangent plane at (1, — 1, 4) is 
—4(x — 1)+4(y + 1) + 8z- 4) = 0 
-4x +4 + 4y +44 8 -32=0 
-4x + 4y + 82-24 =0 
x-y-—2z+6=0. 


Figure 13.57 shows a portion of the hyperboloid and tangent plane. e 
a (Eee 
TECHNOLOGY Some three-dimensional graphing utilities are capable of 
graphing tangent planes to surfaces. Two examples are shown below. 


E xD 
SEE ae can 


Generated by Mathematica x Generated by Mathematica 


Sphere: x? + y? + 2 = 1 Paraboloid: z = 2 — x? — y? 
[y c 
To find the equation of the tangent plane at a point on a surface given by 


z = f(x, y), you can define the function F by 


F(x, y, z) = f(x, y) =i 


Then S is given by the level surface F(x, y, z) = 0, and by Theorem 13.13 an equation 
of the tangent plane to S at the point (Xp, Yo» Zo) is 


Fo Yo) = xo) aie VO =o) = (a = a) = ©. 
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EXAMPLE 3 Finding an Equation of the Tangent Plane 
Find the equation of the tangent plane to the paraboloid 
1 
— — — (x2 + 4 2. 
z=1 i0 (x y?) 
at the point (1, 1, 2). 


Solution From z = f(x, y) = 1 — $x? + 4y?), you obtain 


1 

key=-— æ LL 1) = -3 
and 

8 =A 


So, an equation of the tangent plane at (1, i; 5) is 


je S E =) (z z 2) -0 


1 4 1 
-i@-1) -49--(c-4)=0 
1 4 3 
-ox-sy-ztisg 
5X BY ET 0 
Figure 13.58 This tangent plane is shown in Figure 13.58. = 


m [ty re | (Eplorationa | 
The gradient VF(x, y, z) gives a convenient way to find equations of normal lines, 


as shown in Example 4. 


EXAMPLE 4 Finding an Equation of a Normal Line to a Surface 


Find a set of symmetric equations for the normal line to the surface given by xyz = 12 
at the point (2, —2, — 3). 
Solution Begin by letting 
Surface: xyz = 12 F(x, y, z) = xyz — 12. 
Then, the gradient is given by 
VEC, y, 2) = Fix y, di + FG, y, 2) + FG, y, ok 
= yzi + xzj + xyk 
and at the point (2, —2, — 3) you have 
VFR, —2,.=3) = (F23) + @-3)i+ @(-2k 
= 6i — 6j — 4k. 


The normal line at (2, —2, — 3) has direction numbers 6, — 6, and — 4, and the corre- 
sponding set of symmetric equations is 


x-2 yt2 zZzt3 
VF(2, -2, -3) 6 —6 = 


Figure 13.59 See Figure 13.59. —a 


Ellipsoid: x? + 2y? + 2z? = 20 
z (0, 1,3) 
Tangent line 


Paraboloid: x? + y? +z =4 


Figure 13.60 


| Rotatable Graph | 
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Knowing that the gradient VF(x, y,z) is normal to the surface given by 
F(x, y, z) = 0 allows you to solve a variety of problems dealing with surfaces and 
curves in space. 


EXAMPLE 5 Finding the Equation of a Tangent Line to a Curve 


Describe the tangent line to the curve of intersection of the surfaces 
x? + 2y? + 22? = 20 Ellipsoid 
erty+z=4 Paraboloid 


at the point (0, 1, 3), as shown in Figure 13.60. 


Solution Begin by finding the gradients to both surfaces at the point (0, 1, 3). 


Ellipsoid Paraboloid 

F(x, y, z) = x? + 2y? + 2z? — 20 G(x, y, z) =x? +y? +z- 4 
VF(x, y, z) = 2xi + 4yj + 4zk VG(x, y, z) = 2xi + 2yj + k 
VF(O, 1,3) = 4j + 12k VG(0, 1,3) = 2j + k 


The cross product of these two gradients is a vector that is tangent to both surfaces at 
the point (0, 1, 3). 


i j k 
VF(0, 1,3) x VG(0,1,3)=|0 4 12|= —20i. 
Oo 2 1 


So, the tangent line to the curve of intersection of the two surfaces at the point (0, 1, 3) 
is a line that is parallel to the x-axis and passes through the point (0, 1, 3). === 


[try te] [Explorations] 
The Angle of Inclination of a Plane 


Another use of the gradient VF(x, y, z) is to determine the angle of inclination of the 
tangent plane to a surface. The angle of inclination of a plane is defined to be the 
angle 0 (0 < 0 < 7/2) between the given plane and the xy-plane, as shown in Figure 
13.61. (The angle of inclination of a horizontal plane is defined to be zero.) Because 
the vector k is normal to the xy-plane, you can use the formula for the cosine of the 
angle between two planes (given in Section 11.5) to conclude that the angle of 
inclination of a plane with normal vector n is given by 


0 eee Angle of inclination of a pl 
COS 0 = = 3 ngle of inclination of a plane 
lali lik] fn 
Plane 


a 


The angle of inclination 
Figure 13.61 


[Rotatable Graph | 
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EXAMPLE 6 Finding the Angle of Inclination of a Tangent Plane 


Find the angle of inclination of the tangent plane to the ellipsoid given by 
2 y 
+=. + 
12 12 


2 
=> — 1 
3 
at the point (2, 2, 1). 
Solution If you let 
2 2 
Poy) oe a ge 


the gradient of F at the point (2, 2, 1) is given by 


Kee Vaa 22 
=Ži+Žj+% 
VF(x, y, z) git eits k 
1 1 2 
= i+ -j+<k. 

VF(2, 2, 1) git 3i 3k 


z 
| /VF(2,2, 1 
skizz ( ) 
wy 


Because VF(2, 2, 1) is normal to the tangent plane and k is normal to the xy-plane, it 
follows that the angle of inclination of the tangent plane is given by 


p- [VF(2,2,1) + kl 2/3 < 
cos 0 = = = 
[VFR 2, D] YU/3)? + (173)? + 2/3) 3 
which implies that 
x2 y z B 2 E 
pipaa. 0 = arccos 3 35.3", 
Figure 13.62 as shown in Figure 13.62. = 
a [mye] [Eporaiona] 
NOTE A special case of the procedure shown in Example 6 is worth noting. The angle of 
inclination 0 of the tangent plane to the surface z = f(x, y) at (Xp, Yọ Zo) is given by 


Ellipsoid: 


1 Alternative formula for angle of 
2 2 ` inclination (See Exercise 64.) 
[fo Yo]? + LEE Yo]? + 1 


cos 0 = 


A Comparison of the Gradients Vf(x, y) and VF(x, y, z) 


This section concludes with a comparison of the gradients Vf(x, y) and VF(x, y, z). 
In the preceding section, you saw that the gradient of a function f of two variables is 
normal to the level curves of f. Specifically, Theorem 13.12 states that if f is 
differentiable at (xo, Yọ) and Vf(xo, Yo) # 0, then Vf(xp, yo) is normal to the level curve 
through (x, yo). Having developed normal lines to surfaces, you can now extend this 
result to a function of three variables. The proof of Theorem 13.14 is left as an 
exercise (see Exercise 63). 


THEOREM 13.14 Gradient Is Normal to Level Surfaces 


If F is differentiable at (xp, Yo» Zo) and VF (Xp, Yo, Zo) # 0, then VF (Xp, Yo» Zo) is 
normal to the level surface through (xo, Yo» Zo): 


When working with the gradients Vf(x, y) and VF(x, y, z), be sure you remember 
that V(x, y) is a vector in the xy-plane and VF(x, y, z) is a vector in space. 


Exercises for Section 13.7 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1—4, describe the level surface F(x, y, z) = 0. 


1. F(x, y, z) = 3x — 5y + 3z — 15 
2, Fyz) =H + yy? + 2? — 25 
3. F(x, y, z) = 4x? + 9y? — 42? 

4. F(x, y, z) = 16x? — 9y? + 144z 


In Exercises 5-14, find a unit normal vector to the surface 
at the given point. [Hint: Normalize the gradient vector 
VF (x, y, z).] 


Surface Point 

5 x+y+z=4 (2, 0, 2) 

6. x? +y? +z? = 11 (3, 1, 1) 

T2=J/x2 + y? (3, 4, 5) 

8 2=x3 (2, 1, 8) 

9. x?y4-z=0 (1, 2, 16) 
10. x? + 3y + = (2, =1,2) 
1. m( x ) =0 (1, 4, 3) 

y= z 
12. z” —3 =0 (2, 2, 3) 
13. z — xsiny = 4 (6.2.7) 
14. sin(x — y) -z=2 g y -3) 
; y =z 3°62 


In Exercises 15-18, find an equation of the tangent plane to the 
surface at the given point. 


15. z = 25 — x2 — y? 16. f(x,y) = F 
(3,1,15) (1, 2, 2) 

4 1 

as 107 

G3, 1, 15) aT, 

ot 

jl 


18. g(x, y) = arctan ~ 


(1, 0, 0) 


In Exercises 19-28, find an equation of the tangent plane to the 
surface at the given point. 


19. g(x,y) =x? -y?, (5,4, 9) 
20. f(x,y) =2-Fe-y, B-1,) 


21. z = e(siny + 1), (0.2 2) 


7 
22. z=x?—-2xy+y*%, 21) 

23. h(x, y) = In Vx + y”, (3,4, In 5) 
m x2) 

"4" 2 

25. x? + 4y? +z? = 36, (2, —2,4) 
26. x? + 227 = y?, (1,3, —2) 

27. xy? + 3x — z? = 4, (2,1, -2) 
28. x = y(2z — 3), (4,4, 2) 


24. h(x, y) = cos y, (s 


In Exercises 29-34, find an equation of the tangent plane and 
find symmetric equations of the normal line to the surface at the 
given point. 

29. x? +y? +z=9, (1,2,4) 

30. x2 + y? + 227=9, (1,2,2) 

31. xy -—z=0, (—2, -3,6) 

32. x? -y?+22=0, (5,13, —12) 


33. z = arctan y (1 1, z) 
x 4 


34. xyz = 10, (1, 2,5) 
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35. Investigation Consider the function ) 
4xy 46. z =x? +y”, x+y +6z= 33, (1,2,5) 
PO) = BETO? D 


47. Consider the functions 


the intervals —2 < x < 2and0 < y < 3. 
on the intervals x an y (6.3) 3b A al vey = 0rd a 


(a) Find a set of parametric equations of the normal line and an 


equation of the tangent plane to the surface at the point (a) Find a set of parametric equations of the tangent line to the 
(i, 1, 1). curve of intersection of the surfaces at the point (1, 2, 4), 
(b) Repeat part (a) for the point (= 1.2 —4) and find the angle between the gradient vectors. 
s4, T5) 
fp (b) Use a computer algebra system to graph the surfaces. 


(c) Use a computer algebra system to graph the surface, the nor- : ° 
mal lines, and the tangent planes found in parts (a) and (b). Graph the tangent line found in part (a). 


(d) Use analytic and graphical analysis to write a brief descrip- 48. Consider the functions 


tion of the surface at the two indicated points. f(x,y) = V16 = x2 — y? + 2x — 4y 


36. Investigation Consider the function i 
ani 


iy 
f(x,y) = x 


g(x, y) 2 1 — 3x? + y? + 6x + Ay. 


the intervals —3 < x < 3and0 < y < 27. 
pean EUN * o y ý Py (a) Use a computer algebra system to graph the first-octant 


(a) Find a set of parametric equations of the normal line and an portion of the surfaces represented by f and g. 


equation of the tangent plane to the surface at the point . . . . 
(b) Find one first-octant point on the curve of intersection and 


(2. L a show that the surfaces are orthogonal at this point. 
ai (c) These surfaces are orthogonal along the curve of intersec- 
(b) Repeat part (a) for the point (-2, Z 3), tion. Does part (b) prove this fact? Explain. 
(c) Use a computer algebra system to graph the surface, the nor- In Exercises 49-52, find the angle of inclination 0 of the tangent 
mal lines, and the tangent planes found in parts (a) and (b). plane to the surface at the given point. 
(d) Use analytic and graphical analysis to write a brief descrip- 49, 3x24 2y?-—7=15, (2,2,5) 


tion of the surface at the two indicated points. 
50. 2xy — z = 0, (2,2, 2) 


51. x2- y2 +z=0, (1,2,3) 


Writing About Concepts 


52. x y= 5, (2,13) 
. Consider the function F(x, y, z) = 0, which is differentiable 
at P(Xp, Yo» Zo). Give the definition of the tangent plane at P In Exercises 53 and 54, find the point on the surface where the 
and the normal line at P. tangent plane is horizontal. Use a computer algebra system to 
. Give the standard form of the equation of the tangent plane graph the surface and the horizontal tangent plane. Describe 
to a surface given by F(x, y, z) = 0 at (Xo, Yo Zo). the surface where the tangent plane is horizontal. 
. For some surfaces, the normal lines at any point pass 53. z = 3 — x? — y2 + 6y 


through the same geometric object. What is the common 
geometric object for a sphere? What is the common 
geometric object for a right circular cylinder? Explain. 


54. z = 3x? + 2y? — 3x + 4y- 5 


Heat-Seeking Path In Exercises 55 and 56, find the path of a 
heat-seeking particle placed at the given point in space with a 
temperature field T(x, y, z). 


. Discuss the relationship between the tangent plane to a 
surface and approximation by differentials. 


55. T(x, y, z) = 400 — 2x? — y2 — 4z? (4,3,10) 


In Exercises 41-46, (a) find symmetric equations of the tangent 56. T(x, y, z) = 100 — 3x — y — z?, (2,2,5) 
line to the curve of intersection of the surfaces at the given 
point, and (b) find the cosine of the angle between the gradient In Exercises 57 and 58, show that the tangent plane to the 
vectors at this point. State whether or not the surfaces are quadric surface at the point (xo, Yos Zo) can be written in the 
orthogonal at the point of intersection. given form. 
41. x2 +y2=5, z=x, (2,1,2) te ne 
. 57. Ellipsoid: 5 +% +% =1 
42. z=x? +y% z=4-y, (2,-1,5) a b c 
43. x? +z? =25, y? +z? =25, (3,3,4) XoX yoy , ZZ _ 


Plane: —> + => + 1 


44. z = Vx? + y?, 5x — 2y + 3z = 22, (3,4,5) a b g 


58. 


59. 


60. 


61. 


63. 
64. 


2 2 2 
Hyperboloid: = +t z = =1 
_ Xox , Voy ZoZ _ 
Plane: wp a”! 
Show that any tangent plane to the cone 


z2 = ax? + by? 


passes through the origin. 


Let f be a differentiable function and consider the surface 
z = xf(y/x). Show that the tangent plane at any point 
P(Xo; Yo» Zo) On the surface passes through the origin. 


Approximation Consider the following approximations for a 
function f(x, y) centered at (0, 0). 


Linear approximation: 
P(x, y) = f(0, 0) vy. f,(0, 0)x zg f(O, O)y 
Quadratic approximation: 


P(x, y) = f(0, 0) ae f(O, 0)x alr, £0, O)y F 
3 fa (0, 0)x? + £ (0, 0)xy + 3 £, (0, Oy? 


[Note that the linear approximation is the tangent plane to the 

surface at (0, 0, f(0, 0)).] 

(a) Find the linear approximation of f(x, y) = e™=» centered 
at (0, 0). 

(b) Find the quadratic approximation of f(x,y) = e&~») 
centered at (0, 0). 


(c) If x = 0 in the quadratic approximation, you obtain the 
second-degree Taylor polynomial for what function? 
Answer the same question for y = 0. 


(d) Complete the table. 


x y | fy) | Pi, y) | Po(x,y) 
0 

o | 01 

0.2 | 0.1 

0.2 | 0.5 

1 | 05 


(e) Use a computer algebra system to graph the surfaces 
z= f(x, y), = P(x, y), and a= P (x, y). 


. Approximation Repeat Exercise 61 for the function 


f(x,y) = cos(x + y). 
Prove Theorem 13.14. 
Prove that the angle of inclination 0 of the tangent plane to the 
surface z = f(x, y) at the point (Xp, Yo» Zo) is given by 
1 
[Loma + (Gaal = 1 


cos 0 = 


w Experienced writers 


© On-time delivery 


) 100% plagiarism free 


w Experienced writers 


©On-t del 
952 CHAPTER 13 Functions of Several Variables Seige aang ae 


) 100% plagiarism free 


Section 13.8 Extrema of Functions of Two Variables 


e Find absolute and relative extrema of a function of two variables. 
e Use the Second Partials Test to find relative extrema of a function of two variables. 


Absolute Extrema and Relative Extrema 


Salta: In Chapter 3, you studied techniques for finding the extreme values of a function of a 
z=fl y) i single variable. In this section, you will extend these techniques to functions of two 
i variables. For example, in Theorem 13.15 the Extreme Value Theorem for a function 

Maximum | 


of a single variable is extended to a function of two variables. 


Minimum 
\ i Consider the continuous function f of two variables, defined on a closed bounded 
| =~ region R. The values f(a, b) and f(c, d) such that 


# 


i r e: i fla, b) < fx, y)< fle, d) (a, b) and (c, d) are in R. 
T | on" y for all (x, y) in R are called the minimum and maximum of f in the region R, as 
4 f ° : shown in Figure 13.63. Recall from Section 13.2 that a region in the plane is closed if 
i DY it contains all of its boundary points. The Extreme Value Theorem deals with a region 
e 


Closed bounded in the plane that is both closed and bounded. A region in the plane is called bounded 
region R ree : sia 

if it is a subregion of a closed disk in the plane. 
R contains point(s) at which f(x, y) isa 
minimum and point(s) at which f(x, y) is a 
maximum. THEOREM 13.15 Extreme Value Theorem 


Figure 13.63 
Let f be a continuous function of two variables x and y defined on a closed 


— ~ é i 
| Rotatable Graph || bounded region R in the xy-plane. 


1. There is at least one point in R where f takes on a minimum value. 


2. There is at least one point in R where f takes on a maximum value. 


A minimun is also called an absolute minimum and a maximum is also called 
an absolute maximum. As in single-variable calculus, there is a distinction made 
between absolute extrema and relative extrema. 


Definition of Relative Extrema 
Let f be a function defined on a region R containing (Xp, yo). 
1. The function f has a relative minimum at (Xp, Yọ) if 


f(x, y) 2 F(X Yo) 


for all (x, y) in an open disk containing (xp, yo). 


2. The function f has a relative maximum at (Xp, yo) if 


rice y) = Fo Yo) 


5 for all (x, y) in an open disk containing (xo, yo). 


x 


Relative extrema 
Figure 13.64 


| Rotaable Graph | 


To say that f has a relative maximum at (xg, yo) means that the point (xo, yo; Zo) is 
at least as high as all nearby points on the graph of z = f(x, y). Similarly, f has a 
relative minimum at (Xo, Yo) if (Xo, Yo» Zo) is at least as low as all nearby points on the 
graph. (See Figure 13.64.) 
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To locate relative extrema of f, you can investigate the points at which the 

Kari WEIERSTRASS (1815-1897) gradient of f is 0 or the points at which one of the partial derivatives does not exist. 
Although the Extreme Value Theorem had Such points are called critical points of f. 

been used by earlier mathematicians, the first 

to provide a rigorous proof was the German 


mathematician Karl Weierstrass. Weierstrass Definition of Critical Point 

also provided rigorous justifications for many 

other mathematical results already in common Let f be defined on an open region R containing (Xo, Yo). The point (Xo, Yo) isa 
use. We are indebted to him for much of the critical point of f if one of the following is true. 


logical foundation on which modern calculus 
is built. 


MathBio 


1. f(x, Yo) = 0 and f(x, Yo) = 0 
2. (Xo, Yo) Or f Xo» Yo) does not exist. 


Recall from Theorem 13.11 that if f is differentiable and 


Vf (Xo Yo) = fo, Yoli + Ee yo 
= Oi + Oj 


then every directional derivative at (xp, Yọ) must be 0. This implies that the function 
has a horizontal tangent plane at the point (Xp, Yọ), as shown in Figure 13.65. It appears 
that such a point is a likely location of a relative extremum. This is confirmed by 
Theorem 13.16. 


Surface: z Surface: 


z =f, y) 


Go Yo» Zo) 


x 


Relative maximum Relative minimum 
[Rotatable Graph | [Rotatable Graph | 


Figure 13.65 


THEOREM 13.16 Relative Extrema Occur Only at Critical Points 


If f has a relative extremum at (Xp, yo) on an open region R, then (xo, yo) is a 
critical point of f. 


Use a graphing utility to graph 


ye 


using the bounds 0 < x < 3, 0< y < 3, and 
—3 < z < 3. This view makes it appear as though 
the surface has an absolute minimum. But does it? 
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EXAMPLE | Finding a Relative Extremum 


Determine the relative extrema of 


Surface: f(x, y) = 2x? + y? + 8x — 6y + 20. 
f(x, y) = 2x? + y? + 8x — 6y + 20 
z Solution Begin by finding the critical points of f. Because 


fa, y)=4x4+8 Partial with respect to x 
and 
fx, y =2y-6 Partial with respect to y 


are defined for all x and y, the only critical points are those for which both first partial 
derivatives are 0. To locate these points, let f,(x, y) and f(x, y) be 0, and solve the 
equations 


4x+8=0 and 2y-6=0 


to obtain the critical point (—2, 3). By completing the square, you can conclude that 
for all (x, y) # (—2, 3) 


f(x, y) = 2 + 2)? + (y — 3)? + 3 > 3. 


The function z = f(x, y) has a relative 


minimum at (— 2, 3). So, a relative minimum of f occurs at (—2, 3). The value of the relative minimum 
Figure 13.66 is f(—2, 3) = 3, as shown in Figure 13.66. == < 
| a) | 

| Rotatable raph | Example | shows a relative minimum occurring at one type of critical point—the 


type for which both f,(x, y) and f,(x, y) are 0. The next example concerns a relative 
maximum that occurs at the other type of critical point—the type for which either 
f(x, y) or f(x, y) does not exist. 


EXAMPLE 2 Finding a Relative Extremum 


Determine the relative extrema of f(x, y) = 1 — (x2 + y?)!/3, 


Solution Because 


2x 
fx, y) 302 Ae y)2/3 


Partial with respect to x 


Surface: 
Ieo y) =1-— Ge E ye and 

2y 
fy) = 3(x2 + 2/3 


Partial with respect to y 


i JOAD 


it follows that both partial derivatives exist for all points in the xy-plane except for 
(0, 0). Moreover, because the partial derivatives cannot both be 0 unless both x and y 
are 0, you can conclude that (0, 0) is the only critical point. In Figure 13.67, note that 
f (0, 0) is 1. For all other (x, y) it is clear that 


fey) = 1S Gey) <1, 


f(x, y) and f,(x, y) are undefined at (0, 0). 
Figure 13.67 


| Rotatable Graph | 


So, f has a relative maximum at (0, 0). —— 
[try te] [Eelerationa) 
NOTE In Example 2, f(x, y) = 0 for every point on the y-axis other than (0, 0). However, 


because A y) is nonzero, these are not critical points. Remember that one of the partials must 
not exist or both must be 0 in order to yield a critical point. 
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Foo eee The Second Partials Test 


Theorem 13.16 tells you that to find relative extrema you need only examine values 
of f(x, y) at critical points. However, as is true for a function of one variable, the 
critical points of a function of two variables do not always yield relative maxima or 
minima. Some critical points yield saddle points, which are neither relative maxima 
nor relative minima. 
As an example of a critical point that does not yield a relative extremum, consider 
y the surface given by 


f(x, y) = y? — x? Hyperbolic paraboloid 


as shown in Figure 13.68. At the point (0,0), both partial derivatives are 0. The 
function f does not, however, have a relative extremum at this point because in any 
open disk centered at (0,0) the function takes on both negative values (along the 
Saddle point at (0, 0, 0): x-axis) and positive values (along the y-axis). So, the point (0, 0, 0) is a saddle point 
£,(0,0) = f.(0,0) = 0 of the surface. (The term “saddle point” comes from the fact that the surface shown in 
Figure 13 68 Figure 13.68 resembles a saddle.) 
` For the functions in Examples 1 and 2, it was relatively easy to determine the 
relative extrema, because each function was either given, or able to be written, in 
completed square form. For more complicated functions, algebraic arguments are less 
convenient and it is better to rely on the analytic means presented in the following 
Second Partials Test. This is the two-variable counterpart of the Second Derivative 
Test for functions of one variable. The proof of this theorem is best left to a course in 
advanced calculus. 


THEOREM 13.17 Second Partials Test 


Let f have continuous second partial derivatives on an open region containing a 
point (a, b) for which 
fla, b) =0 and f(a, b) = 0. 


To test for relative extrema of f, consider the quantity 


d = f(a, b)f (a, b) — [f,(a, bP. 
1. Ifd > 0 and f(a, b) > 0, then f has a relative minimum at (a, b). 
2. Ifd > 0 and f(a, b) < 0, then f has a relative maximum at (a, b). 
3. Ifd < 0, then (a, b, f(a, b)) is a saddle point. 
4. The test is inconclusive if d = 0. 


NOTE Ifd > 0, then f(a, b) and fy (a, b) must have the same sign. This means that fa, b) 
can be replaced by f,,(a, b) in the first two parts of the test. 


A convenient device for remembering the formula for d in the Second Partials Test is 
given by the 2 x 2 determinant 


= fola; b) Pent b) 
f(a, b) f(a, b) 


where f(a, b) = f(a, b) by Theorem 13.3. 


d 
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Relative Saddle point 


maximum 


f y) =-x? +4xy -2y +1 


Figure 13.69 


2 


Ix=0, 
then f(x, y) = 0. 


x 


If y=0, 
then f(x, y) = 0. 


Figure 13.70 


| Rotatable Graph | 


EXAMPLE 3 Using the Second Partials Test 
Find the relative extrema of f(x, y) = —x3 + 4xy — 2y? + 1. 


Solution Begin by finding the critical points of f. Because 
f(x,y) = —3x7 + 4y and f(x,y) = 4x — 4y 


exist for all x and y, the only critical points are those for which both first partial 
derivatives are 0. To locate these points, let f(x,y) and f,(x,y) be 0 to obtain 
—3x? + 4y = 0 and 4x — 4y = 0. From the second equation you know that x = y, 
and, by substitution into the first equation, you obtain two solutions: y = x = 0 and 
y=x= t Because 

f(x, y) = -6x fya y) = 4, and f,,y) = 4 


it follows that, for the critical point (0, 0), 


d = f (0, 0)f,,(0, 0) — [£ (0, 0)]? = 0 — 16 < 0 


and, by the Second Partials Test, you can conclude that (0, 0, 1) is a saddle point of f. 
Furthermore, for the critical point A 3 : 


d= fol5.3) e 
= —8(—4) — 16 
= 16 
> 0 


and because FÉ, 4) = 


G, 4), as shown in Figure 13.69. 

[ Try te | 
The Second Partials Test can fail to find relative extrema in two ways. If either of 

the first partial derivatives does not exist, you cannot use the test. Also, if 


d = f (a, b)f,,(a, b) — [f,,(a, b)? = 0 


the test fails. In such cases, you can try a sketch or some other approach, as demon- 
strated in the next example. 


—8 < 0 you can conclude that f has a relative maximum at 


EXAMPLE 4 Failure of the Second Partials Test 
Find the relative extrema of f(x, y) = x?y?. 


Solution Because f(x, y) = 2xy? and f,(x, y) = 2xy, you know that both partial 
derivatives are 0 if x = 0 or y = 0. That is, every point along the x- or y-axis is a 
critical point. Moreover, because 


LAey= 2, fy) = 204. and 
you know that if either x = 0 or y = 0, then 


d = fo Why y) — Lys I 
= 4x?y? — 16x*y? = —12x?y?= 0. 


fry y) = Axy 


So, the Second Partials Test fails. However, because f(x, y) = 0 for every point along 
the x- or y-axis and f(x, y) = x?y? > 0 for all other points, you can conclude that each 
of these critical points yields an absolute minimum, as shown in Figure 13.70. 


[Try 1t_] [Exploration a | 
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Absolute extrema of a function can occur in two ways. First, some relative 
extrema also happen to be absolute extrema. For instance, in Example 1, f (—2, 3) is 
an absolute minimum of the function. (On the other hand, the relative maximum found 
in Example 3 is not an absolute maximum of the function.) Second, absolute extrema 
can occur at a boundary point of the domain. This is illustrated in Example 5. 


EXAMPLE 5 Finding Absolute Extrema 


R 7 z Find the absolute extrema of the function 
urface: 


f(x, y) = sin xy 


Absolute f, y) = sinxy 


minima 


1 
on the closed region given by O0 < x < mandO < y < 1. 
Absolute 


maxima Solution From the partial derivatives 


f(x,y) =ycosxy and f(x,y) = x cos xy 


you can see that each point lying on the hyperbola given by xy = 7/2 is a critical 
point. These points each yield the value 


T 
xy=4 
f(x,y) = sin= = 1 


j (a, 1) Domain: 2 
Absolute O<Sxsa which you know is the absolute maximum, as shown in Figure 13.71. The only other 
minima vee critical point of f lying in the given region is (0, 0). It yields an absolute minimum of 
Figure 13.71 0, because 


implies that 
0 < sinxy < 1. 


To locate other absolute extrema, you should consider the four boundaries of the 
region formed by taking traces with the vertical planes x = 0, x = m, y = 0, and 
y = 1. In doing this, you will find that sin xy = 0 at all points on the x-axis, at all 
points on the y-axis, and at the point (7r, 1). Each of these points yields an absolute 
minimum for the surface, as shown in Figure 13.71. as 


[Try te ] [Explorations 
The concepts of relative extrema and critical points can be extended to functions 
of three or more variables. If all first partial derivatives of 


w = fle Xa Kare 6 o3 Xn) 


exist, it can be shown that a relative maximum or minimum can occur at 
(Xis X2, X33- - .,%,) only if every first partial derivative is 0 at that point. This means 
that the critical points are obtained by solving the following system of equations. 


F(X, X2, X3. +5 Xn) = 0 
Fite ae ak) = 8 
Fis X Xz. -,xX,) =0 


The extension of Theorem 13.17 to three or more variables is also possible, although 
you will not consider such an extension in this text. 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on | to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-6, identify any extrema of the function by recog- 
nizing its given form or its form after completing the square. 
Verify your results by using the partial derivatives to locate any 
critical points and test for relative extrema. Use a computer 
algebra system to graph the function and label any extrema. 


1. g(x, y) = œ= 1)? + (y — 3)? 
«gay =9—@— 3)? —(y + 2 
. fœ y) = Ve + yl 

» f(x,y) 25 — (x — 2} = y? 

. f(x,y) =x? + y? + 2x — 6y + 6 

. f(xy) = =x = y2 + 4x 4+ By - 11 


An A UMN 


In Exercises 7-16, examine the function for relative extrema. 


7. f(x,y) = 2x? + 2xy + y2? + 2x - 3 

8. f(x, y) x? — 5y? + 10x — 30y — 62 
9. f(x,y) = —5x? + 4xy — y? + 16x + 10 
10. f(x, y) = x? + 6xy + 10y? — 4y + 4 
11. z = 2x? + 3y? — 4x — 12y + 13 
12. z 3x? — 2y? + 3x — 4y + 5 
13. f(x,y) = 2V/x? +y +3 

14. h(x, y) = x? + y? +2 

15. g(x, y) = 4 — |x| — |p| 


16. f(x, y) = |x + y| — 2 


In Exercises 17-20, use a computer algebra system to graph the 
surface and locate any relative extrema and saddle points. 
_ — 4x 
x+y? +1 
18. f(x, y) = y? — 3yx? — 3y? — 3x? + 1 
19. z = (x2 + 4y?)e! 7 
20. z = e? 


17. z 


In Exercises 21-28, examine the function for relative extrema 
and saddle points. 


21. h(x, y) = x? — y? — 2x — 4y — 4 

22. g(x, y) = 120x + 120y — xy — x? — y? 

23. h(x, y) = x? — 3xy — y? 24. g(x, y) = xy 
25. f(x, y) = x3 — 3xy + y? 


26. f(x, y) = 2xy 5(x4 ty) +] 


z 


27. z=e *siny 


In Exercises 29 and 30, examine the function for extrema 
without using the derivative tests and use a computer algebra 
system to graph the surface. (Hint: By observation, determine 
if it is possible for z to be negative. When is z equal to 0?) 


Think About It In Exercises 31-34, determine whether there is 
a relative maximum, a relative minimum, a saddle point, or 
insufficient information to determine the nature of the function 
f(x,y) at the critical point (xo, yo). 


31. f(x. v) =9 f(x. vJ) =4 f (xv. =6 


Writing About Concepts 


35. Define each of the following for a function of two variables. 
(a) Relative minimum 
(b) Relative maximum 
(c) Saddle point 
(d) Critical point 


. State the Second Partials Test for relative extrema and 
saddle points. 


In Exercises 37-40, sketch the graph of an arbitrary 
function f satisfying the given conditions. State whether the 
function has any extrema or saddle points. (There are many 
correct answers.) 

37. f(x,y) > Oand f(x, y) < 0 for all (x, y). 

38. All of the first and second partial derivatives of f are 0. 


39. £(0,0) =0; £,0,0) =0 
<0, x<0O 


Ae, 5 0, x> 0 hs of? 0, y>O 
f(x, y) > 0, f(x, y) < 0, and f(x, y) = 0 for all (x, y). 


>0, y<0 


. £.(2, 1) = 0, fQ, 1)=0 


x<2 0, y<il 


flee flew” 
Ax, ; (x; 
aed cg ee Page ysi 
faxx y) < 0, £,(% y) < 0, and f,,(x, y) = 0 for all (x, y). 
. The figure shows the level curves for an unknown function 


f(x, y). What, if any, information can be given about f at 
the point A? Explain your reasoning. 


Figure for 41 Figure for 42 


. The figure shows the level curves for an unknown function 
f(x, y). What, if any, information can be given about f at 
the points A, B, C, and D? Explain your reasoning. 


43. A function f has continuous second partial derivatives on an 
open region containing the critical point (3, 7). The function 
has a minimum at (3, 7) and d > 0 for the Second Partials Test. 
Determine the interval for f,(3,7) if fẹ(3,7)=2 and 
fy, 7) = 8. 

44. A function f has continuous second partial derivatives on an 
open region containing the critical point (a, b). If f.,(a, b) and 
f(a, b) have opposite signs, what is implied? Explain. 
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n Exercises 45—50, find the critical points and test for relative 
extrema. List the critical points for which the Second Partials 
Test fails. 


45. f(x,y) = x2 + y? 
46. f(x,y) =x? + y? — 6x? + 9y? + 12x + 27y + 19 
47. f(x,y) = & — 1)(y + 4)? 

48. f(x,y) = /@ — 1} + (y + 2)? 
49. f(x,y) = 2? + y? 


50. f(x,y) = @? + y?) 


In Exercises 51 and 52, find the critical points of the function 
and, from the form of the function, determine whether a relative 
maximum or a relative minimum occurs at each point. 


51. f(x,y, z) = x? + (y — 3)? + (z + I)? 
52. f(x,y,z) = 4 — bly - 1)(z + 2) 


In Exercises 53-62, find the absolute extrema of the function 
over the region R. (In each case, R contains the boundaries.) Use 
a computer algebra system to confirm your results. 
53. f(x, y) = 12 — 3x — 2y 
R: The triangular region in the xy-plane with vertices (2, 0), 
(0, 1), and (1, 2) 


54. f(x,y) = (2x — y)? 
R: The triangular region in the xy-plane with vertices (2, 0), 
(0, 1), and (1, 2) 


55. f(x, y) = 3x? + 2y? — 4y 


R: The region in the xy-plane bounded by the graphs of y = x? 
and y = 4 


56. f(x, y) = 2x — 2xy + y? 


R: The region in the xy-plane bounded by the graphs of y = x? 
and y = 1 

57. f(x,y) =x? + xy, R={(,y): |x| <2, ly] < 1} 
58. f(x,y) =x? + 2xy + y? R= {(x,y): |x] < 2, |y] < 1} 
59. f(x,y) =x? + 2xy + y3% R= {(x, y): x2 + y? < 8} 
60. f(x, y) = x? — 4xy + 5 

R={(xy): O<x<4,0<sy< x} 

4x 

Of») = EF T) 
R= {(x,y):0<x<1,0<y< 1} 


4xy 
62. f) = TF NOFT) 


R = {(x, y): x 2 0, y 2 0, x? + y? < 1} 


True or False? In Exercises 63 and 64, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


63. If f has a relative maximum at (xo, yo, Zo), then f.(X%, Yo) = 
fo. Yo) = 0. 

64. If f is continuous for all x and y and has two relative minima, 
then f must have at least one relative maximum. 
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Section 13.9 Applications of Extrema of Functions of Two Variables 


e Solve optimization problems involving functions of several variables. 
e Use the method of least squares. 


Applied Optimization Problems 


In this section, you will survey a few of the many applications of extrema of functions 
of two (or more) variables. 


EXAMPLE | Finding Maximum Volume 


E A rectangular box is resting on the xy-plane with one vertex at the origin. The oppo- 
site vertex lies in the plane 


(0, 0, 8) 


Plane: 
6x + 4y + 3z = 24 6x + 4y + 3z = 24 


as shown in Figure 13.72. Find the maximum volume of such a box. 


Solution Let x, y, and z represent the length, width, and height of the box. Because 
one vertex of the box lies in the plane 6x + 4y + 3z = 24, you know that 
z= H24 — 6x — 4y), and you can write the volume xyz of the box as a function of 
two variables. 


V(x, y) = (x)(y)[4(24 — 6x — 4y)] 
= 3(24xy — 6x?y — 4xy?) 


y 
(4, 0, 0) (0260 By setting the first partial derivatives equal to 0 


Figure 13.72 V(x, y) = 4(24y — 12xy — 4?) = 3 (24 — 12x — 4y) =0 
———— SS an| 
[Rotate ran | V &, y) = $(24x — 6x? — 8xy) = 3 (24 — 6x — 8y) =0 


you obtain the critical points (0, 0) and G, 2). At (0, 0) the volume is 0, so that point 
does not yield a maximum volume. At the point G, 2), you can apply the Second 
Partials Test. 


Va y) = -4y 
— 8x 
Ve) = Ea 


NOTE In many applied problems, the 
domain of the function to be optimized V(x, y) = (24 = 12x = 8y) 
is a closed bounded region. To find 


minimum or maximum points, you must Because 

not only test critical points, but also V 45 V BR) v 45 2_ = _ 32) _ (_ 8)? _ 64 s0 
consider the values of the function at a6 ) ad 6 ) [ v6 } ( i 5) ( 3) 3 
points on the boundary. and 


V,(4, 2) = -8 < 0 


x. 


you can conclude from the Second Partials Test that the maximum volume is 
2 
3.2) = 3[24(3)(2) — 6(3)°(2) — 463) 


644. n; 
= ‘9 cubic units. 


Note that the volume is 0 at the boundary points of the triangular domain of V. 
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Applications of extrema in economics and business often involve more than one 
independent variable. For instance, a company may produce several models of one 
type of product. The price per unit and profit per unit are usually different for each 
model. Moreover, the demand for each model is often a function of the prices of the 
other models (as well as its own price). The next example illustrates an application 
involving two products. 


EXAMPLE 2. Finding the Maximum Profit 


An electronics manufacturer determines that the profit P (in dollars) obtained by 
producing x units of a DVD player and y units of a DVD recorder is approximated by 
the model 


P(x, y) = 8x + 10y — (0.001)(x? + xy + y?) — 10,000. 
Find the production level that produces a maximum profit. What is the maximum 
profit? 
Solution 
The partial derivatives of the profit function are 
P (x, y) = 8 — (0.001)(2x + y) and = P(x, y) = 10 — (0.001)(x + 2y). 
FOR FURTHER INFORMATION By setting these partial derivatives equal to 0, you obtain the following system of 
For more information on the use of equations. 
8 — (0.001)(2x + y) = 0 
10 — (0.001)(x + 2y) = 0 


mathematics in economics, see the 
article “Mathematical Methods of 
Economics” by Joel Franklin in The 


American Mathematical Monthly. After simplifying, this system of linear equations can be written as 
MathArticle 2x + y= 8000 
x + 2y = 10,000. 


Solving this system produces x = 2000 and y = 4000. The second partial derivatives 
of P are 

P,{2000, 4000) = —0.002 

P „(2000, 4000) = — 0.002 

P (2000, 4000) = —0.001. 


Because P., < 0 and 
P (2000, 4000)P,,(2000, 4000) — [P,,,(2000, 4000) ]? = 
(= 0.002)? = (=0.001)" > 0 


you can conclude that the production level of x = 2000 units and y = 4000 units 
yields a maximum profit. The maximum profit is 


P(2000, 4000) = 8(2000) + 10(4000) — 
(0.001)[2000? + 2000(4000) + 40007)] — 10,000 


[Try te ] [Epleration] 
NOTE In Example 2, it was assumed that the manufacturing plant is able to produce the 
required number of units to yield a maximum profit. In actual practice, the production would 


be bounded by physical constraints. You will study such constrained optimization problems in 
the next section. 
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Sum of the squared errors: 
S= d? + d? + d? 
Figure 13.75 


The Method of Least Squares 


Many of the examples in this text have involved mathematical models. For instance, 
Example 2 involves a quadratic model for profit. There are several ways to develop 
such models; one is called the method of least squares. 

In constructing a model to represent a particular phenomenon, the goals are 
simplicity and accuracy. Of course, these goals often conflict. For instance, a simple 
linear model for the points in Figure 13.73 is 


y = 1.8566x — 5.0246. 


However, Figure 13.74 shows that by choosing the slightly more complicated 
quadratic model* 


y = 0.1996x? — 0.7281x + 1.3749 


you can achieve greater accuracy. 


y= 1.8566x — 5.0246 y=0.1996x2 — 0.7281x + 1.3749 


id 
it 


15 


10 


= 
4 © 

t N Ce BEN Le Pe Ce Ve ES PE Le (SYP HT CT 

Trrrrrrrrrrrrrr rr rd 

eg eb ote ete lade a lea de 


(2, 1) A (5, 2) 


Figure 13.73 Figure 13.74 


As a measure of how well the model y = f(x) fits the collection of points 


RET yi), (%, y2), (x, y3), sae E Gs, yt 


you can add the squares of the differences between the actual y-values and the values 
given by the model to obtain the sum of the squared errors 


Sum of the squared errors 


S= Ñ [fe - y] 


i=l 


Graphically, S can be interpreted as the sum of the squares of the vertical distances 
between the graph of f and the given points in the plane, as shown in Figure 13.75. 
If the model is perfect, then S = 0. However, when perfection is not feasible, you can 
settle for a model that minimizes S. For instance, the sum of the squared errors for 
the linear model in Figure 13.73 is S ~ 17. Statisticians call the linear model that 
minimizes S the least squares regression line. The proof that this line actually 
minimizes S involves the minimizing of a function of two variables. 


* A method for finding the least squares quadratic model for a collection of data is described 
in Exercise 39. 
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ApRIEN-MARIE LEGENDRE (1752-1833) THEOREM 13.18 Least Squares Regression Line 
The method of least squares was introduced 
by the French mathematician Adrien-Marie 
Legendre. Legendre is best known for his 


The least squares regression line for {(x,, y,), (%, Y2) - - -> Xp Ya) Y is given 
by f(x) = ax + b, where 


work in geometry. In fact, his text Elements of ue a 2 
Geometry was so popular in the United States n> XiNi ~ 2 x Ji ae r 
that it continued to be used for 33 editions, a = = ae and b= H$ yva x) 
spanning a period of more than 100 years. n » Xx? = ( ` x] i=1 i=1 
is 1 


pe Proof Let S(a,b) represent the sum of the squared errors for the model 


f(x) = ax + b and the given set of points. That is, 
> (fe) = yd? 
E 


5 (ax; + b — y;)? 


i=1 


S(a, b) 


where the points (x;, y;) represent constants. Because S is a function of a and b, you 
can use the methods discussed in the preceding section to find the minimum value of 
S. Specifically, the first partial derivatives of S$ are 


S,(a, b) = X, 2x;(ax; + b — y;) 


i=1 


aÑ xX + 25 c= 35 x;y; 


i=l i=1 t=1 


$,(a, b) = Ș 2(ax, + b — y.) 


i=l 
= 2ay' x; Inb = 25 Yi- 
i=1 i=1 
By setting these two partial derivatives equal to 0, you obtain the values for a and b 


that are listed in the theorem. It is left to you to apply the Second Partials Test (see 
Exercise 40) to verify that these values of a and b yield a minimum. a 


If the x-values are symmetrically spaced about the y-axis, then È x, = 0 and the 
formulas for a and b simplify to 


D xXiYi 


i=l 


a= 


and 
1 n 
ome 


This simplification is often possible with a translation of the x-values. For instance, if 
the x-values in a data collection consist of the years 2003, 2004, 2005, 2006, and 
2007, you could let 2005 be represented by 0. 
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EXAMPLE 3 Finding the Least Squares Regression Line 
Find the least squares regression line for the points (—3, 0), (— 1, 1), (0, 2), and (2, 3). 


Solution The table shows the calculations involved in finding the least squares 
regression line using n = 4. 


xX y xy x? 

=3 0 0 9 
TECHNOLOGY Many calculators 
have “built-in” least squares regression -1 1 -1 l 
programs. If your calculator has such a 0 2 0 0 
program, use it to duplicate the results 
of Example 3. 2 3 6 4 

x, = —-2 Sy = 6 ŞS xy, = 5 X x7 = 14 
1 1 1 i=! 


Applying Theorem 13.18 produces 


(AO RY 4) - 200) _ 8 
8 (SY 409 -C2P BB 
$s- ($) 


and 
1/2 n 1 8 47 
=- y- J=46 ->06 = 2. 
A iP ya s) ils 13 ] 26 
Least squares regression line : à 
Figure 13.76 The least squares regression line is f(x) = 4x + 54, as shown in Figure 13.76. 


[Estab Graph | 
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Exercises for Section 13.9 


The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1 and 2, find the minimum distance from the point 9. Maximum Volume The sum of the length and the girth 
to the plane 2x + 3y + z = 12. (Hint: To simplify the computa- (perimeter of a cross section) of a package carried by a delivery 
tions, minimize the square of the distance.) service cannot exceed 108 inches. Find the dimensions of the 


rectangular package of largest volume that may be sent. 
1. (0, 0, 0) 2. (1, 2, 3) . , ; 
10. Maximum Volume The material for constructing the base 


of an open box costs 1.5 times as much per unit area as the 
material for constructing the sides. For a fixed amount of 
money C, find the dimensions of the box of largest volume that 
3. (5, 5, 0) 4. (5, 0, 0) can be made. 

11. Maximum Volume The volume of an ellipsoid 


In Exercises 3 and 4, find the minimum distance from the point 
to the paraboloid z = x? + y?. 


In Exercises 5-8, find three positive numbers x, y, and z that 2 2 y 
satisfy the given conditions. 2 + - + a= 1 
5. Th i d th duct i i : N : ae 
ee eee nae is 47rabc/3. For a fixed sum a + b + c, show that the ellipsoid 
6. The sum is 32 and P = xyz is a maximum. of maximum volume is a sphere. 


7. The sum is 30 and the sum of the squares is a minimum. 12. Maximum Volume Show that the rectangular box of maxi- 


8. The sum is | and the sum of the squares is a minimum. mum volume inscribed in a sphere of radius r is a cube. 


13. 


14. 


15. 


16. 
17. 


18. 


19. 


20. 


Volume and Surface Area Show that a rectangular box of 
given volume and minimum surface area is a cube. 


Maximum Volume Repeat Exercise 9 under the condition 
that the sum of the perimeters of the two cross sections shown 
in the figure cannot exceed 144 inches. 


[Rotatabe eran | 
Area A trough with trapezoidal cross sections is formed by 


turning up the edges of a 30-inch-wide sheet of aluminum (see 
figure). Find the cross section of maximum area. 


30 -2x 


Area Repeat Exercise 15 for a sheet that is w inches wide. 


Maximum Revenue A company manufactures two types of 
sneakers, running shoes and basketball shoes. The total revenue 
from x, units of running shoes and x, units of basketball shoes 
is R = —5x? — 8x2 — 2x,x, + 42x, + 102x,, where x, and 
x, are in thousands of units. Find x, and x, so as to maximize 
the revenue. 


Maximum Revenue A retail outlet sells two types of riding 
lawn mowers, the prices of which are p, and p,. Find p, 
and p, so as to maximize total revenue, where 
R = 515p, + 805p, + 1.5p,p) — 1.5p? —p?. 


Maximum Profit A corporation manufactures candles at two 
locations. The cost of producing x, units at location 1 is 


C, = 0.02x? + 4x, + 500 


and the cost of producing x, units at location 2 is 


C, = 0.05x2 + 4x, + 275. 


The candles sell for $15 per unit. Find the quantity that should 
be produced at each location to maximize the profit 
P= 15(%, + x) — C, — C). 

Hardy-Weinberg Law Common blood types are determined 
genetically by three alleles A, B, and O. (An allele is any of a 
group of possible mutational forms of a gene.) A person whose 
blood type is AA, BB, or OO is homozygous. A person whose 
blood type is AB, AO, or BO is heterozygous. The Hardy- 
Weinberg Law states that the proportion P of heterozygous 
individuals in any given population is 


P(p, q, r) = 2pq + 2pr + 2qr 


where p represents the percent of allele A in the population, q 
represents the percent of allele B in the population, and r 
represents the percent of allele O in the population. Use the fact 
that p + q + r = 1 to show that the maximum proportion of 
heterozygous individuals in any population is A 
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Minimum Cost A water line 1s to be built from point P to 
point S and must pass through regions where construction costs 
differ (see figure). The cost per kilometer in dollars is 3k from 
P to Q, 2k from Q to R, and k from R to S. Find x and y such 
that the total cost C will be minimized. 


P | 


22. Distance A company has retail outlets located at the points 


(0, 0), (2,2), and (—2, 2) (see figure). Management plans to 
build a distribution center located such that the sum of the 
distances S from the center to the outlets is minimum. From the 
symmetry of the problem it is clear that the distribution center 
will be located on the y-axis, and therefore S is a function of the 
single variable y. Using techniques presented in Chapter 3, find 
the required value of y. 


+144 ++ ++ 
-2 (0, 0)2 4 


Figure for 22 Figure for 23 


23. Investigation The retail outlets described in Exercise 22 are 


located at (0, 0), (4, 2), and (—2, 2) (see figure). The location 
of the distribution center is (x, y), and therefore the sum of the 
distances S is a function of x and y. 


(a) Write the expression giving the sum of the distances S. Use 
a computer algebra system to graph S. Does the surface 
have a minimum? 


(b 


= 


Use a computer algebra system to obtain S, and S,,. Observe 
that solving the system S, = 0 and S, = 0 is very difficult. 
So, approximate the location of the distribution center. 

(c) An initial estimate of the critical point is (x,, y,) = (1, 1). 
Calculate —VS(1,1) with components —S,(1, 1) and 
— $\(1, 1). What direction is given by the vector — VS(1, 1)? 


(d) The second estimate of the critical point is 


nari 


(Xo, Yo) = (x, = S04, vi) — SQ, y9). 


If these coordinates are substituted into S(x,y), then S 
becomes a function of the single variable t. Find the value 
of t that minimizes S. Use this value of f to estimate (x3, y2). 


(e 


VS 


Complete two more iterations of the process in part (d) to 
obtain (x4, y4). For this location of the distribution center, 
what is the sum of the distances to the retail outlets? 


(f) Explain why —VS(x,y) was used to approximate the 
minimum value of S. In what types of problems would you 
use VS(x, y)? 
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24. Investigation Repeat Exercise 23 for retail outlets located at 
the points (—4, 0), (1, 6), and (12, 2). 


Writing About Concepts 


25. In your own words, state the problem-solving strategy for 
applied minimum and maximum problems. 


26. In your own words, describe the method of least squares for 
finding mathematical models. 


In Exercises 27—30, (a) find the least squares regression line and 
(b) calculate S, the sum of the squared errors. Use the regression ag 
capabilities of a graphing utility to verify your results. 


27. y 28. y 
2,3 i 
3 ) 47 
2 T a3 
i (0, 1) CLU ay 
3,0) ET 
Se Pa eel ere 
t—}-> * 322 - 
ee oo 32-1 | 1 2 3 
-1 +4 
29. y 30. >» 
{04 an owe 
aL gh il (4,2) (6,2) 
iL 6D aD 
a+ 
l G&D 7,0) (3,0) 
C E os a ee 
E9 beet | 1 23 45 6 
1 2 3 4 (2, 0) 


In Exercises 31-34, find the least squares regression line for the 
points. Use the regression capabilities of a graphing utility to 
verify your results. Use the graphing utility to plot the points 
and graph the regression line. 


31. (0, 0), (1, 1), (3, 4), (4, 2), (5, 5) 


32. (1, 0), (3, 3), (5, 6) fe 


33. (0, 6), (4, 3), (5, 0), (8, — 4), (10, —5) 
34. (6, 4), (1, 2), (3, 3), (8, 6), (11, 8), (13, 8) 


35. Modeling Data The ages x (in years) and systolic blood 
pressures y of seven men are shown in the table. 


Age, x 16 | 25 39 | 45 | 49 | 64 | 70 
Systolic 
Blood 109 | 122 | 143 | 132 | 199 | 185 | 199 


Pressure, y 


(a) Use the regression capabilities of a graphing utility to find 
the least squares regression line for the data. 


(b) Use a graphing utility to plot the data and graph the model. 


(c) Use the model to approximate the change in systolic blood 
pressure for each one-year increase in age. 


37. 


38. 


39. 


40. 
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Modeling A store manager wants to know the 
y for an energy bar as a function of price x. The daily sales for 
three different prices of the energy bar are shown in the table. 


Price, x $1.00 | $1.25 | $1.50 
Demand, y | 450 375 330 


(a) Use the regression capabilities of a graphing utility to find 
the least squares regression line for the data. 


(b) Use the model to estimate the demand when the price is 
$1.40. 


Modeling Data An agronomist used four test plots to 
determine the relationship between the wheat yield y (in 
bushels per acre) and the amount of fertilizer x (in hundreds of 
pounds per acre). The results are shown in the table. 


Fertilizer, x | 1.0 | 1.5 | 2.0 | 2.5 
Yield, y 32 | 41 | 48 | 53 


Use the regression capabilities of a graphing utility to find the 
least squares regression line for the data, and estimate the yield 
for a fertilizer application of 160 pounds per acre. 

Modeling Data The table shows the percents x and numbers 
y (in millions) of women in the work force for selected years. 
(Source: U.S. Bureau of Labor Statistics) 


Year 1965 | 1970 | 1975 | 1980 


Percent,x | 39.3 | 43.3 | 46.3 | 51.5 


Number, y | 26.2 | 31.5 | 37.5 | 45.5 


Year 1985 | 1990 | 1995 | 2000 


Percent,x | 54.5 | 57.5 | 58.9 | 59.9 


Number, y | 51.1 | 56.8 | 60.9 | 66.3 


(a) Use the regression capabilities of a graphing utility to find 
the least squares regression line for the data. 


(b) According to this model, approximately how many women 
enter the labor force for each one-point increase in the 
percent of women in the labor force? 


Find a system of equations whose solution yields the coeffi- 
cients a, b, and c for the least squares regression quadratic 
y = ax? + bx + c for the points (x,, yi), (%), Yo), -<s Om Yn) 
by minimizing the sum 


S(a; b,c) = X (y; — ax? — bx, — c). 
i=1 


Use the Second Partials Test to verify that the formulas for a 
and b given in Theorem 13.18 yield a minimum. 


n n 2 
[Hine Use the fact that n> > ($ x) | 
fa 


i=1 


In Exercises 41-44, use the result of Exercise 39 to find the least 
squares regression quadratic for the given points. Use the 
regression capabilities of a graphing utility to confirm your 
results. Use the graphing utility to plot the points and graph the 
least squares regression quadratic. 


41. (—2, 0), (—1, 0), (0, 1), (1, 2), (2, 5) 
42. (—4, 5), (—2, 6), (2, 6), (4, 2) 


43. (0, 0), (2, 2), (3, 6), (4,12) 44. (0, 10), (1, 9), (2, 6), (3, 0) 


45. Modeling Data After a new turbocharger for an automobile 
engine was developed, the following experimental data were 


obtained for speed y in miles per hour at two-second time 
intervals x. 


Time, x 0 2 4 6 8 10 


Speed, y | 0 | 15 | 30 | 50 | 65 | 70 


(a) Find a least squares regression quadratic for the data. Use a 
graphing utility to confirm your results. 


(b) Use a graphing utility to plot the points and graph the model. 


46. Modeling Data The table shows the world populations y (in 
billions) for five different years. (Source: U.S. Bureau of the 
Census, International Data Base) 


Year 1994 | 1996 | 1998 | 2000 | 2002 


Population, y | 5.6 5.8 5.9 6.1 6.2 


Let x = 4 represent the year 1994. 

(a) Use the regression capabilities of a graphing utility to find 
the least squares regression line for the data. 

(b) Use the regression capabilities of a graphing utility to find 
the least squares regression quadratic for the data. 


(c) Use a graphing utility to plot the data and graph the models. 


(d) Use both models to forecast the world population for the 
year 2010. How do the two models differ as you extrapo- 
late into the future? 
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Modeling Data A meteorologist measures the atmospheric 
pressure P (in kilograms per square meter) at altitude h (in 
kilometers). The data are shown below. 


Altitude, h 0 5 10 15 20 


Pressure, P | 10,332 5583 2376 1240 517 


48. 


(a) Use the regression capabilities of a graphing utility to find 
a least squares regression line for the points (h, In P). 


(b) The result in part (a) is an equation of the form In P = 
ah + b. Write this logarithmic form in exponential form. 


(c) Use a graphing utility to plot the original data and graph the 
exponential model in part (b). 


(d) If your graphing utility can fit logarithmic models to data, 
use it to verify the result in part (b). 


Modeling Data The endpoints of the interval over which 
distinct vision is possible are called the near point and far point 
of the eye. With increasing age, these points normally change. 
The table shows the approximate near points y in inches for 
various ages x (in years). 


Age, x 16 | 32 | 44 | 50 | 60 


Near Point, y | 3.0 | 4.7 | 9.8 | 19.7 | 39.4 


(a) Find a rational model for the data by taking the reciprocal 
of the near points to generate the points (x, 1/y). Use the 
regression capabilities of a graphing utility to find a least 
squares regression line for the revised data. The resulting 
line has the form 


lamti 
y 


Solve for y. 
(b) Use a graphing utility to plot the data and graph the model. 


(c) Do you think the model can be used to predict the near 
point for a person who is 70 years old? Explain. 
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Section 13.10 Lagrange Multipliers 


e Understand the Method of Lagrange Multipliers. 
e Use Lagrange multipliers to solve constrained optimization problems. 
e Use the Method of Lagrange Multipliers with two constraints. 


Lagrange Multipliers 


Many optimization problems have restrictions, or constraints, on the values that can 
be used to produce the optimal solution. Such constraints tend to complicate 
optimization problems because the optimal solution can occur at a boundary point of 
the domain. In this section, you will study an ingenious technique for solving such 
problems. It is called the Method of Lagrange Multipliers. 

To see how this technique works, suppose you want to find the rectangle of 
maximum area that can be inscribed in the ellipse given by 


2 2 
x Y] 


3 ae 
Let (x, y) be the vertex of the rectangle in the first quadrant, as shown in Figure 13.77. 
Because the rectangle has sides of lengths 2x and 2y, its area is given by 


f(x, y) = 4xy. Objective function 


You want to find x and y such that f(x, y) is a maximum. Your choice of (x, y) is 
restricted to first-quadrant points that lie on the ellipse 


2 2 
X Yoi 


zp 
Now, consider the constraint equation to be a fixed level curve of 


Constraint 


The level curves of f represent a family of hyperbolas 


f, y) = aay = k. 


In this family, the level curves that meet the given constraint correspond to the hyper- 
bolas that intersect the ellipse. Moreover, to maximize f(x, y), you want to find the 
hyperbola that just barely satisfies the constraint. The level curve that does this is the 
one that is tangent to the ellipse, as shown in Figure 13.78. 


Ellipse: j Level curves of f: 
x2 y? ) y 4xy =k 


Constraint: g(x, y) = z a l 


Objective function: f(x, y) = 4xy 
Figure 13.77 Figure 13.78 


JOSEPH-LOUIS LAGRANGE (1736—1813) 


The Method of Lagrange Multipliers is 
named after the French mathematician Joseph- 
Louis Lagrange. Lagrange first introduced 
the method in his famous paper on mechanics, 
written when he was just 19 years old. 


NOTE Lagrange’s Theorem can be 
shown to be true for functions of three 
variables, using a similar argument with 
level surfaces and Theorem 13.14. 


NOTE As you will see in Examples 
1 and 2, the Method of Lagrange 
Multipliers requires solving sys- 

tems of nonlinear equations. This 
often can require some tricky algebraic 
manipulation. 
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To find the appropriate hyperbola, use the fact that two curves are tangent at a point 
if and only if their gradient vectors are parallel. This means that Vf(x, y) must be a 
scalar multiple of Vg(x, y) at the point of tangency. In the context of constrained opti- 
mization problems, this scalar is denoted by A (the lowercase Greek letter lambda). 


Vf (x, y) = AVg(x, y) 


The scalar A is called a Lagrange multiplier. Theorem 13.19 gives the necessary 
conditions for the existence of such multipliers. 


THEOREM 13.19 Lagrange’s Theorem 


Let f and g have continuous first partial derivatives such that f has an 
extremum at a point (Xp, Yọ) on the smooth constraint curve g(x, y) = c. If 
V(x, Yo) # 0, then there is a real number A such that 


VE (Xo Yo) > AV g(x, Yo): 


Proof To begin, represent the smooth curve given by g(x, y) = c by the vector-valued 
function 


r(t) = x(t)i + yj, rÀ 0 


where x’ and y’ are continuous on an open interval /. Define the function h as 
h(t) = f(x(2), y(t). Then, because f(xo, Yo) is an extreme value of f, you know that 


h(t) = f(x(to), y(to)) = Fo Yo) 
is an extreme value of h. This implies that h(t)) = 0, and, by the Chain Rule, 
h(t) = Fo Yo) x’ (to) + f,%, Yo)¥ (to) = VE (Xo Yo) © r'(to) = 0. 


So, Vf (xo Yo) is orthogonal to r'(tọ). Moreover, by Theorem 13.12, V(x, yo) is also 
orthogonal to r’(t)). Consequently, the gradients Vf(x, yo) and Vg(Xp, Yo) are parallel, 
and there must exist a scalar À such that 


VE (Xo; Yo) a AV g(x, Yo). aay 


The Method of Lagrange Multipliers uses Theorem 13.19 to find the extreme 
values of a function f subject to a constraint. 


Method of Lagrange Multipliers 


Let f and g satisfy the hypothesis of Lagrange’s Theorem, and let f have a 
minimum or maximum subject to the constraint g(x, y) = c. To find the 
minimum or maximum of f, use the following steps. 


1. Simultaneously solve the equations Vf(x, y) = AVg(x, y) and g(x, y) = c by 
solving the following system of equations. 
Fæ y) = Ag. y) 
F y) = A8, y) 
a(x, y) =c 


2. Evaluate f at each solution point obtained in the first step. The largest value 
yields the maximum of f subject to the constraint g(x, y) = c, and the smallest 


value yields the minimum of f subject to the constraint g(x, y) = c. 
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Constrained Optimization Problems 


In the problem at the beginning of this section, you wanted to maximize the area of 
a rectangle that is inscribed in an ellipse. Example 1 shows how to use Lagrange 
multipliers to solve this problem. 


EXAMPLE | Using a Lagrange Multiplier with One Constraint 


Find the maximum value of f(x, y) = 4xy where x > 0 and y > 0, subject to the 
constraint (x?/3?) + (y?/4?) = 1. 


NOTE Example 1 can also be solved Solution To begin, let 
using the techniques you learned in > 7 
Chapter 3. To see how, try to find the g(x,y) = z 4 = |, 
maximum value of A = 4xy given that 
2 y By equating Vf(x, y) = 4yi + 4xj and AVg(x, y) = (2Ax/9)i + (Ay/8)j, you can 
3 L. obtain the following system of equations. 
To begin, solve the second equation for y = 2 : B 
to obtain D= gx fy) = dg, y) 
=A Jg 1 
a dx = Ay files) = Ag) 


: : ; 8 
Then substitute into the first equation to 
: 2 2 
obtain x y 1 


A = 4x($/9 — x”). 


pt ep 
Finally, use the techniques of Chapter 3 
to maximize A. 


Constraint 


From the first equation, you obtain A = 18y/x, and substitution into the second 
equation produces 
1 9 


18y Jad p 
4x HS) m «x 16): 


Substituting this value for x? into the third equation produces 


at J +E m y= 83. 


o\16” 
So, y = +2 /2. Because it is required that y > 0, choose the positive value and find 
that 
9 
2 = 7 9 
a 
9 9 
= 768) =3 
3 
x= ze. 
V2 


So, the maximum value of f is 


Gece 2/3) = 4xy = 4()ev2) = 24. 


Note that writing the constraint as 


2 2 2 2 
y 


x x 
89) = 39 + = 1 or g(x, y) zt 150 


does not affect the solution—the constant is eliminated when you form Vg. 


FOR FURTHER INFORMATION For 
more information on the use of Lagrange 
multipliers in economics, see the article 
“Lagrange Multiplier Problems in 
Economics” by John V. Baxley and 

John C. Moorhouse in The American 
Mathematical Monthly. 
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EXAMPLE 2. A Business Application 
The Cobb-Douglas production function (see Example 5, Section 13.1) for a software 
manufacturer is given by 

f(x, y) = 100x% 4y1/ 4 Objective function 
where x represents the units of labor (at $150 per unit) and y represents the units of 
capital (at $250 per unit). The total cost of labor and capital is limited to $50,000. Find 
the maximum production level for this manufacturer. 
Solution From the given function, you have 

Vf (x, y) = 75x7 4y 4i + 25x3/4y— 3/4 j. 


The limit on the cost of labor and capital produces the constraint 


g(x, y) = 150x + 250y = 50,000. Constraint 
So, AVg(x, y) = 150Ai + 250Aj. This gives rise to the following system of equations. 
15x Vy = 150A Fy) = Ag, y) 
25x74 y-34 = 250A fil y) = Ag, x, y) 
150x + 250y = 50,000 Constraint 


By solving for À in the first equation 


Le T5x7W4yl/4 x WAyl/4 
150 2 


and substituting into the second equation, you obtain 
-1/4,1/4 
95 x3/4y-3/4 = 2 (=>) 
5x? y 50 7 
25x = 125y. Multiply by x!/4y3/*. 
So, x = 5y. By substituting into the third equation, you have 
150(5y) + 250y = 50,000 
1000y = 50,000 
y = 50 units of capital 
x = 250 units of labor. 


So, the maximum production level is 


f(250, 50) = 100(250)3/4(50)!/4 
16,719 product units. ——SSsy 


[Try te ] [Eporaiona] 
Economists call the Lagrange multiplier obtained in a production function the 


marginal productivity of money. For instance, in Example 2 the marginal 
productivity of money at x = 250 and y = 50 is 


E x7 W4yl/4 E (250) 1⁄4(50)!⁄4 
2 2 


L 


= 0.334 


which means that for each additional dollar spent on production, an additional 0.334 
unit of the product can be produced. 
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EXAMPLE 3 Lagrange Multipliers and Three Variables 
Find the minimum value of 
f(x,y,z) = 2x? + y? + 32? Objective function 
subject to the constraint 2x — 3y — 4z = 49. 
Solution Let g(x, y, z) = 2x — 3y — 4z = 49. Then, because 
Vf (x, y, z) = 4xi + 2yj + 6zk and AVa(x, y, z) = 2Ai — 3Aj — 4Ak 
you obtain the following system of equations. 
4x = 2A $e 9,2) = Agl y, 2) 
2y = —3A payiz) = Agy(x, y, Z) 
6z = —4A fA, ¥, 2) = Ag y, 2) 
2x — 3y — 4z = 49 Constraint 
The solution of this system is x = 3, y = —9, and z = —4. So, the optimum value of 
fis 
Ellipsoid: FB: =9, =4) = A3) + (19) + 3(—4)" 


2x? + y? + 3z? = 147 


Point of tangency — 
(3, -9, —4) Plane: 
2x — 3y — 4z = 49 


Figure 13.79 


| Rotatante Graph || 


Relative 
maxima 


(-1, -3, 24) 
È (-1, 3, 24) 


Relative ~ 


minimum 
C1, 0, 2) 
y 
x (v10, 0, 6.675) 
Figure 13.80 


| Rotatable Graph | 


= 147. 


From the original function and constraint, it is clear that f(x, y, z) has no maximum. 
So, the optimum value of f determined above is a minimum. 


Ee) Eee] eal 

A graphical interpretation of constrained optimization problems in two variables 
was given at the beginning of this section. In three variables, the interpretation is 
similar, except that level surfaces are used instead of level curves. For instance, in 


Example 3, the level surfaces of f are ellipsoids centered at the origin, and the con- 
straint 


2x — 3y — 4z = 49 


is a plane. The minimum value of f is represented by the ellipsoid that is tangent to 
the constraint plane, as shown in Figure 13.79. 


EXAMPLE 4 Optimization Inside a Region 


Find the extreme values of 


f (x, y) =x + 2y? = 2e Fa Objective function 


subject to the constraint x? + y? < 10. 


Solution To solve this problem, you can break the constraint into two cases. 


a. For points on the circle x? + y? = 10, you can use Lagrange multipliers to find 
that the maximum value of f(x, y) is 24—this value occurs at (— 1,3) and at 
(—1, —3). In a similar way, you can determine that the minimum value of f(x, y) 
is approximately 6.675—this value occurs at (/10, 0). 


b. For points inside the circle, you can use the techniques discussed in Section 13.8 
to conclude that the function has a relative minimum of 2 at the point (1, 0). 


By combining these two results, you can conclude that f has a maximum of 24 at 
(—1, +3) and a minimum of 2 at (1, 0), as shown in Figure 13.80. 
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> The system of equations 
that arises in the Method of Lagrange 
Multipliers is not, in general, a linear 
system, and finding the solution often 
requires ingenuity. 
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The Method of Lagrange Multipliers with Two Constraints 


For optimization problems involving two constraint functions g and h, you can 
introduce a second Lagrange multiplier, (the lowercase Greek letter mu), and then 
solve the equation 


Vf = AVg + uVh 


where the gradient vectors are not parallel, as illustrated in Example 5. 


EXAMPLE 5 Optimization with Two Constraints 


Let T(x, y, z) = 20 + 2x + 2y + z? represent the temperature at each point on the 
sphere x? + y? + z? = 11. Find the extreme temperatures on the curve formed by the 
intersection of the plane x + y + z = 3 and the sphere. 


Solution The two constraints are 

g(x,y, z =x? +y24+ 72 = 11 and h(x, y,z) =x+y+z=3. 
Using 

VI (x, y, z) = 2i + 2j + 2zk 

AVe(x, y, z) = 2Axi + 2Ayj + 2Azk 
and 

BVh(x, y,z) = pit uj + wk 


you can write the following system of equations. 


2=2Ax+ p T(x, y, z) = Ag, (x,y, z) + uh (x, y, z) 

2=2Ay+ pw T,(x, y, z) = àg (x, y, 2) + why, y, z) 

2z = 2Az t+ u T(x, y, 2) = Ag(x, y, 2) + phx, y, 2) 
e+y+2= 11 Constraint 1 
xtyt+z=3 Constraint 2 


By subtracting the second equation from the first, you can obtain the following 
system. 


àx- y) =0 
21 — A) -— w=0 
X2+y += 
chy bea 3 


From the first equation, you can conclude that A = O or x = y. If A = 0, you can show 
that the critical points are (3, — 1, 1) and (— 1, 3, 1). (Try doing this—it takes a little 
work.) If A # 0, then x = y and you can show that the critical points occur when 
x=y= (3 $ 2/3)/3 and z = (3 F 4/3)/3. Finally, to find the optimal solutions, 
compare the temperatures at the four critical points. 


T(3,—1,1) = T(-1, 3, 1) = 25 


7 3 = 2V3 3-2/3 3+ 4V3 Seg 
3 3 3 3 
+ + = 
r(? = . : >j = = = 30.33 


So, T = 25 is the minimum temperature and T = a is the maximum temperature on 
the curve. i—i 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on || to print an enlarged copy of the graph. 


In Exercises 1—4, identify the constraint and level curves of the 
objective function shown in the figure. Use the figure to approx- 
imate the indicated extrema, assuming that x and y are positive. 


Use Lagrange multipliers to verify your result. 
1. Maximize z = xy 2. Maximize z = xy 


Constraint: x + y = 10 


Constraint: 2x + y = 4 


3. Minimize z = x? + y? 4. Minimize z = x? + y? 


Constraint: x + y-4=0 Constraint: 2x + 4y = 5 


aa0a0 
Wow ue ul 


| 
zen 


In Exercises 5-12, use Lagrange multipliers to find the 
indicated extrema, assuming that x and y are positive. 
5. Minimize f(x, y) = x? — y? 
Constraint: x — 2y + 6 = 0 
6. Maximize f(x, y) = x? — y? 
Constraint: 2y — x? = 0 
7. Maximize f(x, y) = 2x + 2xy + y 
Constraint: 2x + y = 100 
8. Minimize f(x, y) = 3x + y + 10 
Constraint: x7y = 6 
9. Maximize f(x, y) = /6 — x? — y? 
Constraint: x +y —-2=0 
10. Minimize f(x, y) = Vx? + y? 
Constraint: 2x + 4y — 15 = 0 
11. Maximize f(x, y) = e” 


Constraint: x? + y? = 
12. Minimize f(x, y) = 2x + y 
Constraint: xy = 32 


In Exercises 13 and 14, use Lagrange multipliers to find any 
extrema of the function subject to the constraint x? + y? < 1. 


13. f(x, y) = x? + 3xy + y? 14. f(x,y) = e74 


In Exercises 15-18, use Lagrange multipliers to find the 
indicated extrema, assuming that x, y, and z are positive. 


15. Minimize f(x, y, z) = x? + y? + z? 
Constraint: x +y +z-6=0 


16. Maximize f(x, y, z) = xyz 


Constraint: x +y +z- 6=0 
17. Minimize f(x, y, z) = x? + y? + z? 
Constraint: x + y +z = 1 
18. Minimize f(x, y) = x? — 10x + y 


Constraint: x + y = 10 


N 


14y + 70 


In Exercises 19-22, use Lagrange multipliers to find the 
indicated extrema of f subject to two constraints. In each case, 
assume that x, y, and z are nonnegative. 


19. Maximize f(x, y, z) = xyz 


Constraints: x + y + z = 32, x-y+z=0 
20. Minimize f(x, y, z) = x? + y? + z? 
Constraints: x + 2z = 6, x+ y= 12 


21. Maximize f(x, y, z) = xy + yz 


Constraints: x + 2y = 6, x—3z=0 
22. Maximize f(x, y, z) = xyz 


Constraints: x? + z? = 5, x—2y=0 


In Exercises 23-26, use Lagrange multipliers to find the mini- 
mum distance from the curve or surface to the indicated point. 
[Hint: In Exercise 23, minimize f(x, y) = x? + y? subject to the 
constraint 2x + 3y = —1.] 


Curve Point 
23. Line: 2x + 3y = —1 (0, 0) 
24. Circle: (x — 4)? + y? = 4 (0, 10) 

Surface Point 
25. Plane:x +y+z=1 (2, 1, 1) 
26. Cone: z = Vx? + y? (4, 0, 0) 


In Exercises 27 and 28, find the highest point on the curve of 
intersection of the surfaces. 


27. Sphere: x? + y? + z? = 36, Plane: 2x + y—z=2 
28. Cone: x? + y? — z? = 0, Plane: x + 2z = 4 


Writing About Concepts 


29. Explain what is meant by constrained optimization 
problems. 


30. Explain the Method of Lagrange Multipliers for solving 
constrained optimization problems. 


31. 


32. 


33. 


34. 


35. 


36. 


37. 


Maximum Volume Use Lagrange multipliers to find the 
dimensions of the rectangular package of largest volume sub- 
ject to the constraint that the sum of the length and the girth 
cannot exceed 108 inches. Compare the answer with that 
obtained in Exercise 9, Section 13.9. 


Maximum Volume The material for the base of an open box 
costs 1.5 times as much per unit area as the material for 
constructing the sides. Use Lagrange multipliers to find 
the dimensions of the box of largest volume that can be 
made for a fixed cost C. (Maximize V = xyz subject to 
1.5xy + 2xz + 2yz = C.) Compare the answer to that obtained 
in Exercise 10, Section 13.9. 


Minimum Cost A cargo container (in the shape of a rectan- 
gular solid) must have a volume of 480 cubic feet. The bottom 
will cost $5 per square foot to construct and the sides and the 
top will cost $3 per square foot to construct. Use Lagrange 
multipliers to find the dimensions of the container of this size 
that has minimum cost. 


Minimum Surface Area Use Lagrange multipliers to find the 
dimensions of a right circular cylinder with volume V, cubic 
units and minimum surface area. 


Maximum Volume Use Lagrange multipliers to find the 
dimensions of a rectangular box of maximum volume that can 
be inscribed (with edges parallel to the coordinate axes) in the 
ellipsoid 


Geometric and Arithmetic Means 


(a) Use Lagrange multipliers to prove that the product of three 
positive numbers x, y, and z, whose sum has the constant 
value S, is a maximum when the three numbers are equal. 
Use this result to prove that 


ane an 


(b) Generalize the result of part (a) to prove that the product 


XXX X, is a maximum when x, = x, = x} = 


S +4 = S, and all x, = 0. Then prove that 
i=l 


Ki Sh ea Na ae Py 
n fea 1 2 3 n 
V X1 X2X3 xX, S ë 


n 


This shows that the geometric mean is never greater than 
the arithmetic mean. 


Refraction of Light When light waves traveling in a 
transparent medium strike the surface of a second transparent 
medium, they tend to “bend” in order to follow the path of 
minimum time. This tendency is called refraction and is 
described by Snell’s Law of Refraction, 


sin 0, _ sin 0, 
vy v2 
where 6, and 0, are the magnitudes of the angles shown in the 


figure, and v, and v, are the velocities of light in the two media. 
Use Lagrange multipliers to derive this law using x + y = a. 
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Medium 2 


ORN 


mag 


Figure for 37 Figure for 38 


38. Area and Perimeter A semicircle is on top of a rectangle (see 
figure). If the area is fixed and the perimeter is a minimum, or 
if the perimeter is fixed and the area is a maximum, use 
Lagrange multipliers to verify that the length of the rectangle is 
twice its height. 


39. Hardy-Weinberg Law Use Lagrange multipliers to maximize 
P(p, q,r) = 2pq + 2pr + 2qr subject to p + q + r = 1. (See 
Exercise 20 in Section 13.9.) 

40. Temperature Distribution Let T(x, y,z) = 100 + x? + y? 
represent the temperature at each point on the sphere 
x? + y? + z? = 50. Find the maximum temperature on the 
curve formed by the intersection of the sphere and the plane 
x—-—z=0. 


Production Level In Exercises 41 and 42, find the maximum 
production level P if the total cost of labor (at $48 per unit) and 
capital (at $36 per unit) is limited to $100,000, where x is the 
number of units of labor and y is the number of units of capital. 


41. P(x, y) = 100x°25y9-75 42. P(x, y) = 100x°4y%° 
Cost In Exercises 43 and 44, find the minimum cost of 
producing 20,000 units of a product, where x is the number 
of units of labor (at $48 per unit) and y is the number of units 
of capital (at $36 per unit). 


43. P(x, y) = 100x925y 75 44. P(x, y) = 100x°6y°4 


45. Investigation Consider the objective function g(a, B, y) = 
cos & cos B cos y subject to the constraint that a, 6, and y are 
the angles of a triangle. 


(a) Use Lagrange multipliers to maximize g. 


(b) Use the constraint to reduce the function g to a function of 
two independent variables. Use a computer algebra system 
to graph the surface represented by g. Identify the 
maximum values on the graph. 


Putnam Exam Challenge 


46. A can buoy is to be made of three pieces, namely, a cylinder 
and two equal cones, the altitude of each cone being equal to 
the altitude of the cylinder. For a given area of surface, what 
shape will have the greatest volume? 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on |Ħ| 


to print an enlarged copy of the graph. 


In Exercises 1 and 2, use the graph to determine whether z is a 
function of x and y. Explain. 


1. z 


In Exercises 3-6, use a computer algebra system to graph 
several level curves of the function. 


3. f(x, y) = er ty? 


5. f(,)) =- y? 6 fE) = 


4. f(x,y) = Inxy 


In Exercises 7 and 8, use a computer algebra system to graph 
the function. 


7. f(x, y) = ety’) 8. g(x, y) = yji 


In Exercises 9 and 10, sketch the graph of the level surface 
f(x,y,z) = c at the given value of c. 


9. f(x,y, z) x ya rA c=1 
10. f(x, y, z) = 9x? — y? + 92, c=0 


In Exercises 11-14, find the limit and discuss the continuity of 
the function (if it exists). 


11 


A lim 12. lim =~ 
(x,y), 1) x? + y? @y>1,1) x? — y? 
—4x?y 


li yr xey? 
im a oa 
(x.y) (0,0) x4 + y? 


13. . Li 
(x, Joo, 0 1+ x? 


14 


In Exercises 15-24, find all first partial derivatives. 


XY 
x+y 


18. z = In(x? + y? + 1) 


15. f(x,y) = e* cosy 16. f(x,y) = 


17. z = xe” + ye* 


19. g(x, y) = 20. w = Vx? + y? + 2? 


xy 
x? + y? 

_ y, 
21. f(x,y,z) =z arctan ~ 


1 
x,y,z) = 
fayz) Ji-p- yf 


24. u(x, t) = c sin(akx) cos kt 


22. 


23. u(x, t) = ce~" sin nx 


25. Think About It Sketch a graph of a function z = f(x, y) 
whose derivative f, is always negative and whose derivative f, 
is always negative. 

26. Find the slopes of the surface z = x?In(y + 1) in the x- and 
y-directions at the point (2, 0, 0). 


In Exercises 27-30, find all second partial derivatives and verify 
that the second mixed partials are equal. 


x 
KEY 


27. f(x, y) = 3x? — xy + 2y? 28. A(x, y) = 


29. h(x, y) = xsin y + y cosx 30. g(x, y) = cos(x — 2y) 


Laplace’s Equation In Exercises 31—34, show that the function 
satisfies Laplace’s equation 


ðz | Oz _ 

aita” 

31. z =x? — y? 32. z = x3 — 3xy? 
__y ae 

33. oe 34. z = e“ sin y 


In Exercises 35 and 36, find the total differential. 


xy 


37. Error Analysis The legs of a right triangle are measured to be 
5 centimeters and 12 centimeters, with a possible error of ; cen- 
timeter. Approximate the maximum possible error in comput- 
ing the length of the hypotenuse. Approximate the maximum 
percent error. 


35. 2=x sin 36. z = 


38. Error Analysis To determine the height of a tower, the angle 
of elevation to the top of the tower was measured from a point 
100 feet + 5 foot from the base. The angle is measured at 33°, 
with a possible error of 1°. Assuming that the ground is hori- 
zontal, approximate the maximum error in determining the 
height of the tower. 


39. Volume A right circular cone is measured and the radius and 
height are found to be 2 inches and 5 inches, respectively. The 
possible error in measurement is l inch. Approximate the max- 
imum possible error in the computation of the volume. 


40. Lateral Surface Area Approximate the error in the computa- 
tion of the lateral surface area of the cone in Exercise 39. (The 
lateral surface area is given by A = mr r? + r.) 


In Exercises 41-44, find the indicated derivatives (a) using 
the appropriate Chain Rule and (b) by substitution before 
differentiating. 


dw 
41. w = ln(x? + y?), 
+y), 
x= 2t+3, y= 4=t 
du 
42. u =x -x — 
"SY A 
x=cost, y= sint 
ðu ðu 
43. u= x? + y? 4+ 27, ; 
i Y TE gr at 
x=rcost, y=rsint, z=t 
xy ðw ðw 
4.w=-, = = 
W ar’ at 


x=2r+t y=rt, z=2r-t 


In Exercises 45 and 46, differentiate implicitly to find the first 
partial derivatives of z. 

45. x?y — 2yz —- xz — z? =0 

46. xz? — ysinz = 0 


In Exercises 47-50, find the directional derivative of the func- 
tion at P in the direction of v. 

47. f(x,y) =x, (2,1), va=i-j 

48. f(x,y) = iy? —x, (1,4) v=2i+j 

49. w = y2? + xz, (1,2,2), v = 2i-—j+ 2k 

50. w = 6x? + 3xy — 4y?z, (1,0,1) v=i+j-—k 


In Exercises 51-54, find the gradient of the function and the 
maximum value of the directional derivative at the given point. 


(1,1) 52. 2=——, (2,1) 


51. z I=)" 


__y 
x? + y? 


53. z =e *cosy, Q z) 54. z = x?°y, (2,1) 


In Exercises 55 and 56, use the gradient to find a unit normal Fy 
vector to the graph of the equation at the given point. 


55. 9x? — 4y? = 65, (3, 2) 
iA os, yo T 
56. 4y sinx — y 3 g 1) fy 


In Exercises 57-60, find an equation of the tangent plane and 
parametric equations of the normal line to the surface at the 
given point. 


Surface Point 
57. f(x, y) = x2y (2, 1, 4) 
58. f(x,y) = V25 — y? (2, 3, 4) 


59. z= —9 + 4x — 6y — x? — y? (2, —3, 4) 
60. z = V9 — x? — y? (1, 2, 2) 
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line to the curve of intersection of the surfaces at the given 
point. 


Surfaces Point 
61. z= x? - y, z=3 (2; 1;.3) 
62. z =25 - y”, y=x (4, 4, 9) 


63. Find the angle of inclination 0 of the tangent plane to the 
surface x? + y? + z? = 14 at the point (2, 1, 3). 


64. Approximation Consider the following approximations for a 
function f(x, y) centered at (0, 0). 


Linear approximation: 
P(x, y) = f(0, 0) + f,0, O)x + f,(0, 0)y 
Quadratic approximation: 
P(x, y) = f(0, 0) + f,(0, Ox + f,(0, O)y + 
afax(0, O)x? + £00, Oxy + Zf,y(0, O)y? 

[Note that the linear approximation is the tangent plane to the 
surface at (0, 0, f(0, 0)).] 
(a) Find the linear approximation of f(x, y) = cosx + sin y 

centered at (0, 0). 


(b) Find the quadratic approximation of f(x, y) = cosx + siny 
centered at (0, 0). 


(c) If y = 0 in the quadratic approximation, you obtain the 
second-degree Taylor polynomial for what function? 


(d) Complete the table. 


x | y | f(x,y) | PiG,y) | Po, y) 
0 

o | 0.1 

0.2 | 0.1 

0.5 | 0.3 

1 | 05 


(e) Use a computer algebra system to graph the surfaces 
z = f(x, y), z = P(x, y), and z = P,(x, y). How does the 
accuracy of the approximations change as the distance from 
(0, 0) increases? 


In Exercises 65-68, examine the function for relative extrema. 
Use a computer algebra system to graph the function and con- 
firm your results. 


65. f(x, y) = x? — 3xy + y? 
66. f(x, y) = 2x? + 6xy + 9y? + 8x + 14 
1 


1 
; =xy+-+- 
67. f(x,y) = xy mr 


68. z = 50(x + y) — (0.1x3 + 20x + 150) 
(0.05y? + 20.6y + 125) 
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Writing In Exercises 69 and 70, write a short paragraph about 
the surface whose level curves (c-values evenly spaced) are 
shown. Comment on possible extrema, saddle points, the magni- 
tude of the gradient, etc. 


JN 


71. Maximum Profit A corporation manufactures digital 
cameras at two locations. The cost functions for producing x, 
units at location | and x, units at location 2 are 


70. 


C, = 0.05x2 + 15x, + 5400 
C, = 0.03x2 + 15x, + 6100 


and the total revenue function is 


R = [225 — 0.4(x, + x5) (x, + x3). 


Find the production levels at the two locations that will maxi- 
mize the profit P(x, x2) = R — C, — Co. 

72. Minimum Cost A manufacturer has an order for 1000 units of 
wooden benches that can be produced at two locations. Let x, 
and x, be the numbers of units produced at the two locations. 
The cost function is 


C = 0.25x? + 10x, + 0.15x2 + 12x. 


Find the number that should be produced at each location to 
meet the order and minimize cost. 


73. Production Level The production function for a candy man- 
ufacturer is 


f(x,y) = 4x + xy + 2y 


where x is the number of units of labor and y is the number of 
units of capital. Assume that the total amount available for 
labor and capital is $2000, and that units of labor and capital 
cost $20 and $4, respectively. Find the maximum production 
level for this manufacturer. 


74. Find the minimum distance from the point (2, 2,0) to the 
surface z = x? + y?. 


75. Modeling Data The data in the table show the yield y (in ne 
milligrams) of a chemical reaction after t minutes. 


Minutes, t 1 2, 3 4 


Yield, y 1.5 74 | 10.2 | 13.4 


Minutes, ¢ 5 6 7 8 


Yield, y 15.8 | 16.3 | 18.2 | 18.3 
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se the regression capabilities of a graphing utility to find 
the least squares regression line for the data. Then use the 
graphing utility to plot the data and graph the model. 

(b) Use a graphing utility to plot the points (In ¢, y). Do these 
points appear to follow a linear pattern more closely than 
the plot of the given data in part (a)? 

(c) Use the regression capabilities of a graphing utility to find 
the least squares regression line for the points (In ¢, y) and 
obtain the logarithmic model y = a + b Int. 


(d) Use a graphing utility to plot the data and graph the linear 
and logarithmic models. Which is a better model? Explain. 


76. Modeling Data The table shows the drag force y in kilograms 
for a motor vehicle at indicated speeds x in kilometers per hour. 


Speed,x | 25 | 50 | 75 | 100 | 125 


Drag,y | 28 | 38 | 54 | 75 | 102 


(a) Use the regression capabilities of a graphing utility to find 
the least squares regression quadratic for the data. 


(b) Use the model to estimate the total drag when the vehicle is 
moving at 80 kilometers per hour. 


In Exercises 77 and 78, use Lagrange multipliers to locate and 
classify any extrema of the function. 
77. w = xy + yz + xz 
Constraint: x + y +z = 1 
78. z = x?°y 


Constraint: x + 2y = 2 


79. Minimum Cost A water line is to be built from point P to 
point § and must pass through regions where construction costs 
differ (see figure). The cost per kilometer in dollars is 3k from 
P to Q, 2k from Q to R, and k from R to S. For simplicity, let 
k = 1. Use Lagrange multipliers to find x, y, and z such that the 
total cost C will be minimized. 


80. Investigation Consider the objective function f(x, y) = 
ax + by subject to the constraint x?/64 + y?/36 = 1. Assume 
that x and y are positive. 


(a) Use a computer algebra system to graph the constraint. If 
a = 4and b = 3, use the computer algebra system to graph 
the level curves of the objective function. By trial and error, 
find the level curve that appears to be tangent to the ellipse. 
Use the result to approximate the maximum of f subject to 
the constraint. 


(b) Repeat part (a) for a = 4 and b = 9. 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on | 


|| to print an enlarged copy of the graph. 


1. Heron’s Formula states that the area of a triangle with sides of 
lengths a, b, and c is given by 


A s(s — a)(s — b)(s — c) 


at+b+ce : 
where s = 72 a8 shown in the figure. 


c 


(a) Use Heron’s Formula to find the area of the triangle with 
vertices (0, 0), (3, 4), and (6, 0). 


(b) Show that among all triangles having a fixed perimeter, the 
triangle with the largest area is an equilateral triangle. 


(c) Show that among all triangles having a fixed area, the 
triangle with the smallest perimeter is an equilateral triangle. 


2. An industrial container is in the shape of a cylinder with 
hemispherical ends, as shown in the figure. The container must 
hold 1000 liters of fluid. Determine the radius r and length h that 
minimize the amount of material used in the construction of the 
tank. 


3. Let P(xo Yo Zo) be a point in the first octant on the surface 
xyz = 1. 
(a) Find the equation of the tangent plane to the surface at the 
point P. 
(b) Show that the volume of the tetrahedron formed by the three 


coordinate planes and the tangent plane is constant, inde- 
pendent of the point of tangency (see figure). 


4. Use a graphing utility to graph the functions f(x) = </x° — 1 
and g(x) = x in the same viewing window. 


(a) Show that 
Jim [f@) — g@)] = Oand lim [f(x) — g@)] = 0. 
(b) Find the point on the graph of f that is farthest from the 


nranh nat a 


5. 


10. 


Consider the function 
Axy 
——— > (xy) # (0,0 

fa {Pre CAAO 


0, (x, y) z (0, 0) 


1 
and the unit vector u = —=(i + j). 
Fa! jp 


Does the directional derivative of f at P(O, 0) in the direction of 
u exist? If f(0, 0) were defined as 2 instead of 0, would the 
directional derivative exist? 


. A heated storage room is shaped like a rectangular box and has 


a volume of 1000 cubic feet, as shown in the figure. Because 
warm air rises, the heat loss per unit of area through the ceiling 
is five times as great as the heat loss through the floor. The heat 
loss through the four walls is three times as great as the heat 
loss through the floor. Determine the room dimensions that will 
minimize heat loss and therefore minimize heating costs. 


V = xyz = 1000 


. Repeat Exercise 6 assuming that the heat loss through the walls 


and ceiling remain the same, but the floor is insulated so that 
there is no heat loss through the floor. 


. Consider a circular plate of radius 1 given by x? + y? < 1, as 


shown in the figure. The temperature at any point P(x, y) on the 
plate is T(x, y) = 2x? + y? — y + 10. 


>< 


> xX 


(a) Sketch the isotherm T(x, y) = 10. To print an enlarged 
copy of the graph, select the MathGraph button. 


(b) Find the hottest and coldest points on the plate. 


. Consider the Cobb-Douglas production function 


fly) = 0A, OK<a<l. 


(a) Show that f satisfies the equation rz + yo =f. 
(b) Show that f(tx, ty) = tf(x, y). 
2 2 2 
Rewrite Laplace’s equation t + oa 0 in cylindrical 
coordinates. 


11. 


12. 


13. 


14. 


980 


CHAPTER 13 Functions of Several Variables 


A projectile is launched at an angle of 45° with the horizontal 
and with an initial velocity of 64 feet per second. A television 
camera is located in the plane of the path of the projectile 50 
feet behind the launch site (see figure). 


=< 


(a) Find parametric equations for the path of the projectile in 
terms of the parameter t representing time. 


(b) Write the angle a that the camera makes with the horizontal 
in terms of x and y and in terms of t. 


(c) Use the results of part (b) to find da/dt. 


(d) Use a graphing utility to graph « in terms of t. Is the graph 
symmetric to the axis of the parabolic arch of the projec- 
tile? At what time is the rate of change of œ greatest? 


(e) At what time is the angle a maximum? Does this occur 
when the projectile is at its greatest height? 


Consider the distance d between the launch site and the projec- 
tile in Exercise 11. 


(a) Write the distance d in terms of x and y and in terms of the 
parameter t. 


(b) Use the results of part (a) to find the rate of change of d. 
(c) Find the rate of change of the distance when ¢ = 2. 


(d) When is the rate of change of d minimum during the flight 
of the projectile? Does this occur at the time when the 
projectile reaches its maximum height? 


Consider the function 
F, y) = (ax? + Bye", 0< |a| < B. 


(a) Use a computer algebra system to graph the function for 
a= 1l and B = 2, and identify any extrema or saddle 


points. 

(b) Use a computer algebra system to graph the function for 
a = —1 and B = 2, and identify any extrema or saddle 
points. 


(c) Generalize the results in parts (a) and (b) for the function f. 


Prove that if f is a differentiable function such that 
Vf (Xo, Yo) = 0 


then the tangent plane at (Xp, yo) is horizontal. 


15. 


16. 


17. 


18. 


19. 


20. 
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The figure shows a rectangle that is approximately / = 6 
centimeters long and h = 1 centimeter high. 


e l=6c¢m >i 


(a) Draw a rectangular strip along the rectangular region 
showing a small increase in length. 


(b) Draw a rectangular strip along the rectangular region 
showing a small increase in height. 

(c) Use the results in parts (a) and (b) to identify the measure- 
ment that has more effect on the area A of the rectangle. 

(d) Verify your answer in part (c) analytically by comparing 
the value of dA when dl = 0.01 and when dh = 0.01. 

Consider converting a point (5 + 0.05,7/18 + 0.05) in polar 

coordinates to rectangular coordinates (x, y). 

(a) Use a geometric argument to determine whether the 
accuracy in x is more dependent on the accuracy in r or on 
the accuracy in 0. Explain. Verify your answer analytically. 

(b) Use a geometric argument to determine whether the 
accuracy in y is more dependent on the accuracy in r or on 
the accuracy in 0. Explain. Verify your answer analytically. 

Let f be a differentiable function of one variable. Show that all 

tangent planes to the surface z = yf(x/y) intersect in a 

common point. 


Consider the ellipse 


that encloses the circle x? + y? = 2x. Find values of a and b 
that minimize the area of the ellipse. 


Show that 


u(x, t) Tsin t) + sin(x + A] 


is a solution to the one-dimensional wave equation 


du _ Pu 
ðt? ax?” 
Show that 


u(x, t) E ct) + f(x + ch] 


is a solution to the one-dimensional wave equation 


ð?u > ð?u 
TP 
at? ax? 


(This equation describes the small transverse vibration of an 
elastic string such as those on certain musical instruments.) 
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Section 14.1 Iterated Integrals and Area in the Plane 


e Evaluate an iterated integral. 
e Use an iterated integral to find the area of a plane region. 


Iterated Integrals 


NOTE In Chapters 14 and 15, you will In Chapter 13, you saw that it is meaningful to differentiate functions of several 
study several applications of integration variables with respect to one variable while holding the other variables constant. You 
involving functions of several variables. can integrate functions of several variables by a similar procedure. For example, if 
Chapter 14 is much like Chapter 7 in you are given the partial derivative 

that it surveys the use of integration to 

find plane areas, volumes, surface areas, flax, y) = 2xy 


moments, and centers of mass. ge oi ; š i 
then, by considering y constant, you can integrate with respect to x to obtain 


f(x, y) = | fx, y) dx Integrate with respect to x. 
= 2xy dx Hold y constant. 
=y f 2x dx Factor out constant y. 
= y(x?) +C (y) Antiderivative of 2x is x?. 
= x?y + C(y). C(y) is a function of y. 


The “constant” of integration, C(y), is a function of y. In other words, by integrating 
with respect to x, you are able to recover f(x, y) only partially. The total recovery of a 
function of x and y from its partial derivatives is a topic you will study in Chapter 15. 
For now, we are more concerned with extending definite integrals to functions of 
several variables. For instance, by considering y constant, you can apply the 
Fundamental Theorem of Calculus to evaluate 


2y pa 2y 
| ayi] = Oy- y= y, 
Do 


| to 


x is the variable Replace x by The result is 
of integration the limits of a function 
and y is fixed. integration. of y. 


Similarly, you can integrate with respect to y by holding x fixed. Both procedures are 
summarized as follows. 


h (y) h(y) 

F(x, y) dx = f(x, »)| = f(h (y), y) — flAy(y), y) With respect to x 
hy(y) hy (y) 
8,0) 8,0) 

ea. »| TIED Ae) Wito 
g(x) 8% 


Note that the variable of integration cannot appear in either limit of integration. For 
instance, it makes no sense to write 


Í y dx. 
0 


1 
1 
1 
1 

2 


1 
1 
1 
1 
| 
1 


The region of integration for 


2% 
f [i dy dx 


Figure 14.1 


w Experienced writers 


© On-time delivery 


2) 100% plagiarism free 


EXAMPLE | Integrating with Respect to y 


Evaluate f (2x2y72 + 2y) dy. 
1 


Solution Considering x to be constant and integrating with respect to y produces 


Í (2x2y~? + 2y) dy = | 
1 


y 
=y 9x2 

(E-E) 

x 1 

= 3x? = 2% = 1, [=a 

C | [Eee] 
Notice in Example 1 that the integral defines a function of x and can itself be 
integrated, as shown in the next example. 


— 2x? 


a | Integrate with respect to y. 
1 


EXAMPLE 2. The Integral of an Integral 


2 


Evaluate f 


1 


f (2x?y72 + 2y) a dx. 
1 


Solution Using the result of Example 1, you have 


f [fees + 2y) a dx = f (3x? — 2x — 1) dx 


2 
= [e =y = x| Integrate with respect to x. 


[rryme | (Eee 
The integral in Example 2 is an iterated integral. The brackets used in Example 
2 are normally not written. Instead, iterated integrals are usually written simply as 


b 8) d fh 0) 
f f(x, y) dy dx and [ f(x, y) dx dy. 
a Jg\(x) hy(y) 

The inside limits of integration can be variable with respect to the outer variable of 
integration. However, the outside limits of integration must be constant with respect 
to both variables of integration. After performing the inside integration, you obtain a 
“standard” definite integral, and the second integration produces a real number. The 
limits of integration for an iterated integral identify two sets of boundary intervals for 
the variables. For instance, in Example 2, the outside limits indicate that x lies in the 
interval 1 < x < 2 and the inside limits indicate that y lies in the interval 1 < y < x. 
Together, these two intervals determine the region of integration R of the iterated 
integral, as shown in Figure 14.1. 

Because an iterated integral is just a special type of definite integral—one in 
which the integrand is also an integral—you can use the properties of definite integrals 
to evaluate iterated integrals. 
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Vertically simple region 
Figure 14.2 


Region is bounded by 
c<y<dand 
h O) $x <h, O) 
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Horizontally simple region 
Figure 14.3 
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Area of a Plane Region 


In the remainder of this section, you will take a new look at an old problem—that of 
finding the area of a plane region. Consider the plane region R bounded by a < x < b 
and g,(x) < y < g,(x), as shown in Figure 14.2. The area of R is given by the definite 
integral 


MEOE 7 (x) ] dx. Area of R 


Using the Fundamental Theorem of Calculus, you can rewrite the integrand 
g(x) — g,(x) as a definite integral. Specifically, if you consider x to be fixed and let 
y vary from g,(x) to g,(x), you can write 


g(x) g(x) 
f ay =>] r 
& 


10) g(x) 


Combining these two integrals, you can write the area of the region R as an iterated 
integral 


b f8) b J8) 
Í f dy dx = f y| dx Area of R 
KES) a d8% 
b 
= | Lash - elar 


Placing a representative rectangle in the region R helps determine both the order and 
the limits of integration. A vertical rectangle implies the order dy dx, with the inside 
limits corresponding to the upper and lower bounds of the rectangle, as shown in 
Figure 14.2. This type of region is called vertically simple, because the outside limits 
of integration represent the vertical lines x = a and x = b. 

Similarly, a horizontal rectangle implies the order dx dy, with the inside limits 
determined by the left and right bounds of the rectangle, as shown in Figure 14.3. This 
type of region is called horizontally simple, because the outside limits represent the 
horizontal lines y = c and y = d. The iterated integrals used for these two types of 
simple regions are summarized as follows. 


Area of a Region in the Plane 


1. If R is defined by a < x < b and g,(x) < y < g(x), where g; and g, are 
continuous on [a, b], then the area of R is given by 


80) 
a-f dy dx. 
a Jgy(x) 


2. If R is defined by c < y < d and h,(y) < x < h,(y), where h, and h, are 
continuous on [c, d], then the area of R is given by 


d ch) 
A= f dx dy. 
c Jhy(y) 


Figure 14.2 (vertically simple) 


Figure 14.3 (horizontally simple) 


NOTE Be sure you see that the order of integration of these two integrals is different—the 
order dy dx corresponds to a vertically simple region, and the order dx dy corresponds to a 
horizontally simple region. 


© On-time delivery 


A 
Rectangular region 
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| | 
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Figure 14.4 
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y=sinx 


57/4 sin x =. 
Area = i dy\dx; 


mi4 J cosx 


Figure 14.5 
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If all four limits of integration happen to be constants, the region of integration is 
rectangular, as shown in Example 3. 


EXAMPLE 3 The Area of a Rectangular Region 


Use an iterated integral to represent the area of the rectangle shown in Figure 14.4. 
Solution The region shown in Figure 14.4 is both vertically simple and horizontally 


simple, so you can use either order of integration. By choosing the order dy dx, you 
obtain the following. 


[ [fou 7 [sf 
= fa- c) dx 


-fuza 
= (d — c)(b — a) 


Notice that this answer is consistent with what you know from geometry. 
m Eee 


EXAMPLE 4 Finding Area by an Iterated Integral 


Integrate with respect to y. 


Integrate with respect to x. 


Use an iterated integral to find the area of the region bounded by the graphs of 


f(x) = sinx 


g(x) = cos x 


Sine curve forms upper boundary. 


Cosine curve forms lower boundary. 


between x = 7/4 and x = 57/4. 


Solution Because f and g are given as functions of x, a vertical representative 
rectangle is convenient, and you can choose dy dx as the order of integration, as shown 
in Figure 14.5. The outside limits of integration are 7/4 < x < 52/4. Moreover, 
because the rectangle is bounded above by f(x) = sin x and below by g(x) = cos x, 
you have 


57/4 fsinx 
Area of R = [ dy dx 


1/4 
57/4  sinx 

= Í J dx 
1/4 cos x 


57/4 
= f (sin x — cos x) dx 


os x 


Integrate with respect to y. 


m/4 
57/4 
= | —cos x — sin x| jä Integrate with respect to x. 
T, 
= 95/3, <a 


NOTE The region of integration of an iterated integral need not have any straight lines as 
boundaries. For instance, the region of integration shown in Figure 14.5 is vertically simple 


even though it has no vertical lines as left and right boundaries. The quality that makes the 
region vertically simple is that it is bounded above and below by the graphs of functions of x. 
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One order of integration will often produce a simpler integration problem than the 
other order. For instance, try reworking Example 4 with the order dx dy—you may be 
surprised to see that the task is formidable. However, if you succeed, you will see that 
the answer is the same. In other words, the order of integration affects the ease of 
integration, but not the value of the integral. 


EXAMPLE 5 Comparing Different Orders of Integration 


Sketch the region whose area is represented by the integral 


2 74 
N R: 0<y<2 f dx dy. 


0 y? 


Then find another iterated integral using the order dy dx to represent the same area and 
show that both integrals yield the same value. 


Solution From the given limits of integration, you know that 


yesxs4 Inner limits of integration 


which means that the region R is bounded on the left by the parabola x = y? and on 
the right by the line x = 4. Furthermore, because 


O<sy<2 Outer limits of integration 


you know that R is bounded below by the x-axis, as shown in Figure 14.6(a). The 
value of this integral is 


2 74 2 74 
y Í f dx dy = [ x| dy Integrate with respect to x. 
A R: 0 4 0 Jy2 0 y2 
el O<y<vE 2 
= f (4 — y?) dy 
0 
P y=vx (4,2) PP 16 
= E = z = Integrate with respect to y. 
i 3 Jo 3 
To change the order of integration to dy dx, place a vertical rectangle in the region, as 
| ew i— x shown in Figure 14.6(b). From this you can see that the constant bounds 0 < x < 4 
: $ j 3 serve as the outer limits of integration. By solving for y in the equation x = y?, you 
T AE Í 4 pve pee, can conclude that the inner bounds are 0 < y < \/x. So, the area of the region can 
or also be represented by 
(b) 4 Vx 
Figure 14.6 f f dy dx. 
o Jo 
By evaluating this integral, you can see that it has the same value as the original 
integral. 
4 ~x 444 
dy dx = y dx Integrate with respect to y. 
o Jo 0 0 


l 
S 
> 


= Integrate with respect to x. 


3 0 3 


a 


2 } 16 


TECHNOLOGY Some computer 
software can perform symbolic integra- 
tion for integrals such as those in 
Example 6. If you have access to such 
software, use it to evaluate the integrals 
in the exercises and examples given in 
this section. 


NOTE In Examples 3 to 6, be sure you 
see the benefit of sketching the region of 
integration. You should develop the habit 
of making sketches to help determine 
the limits of integration for all iterated 
integrals in this chapter. 
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Sometimes it is not possible to calculate the area of a region with a single iterated 
integral. In these cases you can divide the region into subregions such that the area of 
each subregion can be calculated by an iterated integral. The total area is then the sum 
of the iterated integrals. 


EXAMPLE 6 An Area Represented by Two Iterated Integrals 


Find the area of the region R that lies below the parabola 
y=4x- x? Parabola forms upper boundary. 
above the x-axis, and above the line 


y= =3z + 6. Line and x-axis form lower boundary. 


Solution Begin by dividing R into the two subregions R, and R, shown in Figure 14.7. 


y=—3x +6 


y= 4x —x? 


; T > xX 
Ax 4 
Ax — 37 =. 4 4x— x? = 
Area L D dy dx) +f Í dy\dx) 
Bx+6 9 `7 2J0 ae 
Figure 14.7 


| Esitable Graph 


In both regions, it is convenient to use vertical rectangles, and you have 


2 (4x—x2 4 (4x — x2 
Area = [T dy dx + [| dy dx 
—3x+6 2 J0 


=f ar- ee aoa + [arya 


= Te 2 
-|7 3 aj + [2 - all 
1 
3 


+6) +(32-%-84 $- 


8 7 
= — — — —— + 
(14 12 3 3 7 


3 2 
The area of the region is 15/2 square units. Try checking this using the procedure for 
finding the area between two curves, as presented in Section 7.1. — 


[rry | [Eee 

At this point you may be wondering why you would need iterated integrals. After 
all, you already know how to use conventional integration to find the area of a region 
in the plane. (For instance, compare the solution of Example 4 in this section with that 
given in Example 3 in Section 7.1.) The need for iterated integrals will become clear 
in the next section. In this section, primary attention is given to procedures for finding 


the limits of integration of the region of an iterated integral, and the following exercise 
set is designed to develop skill in this important procedure. 
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Exercises for Section 14.1 
The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-10, evaluate the integral. In Exercises 29-34, use an iterated integral to find the area of 
y 2 the region. 
= y 
L Í E= a i Í P 29. y 30. v 
29 5 S i 1a, 3) (3, 3) 
2. | =dx, y>0 af ydx sl 3T 
1 x 0 6+ 
V4—2 Vx za 2+ 
5; Í xy dy 6. Í (x? + 3y?) dy ET (8, 3) i 
0 x 24 Al 
piles Vs ve GN 
7. dx, y>0 8. (x? + y?) dx 
e xX = J1-y2 
x3 1/2 
9. Í ye~¥/* dy 10. Í sin? x cos y dx 
0 y 
In Exercises 11-24, evaluate the iterated integral. 
1 £2 
11. Í [ (x + y) dy dx 
0 JO 


1 2 
12. Í Í (x? — y?) dy dx 
-1-2 
13. Í Í (1 + cos x) dy dx 
o Jo 
4 pve 
14. Í Í 2ye™* dy dx 
iJi 


1 x 
is. | | J1 — x? dy dx 
0 JO 
4 fx? 
1s. | Í V64 — x3 dy dx 
0 


-4 


In Exercises 35-40, use an iterated integral to find the area of 


2 £4 
17. Í Í (x2 — 2y2 + 1) dx dy the region bounded by the graphs of the equations. 
1 JO = = 
2 p2y 35. Jx + Jy = 2, x=0, y=0 
18. {| (10 + 2x2 + 2y?) dx dy 36. y= 2/2, y= 2x 
io ) 37. 2x — 3y = 0, x+y=5, y=0 
19. x + y) dx dy 
odo 38. xy =9, y=x, y=0, x=9 
2 f2y—y2 x2 y? 
9. [+ 5=1 
20. Ifo. 3y dx dy 3 a’ Bp 
2 (/a-y? 2 40. y=x, y=2x, x=2 
21. SS dx dy 
o Jo V4 — ye 
T/2 f2 cos 0 In Exercises 41-48, sketch the region R of integration and 
22. Í Í rdr d0 switch the order of integration. 
B oe 4 py 42 
35. Í Í ree 41. f Í f(x, y) dx dy 42. f [. f(x,y) dx dy 
o Jo 2 
7/4 (cos 0 2 /4—x2 2 £4—x2 
24. Í Í 3r2 sin Odr dO 43. Í Í fæ dyd 44. Í Í f(y) dy dx 
0 0 -2 Jo 0 Jo 
10 finy 2 ee 
45. y) dxd 46. , y) dy d. 
In Exercises 25-28, evaluate the improper iterated integral. f f(x, y) dx dy [, 0 Fle y) dy dx 


1 Jo 
1 1 1/2 cos x 
oo (1/x 3 foo 2 Í 
x 47. f(x, y) dy dx 48. Í Í f(x, y) dy dx 
2s. | Í y dy dx 26. [f myos aala —n/2 Jo 


co o0 1 co co : 3 
27. Í Í — dx dy 28. Í Í xye7 e +y’ dx dy 
ı J W o Jo 


In Exercises 49-58, sketch the region R whose area is given by 
the iterated integral. Then switch the order of integration and 
show that both orders yield the same area. 


12 2 4 

49. ai dy dx 50. [J dx dy 
o Jo 
1 pJVi-y? 

si. | | dx dy 52. [ io dy dx 
o J-V1-y2 -2 J-V/4-2 
2 x 4 f4-x 

33. | | aaff dy dx 
o Jo 2 Jo 
A px/2 6 f6-x 

a] aac+ || dy dx 
o Jo 4 Jo 
2f 9 73 

ss. | | dy dx so. | | dy dx 
0 Jx/2 0 Jx 


1 pyy 2 f4-y2 
57. Í Í dx dy 58. Í Í dx dy 
o Jy2 -2Jo 


Think About It Yn Exercises 59 and 60, give a geometric 
argument for the given equality. Verify the equality analytically. 


5 p Jo 
s|] x?y? dy dx = 
0 Jx 
5 ry 5/2 7 /50-2 
[f adya | Í x?y? dx dy 
0 J0 S 0 


2. f'2x 4 Jy 
wo. | | xsiny dy d= Í Í x sin y dx dy 
0 Jx? 0 Jy/2 


y 
A (2, 4) 


In Exercises 61-64, evaluate the iterated integral. (Note that it 
is necessary to switch the order of integration.) 


2 2 2 2 
a. || xJ/1 +y dy dx a. || e™ dy dx 
Be = a 
63. Í Í sin x? dx dy 64. Í Í x sin x dx dy 
0 Jy 0 Jy? 
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n Exercises 65-68, use a computer algebra system to evaluate 
the iterated integral. 


65. TT (x3 + 3y?) dy dx 


66. [ P sin(x + y) dx dy 


2 
aff » @+DOFD 


68. [I (x? + y?) dy dx 
o Jo 


In Exercises 69 and 70, (a) sketch the region of integration, 
(b) switch the order of integration, and (c) use a computer 
algebra system to show that both orders yield the same value. 


2 4./2y 
69. f n id — xy?) dx dy 
2 £4—x2, 


dy dx 


dx dy 


7 
t f M 


In Exercises 71-74, use a computer algebra system to approxi- 
mate the iterated integral. 


2 f4-—x2 

71. [J e® dy dx 

72. T V16 — xX — y dy dx 
2a f1l+cos 0 

73. f | 6r? cos 6dr dé 


1+sin 6 
74. | 156r dr dé 
0 0 


Writing About Concepts 


. Explain what is meant by an iterated integral. How is it 
evaluated? 

. Describe regions that are vertically simple and regions that 
are horizontally simple. 

. Give a geometric description of the region of integration if 
the inside and outside limits of integration are constants. 

. Explain why it is sometimes an advantage to change the 
order of integration. 


True or False? In Exercises 79 and 80, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


b fd 
nf f(x, aas |S i ) dx dy 


80. [eoged 
o Jo o Jo 
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Section 14.2 Double Integrals and Volume 


e Use a double integral to represent the volume of a solid region. 
e Use properties of double integrals. 
e Evaluate a double integral as an iterated integral. 


Double Integrals and Volume of a Solid Region 


You already know that a definite integral over an interval uses a limit process to assign 
measure to quantities such as area, volume, arc length, and mass. In this section, you 
will use a similar process to define the double integral of a function of two variables 
over a region in the plane. 

Consider a continuous function f such that f(x, y) > 0 for all (x, y) ina region R 
in the xy-plane. The goal is to find the volume of the solid region lying between the 
surface given by 


= f(x y) Surface lying above the xy-plane 


and the xy-plane, as shown in Figure 14.8. You can begin by superimposing a rectan- 
gular grid over the region, as shown in Figure 14.9. The rectangles lying entirely 
within R form an inner partition A, whose norm ||A\| is defined as the length of the 
longest diagonal of the n rectangles. Next, choose a point (x;, y,) in each rectangle and 
form the rectangular prism whose height is f(x; y,), as shown in Figure 14.10. 
Figure 14.8 Because the area of the ith rectangle is 


[ Rotatable Graph | AA; Area of ith rectangle 


it follows that the volume of the ith prism is 


fi (x;, y;) AA; Volume of ith prism 


and you can approximate the volume of the solid region by the Riemann sum of the 
volumes of all n prisms, 

SFG, y,) AA, Riemann sum 

= 
as shown in Figure 14.11. This approximation can be improved by tightening the mesh 
of the grid to form smaller and smaller rectangles, as shown in Example 1. 


fp yp) 


The rectangles lying within R form an inner Rectangular prism whose base has an area of Volume approximated by rectangular 
partition of R. AA, and whose height is f(x, y;) prisms 
Figure 14.9 Figure 14.10 Figure 14.11 
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EXAMPLE | Approximating the Volume of a Solid 
Approximate the volume of the solid lying between the paraboloid 
1 
f(y) = 1-52? - sy? 


and the square region R given by0 < x < 1,0 < y < 1. Use a partition made up of 
squares whose sides have a length of 3. 


Solution Begin by forming the specified partition of R. For this partition, it is 
convenient to choose the centers of the subregions as the points at which to evaluate 


f(x, y). 


11 13 15 17 
b) 6) 6) 8) 
3 1 3 3 35 37 
(3) 6) 6) Ga) 
51 5 3 55 57 
G, 5) G, 3) (3, 3) G. 3) 
71 1 3 75 77 
h, 5) G 3) G 3) G 3) 
Because the area of each square is AA; = +, you can approximate the volume by the 
sum 
SF JAA (1 1 ; 1 A) 
y. = = =y = yp — 
> Xi Yi L 2 2 L p Yi 16 
= 0.672. 
Surface: This approximation is shown graphically in Figure 14.12. The exact volume of the 
fx, y)=1- se y solid is 2 (see Example 2). You can obtain a better approximation by using a finer 
partition. For example, with a partition of squares with sides of length 6 the approx- 
Figure 14.12 imation is 0.668. el 


[rryme | [ealoratona] 
TECHNOLOGY Some three-dimensional graphing utilities are capable of 
graphing figures such as that shown in Figure 14.12. For instance, the graph shown 


in Figure 14.13 was drawn with a computer program. In this graph, note that each 
of the rectangular prisms lies within the solid region. 


In Example 1, note that by using finer partitions, you obtain better approxima- 
tions of the volume. This observation suggests that you could obtain the exact volume 
by taking a limit. That is, 


n 


Volume = lim © f(x, y;) AA;. 


|Al>0 =, 


‘ The precise meaning of this limit is that the limit is equal to L if for every e > 0 there 
Figure 14.13 exists a 6 > O such that 


TERREO SS ee | n 


for all partitions A of the plane region R (that satisfy ||A|| < 6) and for all possible 
choices of x; and y; in the ith region. 

Using the limit of a Riemann sum to define volume is a special case of using the 
limit to define a double integral. The general case, however, does not require that the 
function be positive or continuous. 
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= EXPLORATION — Definition of Double Integral 


The entries in the table represent the 
depth (in 10-yard units) of earth at 
the center of each square in the figure 


If f is defined on a closed, bounded region R in the xy-plane, then the double 
integral of f over R is given by 


below. n 
x,y) dA = lim x,, y,) AA, 
Í f fle y) dA = lim, $fe y) MA, 
| TTS : eee eae i 
provided the limit exists. If the limit exists, then f is integrable over R. 
1 10} 9 | 7 
2 7 7 4 NOTE Having defined a double integral, you will see that a definite integral is occasionally 
3 5 5 4 referred to as a single integral. 
4 wae. Sufficient conditions for the double integral of f on the region R to exist are that 


R can be written as a union of a finite number of nonoverlapping subregions (see 
Figure 14.14) that are vertically or horizontally simple and that f is continuous on the 
region R. 

A double integral can be used to find the volume of a solid region that lies 
between the xy-plane and the surface given by z = f(x, y). 


Volume of a Solid Region 


If f is integrable over a plane region R and f(x, y) > 0 for all (x, y) in R, then 
the volume of the solid region that lies above R and below the graph of f is 


defined as 
Approximate the number of cubic j Í | F(x, 9) dA. 
yards of earth in the first octant. 
(This exploration was submitted by 
Robert Vojack, Ridgewood High : 
School, Ridgewood, NJ.) Properties of Double Integrals 


Double integrals share many properties of single integrals. 


THEOREM 14.1 Properties of Double Integrals 
Let f and g be continuous over a closed, bounded plane region R, and let c be a 
y constant. 
A 
R=R UR 
iw 1. | [esaa =ef | faa 
R R 
2 | fires £ sælan = | fraa | feta 
R R R 
3. MESS dA>0, if f(x,y) 20 
R 
A 4. MES y) dA > f fet y)dA, if f(x,y) = g(x, y) 
R R 
Two regions are nonoverlapping if their K : : 
intersection is a set that has an area of 0. In 5. f, y) dA = f(x, y) dA + f(x, y) dA, where R is the union of 
: : R Ry Ro 
this figure, the area of the line segment that 
is common to R, and R, is 0. two nonoverlapping subregions R, and R}. 
Figure 14.14 
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(0, 0, 2) 
Plane: 
Height: ee 
z=2-x 


Triangular 2 
cross section 


2 
Volume: |! A(x) dx 
0 


Figure 14.15 


[Rotatable Graph || 


Z=2-x—-2y 


y=0 y= 7 


Triangular cross section 
Figure 14.16 


e .., 


x x 


Integrate with respect to y to obtain the area of the cross section. 


Figure 14.17 


Animation | 


Evaluation of Double Integrals 


Normally, the first step in evaluating a double integral is to rewrite it as an iterated 
integral. To show how this is done, a geometric model of a double integral is used as 
the volume of a solid. 

Consider the solid region bounded by the plane z = f(x, y) = 2 — x — 2y and 
the three coordinate planes, as shown in Figure 14.15. Each vertical cross section 
taken parallel to the yz-plane is a triangular region whose base has a length of 
y = (2 — x)/2 and whose height is z = 2 — x. This implies that for a fixed value of 


x, the area of the triangular cross section is 
1 1/2 = 2 — y} 
A(x) = 3 (base) (height) = (=e -x)= (2 = x)? 


2 + 


By the formula for the volume of a solid with known cross sections (Section 7.2), the 
volume of the solid is 


b 
Volume = Í A(x) dx 


-|e Q- 


er rp _2 
12 Jo 3 


This procedure works no matter how A(x) is obtained. In particular, you can find A(x) 
by integration, as shown in Figure 14.16. That is, you consider x to be constant, and 
integrate z = 2 — x — 2y from 0 to (2 — x)/2 to obtain 


2-2/2 
Ac) = | (2 — x — 2y) dy 
0 


2-2/2 
= [e =x) — p| 


Ga 
D ae 


Combining these results, you have the iterated integral 


2 2-x)/2 
Voume = Í {70.9 a=] (2 — x — 2y) dy dx. 
R o Jo 


To understand this procedure better, it helps to imagine the integration as two sweep- 
ing motions. For the inner integration, a vertical line sweeps out the area of a cross 
section. For the outer integration, the triangular cross section sweeps out the volume, 
as shown in Figure 14.17. 


Integrate with respect to x to obtain the volume of the solid. 
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The following theorem was proved by the Italian mathematician Guido Fubini 
(1879-1943). The theorem states that if R is a vertically or horizontally simple region 
and f is continuous on R, the double integral of f on R is equal to an iterated integral. 


THEOREM 14.2 Fubini’s Theorem 
Let f be continuous on a plane region R. 


1. If R is defined by a < x < band g,(x) < y < g(x), where gı and g, are 
continuous on [a, b], then 


b g(x) 
f [roa = f f(x, y) dy dx. 
a Jg,(x) 


2. If R is defined by c < y < dandh,(y) < x < h,(y), where h, and h, are 
continuous on [c, d], then 


d (hy(y) 
f [reaa- f f(x, y) dx dy. 
c Jh) 


EXAMPLE 2 Evaluating a Double Integral as an Iterated Integral 


Evaluate 


- be = b?) 
[Jl TD dA 


where R is the region given by 0 <x < 1,0 < y< 1. 


y Solution Because the region R is a square, it is both vertically and horizontally 

R:0<x<1 simple, and you can use either order of integration. Choose dy dx by placing a vertical 

Osysl representative rectangle in the region, as shown in Figure 14.18. This produces the 
following. 


UE a aa = II (1-52 -i)o 


2 
f, [rena f f raaa = |x- zl 


The volume of the solid region is A 
Figure 14.18 


The double integral evaluated in Example 2 represents the volume of the solid 
region approximated in Example 1. Note that the approximation obtained in Example 
1 is quite good (0.672 vs. 3), even though you used a partition consisting of only 
16 squares. The error resulted because the centers of the square subregions were 
used as the points in the approximation. This is comparable to the Midpoint Rule 
approximation of a single integral. 


Volume of a Paraboloid Sector 

The solid in Example 3 has an ellipti- 
cal (not a circular) base. Consider the 
region bounded by the circular 
paraboloid 


g= =f =~, a> 


and the xy-plane. How many ways do 
you now know for finding the volume 
of this solid? For instance, you could 
use the disk method to find the vol- 
ume as a solid of revolution. Does 
each method involve integration? 


g 


NOTE In Example 3, note the useful- 
ness of Wallis’s Formula to evaluate 
H /2 cos” 0 d0. You may want to review 


this formula in Section 8.3. 


w Experienced writers 


© On-time delivery 


® 100% plagiarism free 


The difficulty of evaluating a single integral f? f(x) dx usually depends on the 
function f, and not on the interval [a, b]. This is a major difference between single and 
double integrals. In the next example, you will integrate a function similar to that in 
Examples | and 2. Notice that a change in the region R produces a much more difficult 
integration problem. 


EXAMPLE 3 Finding Volume by a Double Integral 


Find the volume of the solid region bounded by the paraboloid z = 4 — x? — 2y? and 
the xy-plane. 


Solution By letting z = 0, you can see that the base of the region in the xy-plane 
is the ellipse x? + 2y? = 4, as shown in Figure 14.19(a). This plane region is both 
vertically and horizontally simple, so the order dy dx is appropriate. 


_ (4-9... [4-2 
2 7 2 


—2<x<2 


Variable bounds for y: 


Constant bounds for x: 


The volume is given by 


[] V(4=x?)/2 
—2J — /(4—x2)/2 


23] VG=x572 
f [a — x7)y - P Ix 
=) —JV(4—x?)/2 


V — x? — 2y?) dy dx See Figure 14.19(b). 


4 
= 4— 2)3/2 q 
33 oat x2)3/2 dx 


7 4 a/2 
3/2 —7/2 


64 te 
= — (2 +6 d0 
Wo Ji cos 


_ 128 (#2) 
3./2.\16 
= 4/27. 


16 cost 0 d0 


x= 2sin ð 


Wallis’s Formula 


Surface: Base: -2 <x <2 


f@, y)=4-x? -2y -= V4 - x72 < y < (4 — x72 


zZ 


fa Va- 2 5 N 
l ie x y2 Haa Jaydy 


Figure 14.19 
| Try te | 
[Exploration a | [Exploration c | (Exploration D | 
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In Examples 2 and 3, the problems could be solved with either order of integra- 
tion because the regions were both vertically and horizontally simple. Moreover, had 
you used the order dx dy,you would have obtained integrals of comparable difficulty. 
There are, however, some occasions in which one order of integration is much more 
convenient than the other. Example 4 shows such a case. 


EXAMPLE 4 Comparing Different Orders of Integration 


Find the volume of the solid region R bounded by the surface 
f(x,y) = ew Surface 
and the planes z = 0, y = 0, y = x, and x = 1, as shown in Figure 14.20. 


Solution The base of R in the xy-plane is bounded by the lines y = 0, x = 1, and 
y = x. The two possible orders of integration are shown in Figure 14.21. 


Base is bounded by y = 0, y = x, and 
x= 1. 
Figure 14.20 


| Rotatable Graph | 


1 fx 5 P 
Í Í e™ dy\dx; 
0/0 eo 


Figure 14.21 


By setting up the corresponding iterated integrals, you can see that the order dx dy 
requires the antiderivative fe~*’ dx, which is not an elementary function. On the other 
hand, the order dy dx produces the integral 


1 fx 1 Ba 
[f dya | e] dx 
o Jo 0 0 
1 
=) xe-* dx 
0 


NOTE Try using a symbolic integration utility to evaluate the integral in Example 4. 
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ZEN r pine EXAMPLE 5 Volume of a Region Bounded by Two Surfaces 
gel-x?-y? z=1-y 


Find the volume of the solid region R bounded above by the paraboloid 
z = l1 — x? — y? and below by the plane z = 1 — y, as shown in Figure 14.22. 


Solution Equating z-values, you can determine that the intersection of the two 
surfaces occurs on the right circular cylinder given by 


l-y=1-x-y p> wY=y-y? 


Because the volume of R is the difference between the volume under the paraboloid 
and the volume under the plane, you have 


1 pVy—y?2 1 vy? 
Volume = [f (1 — x? — y?) dxdy — f Í (1 — y) dx dy 
0 J—-Vy—y? 0 J-vVy=y? 
1 (vy 
-Í f (y — y? — x?) dx dy 
5 0 J- vy =y? 
| ie 
= =y] = d 
: ~~ 3l- y 


-HE 1-0- rea 


m/2 4 
-tf cos Cii 2y—1=sin0 

ang 6J-a2 2 

-į 5 1 m/2 
— cost d0 
Figure 14.22 E 
Gz ates em 
S 

6 16 32 allis ormula 
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Exercises for Section 14.2 


The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


Approximation In Exercises 1-4, approximate the integral 5. Approximation The table shows values of a function f over a 
SrS f(x,y) dA by dividing the rectangle R with vertices (0, 0), square region R. Divide the region into 16 equal squares and 
(4, 0), (4, 2), and (0, 2) into eight equal squares and finding the select (x, y;) to be the point in the ith square closest to the origin. 
sum Compare this approximation with that obtained by using the 
5 point in the ith square farthest from the origin. 

af (x;5¥;) AA; 


474 
Í f(x, y) dy dx 


0 J0 
where (x;, y;) is the center of the ith square. Evaluate the iterated 


integral and compare it with the approximation. 
integ pare it wi pproximati z 0 1 z 3 4 
4 r2 y 
1. [f (x + y) dy dx 0 32 31 28 23 16 
0 J0 
1 42 1 31 30 27 22 15 
= a dy dx 
2 28 27 24 19 12 
K, f (x? + y?) dy dx 3 23 22 19 14 7 
4 16 15 12 7 0 
ae dx 
aff o E+ DON” 
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6. Approximation The figure shows the level curves for a func- n Exercises 21-30, use a 
tion f over a square region R. Approximate the integral using the indicated solid. 


four squares, selecting the midpoint of each square as (x; y;). 


[J f(x, y) dy dx A 


> xX 


In Exercises 7-12, sketch the region R and evaluate the iterated 
integral fpf f(x, y) dA. 


m 7/2 
n f [ (1 + 2x + 2y)dydx 8. Í Í sin? x cos? y dy dx 
0 


0 
4 Vy 
ff (x + y) dx dy wo. || xy? dx dy 
0 eas 0 ty 
11. [fo & +) dy dx 
i. 1 flay 
12. [T aenal erty dx dy 
o Jy-1 o Jo 


In Exercises 13-20, set up an integral for both orders of 
integration, and use the more convenient order to evaluate the 
integral over the region R. 


13. MEZ * 2x+3y+4z=12 
R 


z 


R: rectangle with vertices (0, 0), (0, 5), (3, 5), (3, 0) 


14. f Jsnxsinyaa 
R 


R: rectangle with vertices (— m, 0), (7, 0), (m, 17/2), (— 7, 77/2) 


y 
15. [Jue 


R: triangle bounded by y = x, y = 2x, x = 2 


16. Í Í xe” dA 
R, 


R: triangle bounded by y = 4 — x, y= 0,x= 0 


17. [ [-2yinxaa 
R 


R: region bounded by y = 4 — x7, y=4-—x 


y 
18. [Jee 


R: region bounded by y = 0, y = Jx,x=4 


19. f fraa 
R 


R: sector of a circle in the first quadrant bounded by 


y = V25 — x, 3x — 4y =0,y =0 


20. [Je + y*)dA 


R: semicircle bounded by y = V4 — x, y = 0 


29. Improper integral 30. Improper integral 


z 


fa $ Fe z= e7 +2 
(x + 1)°(y + 1)? 


In Exercises 31 and 32, use a computer algebra system to find 
the volume of the solid. 


31. z 32. 
z=4-x2 =y” 


In Exercises 33-40, set up a double integral to find the volume 
of the solid bounded by the graphs of the equations. 


33. z= xy, z = 0, y= x, x = 1, first octant 


34. y=0,z=0, y=x, 2 =x, x =0,x=5 
35. z=0,z=x, x=0,x=2, y=0, y=4 
36. 2 +y + =r 

37. x2 + 2 = 1, y +z = 1, first octant 


38. y=4- x, z=4-— x, first octant 


39. z = x + y, 2+ y? = 4, first octant 


40. z 


x=0,x=2, y20 


1+ y” 


In Exercises 41 and 42, use Wallis’s Formula to find the volume 
of the solid bounded by the graphs of the equations. 


4.z2=VP4+y,7+y=4 2=0 


42. z = si? x, z=0,0Sx< 7,05 y<5 


In Exercises 43-46, use a computer algebra system to find the 
volume of the solid bounded by the graphs of the equations. 


43.z=9- 2- y, z=0 

44. x2? = 9 — y, 2 = 9 — y, first octant 
2 

1+2 +y 

46. z= n1 +x +y), z=0,y=0, x=0,x=4- Jy 


45. z z <=0,y=0,x=0, y 0.5x + 1 


47. If f is a continuous function such that 0 < f(x, y) < 1 overa 
region R of area 1, prove that O < fpf f(x,y) dA < 1. 


48. Find the volume of the solid in the first octant bounded by the 
coordinate planes and the plane (x/a) + (y/b) + (z/c) = 1, 
where a > 0,b > 0, andc > 0. 


In Exercises 49-52, evaluate the iterated integral. (Note that it 
is necessary to switch the order of integration.) 


1 pif m10 f10 4 
49. Í Í e * dx dy 50. Í Í — dy dx 
0 Jy/2 0 e my 


1 farccos y 2 r2 
51. Í Í sinx/1 + sin? x dx dy 52. Í Í , Vy cos y dy dx 
o Jo 0 Jax? 
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In Exercises 53-56, find the average value of f(x,y) over the 
region R where 


Average value = t Í Í f(x,y) dA 
Ajg 


and where A is the area of R. 


53. f(x,y) =x 

R: rectangle with vertices (0, 0), (4, 0), (4, 2), (0, 2) 
54. f(x, y) = xy 

R: rectangle with vertices (0, 0), (4, 0), (4, 2), (0, 2) 
55. f(x,y) = x2 + y? 

R: square with vertices (0, 0), (2, 0), (2, 2), (0, 2) 
56. f(x,y) = er*” 

R: triangle with vertices (0, 0), (0, 1), (1, 1) 


Writing About Concepts 


. State the definition of a double integral. If the integrand is 
a nonnegative function over the region of integration, give 
the geometric interpretation of a double integral. 


. The following iterated integrals represent the solution to the 
same problem. Which iterated integral is easier to evaluate, 
and why? 


42 2 f2y 
Í Í sin y? dy dx = Í Í sin y? dx dy 
o Jx/2 2 Jo 


. Let R be a region in the xy-plane whose area is B. If 
f(x, y) = k for every point (x, y) in R, what is the value of 
SRS f(x, y) dA? Explain. 

. Let R represent a county in the northern part of the United 
States, and let f(x, y) represent the total annual snowfall at 
the point (x, y) in R. Interpret each of the following. 


Í fre ja 
(a) Í [re y)dA (b) “__—_— 
z Í i dA 


61. Average Production The Cobb-Douglas production function 
for an automobile manufacturer is 


f(x, y) = 100x°%y%4 


where x is the number of units of labor and y is the number of 
units of capital. Estimate the average production level if the 
number of units of labor x varies between 200 and 250 and the 
number of units of capital y varies between 300 and 325. 


62. Average Profit A firm’s profit P in marketing two soft drinks 
is P = 192x + 576y — x? — Sy? — 2xy — 5000, where x and 
y represent the numbers of units of the two soft drinks. Use a 
computer algebra system to evaluate the double integral 
yielding the average weekly profit if x varies between 40 and 50 
units and y varies between 45 and 60 units. 


1000 CHAPTER 14 Multiple Integration 


Probability A joint density function of the continuous random 
variables x and y is a function f(x,y) satisfying the following 
properties. 


(a) f(x,y) = Ofor all(x,y) W Í “ Í edasi 


(c) P[@, y) E R] = Í Í f(x,y) dA 


In Exercises 63—66, show that the function is a joint density 
function and find the required probability. 


1 

w 0<x<5,0<y<2 
63. f(x,y) = y 

0, elsewhere 


PO<x<2,1<y< 2) 


T <x< <y< 
sa. flay) = {2 O<x<2,0<y<2 
0, elsewhere 

PO<x<1,1<y< 2) 


x eee ee 
be flay) = e x-y) O0<x<3,3<y<6 
> elsewhere 
PO<x<1,4<y<6) 


66. f(x,y) e-x-y, x20, y20 
. f(x,y) = 
: 0, elsewhere 
PO<x<i1,x<y<1) 


67. Approximation The base of a pile of sand at a cement plant is 
rectangular with approximate dimensions of 20 meters by 
30 meters. If the base is placed on the xy-plane with one vertex 
at the origin, the coordinates on the surface of the pile are 
(5,5, 3), (15,5, 6), (25,5, 4), (5, 15,2), (15, 15,7), and 
(25, 15, 3). Approximate the volume of sand in the pile. 


68. Programming Consider a continuous function f(x, y) over 
the rectangular region R with vertices (a, c), (b, c), (a, d), and 
(b, d), where a < bandc < d. Partition the intervals [a, b] and 
[c, d] into m and n subintervals, so that the subintervals in a 
given direction are of equal length. Write a program for a 
graphing utility to compute the sum 
b fd 


> S Fl, y) AA; = Í f(x,y) dA 


a Je 


where (x,, y) is the center of a representative rectangle in R. 


Approximation In Exercises 69-72, (a) use a computer algebra 
system to approximate the iterated integral, and (b) use the 
program in Exercise 68 to approximate the iterated integral for 
the given values of m and n. 


12 2 4 
69. Í Í sin Vx + y dy dx 70. Í Í 20e-*"/8dy dx 
o Jo o Jo 


m=4,n=8 m = 10, n = 20 
6 72 472 

nf] y cos \/x dx dy a] V2 + y? dx dy 
4 JO 1 J1 


m=4,n=8 m=6,n=4 
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Approximation xercises 73 and 74, determine which value 
best approximates the volume of the solid between the xy-plane 
and the function over the region. (Make your selection on the basis 
of a sketch of the solid and not by performing any calculations.) 
73. f(x,y) = 4x 

R: square with vertices (0, 0), (4, 0), (4, 4), (0, 4) 

(a) —200 (b) 600 (c) 50 (d) 125 (e) 1000 
74. fay) = JP +¥ 
R: circle bounded by x? + y? = 
(a) 50 (b) 500 (c) —500 (d) 5 (e) 5000 


True or False? In Exercises 75 and 76, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


75. The volume of the sphere x? + y? + z? = 1 is given by the 
integral 


lf 
vs] Í V1 — x? — y* dx dy. 
o Jo 


76. If f(x,y) < g(x, y) for all (x,y) in R, and both f and g are 
continuous over R, then 


MECS dA < MESS dA. 


77. Let f(x) = fi e? dt. Find the average value of f on the interval 


[0, 1]. 


aa a Rs. pores 2 
78. Fina | — ae (nin Evaluate | ex” a.) 
0 1 


79. Determine the region R in the xy-plane that maximizes the 
value of 


[Je-2-2a. 


80. Determine the region R in the xy-plane that minimizes the 
value of 


[Jere oa. 


81. Find fó [arctan(ax) — arctan x] dx. (Hint: Convert the integral 
to a double integral.) 


82. Use a geometric argument to show that 


3 p AF A 
[f V9 —- x — y dx dy = F. 
o Jo 2 


Putnam Exam Challenge 


a fb 
83. Evaluate Í Í emab, ay? dy dx, where a and b are positive. 
o Jo 


84. Show that if à > 5 there does not exist a real-valued function u 
such that for all x in the closed interval 0 < x < 1 
u(x) = 1 + AG u(y)u(y — x) dy. 


These problems were composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 


Section 14.3 Change of Variables: Polar Coordinates 


NIA 


Polar sector 
Figure 14.24 
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e Write and evaluate double integrals in polar coordinates. 


Double Integrals in Polar Coordinates 


Some double integrals are much easier to evaluate in polar form than in rectangular 
form. This is especially true for regions such as circles, cardioids, and rose curves, and 
for integrands that involve x? + y?. 

In Section 10.4, you learned that the polar coordinates (r, 6) of a point are related 
to the rectangular coordinates (x, y) of the point as follows. 


x=rcos@ and y=rsin0 


r? =x? +y? and tan 0 =~ 
x 


EXAMPLE | Using Polar Coordinates to Describe a Region 


Use polar coordinates to describe each region shown in Figure 14.23. 


NS 
a 


(a) (b) 
Figure 14.23 
Solution 


a. The region R is a quarter circle of radius 2. It can be described in polar coordinates 
as 


R=({(r,0:0<r<2, 05 O¢ w/2}. 


b. The region R consists of all points between the concentric circles of radii 1 and 3. 
It can be described in polar coordinates as 


R=({(r, 0:1 <r 3, 0 < 6< 27}. SS 
a [eee 


The regions in Example | are special cases of polar sectors 


R= Ians rr OS OF @} Polar sector 


as shown in Figure 14.24. 
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To define a double integral of a continuous function z = f(x, y) in polar 
coordinates, consider a region R bounded by the graphs of r = g,(0) and r = g,(6) 
and the lines 0 = a and 0 = $. Instead of partitioning R into small rectangles, use a 
partition of small polar sectors. On R, superimpose a polar grid made of rays and 
circular arcs, as shown in Figure 14.25. The polar sectors R, lying entirely within R 
form an inner polar partition A, whose norm ||A|| is the length of the longest 
diagonal of the n polar sectors. 

Consider a specific polar sector R, as shown in Figure 14.26. It can be shown (see 
Exercise 61) that the area of R; is 


Nia 


AA, = r; Ar, ^0; Area of R; 


where Ar; = r, — r and A90, = 6, — 0,. This implies that the volume of the solid of 
height f(r; cos 0, r; sin 0,) above R; is approximately 


f(r; cos 0, r; sin 6,)r; Ar, A0; 


Polar grid is superimposed over region R. 
Figure 14.25 


and you have 


[ y) dA ~ 5 f(r, cos 0, r; sin 0,)r; A r; A0. 
R m1 


The sum on the right can be interpreted as a Riemann sum for f(r cos 0, r sin @)r. The 
region R corresponds to a horizontally simple region S in the ré-plane, as shown in 
Figure 14.27. The polar sectors R, correspond to rectangles S, and the area AA; of S; 
is Ar, A6,. So, the right-hand side of the equation corresponds to the double integral 


[Jr cos 6, r sin O)r dA. 
s 


From this, you can apply Theorem 14.2 to write 


[[ ronan [| sro 0, r sin 6)rdA 
R S. 


B (80) 
= f f f(r cos 9, r sin 0)r dr dé. 


g, (0) 


This suggests the following theorem, the proof of which is discussed in Section 14.8. 


o 
4 r=g,(6) r=g,(8) 
B+------- T HR 
Se 
i , | 
(r, 0) 
The polar sector R, is the set of all points (r, 0) Horizontally simple region S 


such that r; < r < r and 0; < 0 < 0. Figure 14.27 
Figure 14.26 
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THEOREM 14.3 Change of Variables to Polar Form 


Let R be a plane region consisting of all points (x, y) = (r cos 6, r sin 6) satisfy- 
ing the conditions 0 < g,(0) < r < g,(0), a < 0 < B, where 0 < (B — a) < 27. 
If g, and g, are continuous on [@, B] and f is continuous on R, then 


B (80) 
MEG y)dA = f f(r cos 6, r sin 0)r dr dé. 
R 


a Jg (0) 


NOTE Ifz = f(x, y) is nonnegative on R, then the integral in Theorem 14.3 can be interpreted 
as the volume of the solid region between the graph of f and the region R. 


Volume of a Paraboloid Sector 
In the Exploration feature on page 


The region R is restricted to two basic types, r-simple regions and 0-simple 
995, you were asked to summarize regions, as shown in Figure 14.28. 

the different ways you know for 
finding the volume of the solid Fixed bounds toko: 
bounded by the paraboloid @=B eae 

E2, ae 
z=a2-x?-y2, a>0 4 Variable bounds for r: “= 
0 < g,(0) <r < g0) 


NIA 
NIA 


Variable bounds for 0: 
Osh (r) Ss OSh (r) 
~~. hy Fixed bounds for r: 


A SrS 
Srs 


and the xy-plane. You now know 
another way. Use it to find the 81y 
volume of the solid. 3 


r-Simple region 


-Simple region 
Figure 14.28 


EXAMPLE 2 Evaluating a Double Polar Integral 


Let R be the annular region lying between the two circles x? + y? = 1 and 
x? + y? = 5. Evaluate the integral fpf (x° + y) dA. 


r Solution The polar boundaries are 1 < r < /5 and 0 < 0 < 27, as shown in 
ores Figure 14.29. Furthermore, x? = (r cos 6)? and y = r sin 6. So, you have 


2a 7 J/5 
ia} (x? + y) dA = f f (r? cos? 0 + r sin 0)r dr d0 
R o Ji 


|| Qa (5 
T = 0 f f (r? cos? 0 + r? sin 6) dr dé 
o Ji 


2T r4 r3 J5 
= f (= cos? 0 + — sin a)| dé 
5 4 3 1 


20 = 
; ; = TE — 5 dé 
r-Simple region o 3 


Figure 14.29 5/5-1 


3 
š 2m 
= (30 3sin20 5/5 E eos 8)| 
6 


2m 
-Í 3 + 3 cos 20 + sino) ao 
10) 


2 3 0 
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In Example 2, be sure to notice the extra factor of r in the integrand. This comes 
from the formula for the area of a polar sector. In differential notation, you can write 


dA = rdr d0 
which indicates that the area of a polar sector increases as you move away from the 
origin. 
Surface: z= y 16- x- y? 
7 EXAMPLE 3 Change of Variables to Polar Coordinates 


Use polar coordinates to find the volume of the solid region bounded above by the 
hemisphere 


z= J16—x7- y? Hemisphere forms upper surface. 
and below by the circular region R given by 


x? + y? <4 Circular region forms lower surface. 


HA as shown in Figure 14.30. 


R: x? +y? <4 


Figure 14.30 Solution In Figure 14.30, you can see that R has the bounds 
and that O < z < V16 — x? — y?. In polar coordinates, the bounds are 


O<r<2 and OS 0< 27 


with height z = V16 — x? — y? = V16 — r?. Consequently, the volume V is 
given by 


v= [Sra 


2m (2 
f Í V16 — r?rdrdé 
o Jo 


1 20 2 
-4f (16 — py] do 
3 Jo 0 


207 
5 (24/3 — 64) do 
3 Jo 


-$3V3 = s)e| 


= OT (g _ 3/3) ~ 46.979. 


3 1] 
[Try te] [Exorations 
NOTE To see the benefit of polar coordinates in Example 3, you should try to evaluate the 
corresponding rectangular iterated integral 


2 ¢J/4-y? 
Í Í V16 — x? — y* dx dy. 
-JF 


—2 


T 


2 
0 


TECHNOLOGY Any computer algebra system that can handle double integrals 
in rectangular coordinates can also handle double integrals in polar coordinates. The 
reason this is true is that once you have formed the iterated integral, its value is not 
changed by using different variables. In other words, if you use a computer algebra 
system to evaluate 


27 (2 
i Í V16 — x? x dx dy 
o Jo 


you should obtain the same value as that obtained in Example 3. 


Z—SiCOSS0, 


NIA 


Figure 14.31 


| _Etitatie Graph 
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Just as with rectangular coordinates, the double integral 


ye 


can be used to find the area of a region in the plane. 


EXAMPLE 4 Finding Areas of Polar Regions 
Use a double integral to find the area enclosed by the graph of r = 3 cos 38. 


Solution Let R be one petal of the curve shown in Figure 14.31. This region is 
r-simple, and the boundaries are as follows. 


T 
=F 05 


Fixed bounds on 0 


aly 


0 < r<3cos30 Variable bounds on r 


So, the area of one petal is 


Í m/6 [3 cos30 
a= ffa- f f r dr d0 
3 R, —m/6J0 


7/6 2 73 cos 30 
= f z] do 
—1/6 2 0 


1/6 
f (1 + cos 66) d0 


1/6 
= alo + Fn 60] 
4 —1/6 


So, the total area is A = 9727/4. 
[try te] [Botertiona] [Exmoration 6] Ee 
As illustrated in Example 4, the area of a region in the plane can be represented by 


8(0) 
asf f r dr dé. 
a Jg,(0) 


If g,(0) = 0, you obtain 


8(0) B 2 780) 
T rdrao= | A 


which agrees with Theorem 10.13. 
So far in this section, all of the examples of iterated integrals in polar form have 
been of the form 


do = l 5 (gal)? a0 


B (80) 

Í f(r cos 6, r sin 0)r dr dé 
a Jg (0) 

in which the order of integration is with respect to r first. Sometimes you can obtain 

a simpler integration problem by switching the order of integration, as illustrated in 

the next example. 
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EXAMPLE 5 Changing the Order of Integration 


NIN 


5 Find the area of the region bounded above by the spiral 


T 
r= 


30 


and below by the polar axis, between r = 1 andr = 2. 


Solution The region is shown in Figure 14.32. The polar boundaries for the region are 


igre? and 0<09< 2. 
3r 


So, the area of the region can be evaluated as follows. 


2 ¢a/(3r) 2 a/(3r) 2 m TF 2 pe 
6-Simple region hh | rd dr = ofe rol. dr = i dr = l = 
Figure 14.32 1 3 3 1 3 Saas 
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Exercises for Section 14.3 


The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 

Click on to print an enlarged copy of the graph. 

In Exercises 1—4, the region R for the integral f,f f(x,y) dA 7. y 8. 


is shown. State whether you would use rectangular or polar 
coordinates to evaluate the integral. 


ly 2. y 
A 


-4 
H x “2 
-6 
T In Exercises 9-14, evaluate the double integral fpf f(r, 0) dA, 
x -44 and sketch the region R. 
2m f6 1/44 
3. 4 9 9. Í Í 3r? sin 0 dr dO 10. Í Í r? sin 6 cos @dr dé 
A 0 0 0 0 
3+ a/2 (3 m/2 (3 
11. Í Í J9 — r>rdrdo 12. Í Í re™™ dr d0 
2 0 2 0 0 
m/2 f1+sin 0 m/2 f1—cos 0 
? E 13. Í Í Or dr d0 14. Í Í (sin 6)r dr dO 
0 0 0) 0 
} } } >x 
E O E In Exercises 15-20, evaluate the iterated integral by converting 
oT to polar coordinates. 
In Exercises 5-8, use polar coordinates to describe the region 15. f Í y dx dy 16. | f x dy dx 
shown. 3 (V972 2/8- 
P ; 6 ` 17. Í Í (x? + y2)3/2 dy dx 18. Í Í Vx? + y? dx dy 
. J . X 0 JO 0 Jy 
12 + 6 + 2 pV 2x—2x° 47 Vay 
ul Ji 19. Í Í xy dy dx 20. Í Í x? dx dy 
0 JO 0 JO 
In Exercises 21 and 22, combine the sum of the two iterated 
integrals into a single iterated integral by converting to polar 
g H T } i j: t H coordinates. Evaluate the resulting iterated integral. 


yt 2 £% 2/2 (V852 
21. Í | Vx? + y? dy dx + Í Í Vx? + y? dy dx 
o Jo 2 Jo 
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5/2/2 fx 5 J25—x2 
22. Í Í xy dy dx + Í Í xy dy dx shaded region. 
0 0 5/2/2J0 


37. 
In Exercises 23-26, use polar coordinates to set up and evaluate 
the double integral fpf f(x, y) dA. 
23. f(x,y) =x +y, Rix? +y? <4x20,y 20 
24. f(x,y) = e492, R: x? + y? < 25, x = 0 


25. f(x, y) = arctan, R: x? + y? >lax2t+y2<4,0<y<x 


26. f(x,y) = 9 — x? — y”, R: x2 +y? <9, x2 0,y 20 


39 40. : 
Volume In Exercises 27-32, use a double integral in polar 7 r=1+cos@ 2 
coordinates to find the volume of the solid bounded by the 
graphs of the equations. 
27. z = xy, x? + y? = 1, first octant -0 
28. z = x? + y? + 3,z = 0,x? +y? =1 234 i 
29. z = Vx? + y?,z=0,x? + y? = 25 reene 
30. z = In(x? + y?), z = 0, x? + y? > 1,x? +y? < 4 
31. Inside the hemisphere z = V16 — x? — y? and inside the 41. P 42. A 

cylinder x? + y? — 4x = 0 2 2 -=3 cos 20 
32. Inside the hemisphere z = /16 — x? — y? and outside the r=2sin 30 

cylinder x? + y? = 1 


33. Volume Find a such that the volume inside the hemisphere 
z= V16 — x? — y? and outside the cylinder x? + y? = a? is 
one-half the volume of the hemisphere. 


34. Volume Use a double integral in polar coordinates to find the 
volume of a sphere of radius a. 


35. Volume Determine the diameter of a hole that is drilled Writing About Concepts 
vertically through the center of the solid bounded by the graphs 


: . Describe the partition of the region R of integration in the 
of the equations 


xy-plane when polar coordinates are used to evaluate a 
z = Wer tv/4, 2 =0, and x? +y? = 16 double integral. 
. Explain how to change from rectangular coordinates to 
polar coordinates in a double integral. 


if one-tenth of the volume of the solid is removed. 


36. Machine Design The surfaces of a double-lobed cam are 


modeled by the inequalities 1 <r< 1 + cos? 6) and . In your own words, describe r-simple regions and 6-simple 


regions. 
=9 9 
<z< 
A(x? + y2 + 9) ~*~ 4Q? + y? + 9) 


. Each figure shows a region of integration for the double 
integral fpf f(x,y) dA. For each region, state whether 
horizontal representative elements, vertical representative 
elements, or polar sectors would yield the easiest method for 
obtaining the limits of integration. Explain your reasoning. 


where all measurements are in inches. 
(a) Use a computer algebra system to graph the cam. 


(b) Use a computer algebra system to approximate the perime- 
ter of the polar curve 


(a) (b) (c) 


y y y 


r = 4(1 + cos? 6). 


This is the distance a roller must travel as it runs against the 
cam through one revolution of the cam. 


(c) Use a computer algebra system to find the volume of steel 
in the cam. 


1008 CHAPTER 14 Multiple Integration 


47. Think About It Consider the program you wrote to approxi- 
mate double integrals in rectangular coordinates in Exercise 68, 
in Section 14.2. If the program is used to approximate the 
double integral 


MEG 0) dA 


in polar coordinates, how will you modify f when it is entered 
into the program? Because the limits of integration are 
constants, describe the plane region of integration. 


48. Approximation Horizontal cross sections of a piece of ice 
that broke from a glacier are in the shape of a quarter of a circle 
with a radius of approximately 50 feet. The base is divided into 
20 subregions, as shown in the figure. At the center of each 
subregion, the height of the ice is measured, yielding the 
following points in cylindrical coordinates. 


(5, 2, 7), (15, 5, 8), (25, Z, 10), (35, 4, 12), (45, Z, 9), 

(5, 32, 9), (15, 32, 10), (25, 32, 14), (35, 32, 15), (45, 2, 10), 
(5, 32, 9), (15, 32, 11), (25, 22, 15), (35, 4, 18), (45, 22, 14), 
(5, 22, 5), (15, 4, 8), (25, %, 11), (35, 7, 16), (45, %, 12) 
(a) Approximate the volume of the solid. 


(b) Ice weighs approximately 57 pounds per cubic foot. 
Approximate the weight of the solid. 


(c) There are 7.48 gallons of water per cubic foot. Approximate 
the number of gallons of water in the solid. 


NIA 
|g 


R 0 


> 
10 20 30 40 50 


Approximation In Exercises 49 and 50, use a computer algebra 
system to approximate the iterated integral. 


m/2 5 
49. Í rJ/1 +r’ sin VOdr dé 


m/4 JO 


m/4 4 o 
50. Í Í 5re¥"® dr d0 
0 0 


Approximation In Exercises 51 and 52, determine which value 
best approximates the volume of the solid between the xy-plane 
and the function over the region. (Make your selection on the 
basis of a sketch of the solid and not by performing any 
calculations.) 
51. f(x,y) = 15 — 2y; R: semicircle: x? + y? = 16,y 2 0 
(a) 100 (b) 200 (c) 300 (d) —200 (e) 800 
52. f(x, y) = xy + 2; R: quarter circle: x? + y? =9,x 2 0,y 2 0 
(a) 25 (b) 8 (c) 100 (d) 50 (e) —30 
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rue or False? In Exercises 53 and 54, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 

53. If fe f(r, 0) dA > 0, then f(r, 6) > 0 for all (r, 6) in R. 


54. If f(r, 0) is a constant function and the area of the region S is 
twice that of the region R, then 2 fpf f(r, 0) dA = S.J f(r, 0) dA. 


55. Probability The value of the integral J = | e /?2 dx is 


required in the development of the normal probability density 
function. 


(a) Use polar coordinates to evaluate the improper integral. 


ro(feral fens 


(b) Use the result of part (a) to determine 7. 


FOR FURTHER INFORMATION For more information on this prob- 
lem, see the article “Integrating e~*’ Without Polar Coordinates” by 
William Dunham in Mathematics Teacher. 


MathArticle 


56. Use the result of Exercise 55 and a change of variables to 
evaluate each integral. No integration is required. 


(a) Í e™* dx (b) Í e 4? dx 


57. Population The population density of a city is approximated 
by the model f(x, y) = 40007001 +), x2 + y? < 49, where 
x and y are measured in miles. Integrate the density function 
over the indicated circular region to approximate the population 
of the city. 


58. Probability Find k such that the function 


ke“ PY), x 20,9 20 
0, elsewhere 


f(xy) = | 


is a probability density function. 


59. Think About It Consider the region bounded by the graphs of 
y=2, y=4, y =x, and y = /3x and the double integral 
JRI f dA. Determine the limits of integration if the region R is 
divided into (a) horizontal representative elements, (b) vertical 
representative elements, and (c) polar sectors. 


60. Repeat Exercise 59 for a region R bounded by the graph of the 
equation (x — 2)? + y? = 4. 

61. Show that the area A of the polar sector R (see figure) is 
A = rArA9, where r = (r; + r,)/2 is the average radius of R. 


Section 14.4 Center of Mass and Moments of Inertia 


R 


M 


1 1 
es 
D a_i x=b 


Lamina of constant density p 
Figure 14.33 


Lamina of variable density 


p(x,y) = 2x + y 
Figure 14.34 


| Esitabe Gran 
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e Find the mass of a planar lamina using a double integral. 
e Find the center of mass of a planar lamina using double integrals. 
e Find moments of inertia using double integrals. 


Mass 


Section 7.6 discussed several applications of integration involving a lamina of 
constant density p. For example, if the lamina corresponding to the region R, as shown 
in Figure 14.33, has a constant density p, then the mass of the lamina is given by 


Mass = pA = of [as = [Je dA. Constant density 
R R 


If not otherwise stated, a lamina is assumed to have a constant density. In this section, 
however, you will extend the definition of the term lamina to include thin plates of 
variable density. Double integrals can be used to find the mass of a lamina of variable 
density, where the density at (x, y) is given by the density function p. 


Definition of Mass of a Planar Lamina of Variable Density 


If p is a continuous density function on the lamina corresponding to a plane 
region R, then the mass m of the lamina is given by 


m= Í f p(x, y) dA. Variable density 
R 


NOTE Density is normally expressed as mass per unit volume. For a planar lamina, however, 
density is mass per unit surface area. 


EXAMPLE |I Finding the Mass of a Planar Lamina 


Find the mass of the triangular lamina with vertices (0, 0), (0, 3), and (2, 3), given that 
the density at (x, y) is p(x, y) = 2x + y. 


Solution As shown in Figure 14.34, region R has the boundaries x = 0, y = 3, and 
y = 3x/2 (or x = 2y/3). Therefore, the mass of the lamina is 


2y/3 
m= | [e+ aa = [[ (2x + y) dx dy 
o Jo 
2y/3 
-f [e+] dy 
0 0 


[Try te ] [Exploration a] 
NOTE In Figure 14.34, note that the planar lamina is shaded so that the darkest shading 
corresponds to the densest part. 
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EXAMPLE 2_ Finding Mass by Polar Coordinates 


Find the mass of the lamina corresponding to the first-quadrant portion of the circle 
vr+y=4 
where the density at the point (x, y) is proportional to the distance between the point 
and the origin, as shown in Figure 14.35. 
Solution At any point (x, y), the density of the lamina is 
p(x, y) = kv (x — 0)? + (y — 0) 


= kV x£ + y. 
Density at (x, y): p(x,y) = k/x2 + y? Because 0 < x < 2and0 < y < V4 — x’, the mass is given by 


Figure 14.35 


em 


m= NGG + y’ dA 
R 


2 64-22 
= f f kv x + y? dy dx. 
o Jo 


To simplify the integration, you can convert to polar coordinates, using the bounds 
0 < 0< w/2and0 < r < 2. So, the mass is 


a/2 2 
m= | fiva- | i kJ/r* r dr dé 
R 0 0 


m/2 {2 

= Í kr? dr d0 
o Jo 
mel 

=] =) ao 
f 3 Jo 


8k [7/2 
=a) 


Bal |" 
i 
3L Jo 
_ 4ak 
z 
[Try te] [Explration | 
TECHNOLOGY On many occasions, this text has mentioned the benefits of 
computer programs that perform symbolic integration. Even if you use such a 
program regularly, you should remember that its greatest benefit comes only in the 


hands of a knowledgeable user. For instance, notice how much simpler the integral 
in Example 2 becomes when it is converted to polar form. 


Rectangular Form Polar Form 
2 (V452 m/2 2 
f Í kv x? + y? dy dx Í f kr? dr d0 
0 Jo o Jo 


If you have access to software that performs symbolic integration, use it to evaluate 
both integrals. Some software programs cannot handle the first integral, but any 
program that can handle double integrals can evaluate the second integral. 


M, = (mass)( y;) 
M, = (mass)(x,) 
Figure 14.36 
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Moments and Center of Mass 


For a lamina of variable density, moments of mass are defined in a manner similar to 
that used for the uniform density case. For a partition A of a lamina corresponding to 
a plane region R, consider the ith rectangle R, of one area AA,, as shown in Figure 
14.36. Assume that the mass of R, is concentrated at one of its interior points (x,, y,). 
The moment of mass of R, with respect to the x-axis can be approximated by 


(Mass)(y,) = [p(y;, y,) AA]. 
Similarly, the moment of mass with respect to the y-axis can be approximated by 
(Mass)(x;) = Lp(x;, y;) AA ](x;). 


By forming the Riemann sum of all such products and taking the limits as the norm 
of A approaches 0, you obtain the following definitions of moments of mass with 
respect to the x- and y-axes. 


Moments and Center of Mass of a Variable Density Planar Lamina 


Let p be a continuous density function on the planar lamina R. The moments of 
mass with respect to the x- and y-axes are 


M,= [ fe y)dA and M, = f fc y) dA. 
R R 


If m is the mass of the lamina, then the center of mass is 


If R represents a simple plane region rather than a lamina, the point (x, y) is 
called the centroid of the region. 


For some planar laminas with a constant density p, you can determine the center 
of mass (or one of its coordinates) using symmetry rather than using integration. 
For instance, consider the laminas of constant density shown in Figure 14.37. Using 
symmetry, you can see that y = 0 for the first lamina and x = 0 for the second lamina. 


R:0<x< = — y? 
1 R Vi-y<x< V1 y 
—-V1l—-x*<y<v — x? O<y<l 


Lamina of constant density and symmetric Lamina of constant density and symmetric 
with respect to the x-axis with respect to the y-axis 
Figure 14.37 
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EXAMPLE 3 Finding the Center of Mass 


Variable density: Find the center of mass of the lamina corresponding to the parabolic region 
p(x, y) = ky y 
Osys4- r Parabolic region 


where the density at the point (x, y) is proportional to the distance between (x, y) and 
the x-axis, as shown in Figure 14.38. 


Solution Because the lamina is symmetric with respect to the y-axis and 


p(x, y) = ky 
the center of mass lies on the y-axis. So, x = 0. To find y, first find the mass of the 
lamina. 
=x 2 4-2 k2 4-2 
Mass = f [ ky dy dx = al J dx 
The parabolic region of variable density a k oy ° 
Figure 14.38 E (16 — 8x? + xt) dx 
SS] a 
=—| lox —- —-+ > 
il a T 
64 32 
= k32 -=> +> 
(2-343) 
_ 256k 
15 


Next, find the moment about the x-axis. 


2 4—x? Kf? 4-22 
M, = | [ (y)(ky) dy dx = 3 f s| dx 
=2 J0 -2 0 


2 
= Al (64 — 48x? + 12x4 — xô) dx 


3J-2 
k 12 x 
ae 4y — 1 3 ee 
3 [6 x 6x 5 7 |, 
_ 4096k 
105 
So, 
Variable R:-2<x<2 M 4096k/105 16 
density: O<ys4-x? i = = 
pee m 256k/15 7 
i Center of mass: and the center of mass is (0, 16), — 


16 
(0, 3) 
a U [ete 
Although you can think of the moments M, and M, as measuring the tendency to 
rotate about the x- or y-axis, the calculation of moments is usually an intermediate 
step toward a more tangible goal. The use of the moments M, and M, is typical—to 
find the center of mass. Determination of the center of mass is useful in a variety of 
. applications that allow you to treat a lamina as if its mass were concentrated at just 
Figure 14.39 ; iah : : : 
one point. Intuitively, you can think of the center of mass as the balancing point of the 


[ Rotatable Graph | lamina. For instance, the lamina in Example 3 should balance on the point of a pencil 
placed at (0, 16), as shown in Figure 14.39. 
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Moments of Inertia 


The moments of M, and M, used in determining the center of mass of a lamina are 
sometimes called the first moments about the x- and y-axes. In each case, the moment 
is the product of a mass times a distance. 


M, = f f (y)p(x, y) dA M, = f f (x)p(x, y) dA 
R | N J R | Ñ J 
Distance Mass Distance Mass 
to x-axis to y-axis 


You will now look at another type of moment—the second moment, or the moment 
of inertia of a lamina about a line. In the same way that mass is a measure of the 
tendency of matter to resist a change in straight-line motion, the moment of inertia 
about a line is a measure of the tendency of matter to resist a change in rotational 
motion. For example, if a particle of mass m is a distance d from a fixed line, its 
moment of inertia about the line is defined as 


I = md? = (mass)(distance)?. 


As with moments of mass, you can generalize this concept to obtain the moments of 
inertia about the x- and y-axes of a lamina of variable density. These second moments 
are denoted by /, and /,, and in each case the moment is the product of a mass times 
the square of a distance. 


= i f (y?)p(x, y) dA I= Í f (x?) p(x, y) dA 
R N J R | ——————— 
Square of distance Mass Square of distance Mass 
to x-axis to y-axis 
NOTE Fora lamina in the xy-plane, J, The sum of the moments /, and 7, is called the polar moment of inertia and is 
represents the moment of inertia of the denoted by Ih. 


lamina about the z-axis. The term “polar 


moment of inertia” stems from the fact CONE R 
that the square of the polar distance r is EXAMPLE 4 Finding the Moment of Inertia 


used in the calculation. 


Find the moment of inertia about the x-axis of the lamina in Example 3. 


io Í Í ayeni 


Solution From the definition of moment of inertia, you have 


= Í Í p(x, y) dA a 
R L= y(ky) dy dx 
—2J/0 
2 


Al i 
so d 
ala h M 


r? 
= Al (256 — 256x? + 96x* — 16x6 + x8) dx 


4 —2 
k 256x 96x5 167 LF 
=> = + = + 
F| 256 3 5 7 an 
_ 32,768k 
315 ` i] 


[ Try re | [Exploration a | 
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The moment of inertia Z of a revolving lamina can be used to measure its kinetic 
energy. For example, suppose a planar lamina is revolving about a line with an 
angular speed of w radians per second, as shown in Figure 14.40. The kinetic energy 
E of the revolving lamina is 

1 

E = 7 Tw. Kinetic energy for rotational motion 
On the other hand, the kinetic energy E of a mass m moving in a straight line at a 
velocity v is 


1 
E = 7 my?. Kinetic energy for linear motion 
Planar lamina revolving at radians per So, the kinetic energy of a mass moving in a straight line is proportional to its mass, 
second but the kinetic energy of a mass revolving about an axis is proportional to its moment 
Figure 14.40 of inertia 


The radius of gyration 7 of a revolving mass m with moment of inertia I is 


TEO] 


T= =, Radius of gyration 
m 


If the entire mass were located at a distance F from its axis of revolution, it would have 
the same moment of inertia and, consequently, the same kinetic energy. For instance, 
the radius of gyration of the lamina in Example 4 about the x-axis is given by 


- L 32,768k/315 128 _ 
a 1 = e Bois Ya 


EXAMPLE 5 Finding the Radius of Gyration 


Find the radius of gyration about the y-axis for the lamina corresponding to the region 
R: 0 < y < sinx, 0 < x < m, where the density at (x, y) is given by p(x, y) = x. 


Solution The region R is shown in Figure 14.41. By integrating p(x, y) = x over the 


region R, you can determine that the mass of the region is 7. The moment of inertia 
2- Variable about the y-axis is 
density: R:0<Sx<r arida 
= <y<si 
Lee ba O<ySsinx „=f Í 2 dy dx 
te Ge 0 J0 . 
f T sin x 
x = f X y| dx 
T 1 0 0 
2 T 
= 3 gi 
Figure 14.41 | x? sin x dx 


T 


| Esitable Graph | 


| ox — 6)(sin x) — (x3 — 6x)(cos | 
=m = 6m. 


So, the radius of gyration about the y-axis is 


8 J? 
T. 
m 
_ /Œ6r 
T 


vV me — 6 ~= 1.967. E 


Exercises for Section 14.4 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on |Ħ| 


to print an enlarged copy of the graph. 


In Exercises 1-4, find the mass of the lamina described by the Fy 

inequalities, given that its density is p(x, y) = xy. (Hint: Some 

of the integrals are simpler in polar coordinates.) 
1.0<x<4,0 
3.x20,0< y 
4.x20,3<y 


IA 
IA 


y <3 2x20,0<y<s9-x 
/4 — x? 
34+ /9 — x? 


IV 
IA 


IA 


In Exercises 5-8, find the mass and center of mass of the lamina 
for each density. 
5. R: rectangle with vertices (0, 0), (a, 0), (0, b), (a, b) 
(a) p=k (b) p=ky (c) p=kx 
6. R: rectangle with vertices (0, 0), (a, 0), (0, b), (a, b) 
(a) p=kxy (b) p= ke? +y’) 
7. R: triangle with vertices (0, 0), (b/2, h), (b, 0) 
(a) p=k (b) p=ky (c) p= kx 
8. R: triangle with vertices (0, 0), (0, a), (a, 0) 
(a) p=k b p=xrt+y 


9. Translations in the Plane Translate the lamina in Exercise 5 
to the right five units and determine the resulting center of 
mass. 

10. Conjecture Use the result of Exercise 9 to make a conjecture 
about the change in the center of mass when a lamina of 
constant density is translated h units horizontally or k units 
vertically. Is the conjecture true if the density is not constant? 
Explain. 


In Exercises 11-22, find the mass and center of mass of the 
lamina bounded by the graphs of the equations for the given 
density or densities. (Hint: Some of the integrals are simpler in 
polar coordinates.) 


1l. y= Væ- xz, y=0 
(a) p=k (b) p= kla- y)y 
12. 2 +y =@, 0<x,0<y 
(a) p=k (b) p= kæ +y?) 
13. y = Vx, y = 0, x= 4, p = kxy 
14. y= xX, y=0,x=2, p= kx 


15. y= 77) 0, x l,x=1,p=k L 
16. xy = 4, x= 1l, x= 4, p = kx? 
17. x = 16 — y, x= 0, p= kx 
18. y = 9 — x7, y = 0, p= ky 


TX 


19. y = sin 7> y 0, x= 0, x= L, p= ky 
20. y = cos FF, y 0, x =0, x =, k 


21. y= Va —x*7,0S ysx,p=k 
22. y= V2 — x, y=0, y=x, p= k£ + y 


In Exercises 23-26, use a computer algebra system to find the 
mass and center of mass of the lamina bounded by the graphs 
of the equations for the given density. 


23. y=e*, y=0, x=0, x=2, p= ky 
24. y= hx, y=0, x=1, x=e, p= k/x 


T 
PAS 
6 

26. r= 1 + cos 0, p= k 


25. r = 2 cos 30, — bs p= 


In Exercises 27-32, verify the given moment(s) of inertia and 
find x and y. Assume that each lamina has a density of p = 1. 
(These regions are common shapes used in engineering.) 


27. Rectangle 28. Right triangle 


y _~1;;3 y oll gjs 
I= $bh =b 
alp 1 13 
L=aoh I =b h 
h h 
b b 


| > xX | > xX 


29. Circle 30. Semicircle 


y y 


PO i E 
o= qhabla + b*) 


In Exercises 33-40, find 7, Z, Ip, x, and y for the lamina 


bounded by the graphs of the equations. Use a computer 
algebra system to evaluate the double integrals. 


33. y=0, y=b, x =0, x =a, p= ky 
34. y= JP — £, y=0, p= ky 

35. y=4-—2x7, y=0, x >0, p= kx 
36. y =x, y= xX, p= kxy 

37. y = Vx, y=0, x= 4, p= kxy 


2 


38. y = x2, yy =x p=xrty 


39. y = x, y =x, p= kx 40. y = x, y = 4x, p = k|y] 
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In Exercises 41-46, set up the double integral required to find . Prove the following Theorem of Pappus: Let K be a region in a 
the moment of inertia 7, about the given line, of the lamina plane and let L be a line in the same plane such that L does not 
bounded by the graphs of the equations. Use a computer algebra intersect the interior of R. If r is the distance between the 
system to evaluate the double integral. centroid of R and the line, then the volume V of the solid of 


revolution formed by revolving R about the line is given by 


2 2=72 p= Bee ed 
41. X? +y? = b, p= k, line: x = a (a > b) V = 27 rA, where A is the area of R. 


42. y= 0, y=2, x=0, x= 4, p= k, line:x = 6 


43. y= Vx, y=0, x= 4, p = kx, line: x = 6 Hydraulics n Exercises 55-58, determine the location of the 
44. y @—x, y =0, p= ky, line: y =a horizontal axis y, at which a vertical gate in a dam is to be 
aym eya pa eya hinged so that there is no moment causing rotation under the 
: : TS i ` indicated loading (see figure). The model for y, is 
46. y=4-— x, y=0, p= k, line: y = 2 
=5;- 
JaT y hA 


Writing About Concepts 

where y is the y-coordinate of the centroid of the gate, Iy is the 
moment of inertia of the gate about the line y = y, h is the depth 
of the centroid below the surface, and A is the area of the gate. 


The center of mass of the lamina of constant density shown 
in the figure is (2, 3, In Exercises 47-50, make a conjecture 
about how the center of mass (x,y) will change for the 
nonconstant density p(x, y). Explain. (Make your conjecture 
without performing any calculations.) 


y 


© p(x, y) = ky 48. p(x, y) = k|2 — x| 
a 
. p(x, y) = kxy 50. p(x, y) = k(4 — x)(4 — y) 
. Give the formulas for finding the moments and center of > a _ 
mass of a variable density planar lamina. 
y : Lo. 57. y 58. y 
. Give the formulas for finding the moments of inertia about A y=L 
the x- and y-axes for a variable density planar lamina. , L b—y=L fa 
. In your own words, describe what the radius of gyration x 
measures. 
> X 


> X 


Section 14.5 


Surface: z 


z=fx, y) 


x 


Figure 14.42 


Figure 14.43 


| Rotatable Graph | 


Region R in xy-plane 
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e Use a double integral to find the area of a surface. 


Surface Area 


At this point you know a great deal about the solid region lying between a surface and 
a closed and bounded region R in the xy-plane, as shown in Figure 14.42. For 
example, you know how to find the extrema of f on R (Section 13.8), the area of the 
base R of the solid (Section 14.1), the volume of the solid (Section 14.2), and the 
centroid of the base R (Section 14.4). 

In this section, you will learn how to find the upper surface area of the solid. 
Later, you will learn how to find the centroid of the solid (Section 14.6) and the lateral 
surface area (Section 15.2). 

To begin, consider a surface S given by 


A f(x, y) Surface defined over a region R 


defined over a region R. Assume that R is closed and bounded and that f has contin- 
uous first partial derivatives. To find the surface area, construct an inner partition of R 
consisting of n rectangles, where the area of the ith rectangle R; is AA; = Ax; Ay,, as 
shown in Figure 14.43. In each R, let (x; y,) be the point that is closest to the origin. 
At the point (x; yp z) = (x; y;f(x; y,)) on the surface S, construct a tangent plane T,. 
The area of the portion of the tangent plane that lies directly above R; is approximately 
equal to the area of the surface lying directly above R;. That is, AT, ~ AS;,. So, the 
surface area of S is given by 


Ms: 


L 


AS,~ X AT, 
1 i=l 


ll 


To find the area of the parallelogram AT, note that its sides are given by the vectors 
u = Axi + f(x, y) Ax,k 
and 
v= Ayj + Ets y;) Ay;k. 
From Theorem 11.8, the area of AT, is given by ||u x v 
i j k 
uxv=|Ax, O f(x, y,) Ax; 
0 Ay; Fes yi) Ay; 
= —f (x, y,) Ax;Ay;i — Fi yi) Ax;Ay;j + Ax;Ay;k 
= (-£.G; yi = fr y;)j + k) AA,. 
So, the area of AT; is |[u x v| = V[ fC; y) + L6G»)? + 1AA, and 


|, where 


Surface area of S ~ 5 AS; 
i=l 


= Sv 1 [fy + Aa y) P AA, 


This suggests the following definition of surface area. 
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Definition of Surface Area 


If f and its first partial derivatives are continuous on the closed region R in the 
xy-plane, then the area of the surface S given by z = f(x, y) over R is given by 


Surface area = f Í dS 
R 


[J V1 + [AG y)P + LAG y)P aA. 


As an aid to remembering the double integral for surface area, it is helpful to note 
its similarity to the integral for arc length. 


b 
Length on x-axis: i dx 

Mp b 
Arc length in xy-plane: f ds = f J1 + IFO] dx 


Area in xy-plane: Í f dA 
R 


Surface area in space: [J dS = [J V1 +E yI + [f &, y)? dA 


Like integrals for arc length, integrals for surface area are often very difficult to 
evaluate. However, one type that is easily evaluated is demonstrated in the next 
example. 


EXAMPLE I The Surface Area of a Plane Region 
Find the surface area of the portion of the plane 
z=2-x-y 


that lies above the circle x? + y? < 1 in the first quadrant, as shown in Figure 14.44. 


y 


Solution Because f(x, y) = —1 and Fx, y) = —1, the surface area is given by 


| S= [J vi + L f(x, y)]? + Li y)]? dA Formula for surface area 
R 
2 — = [Jv + (—1)} + (-1)*dA Substitute. 
R 


R: x? + y? <1 
= Í f V3 dA 
Figure 14.44 R 


ee 


Note that the last integral is simply J3 times the area of the region R. R is a quarter 
circle of radius 1, with an area of zm (1°) or 7/4. So, the area of S is 


S = \/3 (area of R) 
“al 
Br 


[ Try re | | Exploration a | 


z 


Surface: 
f(x, y)=1-x? +y 


(b) 
Figure 14.45 


Paraboloid: 
z=1+x?+ y? 


x 


Figure 14.46 


A 
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EXAMPLE 2. Finding Surface Area 


Find the area of the portion of the surface 
fix y)=1-x?4+y 


that lies above the triangular region with vertices (1, 0, 0), (0, — 1, 0), and (0, 1, 0), as 
shown in Figure 14.45(a). 


Solution Because f,(x, y) = —2x and Í (x, y) = 1, you have 
s= [J V1 + [Læ + A, y dA = [J Jie eee l dA. 
: R 


In Figure 14.45(b), you can see that the bounds for R are O < x < 1 and x — 1 < 
y < 1 — x. So, the integral becomes 


1 fl-x 
gal V2 + 4x? dy dx 
0 Jx=1 


x 


1 i= 
= [vere | dx 
0 z=1 


1 
= f [a —x)J24+ 42 = (x= 1) y2 + z| dx 
0 
2 f j (2 JI + 4 = Ox J2 + 47) di Integration tables (Appendix B), 
0 


Formula 26 and Power Rule 
(2+ ol, 


= [ajz + 4x2 + In(2x + /2 + 4x?) 7 


0 


= Jé + in(2 + V8) - V6 - In V2 + $ V2 ~ 1.618. 


EXAMPLE 3 Change of Variables to Polar Coordinates 


Find the surface area of the paraboloid z = 1 + x? + y? that lies above the unit circle, 
as shown in Figure 14.46. 


Solution Because f,(x, y) = 2x and f,(x, y) = 2y, you have 


sala FEDEN a = | | a. 


You can convert to polar coordinates by letting x = r cos 0 and y = r sin 0. Then, 
because the region R is bounded by 0 < r < 1 and0 < 0 < 27, you have 


27 1 
s= | f V1 + 4r? r dr do 
0 0 


27 1 1 
— — + 2 a 
Í pl 4r?) p dé 


7 [XS 1 
: 12 

~ V5 —1 4)" 

12 0 

_ a(5/5 = 1) 


6 


do 
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EXAMPLE 4 Finding Surface Area 


Hemisphere: Find the surface area S of the portion of the hemisphere 
Sy) = V25—x?-y? f(x, y) = J25 — x2 — y2 Hemisphere 
Zz 
that lies above the region R bounded by the circle x? + y? < 9, as shown in Figure 
14.47. 


Solution The first partial derivatives of f are 


= =A _ oS. 
LO Tega pape MEY 


and, from the formula for surface area, you have 


dS = V1 + [FV + LAG y dA 


Figure 14.47 zy 2 -y 2 
sa a ea + (SS) 4 
= 2 dA. 
J25 — x? — y? 


So, the surface area is 


a 
You can convert to polar coordinates by letting x = r cos 0 and y = r sin 60. Then, 
because the region R is bounded by 0 < r < 3 and0 < 0 < 27, you obtain 


27 (3 5 
e ——= rdr d0 
0 0 25 — r° 


= ["-v5=] do 


20 
-sf dé 
0 


= 107. Ee 
LO ya The procedure used in Example 4 can be extended to find the surface area of a 
z sphere by using the region R bounded by the circle x? + y? < a?, where 0 < a < 5, 


as shown in Figure 14.48. The surface area of the portion of the hemisphere 
fy) = V25 — x? — y? 


lying above the circular region can be shown to be 


5 
S = — ~ dA 
[J J25 — x2 — y? 


rdr dé 


27 fa 
5 
-| o V25— Pr 
107 (5 — /25 — a2). 


By taking the limit as a approaches 5 and doubling the result, you obtain a total area 
of 10077. (The surface area of a sphere of radius r is S = 47r?.) 


Figure 14.48 


Paraboloid: 
f@ y)=2-x -y 


z 


Figure 14.49 


A r=sec@ : 
z 
A mT 
ʻ0=2% 
ee ee A 4 
1 7 
l g 
1 A 
l d 
1 P 
1 di 
l a 
1 A 
P 
t É > xX 
-1 N ii 
1 `x 
h 
1 ` 
1 h 
l N 
i ` 
1 T 
aaa i A AANA T 
<@=-4 
Le 4 
` 
` 


One-fourth of the region R is bounded by 

T T 

<r< —-—<@<— 

0 < r< sec Oand 4 = 0< y 
Figure 14.50 
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You can use Simpson’s Rule or the Trapezoidal Rule to approximate the value 
of a double integral, provided you can get through the first integration. This is 
demonstrated in the next example. 


EXAMPLE 5 Approximating Surface Area by Simpson’s Rule 


Find the area of the surface of the paraboloid 
fæ) = 2-27 - y? 


that lies above the square region bounded by —1 < x < land—1 < y < 1, as shown 
in Figure 14.49. 


Paraboloid 


Solution Using the partial derivatives 


fx, y) = —2x and f(x,y) = —2y 


you have a surface area of 


S= [J V1 [EDP + LAG, y) dA 


= [J V1 + (= 25)? + (— 2y)? dA 
= | [ rera 


In polar coordinates, the line x = 1 is given by r cos 0 = 1 orr = sec 0, and you can 
determine from Figure 14.50 that one-fourth of the region R is bounded by 


0<rx< sec and =F 0< 


Letting x = r cos 0 and y = r sin 0 produces 


1 1 
~S=—| | /1 + 4x? + 4y? 
4° all 1 + 4x 4y? dA 


7/4 secO 


= J1 + 4r? rdrdé 


—17/4J0 


7/4 1 sec 0 
= Sia 4) do 
l, 12 0 


T/4 


m [(1 + 4 sec? 6)]?/2 — 1] do. 
12 —7/4 


Finally, using Simpson’s Rule with n = 10, you can approximate this single integral 
to be 


1/4 
S=- [(1 + 4 sec? 03⁄2 — 1] d0 
3 —1/4 


= 7.450. 
[esac] [Eee 
TECHNOLOGY Most computer programs that are capable of performing 
symbolic integration for multiple integrals are also capable of performing numerical 


approximation techniques. If you have access to such software, use it to approxi- 
mate the value of the integral in Example 5. 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-14, find the area of the surface given by 
z = f(x,y) over the region R. (Hint: Some of the integrals are 
simpler in polar coordinates.) 


1. f(x,y) = 2x + 2y 
R: triangle with vertices (0, 0), (2, 0), (0, 2) 
2. f(x, y) = 15 + 2x — 3y 
R: square with vertices (0, 0), (3, 0), (0, 3), (3, 3) 
3. f(x,y) = 8 + 2x + 2y 4. f(x,y) = 10 + 2x — 3y 
R = {(x, y): x? + y? < 4} R = {(x, y): x? + y? < 9} 
5. fx, y) =9 — x? 
R: square with vertices (0, 0), (3, 0), (0, 3), (3, 3) 
6. f(x, y) = y? 
R: square with vertices (0, 0), (3, 0), (0, 3), (3, 3) 
7. f(x,y) = 2+ 3? 
R: rectangle with vertices (0, 0), (0, 4), (3, 4), (3, 0) 
8. f(x,y) = 2 + 3y 
R= {x,y 0<x<2,0<y<2-x} 
9. f(x, y) = In|sec x| 


r= fæ ]:0 sxs F0 <y < una 


10. f(x,y) =9 +x? -— y? 
R = {(x, y): x? + y? < 4} 
11. f(x, y) = Vx? + y? 
R = {(@, y):0 < fy) < 1} 
12. f(x,y) = xy 
R = {(x, y): x? + y? < 16} 
13. f(x,y) = Ja? — x? — y? 
R = {(x, y): x? + y? < B20 <b <a} 
14. f(x,y) = Va? — x? — y? 
R = {(x, y): x? + y? < a*} 


In Exercises 15-18, find the area of the surface. 


15. The portion of the plane z = 24 — 3x — 2y in the first octant 

16. The portion of the paraboloid z = 16 — x? — y? in the first octant 

17. The portion of the sphere x? + y? + z? = 25 inside the 
cylinder x? + y? = 


18. The portion of the cone z = 2./x? + y? inside the cylinder 
vr+y=4 


In Exercises 19-24, write a double integral that represents the 
surface area of z = f(x,y) over the region R. Use a computer 
algebra system to evaluate the double integral. 
19. f(x, y) = 2y + x? 

R: triangle with vertices (0, 0), (1, 0), (1, 1) 
20. f(x, y) = 2x + y? 

R: triangle with vertices (0, 0), (2, 0), (2, 2) 


21. f(x,y) =4-— x- y? 22. f(x, y) = x? + y? 

R = {(x, y): 0 < fl, y)} R = {G,y):0 < f(x,y) < 16} 
23. f(x,y) =4- x- y? 

R= {(x,y:0<x<1,0<y<1} 
24. f(x, y) = 33/2 + cos x 

R= {x,y):0<x<1,0<y<1} 


Approximation In Exercises 25 and 26, determine which value 
best approximates the surface area of z = f(x, y) over the region 
R. (Make your selection on the basis of a sketch of the surface 
and not by performing any calculations.) 
25. f(x,y) = 10 — zy? 

R: square with vertices (0, 0), (4, 0), (4, 4), (0, 4) 

(a) 16 (b) 200 (c) —100 (d) 72° (e) 36 
26. f(x,y) = V2 + y? 

R: circle bounded by x? + y? = 

(a) —100 (b) 150 (c) 97 (d)55 (e) 500 


In Exercises 27 and 28, use a computer algebra system to 
approximate the double integral that gives the surface area of the 
graph of f over the region R = {(x,y):0 < x < 1,0 < y < 1}. 


27. f(x,y) = e 28. f(x, y) = $y5/2 


In Exercises 29-34, set up a double integral that gives the area 
of the surface on the graph of f over the region R. 
29. f(x, y) =X — 3xy +y 
R: square with vertices (1, 1), (— 1, 1), (— 1, — 1), (1, — 1) 
30. fey = 2 = 3y =y? 
R={(x,y): 0<x<40<y<x} 
31. f(x,y) = e™* siny 32. f(x, y) = cos(x? + y?) 


R= fa +y < z] 


R = {(x, y): x? + y? < 4} 


33. f(x. y) = e” 


R = {x,y 0 <x < 4,0 < y< 10} 
34. f(x, y) =e siny 
R={(x,y:0<x<40<y<x} 


Writing About Concepts 


35. State the double integral definition of the area of a surface 
S given by z = f(x, y) over the region R in the xy-plane. 


36. Answer the following questions about the surface area $ on 
a surface given by a positive function z = f(x, y) over a 
region R in the xy-plane. Explain each answer. 


(a) Is it possible for § to equal the area of R? 
(b) Can S be greater than the area of R? 
(c) Can S be less than the area of R? 


37. 


Find the surface area of the solid of intersection of the cylinders 
x? + z? = 1 and y? + z? = 1 (see figure). 


N 


x?+z=1 


z=kV/x*+y7,k>0 


| Rotatatie raph | | Rotatable Graph | 


38. 


39. 


Show that the surface area of the cone z = k/x? + y*,k > 0 
over the circular region x? + y? < r? in the xy-plane is 
ar?./k? + 1 (see figure). 

Building Design A new auditorium is built with a foundation 
in the shape of one-fourth of a circle of radius 50 feet. So, it 
forms a region R bounded by the graph of x? + y? = 50? with 
x 2 0 and y = 0. The following equations are models for the 
floor and ceiling. 


+ 
Floor: z = 2oy 


Ceiling: z = 20 + 


(a) Calculate the volume of the room, which is needed to 
determine the heating and cooling requirements. 


(b) Find the surface area of the ceiling. 


41. 
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dimensions 


30 feet by 50 feet. The symmetrical shape and selected heights 
of the roof are shown in the figure. 


(a) Use the regression capabilities of a graphing utility to find 
a model of the form z = ay? + by? + cy + d for the roof 
line. 


(b) Use the numerical integration capabilities of a graphing 
utility and the model in part (a) to approximate the volume 
of storage space in the barn. 


(c) Use the numerical integration capabilities of a graphing 
utility and the model in part (a) to approximate the surface 
area of the roof. 


(d) Approximate the arc length of the roof line and find the 
surface area of the roof by multiplying the arc length by the 
length of the barn. Compare the results and the integrations 
with those found in part (c). 


Product Design A company produces a spherical object of 
radius 25 centimeters. A hole of radius 4 centimeters is drilled 
through the center of the object. Find (a) the volume of the 
object and (b) the outer surface area of the object. 
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Section 14.6 Triple Integrals and Applications 


e Use a triple integral to find the volume of a solid region. 
e Find the center of mass and moments of inertia of a solid region. 


Triple Integrals 


The procedure used to define a triple integral follows that used for double integrals. 
Consider a function f of three variables that is continuous over a bounded solid region 
Q. Then, encompass Q with a network of boxes and form the inner partition 
consisting of all boxes lying entirely within Q, as shown in Figure 14.51. The volume 
of the ith box is 


AV, = Ax, Ay; Az;. Volume of ith box 


The norm ||A|| of the partition is the length of the longest diagonal of the n boxes in 
the partition. Choose a point (x; y; z;) in each box and form the Riemann sum 


> f&n Yi zi) AV; 
= 


Taking the limit as ||A|] > 0 leads to the following definition. 


Definition of Triple Integral 


If f is continuous over a bounded solid region Q, then the triple integral of f 
over Q is defined as 


[fre y, z) dV = lim S fxn Yi z) AV; 
Also i=1 
Q 


provided the limit exists. The volume of the solid region Q is given by 


Volume of Q = IT dV. 
Q 


x Some of the properties of double integrals in Theorem 14.1 can be restated in 
terms of triple integrals. 


Volume of Q ~ py Fai Yi z) AV, 


Figure 14.51 ` 1. I cf (x, y, z) dV = Jff z) dV 
2 [| [tesa ssania || rasaae fS eeraa 
Q Q Q 


a [| noa- [[freroa f] [rere 
Q Qı Q2 


In the properties above, Q is the union of two nonoverlapping solid subregions Q, and 
Q,. If the solid region Q is simple, the triple integral f ff f(x, y, z) dV can be evaluated 
with an iterated integral using one of the six possible orders of integration: 


dx dydz dydxdz dzdxdy dxdzdy dydzdx dzdy dx. 


Volume of a Paraboloid Sector On 
pages 995 and 1003, you were asked 
to summarize the different ways you 
know for finding the volume of the 
solid bounded by the paraboloid 


£=@ = =F, ae 


and the xy-plane. You now know one 
more way. Use it to find the volume 
of the solid. 
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The following version of Fubini’s Theorem describes a region that is considered 
simple with respect to the order dz dy dx. Similar descriptions can be given for the 
other five orders. 


THEOREM 14.4 Evaluation by Iterated Integrals 
Let f be continuous on a solid region Q defined by 
asx<b, h(x) < y< h(x), g(x,y) <z < glx, y) 


where h,, h2, g4, and g, are continuous functions. Then, 
b fh(x) f8, y) 
[[[rxoav=]' f f(x, y, z) dz dy dx. 
> a Jh) Je, y) 


To evaluate a triple iterated integral in the order dz dy dx, hold both x and y con- 
stant for the innermost integration. Then, hold x constant for the second integration. 


EXAMPLE | Evaluating a Triple Iterated Integral 


Evaluate the triple iterated integral 


2x fxty 
f f f e*(y + 2z) dz dy dx. 
0 JO JO 


Solution For the first integration, hold x and y constant and integrate with respect 


to z. 
2 x f~xty De x+y 
IT] ely +22) dedvar = Í Í eve +2] dy dx 
o Jo Jo 0 Jo 0 


2 7X 
= f f e*(x? + 3xy + 2y?) dy dx 
o Jo 


For the second integration, hold x constant and integrate with respect to y. 


2 ry 2 3xy? 2y3 x 
er(x? + 3xy + 2y?) dy dx = [efe += + x)| dx 
o Jo 0 2 3 } Jo 


Finally, integrate with respect to x. 


19 {2 1 
Led er dx = Bleg — 3x? + 6x — J 
6 |, 6 


e? ) 
19|— + 1 
(5 
Ee) (ey ee 
Example | demonstrates the integration order dz dy dx. For other orders, you can 
follow a similar procedure. For instance, to evaluate a triple iterated integral in the 
order dx dy dz, hold both y and z constant for the innermost integration and integrate 


with respect to x. Then, for the second integration, hold z constant and integrate with 
respect to y. Finally, for the third integration, integrate with respect to z. 


2 


0 
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1 
2=8,@,y); 
L 

x J 


Projection onto xy-plane 


Solid region Q lies between two surfaces. 
Figure 14.52 


| Rotatable Graph | 


O0<z<2V4-x7-y? 


Ellipsoid: 4x? + 4y? +z? = 16 


Figure 14.53 


Figure 14.54 


To find the limits for a particular order of integration, it is generally advisable first 
to determine the innermost limits, which may be functions of the outer two variables. 
Then, by projecting the solid Q onto the coordinate plane of the outer two variables, 
you can determine their limits of integration by the methods used for double integrals. 
For instance, to evaluate 


| [Joo aeara 


first determine the limits for z, and then the integral has the form 


g(x,y) 
[| [| f(x, y, z) d dy dx. 
g y) 


By projecting the solid Q onto the xy-plane, you can determine the limits for x and y 
as you did for double integrals, as shown in Figure 14.52. 


EXAMPLE 2 Using a Triple Integral to Find Volume 
Find the volume of the ellipsoid given by 4x? + 4y? + z? = 16. 


Solution Because x, y, and z play similar roles in the equation, the order of integra- 
tion is probably immaterial, and you can arbitrarily choose dz dy dx. Moreover, you 
can simplify the calculation by considering only the portion of the ellipsoid lying in 
the first octant, as shown in Figure 14.53. From the order dz dy dx, you first determine 
the bounds for z. 


O0<z252/4-x7-y? 


In Figure 14.54, you can see that the boundaries for x and y are 0 < x < 2 and 
0 < y < V4 — x’, so the volume of the ellipsoid is 


v= [fav 
Q 
2 PSIE [2S1 
a 
0 JO 0 
2 (v42 ogee 
sff | ~- dy dx 
0 JO 0 


2 6/42 
gi V(4 — x*) — y? dy dx 


0 J0 


Integration tables (Appendix B), 
Formula 37 


2 = 
= sf [yva — x? — y? + (4 — x?) arsin 2 =e dx 


= sto + (4 — x?) arcsin(1) — 0 — 0] dx 


= sf (4 - (Z) dx 
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Example 2 is unusual in that all six possible orders of integration produce inte- 
grals of comparable difficulty. Try setting up some other possible orders of integration 
to find the volume of the ellipsoid. For instance, the order dx dy dz yields the integral 


4 16— 22/2 16—4y?— 77/2 
V= sf f Í dx dy dz. 
0 Jo 0 


If you solve this integral, you will obtain the same volume obtained in Example 2. 
This is always the case—the order of integration does not affect the value of the 
integral. However, the order of integration often does affect the complexity of the 
integral. In Example 3, the given order of integration is not convenient, so you can 
change the order to simplify the problem. 


EXAMPLE 3 Changing the Order of Integration 
Va/2 (ST (3 

Evaluate f f Í sin (y?) dz dy dx. 
0 x 1 


Solution Note that after one integration in the given order, you would encounter the 
integral 2 f sin( y?) dy, which is not an elementary function. To avoid this problem, 
change the order of integration to dz dx dy, so that y is the outer variable. The solid 
region Q is given by 


psss sasa 1<z<3 


and the projection of Q in the xy-plane yields the bounds 


TR and 0 <x< y. 


So, you have 


v- [ff 


Q 

Va/2 py 3 
| [| sin(y?) dz dx dy 
0 Ql 


JSaf2 y 3 
Í f Z sino dx dy 
0 0 1 


y=x 


=]. 
The volume of the solid region Q is 1. 


Figure 14.55 See Figure 14.55. | 
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EXAMPLE 4 Determining the Limits of Integration 


Set up a triple integral for the volume of each solid region. 


a. The region in the first octant bounded above by the cylinder z = 1 — y? and lying 
between the vertical planes x + y = 1 andx + y= 3 


b. The upper hemisphere given by z = V1 — x? — y? 


c. The region bounded below by the paraboloid z = x? + y? and above by the sphere 
xX +y? +z? = 6 


Solution 
Q: 0<z<1-y? 

l-y<x<3-y a. In Figure 14.56, note that the solid is bounded below by the xy-plane (z = 0) and 

Osysl above by the cylinder z = 1 — y?. So, 
Figure 14.56 O<zs1l-y? Bounds for z 
a] | 
| Rotatable Graph || Projecting the region onto the xy-plane produces a parallelogram. Because two 

sides of the parallelogram are parallel to the x-axis, you have the following bounds: 
< ee l-y<x<3-y and O<y<l. 


z= E ye 


So, the volume of the region is given by 


1 (3—y fl—-y2 
a ( eas 
A o Ji-y Jo 


b. For the upper hemisphere given by z = V1 — x? — y?, you have 


O<z< JV1l—-x-Yy?’. Bounds for z 
* Circular base: In Figure 14.57, note that the projection of the hemisphere onto the xy-plane is the 
x+y’ =1 circle given by x? + y? = 1, and you can use either order dx dy or dy dx. Choosing 
Q: 0<z<V1 -x-y the first produces 
~V1-y'sxsv1—-y" ~J/T-y2<x< JI- y? and -1<y<1 


-lsy<l 


which implies that the volume of the Ei is given by 
Figure 14.57 


VJ L Z eae 


c. For the region bounded below by the paraboloid z = x? + y? and above by the 
sphere x? + y? + z? = 6, you have 


Fy agao Ey Bounds for z 


The sphere and the paraboloid intersect when z = 2. Moreover, you can see in 
Figure 14.58 that the projection of the solid region onto the xy-plane is the circle 
given by x? + y? = 2. Using the order dy dx produces 


-J/2-x<ys /2-x and -J2<x5 /2 


which implies that the volume of the region is given by 


2 2=x2 6—x?—y? 
-J/2 -~J/2-< x2 + y? 
Q 


Figure 14.58 


Sketch the solid (of uniform 
density) bounded by z = 0 and 


1 


Titer y 


where x? + y? < 1. From your 
sketch, estimate the coordinates of 
the center of mass of the solid. Now 
use a computer algebra system to 
verify your estimate. What do you 
observe? 


NOTE In engineering and physics, the 
moment of inertia of a mass is used to 
find the time required for a mass to 
reach a given speed of rotation about an 
axis, as shown in Figure 14.59. The 
greater the moment of inertia, the longer 
a force must be applied for the mass to 
reach the given speed. 


Figure 14.59 


| Rotatable Graph | 
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Center of Mass and Moments of Inertia 


In the remainder of this section, two important engineering applications of triple 
integrals are discussed. Consider a solid region Q whose density is given by the 
density function p. The center of mass of a solid region Q of mass m is given by 
(x, Y, Z), where 


m = i p(x, y, z) dV Mass of the solid 
Q 


M, _ f f f xp(x, y, z) dV First moment about yz-plane 
Q 
M; = f f f yp(x, y, z) dV First moment about xz-plane 
Q 
M,, = f f f zplx, y, z) dV First moment about xy-plane 
Q 
and 
= Ma ys Ma 2 M 
m m m 


The quantities M, M,,, and M,, are called the first moments of the region Q about 
the yz-, xz-, and xy-planes, respectively. 

The first moments for solid regions are taken about a plane, whereas the second 
moments for solids are taken about a line. The second moments (or moments of 


inertia) about the x-, y-, and z-axes are as follows. 


L= [I (y? + z)p(x, y, z) dV Moment of inertia about x-axis 
Q 

L= [lf (x? + 27)pG, y, z) dV Moment of inertia about y-axis 
Q 

= il (x? + y*)p(x, y, z) dV Moment of inertia about z-axis 
Q 


For problems requiring the calculation of all three moments, considerable effort can 
be saved by applying the additive property of triple integrals and writing 


ly = le T Loy I, = l + loy and L a Lz + Iz 


where /,., I., and I are as follows. 


xy? *xz? yz 


Ly Í f f 27(x, y, z) dV 
Q 

1. = [lf y’p(x, y, z) dV 
Q 

r= il x(x, y, z) dV 
Q 
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EXAMPLE 5 Finding the Center of Mass of a Solid Region 


K Find the center of mass of the unit cube shown in Figure 14.60, given that the density 
at the point (x, y, z) is proportional to the square of its distance from the origin. 


Solution Because the density at (x, y, z) is proportional to the square of the distance 
between (0, 0, 0) and (x, y, z), you have 
plx, y, z) = kx? + y? + 2°). 


You can use this density function to find the mass of the cube. Because of 

the symmetry of the region, any order of integration will produce an integral of 
comparable difficulty. 

Variable density: 


Imm 
m=-[] k(x? + y? + 27) dz dy dx 
o Jo Jo 
Te 1 
plx, y, z) = K(x? + y? + 2) a ie a 
Figure 14.60 =k h (x2 + y?)z + 3 |, dy dx 


| Rotatable Graph | 


x 


The first moment about the yz-plane is 


1 fl 71 
m, =ef [ [sot ty? azda 
0 JO JO 
1 i 1 


=+| A CERETI 
0 0 JO 


Note that x can be factored out of the two inner integrals, because it is constant with 
respect to y and z. After factoring, the two inner integrals are the same as for the mass 
m. Therefore, you have 


: 2 
M,, = ef aa + z) dx 
yz i 3 


So, 


M  7k/12_ 7 
m k 12° 


Finally, from the nature of p and the symmetry of x, y, and z in this solid region, you 


ae fl. ET. 
have x = y = z, and the center of mass is (Z, 12> 72): l 


[ Try 1t | [Open Exploration | 


Hemisphere: 


z=V4—-x-y? 


z 


Circular base: 
x + y? =4 


Variable density: p(x, y, z) = kz 
Figure 14.61 


| Rotatable Graph | 
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EXAMPLE 6 Moments of Inertia for a Solid Region 


Find the moments of inertia about the x- and y-axes for the solid region lying between 
the hemisphere 


z= JS/4- x7 - y 


and the xy-plane, given that the density at (x, y, z) is proportional to the distance 
between (x, y, z) and the xy-plane. 


Solution The density of the region is given by p(x, y, z) = kz. Considering the 


symmetry of this problem, you know that 7, = J,, and you need to compute only one 
moment, say /,. From Figure 14.61, choose the order dz dy dx and write 


L= II (y? + z?)plx, y, z) dV 
Q 


2 V4—x2 4—x2—y2 
= | f f (y? + z?)(kz) dz dy dx 
-2J-JV4—Jo 


2 4-x? yz zí VJ4=x -y7 
ai oe ye 
-2J- 42 L 2 4 Jo 
3 2 cV4—xe [2 = yla y3) A (4- x- =] aT 
-2J-Ja=8 2 4 
Kf? V4—2 
= [(4 — x7)? — yt] dy dx 
$423). Jae 
kK? | um 
aa 4 — Zy = 2 
an BAY a 
f 8 
=F] 24 -— x) dx 
4}_,5 
2 
-= (4 — x2)5/2 dx z= 2s? 
0 
1/2 
4 
=e 64 cos® 6 d0 
5 Jo 
E a PANET 
= E ea s a 
5 32 als S Formu. 
= Bkr. 
So, I, = 8kr = I. eue] 


[Eeer] 

In Example 6, notice that the moments of inertia about the x- and y-axes are equal 
to each other. The moment about the z-axis, however, is different. Does it seem that 
the moment of inertia about the z-axis should be less than or greater than the moments 
calculated in Example 6? By performing the calculations, you can determine that 

16 

L= 3 ka : 

This tells you that the solid shown in Figure 14.61 has a greater resistance to rotation 
about the x- or y-axis than about the z-axis. 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-8, evaluate the iterated integral. 


3 r2ri 
af (x + y + z) dx dy dz 
o Jo Jo 
1 il 1 
2. | Í Í x?y?z? dx dy dz 
-1J-1s-1 
1 x (xy 
all x dz dy dx 
o Jo Jo o Jo 
4 rl crx 4 fe? f1/xz 
| {| 2ze™™ dy dx dz «fl | In z dy dz dx 
1 Jo Jo 1Ji Jo 
4 f7m/2 f1-x a/2 fy/2 f1/y 
ell Í x cos y dz dy dx s. | Í Í sin y dz dx dy 
oJo Jo o Jo Jo 


In Exercises 9 and 10, use a computer algebra system to 
evaluate the iterated integral. 


2 pir Ge 
| Í x dz dy dx 
0 J-V4-x? JO 
JI pIE pay? 
10. | Í Í y dz dy dx 
0 0 2x? +y? 


In Exercises 11 and 12, use a computer algebra system to 
approximate the iterated integral. 


2 (x4 04 2 sin 
11. Í Í Í Z smy dz dy dx 
o Jo 1 z 


3 £2-(2y/3) (6—2y—3z 
12. Í Í Í ze™®? dx dz dy 
o Jo 0 


In Exercises 13-16, set up a triple integral for the volume of the 
solid. 


9 ry/3 PV =O 
4. Í Í z dz dx dy 
0 


13. The solid in the first octant bounded by the coordinate planes 
and the plane z = 4 — x — y 
14. The solid bounded by z = 9 — x?, z = 0, x = 0, and y = 2x 


15. The solid bounded by the paraboloid z = 9 — x? — y? and the 
plane z = 0 


16. The solid that is the common interior below the sphere 
x2 + y? + z? = 80 and above the paraboloid z = (x? + y?) 


Volume In Exercises 17-22, use a triple integral to find the 
volume of the solid shown in the figure. 


17. 18. 


N 
N 


x+y’ +z a 


In Exercises 23-26, sketch the solid whose volume is given by 
the iterated integral and rewrite the integral using the indicated 
order of integration. 


4 p(4=x)/2 f (12-3x-6y)/4 
23. Í Í Í dz dy dx 
0 JO 0 


Rewrite using the order dy dx dz. 


3 (vV9-x2 (6-x-y 
24. Í Í Í dz dy dx 
0 JO 0 


Rewrite using the order dz dx dy. 


1 f1 rV1-y2 
25. Í Í Í dz dx dy 
0 Jy JO 


Rewrite using the order dz dy dx. 


24 [Z 
sf] dz dy dx 
0 J2x Jo 


Rewrite using the order dx dy dz. 


In Exercises 27-30, list the six possible orders of integration for 
the triple integral over the solid region Q 


[fee 


27. Q = {(x, y,2:0<5 x5 105 y<x,0<z< 3} 
28. Q = {(x,y,2:0< x < 2,02 <y<40<72<52-3%} 
29. Q = {(x, y, z): x2 + y2? < 9,0 <z <4} 


In Exercises 31 and 32, the figure shows the region of integra- 
tion for the given integral. Rewrite the integral as an equivalent 
iterated integral in the five other orders. 


1 fl—-y? sl-y 
31. Í Í Í dz dx dy 
o Jo 0 


3 fx 69-2 
32. Í Í Í dz dy dx 
0 J0 JO 


Mass and Center of Mass In Exercises 33-36, find the mass 
and the indicated coordinates of the center of mass of the solid Ae 
of given density bounded by the graphs of the equations. 
33. Find x using p(x, y, z) = k. 
Q: 2x + 3y + 6z = 12,x =0,y=0,z=0 
34. Find y using p(x, y, z) = ky. 
Q: 3x + 3y + 5z = 15,x = 0,y =0,z=0 
35. Find Z using p(x, y, z) = 
Q:2z=4-x,z=0,y=0,y=4,x=0 
36. Find y using p(x, y, z) = k. 


X. 
b 


gT + etane 02-07-0750 


Mass and Center of Mass In Exercises 37 and 38, set up the 
triple integrals for finding the mass and the center of mass of 
the solid bounded by the graphs of the equations. 


37. x=0,x=b,y=0,y=b,z=0,z=b 


plx, y, z) = kxy 
38. x= 0,x =a, y =0,y=b,z=0,z=c 
p(x, y, z) = kz 


Think About It The center of mass of a solid of constant 
density is shown in the figure. In Exercises 39-42, make a 
conjecture about how the center of mass (x, y, Z) will change for 
the nonconstant density p(x, y, z). Explain. 


39. p(x, y, z) = kx z 
40. p(x, y, z) = kz (2,0, $) 


41. p(x, y, z) = k(y + 2) 
42. plx, y, z) = kxz*(y + 2)? 
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region bounded by the graphs of the equations or described by 
the figure. Use a computer algebra system to evaluate the triple 
integrals. (Assume uniform density and find the center of mass.) 


43. z= ČF yiz =h 44. y= V4- x, z =y z=0 


45. z 4 — x?—y2z=0 


x 


y 
x $5, 0,0) (0, 3, 0) 


Moments of Inertia In Exercises 49-52, find I,, I,, and T, for 
the solid of given density. Use a computer algebra system to 
evaluate the triple integrals. 


49. (a) p=k 
(b) p = kxyz 
Zz 


z 
a 
y 
to | 
a 
x 


[tatoo Gra | [tata Gra | 
51. (a) p(x, y, z) =k 52. (a) p = kz 
(b) p = ky (b) p = k(4 — z) 


50. (a) p(x, y, z) = k 
(b) plx, y, z) = Mx? + y?) 


Moments of Inertia Yn Exercises 53 and 54, verify the moments 
of inertia for the solid of uniform density. Use a computer 
algebra system to evaluate the triple re 


53. 1, = jm(3a? + L?) 
LL tma? 


I, = pm(3a? + L?) 
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54. I, = mla? + b?) 
i= dmb? + c?) 


L= ma? + ¢?) 


Moments of Inertia In Exercises 55 and 56, set up a triple 
integral that gives the moment of inertia about the z-axis of the 
solid region Q of density p. 
55. Q ={(%,y,2:-l<xs1,-lsy<10<z<1-x} 
p= V8 Fyre 
56. Q = {(x, y, z): x2 + y? < 1,0 <z < 4- x? -— y?} 
p = kx? 


In Exercises 57 and 58, using the description of the solid region, 
set up the integral for (a) the mass, (b) the center of mass, and 
(c) the moment of inertia about the z-axis. 


57. The solid bounded by z = 4 — x? 
function p = kz 


y? and z = 0 with density 


58. The solid in the first octant bounded by the coordinate planes 
and x? + y? + z? = 25 with density function p = kxy 


Writing About Concepts 
59. Define a triple integral and describe a method of evaluating 
a triple integral. 


60. Give the number of possible orders of integration when 
evaluating a triple integral. 


61. Consider solid A and solid B of equal weight shown below. 


(a) Because the solids have the same weight, which has the 
greater density? 

(b) Which solid has the greater moment of inertia? 
Explain. 


(c) The solids are rolled down an inclined plane. They are 
started at the same time and at the same height. Which 


will reach the bottom first? Explain. 


Axis of 
revolution 


Axis of 
revolution 


Solid A 


Solid B 
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Writing About Concepts (continued) 


62. Determine whether the moment of inertia about the y-axis 
of the cylinder in Exercise 53 will increase or decrease for 
the nonconstant density p(x, y, z) = vx? + z? anda = 4. 


Average Value In Exercise 63-66, find the average value of the 
function over the given solid. The average value of a continuous 
function f(x, y, z) over a solid region Q is 


Iff ræsa 
Q 


where V is the volume of the solid region Q. 
63. f(x, y, z) = Z? + 4 over the cube in the first octant bounded by 
the coordinate planes, and the planes x = 1, y = 1, and z = 1 


64. f(x, y, z) = xyz over the cube in the first octant bounded by the 
coordinate planes, and the planes x = 3, y = 3, and z = 3 

65. f(x,y, z) =x + y + z over the tetrahedron in the first octant 
with vertices (0, 0, 0), (2, 0, 0), (0, 2, 0) and (0, 0, 2) 


66. f(x,y,z) =x + y over the solid bounded by the sphere 
P+y+7=2 


67. Find the solid region Q where the triple integral 


[ffu 22-2- 3a 
Q 


is a maximum. Use a computer algebra system to approximate 
the maximum value. What is the exact maximum value? 


68. Find the solid region Q where the triple integral 


[[fo-e-»-290 


is a maximum. Use a computer algebra system to approximate 
the maximum value. What is the exact maximum value? 


69. Solve for a in the triple integral. 


1 f3-a—y? f4—-x-y? 
i ` 14 
dz dx dy = — 
Lol i 


70. Determine the value of b so that the volume of the ellipsoid 


Putnam Exam Challenge 


71. Evaluate 


lel 1 
la J, I, i, cos pa ta t F x) dx, dx, dx,,. 


noo 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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Section 14.7 Triple Integrals in Cylindrical and Spherical Coordinates 


e Write and evaluate a triple integral in cylindrical coordinates. 
e Write and evaluate a triple integral in spherical coordinates. 


Triple Integrals in Cylindrical Coordinates 
PIERRE SIMON DE LAPLACE (1749-1827) 
One of the first to use a cylindrical coordinate 
system was the French mathematician Pierre 
Simon de Laplace. Laplace has been called the 


Many common solid regions such as spheres, ellipsoids, cones, and paraboloids can 
yield difficult triple integrals in rectangular coordinates. In fact, it is precisely this 
difficulty that led to the introduction of nonrectangular coordinate systems. In this 


“Newton of France,” and he published many section, you will learn how to use cylindrical and spherical coordinates to evaluate 
important works in mechanics, differential triple integrals. 
equations, and probability. Recall from Section 11.7 that the rectangular conversion equations for cylindrical 


coordinates are 


MathBio x = rcos ð 
y =rsin@ 


S [IP_ An easy way to remember these conversions is to note that the 
Galoi for x and y are the same as in polar coordinates and z is unchanged. 


In this coordinate system, the simplest solid region is a cylindrical block deter- 
mined by 


rosrsn, 05056, 7457254 


as shown in Figure 14.62. To obtain the cylindrical coordinate form of a triple integral, 
suppose that Q is a solid region whose projection R onto the xy-plane can be described 
in polar coordinates. That is, 


Q = {(x, y, z): (x, y) is in R, iG, y) s Z = h(x, y)} 
and 
R={(r, 09:0, < 0< 0, 90) <r< g0}. 


If f is a continuous function on the solid Q, you can write the triple integral of f over 


Q as 


4 hy y) 
Jf jea dV = Lh f(x, y, z) dz | dA 
J l h(x, y) 
0=0 r;A 6; 
Volume of cylindrical block: where the double integral over R is evaluated in polar coordinates. That is, R is a plane 
AV, = r, Ar, A0; Az, region that is either r-simple or 6-simple. If R is r-simple, the iterated form of the 
Figure 14.62 triple integral in cylindrical form is 


| Rotatatie Graph | 8(0) f'h,(r cos 9, r sin 8) 
Jif y, z) dV = I, | | f(r cos 6, r sin 0, z)r dz dr dé. 


(9) 


h,(r cos 0, r sin 0) 


NOTE This is only one of six possible orders of integration. The other five are dz d0 dr, 
dr dz d0, dr d@ dz, d0 dz dr, and d0 dr dz. 
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To visualize a particular order of integration, it helps to view the iterated integral 
in terms of three sweeping motions—each adding another dimension to the solid. For 
instance, in the order dr d0 dz, the first integration occurs in the r-direction as a point 
sweeps out a ray. Then, as 0 increases, the line sweeps out a sector. Finally, as z 
increases, the sector sweeps out a solid wedge, as shown in Figure 14.63. 


6=0 


Volume of a Paraboloid Sector On 

pages 995, 1003, and 1025, you were asked 
to summarize the different ways you know 
for finding the volume of the solid bounded 
by the paraboloid 


6=0 


Integrate with respect to 0. 

R= 0 ==, @>O 
and the xy-plane. You now know one more 
way. Use it to find the volume of the solid. 
Compare the different methods. What are 
the advantages and disadvantages of each? 


Integrate with respect to z. 


Fi 14. 
D EXAMPLE |I Finding Volume by Cylindrical Coordinates 


Find the volume of the solid region Q cut from the sphere 
x + y? +z?=4 Sphere 


by the cylinder r = 2 sin 0, as shown in Figure 14.64. 
Solution Because x? + y? + z? = r? + z? = 4, the bounds on z are 


-V4 =- r? <z vJ4-r. 


Let R be the circular projection of the solid onto the r6-plane. Then the bounds on R 
are 0 < r < 2sin @and0 < 0 < r. So, the volume of Q is 


m (2sind f(vV4-r2 
V= f f r dz dr d0 
0 


0 -J4-P 
Cylinder: a/2 (2 sin 0 
r=2sin@ zaf f 2r./4 — r?° dr d0 
o Jo 
Figure 14.64 T/2 2 2 sin 0 
= af “3 (4 a py] d0 
0 0 
-4f (8 — 8 cos? 6) d0 
0 
32 (7P 
as [1 — (cos @)(1 — sin? 6)] d0 
0 
32 i sin? 017” 
= =l0- + 
3 lo sin 0 3 | 
1 
= Sen — 4) 
= 9.644. —— 
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EXAMPLE 2 Finding Mass by Cylindrical Coordinates 


Find the mass of the ellipsoid Q given by 4x? + 4y? + z? = 16, lying above the 
0<z<V16-4r? xy-plane. The density at a point in the solid is proportional to the distance between the 
z point and the xy-plane. 


Solution The density function is p(r, 0, z) = kz. The bounds on z are 
0< z< V16- 4x2 — 4y? = J16 — 4r? 


where 0 < r < 2 and 0O < 0 < 27, as shown in Figure 14.65. The mass of the 
solid is 


2m 62 6/16—4r? 
n-| [| kzr dz dr d0 
0 
k (2"(? 1er 
= 2r dr d0 
2 o Jo 0 
_ £ 


2 
ci (16r — 4r3) dr d0 


0 
y p 
2 


Ellipsoid: 4x? + 4y? + 2? = 16 


Ee - r| do 


Figure 14.65 


Integration in cylindrical coordinates is useful when factors involving x? + y? 


appear in the integrand, as illustrated in Example 3. 


EXAMPLE 3 Finding a Moment of Inertia 


Find the moment of inertia about the axis of symmetry of the solid Q bounded by the 
paraboloid z = x? + y? and the plane z = 4, as shown in Figure 14.66. The density at 
each point is proportional to the distance between the point and the z-axis. 


Solution Because the z-axis is the axis of symmetry, and p(x, y, z) = k/x? + y?, it 
follows that 


i= HI k(x? + yY V + y? dV. 


In cylindrical coordinates, 0 < r < Vx? + y? = Vz. So, you have 


4 (27 
r-i f' S [i oraaa 


x Q: Bounded by 4 20 ] Vi 
z=x +y? = ah A » PE 


z=4 


Figure 14.66 = Lf 


5 0 


27k | 2 4 513k 
_ a 7 7 


7 o 35 —-, 


[Try tt_| [Exploration a | 
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Triple Integrals in Spherical Coordinates 


Triple integrals involving spheres or cones are often easier to evaluate by converting 
to spherical coordinates. Recall from Section 11.7 that the rectangular conversion 
equations for spherical coordinates are 


x = psin dcos 0 
y = psin dsin 0 
z = pcos ġ. 


In this coordinate system, the simplest region is a spherical block determined by 


{(p, 0, p): Pi SPS Po 0 SOSO 6 <5 osot 


: where p, = 0, 0, — 0, < 2m, and 0 < ¢, < h, < m, as shown in Figure 14.67. If 
Spherical block: (p, 0, $) is a point in the interior of such a block, then the volume of the block can be 
AV, = pj sino, Ap, A8,Ad, approximated by AV = p° sin ¢ Ap Ad A9 (see Exercise 17 in the Problem Solving 
Figure 14.67 exercises for this chapter). 

Using the usual process involving an inner partition, summation, and a limit, you 
can develop the following version of a triple integral in spherical coordinates for a 
continuous function f defined on the solid region Q. 


x 


9, (>. (Po 
[| [rt wav = | [ Sn ġ cos 0, p sin ¢ sin 0, pcos ¢)p” sin ¢ dp dd dé. 
0i 1 
Q 


Py 


This formula can be modified for different orders of integration and generalized to 
include regions with variable boundaries. 

Like triple integrals in cylindrical coordinates, triple integrals in spherical 
coordinates are evaluated with iterated integrals. As with cylindrical coordinates, you 
can visualize a particular order of integration by viewing the iterated integral in terms 
of three sweeping motions—each adding another dimension to the solid. For instance, 
the iterated integral 


2m (7/4 3 
Í f f p° sin 6 dp do dé 
o Jo Jo 


(which is used in Example 4) is illustrated in Figure 14.68. 


Cone: z Sphere: 


p varies from 0 to 3 with p and Oheld œ varies from 0 to 77/4 0 varies from 0 to 27r. 
constant. with 6 held constant. 
Figure 14.68 


| Animation | 
NOTE The Greek letter p used in spherical coordinates is not related to density. Rather, it 


is the three-dimensional analog of the r used in polar coordinates. For problems involving 
spherical coordinates and a density function, this text uses a different symbol to denote density. 


Upper nappe 


of cone: 


z2=x2+y? z 


Figure 14.69 


| Rotatable Graph | 
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EXAMPLE 4 Finding Volume in Spherical Coordinates 


Find the volume of the solid region Q bounded below by the upper nappe of the cone 
z? = x? + y? and above by the sphere x? + y? + z? = 9, as shown in Figure 14.69. 


Solution In spherical coordinates, the equation of the sphere is 
pe=x>+y?+7z7=9 BD p=. 


Furthermore, the sphere and cone intersect when 


(x2 +y?) +22 =(22) +27=9 DD z= 


and, because z = pcos œ, it follows that 


3 W1 T 
(5G) = s9 > = 7 
Consequently, you can use the integration order dpd d0, where 0 < p < 3, 
0< < w/4,and0 < 6 < 27. The volume is 


2m (7/4 £3 
Niel O 
0 0 0 
Q 


2m 7/4 
= l l 9 sin ddd dé 
ji 
= gn —cos ‘| dé 
0 
af ( - £) dð = 9n(2 — /2) ~ 16.563. 


[Try tt | [Exploration a | 


EXAMPLE 5 Finding the Center of Mass of a Solid Region 


Find the center of mass of the solid region Q of uniform density, bounded below by 
the upper nappe of the cone z? = x? + y? and above by the sphere x? + y? + z? = 9. 


Solution Because the density is uniform, you can consider the density at the point 
(x, y, z) to be k. By symmetry, the center of mass lies on the z-axis, and you need only 


calculate Z = M,,/m, where m = kV = 9kr(2 = y2) from Example 4. Because 
z = pcos @, it follows that 


3 (2m 7/4 
= fff ew] f Í (p cos ¢)p* sin db dd d0 dp 
0 JO 0 
Q 


3 (27 7) 1/4 
-| f pice] dédp 
| 
-4f paap =" pap = Sikr 
0 JO 


So, 
__ My 81k7/8 9(2 + /2) 
= = = = 1.920 
m — 9ka(2 — /2) 16 
and the center of mass is approximately (0, 0, 1.92). os 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-6, evaluate the iterated integral. 


4 pa/2 2 a/4 (2 f2-r 
a) Í r cos 0 dr d0 dz a [f rz dz dr d0 
oJo Jo o JoJo 
m/2 [2 cos? f4-r2 
2. | Í Í r sin@ dz dr d0 
o Jo 0 
m/2 tm 2 
a | [| doando 
o Jo Jo 


2m (7/4 (cos hb 
5. Í Í Í p? sin bdo de dé 
0 0 0 


7/4 (17/4 (cos 0 
6. Í Í Í p sin ġ cos $ dp d0 do 
o Jo Jo 


In Exercises 7 and 8, use a computer algebra system to evaluate 
the iterated integral. 


4 fz [T/2 
T: Í Í Í re’ dô dr dz 
o Jo Jo 


m/2 fm fsin0 
8. Í Í Í (2 cos ġ)p? dp d0 do 
0 0 J0 


In Exercises 9—12, sketch the solid region whose volume is given 
by the iterated integral, and evaluate the iterated integral. 


T/2 [3 fe” 2m f3 [3-r2 
9. Í Í Í r dz dr d0 10. Í Í Í r dz dr dé 
0 0 JO 0 0 0 


2m fa/2 4 

1. Í p? sin $ dp do d0 
2a rrr5 

12. Í Í Í p? sin bdp dd do Py 
0 0 J2 


0 m/6 JO 


In Exercises 13-16, convert the integral from rectangular 
coordinates to both cylindrical and spherical coordinates, and py 
evaluate the simplest iterated integral. 


2 [v42 f4 
|f Í x dz dy dx 
-2J - V452 Jx + y2 


2 [V4=x2 ¢/16—x2-y? 
14. Í Í Í Vx? + y? dz dy dx 
o Jo 0 


a @-x pat Ja—x?-y? 
15. Í Í x dz dy dx 
-a J-V- Ja 


1 (SE [Sy 
16. [ Í Í Vx? + y? + 2? dz dy dx 
0 JO 0 


Volume In Exercises 17-20, use cylindrical coordinates to find 
the volume of the solid. 


17. Solid inside both x? + y? + z? = a? and 
(x — a/2} + x? = (a/2)? 
18. Solid inside x? + y? + z? = 16 and outside z = Vx? + y? 


19. Solid bounded by the graphs of the sphere r? + z? = a? and 
the cylinder r = acos 0 Fy 


20. Solid inside the sphere x? + y? + z? = 4 and above the upper 
nappe of the cone z? = x? + y? 


Mass In Exercises 21 and 22, use cylindrical coordinates to 
find the mass of the solid Q. 


21. Q = {(x,y,z):0 < z < 9 — x — 2y, x? + y? < 4} 
p(x, y, z) = kx? + y? 

22. Q = {(x,y,z):0 < z < 12e, x? + y? < 4, x > 0, y > 0} 
plx, y, z) = k 


In Exercises 23-28, use cylindrical coordinates to find the 
indicated characteristic of the cone shown in the figure. 


len 
h 
———. y 


23. Volume Find the volume of the cone. 
24. Centroid Find the centroid of the cone. 


25. Center of Mass Find the center of mass of the cone assuming 
that its density at any point is proportional to the distance 
between the point and the axis of the cone. Use a computer 
algebra system to evaluate the triple integral. 


26. Center of Mass Find the center of mass of the cone assuming 
that its density at any point is proportional to the distance 
between the point and the base. Use a computer algebra system 
to evaluate the triple integral. 


27. Moment of Inertia Assume that the cone has uniform density 
and show that the moment of inertia about the z-axis is 


L= mre. 

28. Moment of Inertia Assume that the density of the cone is 
p(x, y, z) = kv x? + y? 
and find the moment of inertia about the z-axis. 

Moment of Inertia In Exercises 29 and 30, use cylindrical 


coordinates to verify the given formula for the moment of 
inertia of the solid of uniform density. 


29. Cylindrical shell: 7, = im(a? + b?) 
O<a<sr<b, O0<z<h 

30. Right circular cylinder: J, = ima? 
r= 2asinð, O<z<h 


Use a computer algebra system to evaluate the triple integral. 


Volume In Exercises 31 and 32, use spherical coordinates to 
find the volume of the solid. 


31. The torus given by p = 4 sin ¢ (Use a computer algebra system 
to evaluate the triple integral.) 


32. The solid between the spheres x? + y? + z? =a? and 
x? + y? + z? = b?, b > a, and inside the cone z? = x? + y? 


Mass In Exercises 33 and 34, use spherical coordinates to find 
the mass of the sphere x? + y? + z? = a? with the given density. 


33. The density at any point is proportional to the distance between 
the point and the origin. 


34. The density at any point is proportional to the distance of the 
point from the z-axis. 


Center of Mass In Exercises 35 and 36, use spherical coordi- 
nates to find the center of mass of the solid of uniform density. 


35. Hemispherical solid of radius r 


36. Solid lying between two concentric hemispheres of radii r and 
R, where r < R 


Moment of Inertia Yn Exercises 37 and 38, use spherical 
coordinates to find the moment of inertia about the z-axis of the 
solid of uniform density. 


37. Solid bounded by the hemisphere p = cos ¢, 7/4 < p < 7/2, 
and the cone p = 7/4 


38. Solid lying between two concentric hemispheres of radii r and 
R, where r < R 
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Writing About Concepts 


. Give the equations for the coordinate conversion from 
rectangular to cylindrical coordinates and vice versa. 


40. Give the equations for the coordinate conversion from 
rectangular to spherical coordinates and vice versa. 


41. Give the iterated form of the triple integral [ff f(x, y, z) dV 
in cylindrical form. 2 


42. Give the iterated form of the triple integral Sff f(x, y, z) dV 
in spherical form. 2 


43. Describe the surface whose equation is a coordinate equal to 
a constant for each of the coordinates in (a) the cylindrical 
coordinate system and (b) the spherical coordinate system. 


44. When evaluating a triple integral with constant limits of 
integration in the cylindrical coordinate system, you are 
integrating over a part of what solid? What is the solid 
when you are in spherical coordinates? 


45. Find the “volume” of the “four-dimensional sphere” 


x+y +z +w =g 


by evaluating 


a page qG— ey G— ey 2 
16 Í Í Í Í dw dz dy dx. 
o Jo 0 0 


46. Use spherical coordinates to show that 


Í Í Í JE Fy +e C+ dy dy dz = 2r. 
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Section 14.8 Change of Variables: Jacobians 


e Understand the concept of a Jacobian. 
e Use a Jacobian to change variables in a double integral. 


Jacobians 
CARL Gustav Jacobi (1804—1851) 
The Jacobian is named after the German 
mathematician Carl Gustav Jacobi. Jacobi is b 
known for his work in many areas of mathe- Í J 
matics, but his interest in integration stemmed 


For the single integral 


from the problem of finding the circumference you can change variables by letting x = g(u), so that dx = g’(u) du, and obtain 
of an ellipse. b d 
f roa f regou 
pL where a = g(c) and b = g(d). Note that the change-of-variables process introduces an 
additional factor g’(u) into the integrand. This also occurs in the case of double 
integrals 
Ox dy _ dy Ox 
A = 
[[ toa f [reece nn Tau av ~ au av | a du dv 
’ hea 


where the change of variables x = g(u, v) and y = h(u, v) introduces a factor called 
the Jacobian of x and y with respect to u and v. In defining the Jacobian, it is 
convenient to use the following determinant notation. 


Definition of the Jacobian 


If x = g(u, v) and y = hlu, v), then the Jacobian of x and y with respect to u 
and v, denoted by d(x, y)/ð(u, v), is 


ax ax 
alx, y) _ |du av) _ dx dy _ dy ax 


alu, v) dy day ðu ðv ðu ðv’ 
ðu ðv 


EXAMPLE | The Jacobian for Rectangular-to-Polar Conversion 


Find the Jacobian for the change of variables defined by 


x =rcos 0 and y= rsin 0. 


Solution From the definition of a Jacobian, you obtain 
ax ax 
a(x, y) ðr 00 
a(r, 0) jay ay 


or 00 
_ |cos@ —rsin 6 
sin 0 rcos 0 


r cos? 6 + rsin? 0 


i T(r, 0) = (r cos 0, r sin 8) 
Be-- ona 
r=a 6 r=b 
ep 0=0 ' 
è r 
a b 
>x 


S is the region in the r6-plane that 
corresponds to R in the xy-plane. 
Figure 14.70 


Region R in the xy-plane 
Figure 14.71 


Region S in the uv-plane 
Figure 14.72 
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Example 1 points out that the change of variables from rectangular to polar 
coordinates for a double integral can be written as 


f roo dA = f [recos 0, r sin O)r dr d0, r > 0 
R s. 


= f [recos 0, r sin oa arao 


where S is the region in the ré-plane that corresponds to the region R in the xy-plane, 
as shown in Figure 14.70. This formula is similar to that found on page 1003. 

In general, a change of variables is given by a one-to-one transformation T from 
a region S in the uv-plane to a region R in the xy-plane, to be given by 


T(u, v) = (x, y) = (glu, v), Aw, v)) 


where g and h have continuous first partial derivatives in the region S. Note that the 
point (u, v) lies in S and the point (x, y) lies in R. In most cases, you are hunting for a 
transformation in which the region S is simpler than the region R. 


EXAMPLE 2. Finding a Change of Variables to Simplify a Region 


Let R be the region bounded by the lines 


x-2y=0, x-2y=-4, x+y=4, and x+y=1 


as shown in Figure 14.71. Find a transformation T from a region S to R such that S is 


a rectangular region (with sides parallel to the u- or v-axis). 


Solution To begin, letu = x + yand v = x — 2y. Solving this system of equations 
for x and y produces T(u, v) = (x, y), where 


y= 3 (2 + v) and y= RC — y). 


The four boundaries for R in the xy-plane give rise to the following bounds for S$ in 
the uv-plane. 


Bounds in the xy-Plane Bounds in the uv-Plane 


x+y=1 => u = 
x+y=4 = u=4 
x—2y=0 => v= 
x—2y=—4 = v=-4 


The region S is shown in Figure 14.72. Note that the transformation T maps the 
vertices of the region S onto the vertices of the region R. For instance, 


T(1, 0) = GO) + 0], $[1 — 0}) 
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(u, v + Av) (u + Au, v + Av) 


(u, v) (u + Au, v) 


> u 


Area of S = Au Av 
Au > 0, Av>0 
Figure 14.73 


© 
Y 


M= (x,y) N 


x= g(u, v) 

y= h(u, v) 

The vertices in the xy-plane are 

M(g(u, v), h(u, v)), N(g(u + Au, v), 
h(u + Au, v)), P(g(u + Au, v + Av), 
h(u + Au, v + Av)), and 

O(g(u,v + Av), h(u,v + Av)). 
Figure 14.74 


Change of Variables for Double Integrals 


THEOREM 14.5 Change of Variables for Double Integrals 


Let R and S be regions in the xy- and uv-planes that are related by the equations 
x = glu, v) and y = h(u, v) such that each point in R is the image of a unique 
point in S. If f is cee on R, g and h have continuous partial derivatives 
on S, and d(x, y)/d(u, v) is nonzero on S, then 


f [rasara = | | retna hlu, v)) 


a(x, y) 
a(u, v) 


du dv. 


Proof Consider the case in which $ is a rectangular region in the uv-plane with 
vertices (u, v), (u + Au, v), (u + Au, v + Av), and (u, v + Av), as shown in Figure 
14.73. The images of these vertices in the xy-plane are shown in Figure 14.74. If Au and 
Av are small, the continuity of of g and h d h implies that R is approximately a parallelogram 
determined by the vectors MN and MO. So, the area of R is 


AA = ||MN x MỌ||. 


Moreover, for small Au and Av, the partial derivatives of g and h with respect to u can 
be approximated by 


glu + Au, v) — glu, v) 


g,(u, v) ~ a 
and 
+ == 
TEE h(u + Au, v) — hlu, v) 
Au 
Consequently, 


= [glu + Au, v) — glu, v)ļ]i + [Alu + Au, v) — hlu, v)]j 
=~ [g,(u, v) Auli + [h (u, v) Au]j 


Ox p ðy . 
= — Aui + = Auj. 
Ju Aui P Auj 
Similarly, you can approximate MO bys ~ Avi + ay Avj, which implies that 
ðv 


i j k 


ax ay 
MN x MỌ ~ & Au > Au 0j = , gy | Su Ak. 
a Ay 2 ay 0 ðv ðv 
It follows that, in Jacobian notation, 
~ TTÀ x TÒ ~ [EED] au Av. 


Because this approximation improves as Au and Av approach 0, the limiting case can 
be written as 


a(x, y) 


~ JTT x TÀI ~ |262 


a dv. 
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The next two examples show how a change of variables can simplify the 
integration process. The simplification can occur in various ways. You can make a 
change of variables to simplify either the region R or the integrand f(x, y), or both. 


EXAMPLE 3 Using a Change of Variables to Simplify a Region 


ae uh Let R be the region bounded by the lines 

A Sx he 
AR ull ae call x — 2y=0, x-2= —4, xt+ty=4, and xty= 1 

Y 2 W 29 as shown in Figure 14.75. Evaluate the double integral 
è kae” 
oi te, [ f awaa. 
i i T si fi i i R 
Sel ee 
wee TE EA Solution From Example 2, you can use the following change of variables. 
z E 1 1 
3 x= z (2u + v) and y= =y) 


Figure 14.75 
The partial derivatives of x and y are 
ax _ 2 ax _ 1 ðy 1 ðy_ 1l 
ðu ? æ 7 a 7Y ðv 3 


which implies that the Jacobian is 


Ox Ox 
A(x, y) _ ðu av 
alu, v) jay ay 
ðu ðv 
2 1 
(3 3 
“h a 
3 m3 
_ 2 -1 
~ 9 9 
sal 
=e 
So, by Theorem 14.5, you obtain 
[J 3xy dA = [J 3] 5 Qu + v) 3 - »| aoea) dv du 
470 4 
=| —(2u? — uv — v?) dv du 
1 S i 
1 uv v? 
-if [zuv — - E] au 
4 
-5f (su + su - du 
_1f83 o, : 
sg 5 te i | 
164 
ar 
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EXAMPLE 4 Using a Change of Variables to Simplify an Integrand 


Let R be the region bounded by the square with vertices (0, 1), (1, 2), (2, 1), and (1, 0). 
Evaluate the integral 


[ Jo + y)? sin?(x — y) dA. 


Solution Note that the sides of R lie on the lines x + y = 1,x — y = 1l,x +y = 3, 
and x — y = —1, as shown in Figure 14.76. Letting u = x + y and v = x — y, you 
can determine the bounds for region S in the uv-plane to be 


1l<us3 and -lsv<l 


as shown in Figure 14.77. Solving for x and y in terms of u and v produces 


1 1 
x= z“ +v) and y= z“ -= vy). 


The partial derivatives of x and y are 


Region R in the xy-plane N ` oF = OY L and a2 a 
Figure 14.76 ðu 2 ð 2 ðu 2 ðv 2 
which implies that the Jacobian is 
, usi u=3 ax dx 1 1 
l ' a(x,y) |ðu av} |2 2 i ti 
TE oe av) jay ay} |i 1 4.4 «22 
i Ss ðu ðv 2 2 
l i g zag By Theorem 14.5, it follows that 
a 1 73 1 
-14---- ---- + y)? sin?(x — y) dA = ? sin? Ja d 
(1 -1) (3, -1) [f (x y) (x y) [| u v 2 u av 
‘ . 1fi u? 3 
Region S in the uv-plane =- (sin? v) £] dv 
Figure 14.77 2J- 3a 
13 f' 
= — sin?v dv 
3 J-a 
13 f' 
=— (1 — cos 2v) dv 
6 Ja 


1 
13 1 
= Bj, _ 3 sin a| 


13 1.4 Éy 
= Bla - 5 sin2 + 5 sin 2| 


13 
= — (2 — sin 2 
6 (2 — sin 2) 
Eo | [Emer 
In each of the change-of-variables examples in this section, the region S has been 
a rectangle with sides parallel to the u- or v-axis. Occasionally, a change of variables 


can be used for other types of regions. For instance, letting T(u, v) = (x, ; y) changes 
the circular region u? + v? = 1 to the elliptical region x? + (y?/4) = 1. 


Exercises for Section 14.8 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-8, find the Jacobian 0(x, y)/0(u,v) for the 
indicated change of variables. 


1. x = —}(u — v), y =3(u + v) 


2. x = au + bv, y = cu + dv 


x=u-wey=utyv 


uv — 2u,y = uv 


x 
x = ucos 0 — v sin 0, y = usin 0 + v cos 0 
x 


=utay=vtra 


AA WP Y& 


x =e" siny, y = e“cosv 


Sea 


_u 
aa 2 Aaa a 


In Exercises 9 and 10, sketch the image S in the wv-plane of the 


region R in the xy-plane using the given transformations. 
9. x = 3u + 2v 10. x = 3(4u — v) 


ya oy y=3(u—v) 


(2, 3) 


(0, 0) 2 3 


In Exercises 11-16, use the indicated change of variables to 
evaluate the double integral. 


11. MEG + y?) dA 12. f f owa 
R R 


x= 4(u + v) x =5(u + v) 
y = 3(u — v) y = -3(u — v) 
y 
n A 
(0, 1) | (1, 2) 


x y 
A A 
6+ 1, 1) d, 1) 
4 (3,3) (7,3) 
24+ | | > XxX 
| (0, 0) 
(0,0) (4,0)6 8 j 
-2 + ai i 
Figure for 13 Figure for 14 


is, | feas 
R —. 


x= J 5 y= vuv 
R: first-quadrant region lying between the graphs of 


1 1 4 
y x, y=2x, y ; 


4 p7 x 
is. | [> 
R 
x= 


R: region lying between the graphs of xy = 1, xy = 4, y = 1, 
yes 


sin xy dA 
> yuy 


< |S 


In Exercises 17-22, use a change of variables to find the volume 
of the solid region lying below the surface z = f(x, y) and above 
the plane region R. 


17. f(x, y) = (x + ye” 
R: region bounded by the square with vertices (4, 0), (6, 2), 
(4, 4), (2, 2) 

18. f(x, y) = (x + y) sin’ — y) 
R: region bounded by the square with vertices (~, 0), 
(37/2, 1/2), (T, T), (1/2, 1/2) 

19. f(x,y) = Vx — yx + 4y) 
R: region bounded by the parallelogram with vertices (0, 0), 
(1, 1), (5, 0), (4, - 1) 

20. f(x, y) = (3x + 2y)(2y — x) 
R: region bounded by the parallelogram with vertices (0, 0), 
(=2, 3), 2, 5), (42) 

21. f(x,y) =[vx+y 


R: region bounded by the triangle with vertices (0, 0), (a, 0), 
(0, a), where a > 0 


___4y 
22. f(x, y) EF 
R: region bounded by the graphs of xy = 1, xy = 4, x = 1, 
x = 4 (Hint: Let x = u, y = v/u.) 
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23. Consider the region R in the xy-plane bounded by the ellipse 


x2 y 
a 2 


and the transformations x = au and y = bv. 


(a) Sketch the graph of the region R and its image S under the 
given transformation. 


a(x, y) 
alu, v) 


(c) Find the area of the ellipse. 


24. Use the result of Exercise 23 to find the volume of each dome- 
shaped solid lying below the surface z = f(x, y) and above the 
elliptical region R. (Hint: After making the change of variables 
given by the results in Exercise 23, make a second change of 
variables to polar coordinates.) 


(b) Find 


(a) f(x,y) = 16 — x? — y?; R: pei <] 
m Je P Ey 
(b) f(x, y) aoa S Ez |; æ: P <1 


Writing About Concepts 


25. State the definition of the Jacobian. 


26. Describe how to use the Jacobian to change variables in 
double integrals. 


w Experienced writers 


© On-time delivery 


® 100% plagiarism free 


In Exercises 27-30, find the Jacobian 0(x, y, z)/O(u, v, w) for the 
indicated change of variables. If x = f(u,v,w), y = g(u, v, w), 
and z = h(u, v, w), then the Jacobian of x, y, and z with respect 
to u, v, and w is 


Ox Ox Ox 
ðu ðv Ow 
O(x,y,z) _ |ðy ðy dy 
ðlu,v,w) |ðu ðv w| 
Oz Oz ðz 
ðu ðv ðw 


27. x = u(1 — v), y = wil — w),z = ww 


28. x = 4u — v, y = 4v- w,z=u+w 
29. Spherical Coordinates 

x = psin ġ cos 0, y = p sin dsin 0,z = pcos h 
30. Cylindrical Coordinates 


x = rcos 0, y = rsin 0,z =z 


Putnam Exam Challenge 


31. Let A be the area of the region in the first quadrant bounded by 
the line y = $x, the x-axis, and the ellipse 5x? + y? = 1. Find 
the positive number m such that A is equal to the area of the 
region in the first quadrant bounded by the line y = mx, the 
y-axis, and the ellipse ix? +y=1. 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 


In Exercises 1 and 2, evaluate the integral. 


2y 


1. Í xln ydy 2; (x? + y?) dx 
1 


y 


In Exercises 3—6, evaluate the iterated integral. Change the 
coordinate system when convenient. 


E fix 2 (2x 
3. Í Í (3x + 2y) dy dx 4. Í Í (x? + 2y) dy dx 
o Jo o Jx2 


3 6V9-x V3 2+ 4-7 
5. Í Í 4x dy dx 6. Í Í dx dy 
o Jo 0 


-4-7 
Area In Exercises 7—14, write the limits for the double integral 


f [rea 


for both orders of integration. Compute the area of R by letting 
f(x,y) = 1 and integrating. 

7. Triangle: vertices (0, 0), (3, 0), (0, 1) 

8. Triangle: vertices (0, 0), (3, 0), (2, 2) 

9. The larger area between the graphs of x? + y? = 25 and x = 3 


10. Region bounded by the graphs of y = 6x — x? and y = x? — 2x 
11. Region enclosed by the graph of y? = x? — xt 


12. Region bounded by the graphs of x = y? + 1, x = 0, y = 0, 
and y = 2 

13. Region bounded by the graphs of x = y + 3 and x = y? + 1 

2 


14. Region bounded by the graphs of x = —y and x = 2y — y 


Think About It In Exercises 15 and 16, give a geometric argu- 
ment for the given equality. Verify the equality analytically. 


1 (2V2-y? 2 fx/2 
15. [f «+ yaray=[[ (x + y) dy dx + 
0 J2y o Jo 


2/2 [82x2 
Í Í (x + y)dy dx 
2 0 


2 5-y 3 [(2x/3 5 (5x 
16. Í Í et dx dy = Í Í e*™ dy dx + Í Í ex*y dy dx 
0 J3y/2 o Jo 3 Jo 


Volume In Exercises 17 and 18, use a multiple integral and a 
convenient coordinate system to find the volume of the solid. 


17. Solid bounded by the graphs of z = x? — y + 4,z = 0, y = 0, 
x = 0, and x = 4 


18. Solid bounded by the graphs of z =x + y, z=0, x= 0, 
x =3,andy =x 


Approximation In Exercises 19 and 20, determine which value 
best approximates the volume of the solid between the xy-plane 
and the function over the region. (Make your selection on the 
basis of a sketch of the solid and not by performing any 
calculations.) 


19. fy) =xt+y Py 
R: triangle with vertices (0, 0), (3, 0), (3, 3) 


(a) ? (b) 5 (c) 13 (d) 100 (e) — 100 
20. f(x, y) = 10x?y? 

R: circle bounded by x? + y? = 1 

(a) 7 (bs) -15 ©} (d3 (@)15 


Probability In Exercises 21 and 22, find k such that the 
function is a joint density function and find the required 
probability, where 


d fb 
Ma sx<besysd=| | fædd. 


_ fkxye@*, x 20,y 20 
21. f(x,y) = p elsewhere 
PO<x<10<y<1) 
_ jkxy, Os x<s10sys<x Fr 
22. fay) = i elsewhere 


PO < x < 0.5,0 < y < 0.25) 


True or False? In Exercises 23-26, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


28. ['frevanarar=[f' roal f soal 


24. If f is continuous over R, and R,, and fp 
[ faf fas 
R, Ry 
then 


| frena- | frana 


1 rl fl 
25. Í Í cos(x? + y?) dx dy = af Í cos(x? + y?) dx dy 
-1J-1 o Jo 


LUI 
1 T 
26. | | poA fb 


In Exercises 27 and 28, evaluate the iterated integral by 


converting to polar coordinates. 
4 7 V16—y? 
28. Í Í (x? + y?) dx dy 
0 JO 


h (x 
27. Í Í Vx? + y? dy dx 
o Jo 
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Volume in Exercises Z9 and 30, use a multiple integral and a 
convenient coordinate system to find the volume of the solid. 


29. Solid bounded by the graphs of z = 0 and z = h, outside 
the cylinder x? + y*=1 and inside the hyperboloid 
ePt+y—2=1 

30. Solid that remains after drilling a hole of radius b through the 
center of a sphere of radius R (b < R) 


31. Consider the region R in the xy-plane bounded by the graph of 
the equation 


(x? + y? 2 = 9(x? = y’). 


(a) Convert the equation to polar coordinates. Use a graphing 
utility to graph the equation. 
(b) Use a double integral to find the area of the region R. 
(c) Use a computer algebra system to determine the volume of 
the solid over the region R and beneath the hemisphere 
z= V9- x- y. 
32. Combine the sum of the two iterated integrals into a single 


iterated integral by converting to polar coordinates. Evaluate 
the resulting iterated integral. 


8/43 3x2 4 V16—x2 
Í Í xy dy dx + Í Í xy dy dx 
0 0 8//13 JO 


Mass and Center of Mass In Exercises 33 and 34, find the mass 
and center of mass of the lamina bounded by the graphs of the 
equations for the given density or densities. Use a computer 
algebra system to evaluate the multiple integrals. 


33. y = 2x, y = 2x°, first quadrant 


(a) p=kxy (b) p= K(x? +y?) 


2 
34. y= th a =), p = k, first quadrant 


In Exercises 35 and 36, find Z, Z, Io, x, and y for the lamina 


bounded by the graphs of the equations. Use a computer 
algebra system to evaluate the double integrals. 


35. y = 0, y = b,x =0,x =a, p = kx 
36. y=4-— x°, y =0,x > 0, p= ky 


Surface Area In Exercises 37 and 38, find the area of the 
surface given by z = f(x, y) over the region R. 
37. f(x,y) = 16 — x? — y? 
R = {(x, y): x? + y? < 16} 
38. f(x,y) = 16 — x- y? 
R={(,y): OS x5 2,0S y< x} 


Use a computer algebra system to evaluate the integral. 


39. Surface Area Find the area of the surface of the cylinder 
f(x,y) = 9 — y? that lies above the triangle bounded by the 
graphs of the equations y = x, y = —x, and y = 3. 
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40. Surface Area The roof over the stage of an open air theater at 
a theme park is modeled by 


2 + y2 
, = 25|1 + —(x? + y?)/1000 (2 Z ) 
fy) 5| e cos*| 04 


where the stage is a semicircle bounded by the graphs of 
y = V50? — x? and y = 0. 
(a) Use a computer algebra system to graph the surface. 


(b) Use a computer algebra system to approximate the number 
of square feet of roofing required to cover the surface. 


In Exercises 41-44, evaluate the iterated integral. 


3 JS9= x2 9 
41. Í Í Í Vx? + y? dz dy dx 
-3J-J/9=-x? r+y? 


2 £/S4=2 (x?-+ y?)/2 
42. Í Í Í (x? + y?) dz dy dx 
—2J—-J/4-—x2 JO 


a fb fe 
43. Í Í (x? + y? + z?) dx dy dz 
0 JO JO 


5 pVB=# [V5 ' 
44. PEENES ORT F 
LJ, Í ETETE ee 


In Exercises 45 and 46, use a computer algebra system to 
evaluate the iterated integral. 


1 (s1578 ¢V1-2-y 
45. Í Í Í (x? + y?) dz dy ase 
-1J- V17 2J- v1-x2-y 


“f Í xyz dz dy dx 
0 JO 0 


Volume In Exercises 47 and 48, use a multiple integral to find 
the volume of the solid. 

47. Solid inside the graphs of r = 2 cos 0 and r? + z? = 4 

48. Solid inside the graphs of r? + z = 16, z = 0, and r = 2 sin 0 


Center of Mass In Exercises 49—52, find the center of mass 
of the solid of uniform density bounded by the graphs of the 
equations. 


49. Solid inside the hemisphere p = cos ¢, 7/4 < p < 7/2, and 
outside the cone ¢ = 7/4 

50. Wedge: x? + y? = a?, z=cy(c > 0), y>0, z= 0 

51. x? + y? + z? = a’, first octant 

52. x? + y? + z? = 25, z = 4 (the larger solid) 


Moment of Inertia Yn Exercises 53 and 54, find the moment of 
inertia I, of the solid of given density. 


53. The solid of uniform density inside the paraboloid 
z= 16 — x? — y*, and outside the cylinder x? + y? = 9, 
z2 0. 


54. x? + y? + z? = a’, density proportional to the distance from 
the center 
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nvestigation Consider a spherical segment of height 
a sphere of radius a, where h < a, and constant density 
p(x, y, z) = k (see figure). 


ke > 


(a) Find the volume of the solid. 
(b) Find the centroid of the solid. 


(c) Use the result of part (b) to find the centroid of a 
hemisphere of radius a. 


(d) Find lim z. 
h-0 
(e) Find Z. 
(£) Use the result of part (e) to find Z, for a hemisphere. 


56. Moment of Inertia Find the moment of inertia about the 


z-axis of the ellipsoid x? + y? + a = 1, where a > 0. 
a 


In Exercises 57 and 58, give a geometric interpretation of the 
iterated integral. 


27 fm [6 sinp 
57. Í p? sin $ dp dọ d0 


0 0 JO 


a2 f1l+r2 
58. Í Í Í r dz dr d0 
o Jo Jo 


In Exercises 59 and 60, find the Jacobian A(x, y)/ð(u, v) for the 
indicated change of variables. 


59. x= u + 3v, y= 2u -— 3v 
2 


60. x= u +y, ysu- yv 


In Exercises 61 and 62, use the indicated change of variables to 


evaluate the double integral. 
x 
62. Í Í Tery” 
v 


6l. [J mo + y) dA 


1 1 
x z“ v), y z“ v) x=u y= 
y y 
A A 
4+ 67 = 
(2, 3) S- 
3+ spelt 
27 (3, 2) 3+ =5 
(1, 2) 2L DE 
1+ 
(2, 1) 1+ zos 
cer -re 
1 2 3 4 1 xyy=14 5 6 


| PS. | Problem Solving 
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The symbol acd indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on || to print an enlarged copy of the graph. 


1. (a) Find the volume of the solid of intersection of the three 
cylinders x? + z? = 1, y? + z? = 1, and x? + y? = 1 (see 
figure). 


(b) Use the Monte Carlo Method (see Section 4.2 exercises) to 
confirm the answer in part (a). (Hint: Generate random 
points inside the cube of volume 8 centered at the origin.) 


2. Let a, b, c, and d be positive real numbers. The first octant of the 
plane ax + by + cz = d is shown in the figure. Show that the 
surface area of this portion of the plane is equal to 


A) ee eS 
cC 


where A(R) is the area of the triangular region R in the xy-plane, 
as shown in the figure. 


z 
z 


3. Derive Euler’s famous result that was mentioned in Section 9.3, 
æ 1 2 
2 TET n by completing each step. 


dv 1 v 
Sie t: FG: 
Fo wav z z arctan yo C. 


V2/2 fu 2 Tr 
(b) Prove that J; = Í Í z7 dv du = by 
0 =y 


(a) Prove that | 


u? + y? 18 
using the substitution u = V2 sin 8. 
(c) Prove that 


V2 f-u+/2 2 
L= >> av du 
2 a 2 — u +y 


m/2 : 
1 at 
= af acan S g 


një cos 0 


by using the substitution u = \/2 sin 0. 


(d) Prove the trigonometric identity 


I~ sind _ tan( 2 — 8), 


os 0 2 


Ja au 2 7 
(e) provethat = | z- gee p= 9° 


(f) Use the formula for the sum of an infinite geometric series to 


Sl fod 
verify that 5 z7 [I FS ya dy. 
n=1 0 JO 


cL? A vee al 


V2 v2 


s] Imo o] 
prove that Í [ dx dy =1,+1,=—. 
Pi oJo 17W 1 2 Æ 


(g) Use the change of variables u = to 


. Consider a circular lawn with a radius of 10 feet, as shown in 


the figure. Assume that a sprinkler distributes water in a radial 
fashion according to the formula 


(measured in cubic feet of water per hour per square foot of 
lawn), where r is the distance in feet from the sprinkler. Find the 
amount of water that is distributed in 1 hour in the following two 
annular regions. 


A={(r,0):4 <5 r<5,0< 0< 27} 
B={(r,0):9 <r< 10,0 < 0< 27} 


Is the distribution of water uniform? Determine the amount of 
water the entire lawn receives in | hour. 


. The figure shows the region R bounded by the curves y = Vx, 
2 


2 
y= y2 y= F and y = me Use the change of variables 


x = u'y?’ and y = u?’ v!” to find the area of the region R. 


si zi E 
1 y=; yaar 
yay 2G 
yavx 
R 
> xX 
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6. The figure shows a solid bounded below by the plane z = 2 and 
above by the sphere x? + y? + z? = 8. 


(a) Find the volume of the solid using cylindrical coordinates. 
(b) Find the volume of the solid using spherical coordinates. 


7. Sketch the solid whose volume is given by the sum of the 
iterated integrals 


63 fy 6 (12 —2z)/2 f6-y 
[J Í acayae | | dx dy dz. 
0 Jz/2JSz/2 0 J3 2/2 


Then write the volume as a single iterated integral in the order 
dy dz dx. 


lel 
8. Prove that lim Í Í x” y” dx dy = 0. 
0 Jo 


nyo 


In Exercises 9 and 10, evaluate the integral. (Hint: See Exercise 
55 in Section 14.3.) 


9 Í x2e-** dx 


i 0 
à 1 
10. | Jota 
0 * 


11. Consider the function 


keeta x20, y 20 


0, elsewhere. 


f(x, y) -| 


Find the relationship between the positive constants a and k 
such that f is a joint density function of the continuous random 
variables x and y. 


12. From 1963 to 1986, the volume of the Great Salt Lake approxi- 
mately tripled while its top surface area approximately doubled. 
Read the article “Relations between Surface Area and Volume in 
Lakes” by Daniel Cass and Gerald Wildenberg in The College 
Mathematics Journal. Then give examples of solids that have 
“water levels” a and b such that V(b) =3V(a) and 
A(b) = 2A(a) (see figure), where V is volume and A is area. 


13. 


14. 


15. 


16. 


17. 
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V(b) 


V(a) 


Figure for 12 

ce 
The angle between a plane P and the xy-plane is 0, where 
0 < 0 < 7/2. The projection of a rectangular region in P onto 
the xy-plane is a rectangle whose sides have lengths Ax and Ay, 


as shown in the figure. Prove that the area of the rectangular 
region in P is sec 0 Ax Ay. 


Area: sec 0 AxAy 


Area in xy-plane: AxAy 
| Rotatable Grant | 
Use the result of Exercise 13 to order the planes in ascending 


order of their surface areas for a fixed region R in the xy-plane. 
Explain your ordering without doing any calculations. 


(a) z= 2+%x 
(b) z= 5 
(c) z = 10 — 5x + 9y 
(d) 4 =3+x-2y 
: ve 1 
Evaluate the integral [ f ETET dx dy. 


Evaluate the integrals 


1 fil 1 1 
xy x—y 
———, dx dy and ———., dy dx. 
‘i 4 [| ce 


Are the results the same? Why or why not? 


Show that the volume of a spherical block can be approximated 
by 


AV = p’sin ġ Ap Ad Ad. 
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Section 15.1 Vector Fields 


Understand the concept of a vector field. 

e Determine whether a vector field is conservative. 
Find the curl of a vector field. 

e Find the divergence of a vector field. 


Vector Fields 


In Chapter 12, you studied vector-valued functions—functions that assign a vector to 
a real number. There you saw that vector-valued functions of real numbers are useful 
in representing curves and motion along a curve. In this chapter, you will study two 
other types of vector-valued functions—functions that assign a vector to a point in the 
plane or a point in space. Such functions are called vector fields, and they are useful 
in representing various types of force fields and velocity fields. 


Definition of Vector Field 


Let M and N be functions of two variables x and y, defined on a plane region R. 
The function F defined by 


F(x, y) = Mi + Nj Plane 
NOTE Although a vector field consists is called a vector field over R. 
of infinitely many vectors, you can get a Let M, N, and P be functions of three variables x, y, and z, defined on a 
good idea of what the vector field looks solid region Q in space. The function F defined by 
like by sketching several representative 
vectors F(x, y) whose initial points are F(x, y, z) = Mi + Nj + Pk Space 
(x, y). 


is called a vector field over Q. 


From this definition you can see that the gradient is one example of a vector field. 
For example, if 


f(x, y) = 2? + y? 
then the gradient of f 
Vila, y) = A, yli + f(x, yj = 2xi + 2yj Vector field in the plane 


is a vector field in the plane. From Chapter 13, the graphical interpretation of this field 

is a family of vectors, each of which points in the direction of maximum increase 

along the surface given by z = f(x, y). For this particular function, the surface is a 

paraboloid and the gradient tells you that the direction of maximum increase along the 

surface is the direction given by the ray from the origin through the point (x, y). 
Similarly, if 


Fy, 2) = x? + y? + 2? 
then the gradient of f 
V(x, y, 2) =f. y, zi + AG y, DI + fx, y, Dk 
= 2xi + 2yj + 2zk Vector field in space 


is a vector field in space. 
A vector field is continuous at a point if each of its component functions M, N, 
and P is continuous at that point. 


Velocity field 


Rotating wheel 
Figure 15.1 


Air flow vector field 
Figure 15.2 


m, is located at (x, y, z). 
m, is located at (0, 0, 0). 


Gravitational force field 
Figure 15.3 
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Some common physical examples of vector fields are velocity fields, 
gravitational fields, and electric force fields. 


1. Velocity fields describe the motions of systems of particles in the plane or in space. 
For instance, Figure 15.1 shows the vector field determined by a wheel rotating on 
an axle. Notice that the velocity vectors are determined by the locations of their 
initial points—the farther a point is from the axle, the greater its velocity. Velocity 
fields are also determined by the flow of liquids through a container or by the flow 
of air currents around a moving object, as shown in Figure 15.2. 


2. Gravitational fields are defined by Newton’s Law of Gravitation, which states 
that the force of attraction exerted on a particle of mass m, located at (x, y, z) by a 
particle of mass m, located at (0, 0, 0) is given by 


where G is the gravitational constant and u is the unit vector in the direction from 
the origin to (x, y, z). In Figure 15.3, you can see that the gravitational field F has 
the properties that F(x, y, z) always points toward the origin, and that the magni- 
tude of F(x, y, z) is the same at all points equidistant from the origin. A vector field 
with these two properties is called a central force field. Using the position vector 


r = xi + yj + zk 


for the point (x, y, z), you can write the gravitational field F as 


_ —Gm,m, r 
Fey) = f G 


_ Gmm, 


= p U. 
[InP 


3. Electric force fields are defined by Coulomb’s Law, which states that the force 
exerted on a particle with electric charge q, located at (x, y, z) by a particle with 
electric charge q, located at (0, 0, 0) is given by 


Cq14 
F(x, y, z) = re" 


where r = xi + yj + zk, u = r/l||r||, and c is a constant that depends on the 


choice of units for ||r||, ¢,, and q. 


Note that an electric force field has the same form as a gravitational field. That is, 


k 
F(x, y, gJ = Ire u. 


Such a force field is called an inverse square field. 


Definition of Inverse Square Field 


Let r(t) = x(t)i + y(t)j + z(t)k be a position vector. The vector field F is an 
inverse square field if 


k 
F(x, y, z) = ire 


where k is a real number and u = r/||r|| is a unit vector in the direction of r. 
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Because vector fields consist of infinitely many vectors, it is not possible to create 
a sketch of the entire field. Instead, when you sketch a vector field, your goal is to 
sketch representative vectors that help you visualize the field. 


EXAMPLE | Sketching a Vector Field 
Sketch some vectors in the vector field given by 
F(x, y) = —yi + xj. 


Solution You could plot vectors at several random points in the plane. However, it 
is more enlightening to plot vectors of equal magnitude. This corresponds to finding 
level curves in scalar fields. In this case, vectors of equal magnitude lie on circles. 


y |F|| = Vectors of length c 
3f / x2 + y? =c 
x? + y? ge Equation of circle 


To begin making the sketch, choose a value for c and plot several vectors on the result- 
ing circle. For instance, the following vectors occur on the unit circle. 


p Ta Point Vector 
(1, 0) F(1,0) = j 
(0, 1) F(0, 1) = ~i 
(—1, 0) F(-1,0)= -j 
(0, —1) F(0,-1)=i 
V field: 
Fa. P ae xj These and several other vectors in the vector field are shown in Figure 15.4. Note in 
the figure that this vector field is similar to that given by the rotating wheel shown in 
Figure 15.4 Figure 15.1. 


[try te | [Eporiona] 
EXAMPLE 2. Sketching a Vector Field 


Sketch some vectors in the vector field given by 


F(x, y) = 2xi + yj. 


Solution For this vector field, vectors of equal length lie on ellipses given by 
IF || = V(2x)? + P = c 


which implies that 


4x? + y? = e. 
-x For c = 1, sketch several vectors 2xi + yj of magnitude 1 at points on the ellipse 
given by 
4x? + y? =1. 
For c = 2, sketch several vectors 2xi + yj of magnitude 2 at points on the ellipse 
given by 
4x + y? = 4, 
Vector field: These vectors are shown in Figure 15.5. sl 


F(x, y) = 2xi+ yj 


a] e aa] 


Velocity field: 
v(x, y, z) = (16 - x? — y’)k 


Figure 15.6 


| Rotatale Graph || 
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EXAMPLE 3 Sketching a Velocity Field 


Sketch some vectors in the velocity field given by 
v(x, y, z) = (16 — x? — y?)k 


where x? + y? < 16. 


Solution You can imagine that v describes the velocity of a liquid flowing through 
a tube of radius 4. Vectors near the z-axis are longer than those near the edge of the 
tube. For instance, at the point (0, 0, 0), the velocity vector is v(0, 0, 0) = 16k, where- 
as at the point (0, 3, 0), the velocity vector is v(0, 3, 0) = 7k. Figure 15.6 shows these 
and several other vectors for the velocity field. From the figure, you can see that the 
speed of the liquid is greater near the center of the tube than near the edges of the tube. 


[Try 1t_| [Exploration a | 
Conservative Vector Fields 


Notice in Figure 15.5 that all the vectors appear to be normal to the level curve from 
which they emanate. Because this is a property of gradients, it is natural to ask 
whether the vector field given by F(x, y) = 2xi + yj is the gradient for some 
differentiable function f. The answer is that some vector fields can be represented as 
the gradients of differentiable functions and some cannot—those that can are called 
conservative vector fields. 


Definition of Conservative Vector Field 


A vector field F is called conservative if there exists a differentiable function f 
such that F = Vf. The function f is called the potential function for F. 


EXAMPLE 4 Conservative Vector Fields 


a. The vector field given by F(x, y) = 2xi + yj is conservative. To see this, consider 
the potential function f(x, y) = x2 + }y?. Because 
Vf = 2xi + yj = F 
it follows that F is conservative. 
b. Every inverse square field is conservative. To see this, let 
k =k 
F(x, y,z) = 77 u and X,Y, Z) = 
IS pe and Md = ae 
where u = r/||r||. Because 
kx ‘ ky ‘ kz 
= + + 
Vf (2+ y+ 237 1 G2 + y? + 23727 (2+ y? + 23? k 
k ( xi + yj + zk ) 


“Pty tz Vx2 + y? + 2? 
-k r 
~ Ur P (el 
-k 
fep” 
it follows that F is conservative. — 


[Try 1t_| [Exploration a] 


w Experienced writers 


© On-ti deli 
1058 CHAPTER 15 Vector Analysis dierent 


® 100% plagiarism free 


As can be seen in Example 4(b), many important vector fields, including gravita- 
tional fields and electric force fields, are conservative. Most of the terminology in this 
chapter comes from physics. For example, the term “conservative” is derived from the 
classic physical law regarding the conservation of energy. This law states that the sum 
of the kinetic energy and the potential energy of a particle moving in a conservative 
force field is constant. (The kinetic energy of a particle is the energy due to its motion, 
and the potential energy is the energy due to its position in the force field.) 

The following important theorem gives a necessary and sufficient condition for a 
vector field in the plane to be conservative. 


THEOREM 15.1 Test for Conservative Vector Field in the Plane 


Let M and N have continuous first partial derivatives on an open disk R. The 
vector field given by F(x, y) = Mi + Nj is conservative if and only if 

ƏN _ aM 

ðx dy" 


Proof To prove that the given condition is necessary for F to be conservative, 
suppose there exists a potential function f such that 


F(x, y) = Vf(x, y) = Mi + Nj. 


Then you have 


fN=M æ ae) 
LEDEN D f) 


and, by the equivalence of the mixed partials f, and f,,, you can conclude that 
JN/dx = dM/ody for all (x, y) in R. The sufficiency of the condition is proved in 
Section 15.4. — 


NOTE Theorem 15.1 requires that the domain of F be an open disk. If R is simply an open 
region, the given condition is necessary but not sufficient to produce a conservative vector field. 


EXAMPLE 5 Testing for Conservative Vector Fields in the Plane 


Decide whether the vector field given by F is conservative. 


a. F(x, y) = xyi + xyj b. F(x, y) = 2xi + yj 


Solution 
a. The vector field given by F(x, y) = x?yi + xyj is not conservative because 


OM _ ð 2. ey) ON _ ð n 
y o [x?y] = x? and ay n] y. 


b. The vector field given by F(x, y) = 2xi + yj is conservative because 


== 12x | = > = aly] = 0. 
ay z [2l 0 and em 0 


[Try tt_| [Exploration | 
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Theorem 15.1 tells you whether a vector field is conservative. It does not tell you 
how to find a potential function of F. The problem is comparable to antidifferentia- 
tion. Sometimes you will be able to find a potential function by simple inspection. For 
instance, in Example 4 you observed that 


1 
F(x, y) = x? + 7” 


has the property that Vf(x, y) = 2xi + yj. 


EXAMPLE 6 Finding a Potential Function for F(x, y) 


Find a potential function for 


F(x, y) = 2xyi + (x? = y)j. 

Solution From Theorem 15.1 it follows that F is conservative because 
Lis =2x and Lig = y] = 2x. 
oy Ox 


If f is a function whose gradient is equal to F(x, y), then 
Vf (x, y) = 2xyi + (x? — y)j 


which implies that 


fx, y) = xy 


and 


hay) = x? — y. 


To reconstruct the function f from these two partial derivatives, integrate f (x, y) with 
respect to x and f,(x, y) with respect to y, as follows. 


f(x,y) = fre y) dx = fz» dx = x*y + gly) 


fad = [ peasy [e-a E +) 


Notice that g(y) is constant with respect to x and A(x) is constant with respect to y. To 
find a single expression that represents f(x, y), let 


Then, you can write 


f(x, y) = x?y + gly) +K 
y? 
=x y- +K. 
wya 
You can check this result by forming the gradient of f. You will see that it is equal to 


the original function F. — 
NOTE Notice that the solution in Example 6 is comparable to that given by an indefinite 
integral. That is, the solution represents a family of potential functions, any two of which differ 


by a constant. To find a unique solution, you would have to be given an initial condition satisfied 
by the potential function. 
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Curl of a Vector Field 
Theorem 15.1 has a counterpart for vector fields in space. Before stating that result, 


the definition of the curl of a vector field in space is given. 


Definition of Curl of a Vector Field 


The curl of F(x, y, z) = Mi + Nj + Pk is 


curl F(x, y, z) = V x F(x, y, z) 
E (z 7 a; E (z E a; (2 E aM), 
oy Oz Ox Oz Ox oy 


NOTE If curl F = 0, then F is said to be irrotational. 
The cross product notation used for curl comes from viewing the gradient Vf as 


the result of the differential operator V acting on the function f. In this context, you 
can use the following determinant form as an aid in remembering the formula for curl. 


curl F(x, y, z) = V x F(x, y, z) 


i j k 
Ne, ae, 
ox oy Oz 
MN P 
(2 7 an); 7 (z = am), (= Zz My 
oy 0z Ox 0z Ox oy 


EXAMPLE 7 Finding the Curl of a Vector Field 


Find curl F for the vector field given by 
F(x, Y; z) = 2xyi + (x? + 2)j + 2yzk. 


Is F irrotational? 


Solution The curl of F is given by 


curl F(x, y, z) = V x F(x, y, z) 
i j k 
_|90 0 ð 
Ox oy 0z 
Qxy x2? +27 2z 
a a ð ð a a 
=| y Oz —|ox dz] 54 | ax ay 
xt zh Qyzl [2xy 2y oxy x2 + 2 


= (2z — 2z)i — (0 — 0)j + (2x — 2x)k 


= 0. 


Because curl F = 0, F is irrotational. 


[Try te | [Open Exploration | 
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NOTE Examples 6 and 8 are 
illustrations of a type of problem called 
recovering a function from its gradient. 
If you go on to take a course in 
differential equations, you will study 
other methods for solving this type of 
problem. One popular method gives an 
interplay between successive “partial 


integrations” and partial differentiations. 


Later in this chapter, you will assign a physical interpretation to the curl of a 
vector field. But for now, the primary use of curl is shown in the following test for 
conservative vector fields in space. The test states that for a vector field whose domain 
is all of three-dimensional space (or an open sphere), the curl is 0 at every point in the 
domain if and only if F is conservative. The proof is similar to that given for 
Theorem 15.1. 


THEOREM 15.2 Test for Conservative Vector Field in Space 


Suppose that M, N, and P have continuous first partial derivatives in an open 
sphere Q in space. The vector field given by F(x, y, z) = Mi + Nj + Pk is 
conservative if and only if 


curl F(x, y, z) = 0. 
That is, F is conservative if and only if 


dP ƏN aP_ ƏM aN dM 
dy dz’ ðx dz’ dx dy 


From Theorem 15.2, you can see that the vector field given in Example 7 is 
conservative because curl F(x, y, z) = 0. Try showing that the vector field 
F(x, y, z) = x3y2zi + x?2zj + x?yk 
is not conservative—you can do this by showing that its curl is 
curl F(x, y, z) = (y? — 2xy)j + (2xz — 2x3yz)k # 0. 


For vector fields in space that pass the test for being conservative, you can find a 
potential function by following the same pattern used in the plane (as demonstrated in 
Example 6). 


EXAMPLE 8 Finding a Potential Function for F(x, y, z) 


Find a potential function for F(x, y, z) = 2xyi + (x? + z?)j + 2yzk. 


Solution From Example 7, you know that the vector field given by F is conserva- 
tive. If f is a function such that F(x, y, z) = Vf(x, y, z), then 


pate y, Z) = 2xy, Le y,z) =x? + 27, and fx, y, z) = 2yz 
and integrating with respect to x, y, and z separately produces 
f(x, y, 2) = [ma = fava = xy + g(y, z) 


fæ, yz) = [xa = (x? + 2?) dy = x?y + yz? + h(x, z) 


f(x, y, z) = fea = [ dz = yz? + k(x, y). 
Comparing these three versions of f(x, y, z), you can conclude that 
el(y,z) = yz? + K, h(x,z) =K, and k(x,y)=x2y + K. 
So, f(x, y, z) is given by 
F(x, y, z) = Py + yz? +K. 
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Divergence of a Vector Field 


NOTE Divergence can be viewed as a You have seen that the curl of a vector field F is itself a vector field. Another important 
type of derivative of F in that, for vector function defined on a vector field is divergence, which is a scalar function. 

fields representing velocities of moving 
particles, the divergence measures the rate 


of particle flow per unit volume at Definition of Divergence of a Vector Field 
a point. In hydrodynamics (the study of i 
fluid motion), a velocity field that is The divergence of F(x, y) = Mi + Nj is 
divergence free is called incompressible. ƏM ƏN 
In the study of electricity and magnetism, div E(x, y) = V+ E(x, y) = = + —. Plane 
a vector field that is divergence free is dx dy 
called solenoidal. The divergence of F(x, y, z) = Mi + Nj + Pk is 
OM ON . OP 
div F(x, y, z) = V+ F(x, y, z) = + +. S 
1V (x y z) (x y z) Jx ay az pace 
If div F = 0, then F is said to be divergence free. 


The dot product notation used for divergence comes from considering V as a 
differential operator, as follows. 


V- F(x,y,2) = (2); + (2 ji n (Z) . (Mi + Nj + Pk) 


dy 
oM 0. 
= + N 4 oP 
Ox oy 0z 


EXAMPLE 9 Finding the Divergence of a Vector Field 


Find the divergence at (2, 1, — 1) for the vector field 


F(x, y, z) = xey2zi + x?2j + xk. 
Solution The divergence of F is 
div F(x, y, z) = Araj + Zip + u = 3x?y?z. 
ia ðx ðy ðz 
At the point (2, 1, — 1), the divergence is 
div F(2, iF = 1) = 3(27)(12)(— 1) = —-12. es] 
There are many important properties of the divergence and curl of a vector field 


F (see Exercises 77—83). One that is used often is described in Theorem 15.3. You are 
asked to prove this theorem in Exercise 84. 


THEOREM 15.3 Relationship Between Divergence and Curl 


If F(x, y, z) = Mi + Nj + Pk is a vector field and M, N, and P have continuous 
second partial derivatives, then 


div (curl F) = 0. 


Exercises for Section I[15.1 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
P 


Click on |Ħ| to print an enlarged copy of the graph. 


In Exercises 1-6, match the vector field with its graph. [The 
graphs are labeled (a), (b), (c), (d), (e), and (f).] 


(a) A (b) : 
Erro gi 
NZ tH 
BS mN 
ZAN i 


(d) 


j f y 
(e) y (f) l 
E STe 
re — ~e? T Pe 
AE Sane 
HHH H a a ee ae ae 
ey f ce ie 3 
—5+ 7 a 
1. F(x,y) = xj 2. F(x, y) = yi 
3. F(x, y) = xi + 3yj 4. F(x,y) = yi — xj 
5. F(x, y) = (x, sin y) 6. F(x, y) = (hy, tx?) 


In Exercises 7-16, sketch several representative vectors in the 
vector field. 


7. F(x,y) =i+j 8. F(x, y) = 2i 

9. F(x, y) = xi + yj 10. F(x, y) = xi — yj 

11. F(x, y, z) = 3yj 12. F(x, y) = xi 

13. F(x, y) = 4xi + yj 14. F(x, y) = x + yi +j 
15. F(x, y,z) =i +j+k 16. F(x, y, z) = xi + yj + zk 


In Exercises 17-20, use a computer algebra system to graph 
several representative vectors in the vector field. 


17. F(x, y) = g(2xyi + y?) 
18. F(x, y) = (2y — 3x)i + (2y + 3x)j 
xi + yj + zk 


20. F(x, y, z) = xi — yj + zk 


19. F(x, y, z) = 


In Exercises 21-26, find the gradient vector field for the scalar 
function. (That is, find the conservative vector field for the 
potential function.) 


21. f(x, y) = 5x? + 3xy + 10y? 22. f(x,y) = sin 3x cos 4y 
23. f(x,y,z) =z — ye” 24. f(x,y,z) = 2 pee 8 
Z x y 
25. g(x, y, z) = xy ln(x + y) 26. g(x, y, z) = x arcsin yz 
In Exercises 27-30, verify that the vector field is conservative. 


27. F(x, y) = 12xyi + 6(x? + y)j 28. F(x, y) = = yi — xj) 


29. F(x, y) = sin yi + x cos yj 30. F(x, y) = J0 — xj) 


In Exercises 31-34, determine if the vector field is conservative. 


31. F(x, y) = 5y*(3yi — xj) 


1 
32. F(x, y) = Jet + yj) 
2 
33. F(x, y) = ne (yi — xj) 
1 : i 
34. F(x, y) = Jia xj) 


In Exercises 35—42, determine whether the vector field is con- 
servative. If it is, find a potential function for the vector field. 


35. F(x, y) = 2xyi + x7j 
1 
36. F(x, y) = you — 2xj) 


37. F(x, y) = xe” (2yi + xj) 
38. F(x, y) = 3x2y7i + 2x3 yj 


39. F(x, y) = ATY 


x+y? 
2 2 
40. F(x,y) = Zi- 5j 
x y 
41. F(x, y) = e*(cos yi + sin yj) 
_ 2xi + 2yj 
42. F(x, y) = ae 


In Exercises 43-46, find curl F for the vector field at the given 
point. 


Vector Field Point 
43. F(x, y, z) = xyzi + yj + zk (1, 2, 1) 
44. F(x, y, z) = x2zi — 2xzj + yzk (2, —1, 3) 
45. F(x, y, z) = e* sin yi — e* cos yj (0, 0, 3) 
46. F(x, y, z) =e? (i + j + k) (3, 2, 0) 
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In Exercises 47-50, use a computer algebra system to find the 
curl F for the vector field. 


47. F(x, y, z) = artan(*); H In/x? +y? j+k 


X ip- jt- k 
Joz gg ae 


48. F(x, y, z) 


49. F(x, y, z) = sin(x — y)i + sin(y — z)j + sin(z — x)k 
50. F(x, y, z) = Vx? + y? +z? (i +j+k) 


In Exercises 51-56, determine whether the vector field F is con- 
servative. If it is, find a potential function for the vector field. 
51. F(x, y, z) = sin yi — x cos yj + k 

52. F(x, y, z) = æ (yi + xj + k) 

53. F(x, y, z) = & (yi + xj + xyk) 

54. F(x, y, z) = yzi + 2xyzj + 3xy?z?k 


1 x 
55. F(x,y,z) = -i j + (2z — 1k 
y y’ 


56. F(x, y, z) 


x à y á 
} tk 
x+y?" e+ yt 


In Exercises 57-60, find the divergence of the vector field F. 
57. F(x, y, z) = 6x7i — xy7j 

58. F(x, y, z) = xe*i + ye’j 

59. F(x, y, z) = sin xi + cos yj + 2?k 

60. F(x, y, z) = In(x? + y?)i + xyj + In(y? + 2k 


In Exercises 61-64, find the divergence of the vector field F at 
the given point. 


Vector Field Point 
61. F(x, y, z) = xyzi + yj + zk (1, 2, 1) 
62. F(x, y, z) = x?zi — 2xzj + yzk (2, —1, 3) 
63. F(x, y, z) = e* sin yi — e* cos yj (0, 0, 3) 
64. F(x, y, z) = In(xyz)(i + j + k) (3, 2, 1) 


Writing About Concepts 


. Define a vector field in the plane and in space. Give some 
physical examples of vector fields. 


. What is a conservative vector field and how do you test for 
it in the plane and in space? 


. Define the curl of a vector field. 


. Define the divergence of a vector field in the plane and in 
space. 


In Exercises 69 and 70, find curl (F x G). 


69. F(x, y,z) =i + 2xj + 3yk 70. F(x, y, z) = xi — zk 


G(x, y, z) = xi — yj + zk G(x, y, z) = x7i + yj + 22k 
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71. F(x, y, z) = xyzi + yj + zk 
72. F(x, y, z) = x?zi — 2xzj + yzk 


In Exercises 73 and 74, find div (F x G). 


73. F(x,y, z) =i + 2xj + 3yk 74. F(x, y, z) = xi — zk 


G(x, y, z) = xi — yj + zk G(x, y, z) = xi + yj + 2?k 


In Exercises 75 and 76, find div (curl F) = V - (V x F). 


75. F(x, y, z) = xyzi + yj + zk 
76. F(x, y, z) = x2zi — 2xzj + yzk 


In Exercises 77-84, prove the property for vector fields F and G 
and scalar function f. (Assume that the required partial 
derivatives are continuous.) 

77. curl (F + G) = curl F + curl G 

78. curl(Vf) = V x (Vf) = 0 

79. div(F + G) = div F + div G 

80. div(F x G) = (curl F) - G — F - (curl G) 

81. V x [Vf + (V x F)] = V x (V x F) 

82. V x (fF) = f(V xF) + (Vf) x F 

83. div(f F) = fdivF + Vf: F 

84. div(curl F) = 0 (Theorem 15.3) 


In Exercises 85-88, let F(x, y,z) = xi + yj + zk, and let 
f(x, y,z) = | F(x, y, z)|| x 


F 


85. Show that V(In f) = e 86. Show that (7) = -75 


87. Show that Vf” = nf”~?F. 
88. The Laplacian is the differential operator 


2 2 2 
yeyi ye p a2 


ôx? dy? az? 
and Laplace’s equation is 
a 8? 0? 
V?w uE w Œ =0. 


0z? 


Any function that satisfies this equation is called harmonic. 
Show that the function 1/f is harmonic. 


True or False? In Exercises 89—92, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


89. If F(x, y) = 4xi — y? j, then ||F(x, y)||—>0 as (x, y) > (0, 0). 

90. If F(x, y) = 4xi — y?j and (x, y) is on the positive y-axis, then 
the vector points in the negative y-direction. 

91. If f is a scalar field, then curl f is a meaningful expression. 


92. If F is a vector field and curl F = 0, then F is irrotational but 
not conservative. 
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Section 15.2 Line Integrals 


e Understand and use the concept of a piecewise smooth curve. 
Write and evaluate a line integral. 

e Write and evaluate a line integral of a vector field. 

Write and evaluate a line integral in differential form. 


Piecewise Smooth Curves 


A classic property of gravitational fields is that, subject to certain physical constraints, 


Josian WILLARD GiBBs (1839-1903) the work done by gravity on an object moving between two points in the field is 
Many physicists and mathematicians have independent of the path taken by the object. One of the constraints is that the path must 
contributed to the theory and applications be a piecewise smooth curve. Recall that a plane curve C given by 
described in this chapter—Newton, Gauss, 

Laplace, Hamilton, and Maxwell, among ri) =aQi+ yl], a<t<b 


others. However, the use of vector analysis to 
describe these results is attributed primarily 

to the American mathematical physicist Josiah dx dy 
Willard Gibbs. a ®™ y 


is smooth if 


are continuous on [a, b] and not simultaneously 0 on (a, b). Similarly, a space curve 
C given by 


r(t) = x()i + yj + zk, a<t<b 
is smooth if 


d dy 


nd ae 
dt = dt’ i dt 


are continuous on [a, b] and not simultaneously 0 on (a, b). A curve C is piecewise 


smooth if the interval [a, b] can be partitioned into a finite number of subintervals, on 
each of which C is smooth. 


EXAMPLE |I Finding a Piecewise Smooth Parametrization 


7 Find a piecewise smooth parametrization of the graph of C shown in Figure 15.7. 


Solution Because C consists of three line segments C,, C,, and C}, you can 
construct a smooth parametrization for each segment and piece them together by 
making the last t-value in C; correspond to the first t-value in C, „4, as follows. 


C,: x(t) = 0, y(t) = 2t, z(t) = 0, O<t<l 
42,0 © C,: x(t) =t — 1, y(t) = 2, 2(t) = 0, l<t< 
Figure 15.7 C3: x(t) =], y(t) = 2, z(t) =f-— 2, 2<t<3 
So, C is given by 
2tj, O<st<l 
r(t) = 3 (¢ — 1)i + 2j, 1<t<2. 
i+ 23+ (¢-2)k, 2<t<3 


Because C, C,, and C} are smooth, it follows that C is piecewise smooth. sass 
Caa 

Recall that parametrization of a curve induces an orientation to the curve. For 
instance, in Example 1, the curve is oriented such that the positive direction is from 


(0, 0, 0), following the curve to (1, 2, 1). Try finding a parametrization that induces 
the opposite orientation. 
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Line Integrals 


Up to this point in the text, you have studied various types of integrals. For a single 
integral 


f f (x) dx Integrate over interval [a, b]. 


you integrated over the interval [a, b]. Similarly, for a double integral 


f f f (x, y) dA Integrate over region R. 
R 


you integrated over the region R in the plane. In this section, you will study a new type 
of integral called a line integral 


f f (x, y) ds Integrate over curve C. 
E: 


for which you integrate over a piecewise smooth curve C. (The terminology is 
somewhat unfortunate—this type of integral might be better described as a “curve 
integral.”) 

To introduce the concept of a line integral, consider the mass of a wire of finite 
length, given by a curve C in space. The density (mass per unit length) of the wire at 
the point (x, y, z) is given by f(x, y, z). Partition the curve C by the points 


Pos Pue os ex k, 


n 


producing n subarcs, as shown in Figure 15.8. The length of the ith subarc is given by 
As;. Next, choose a point (x,, Y; z;) in each subarc. If the length of each subarc is small, 
the total mass of the wire can be approximated by the sum 


Mass of wire ~ X f(x, Yi z;) As;. 


i=l 


If you let || A|| denote the length of the longest subarc and let || A|| approach 0, it seems 
Partitioning of curve C reasonable that the limit of this sum approaches the mass of the wire. This leads to the 
Figure 15.8 following definition. 


Definition of Line Integral 


If f is defined in a region containing a smooth curve C of finite length, then the 
line integral of f along C is given by 


[ ro (x, y) ds = ieee df, y,) As, Plane 
=1 

[foo z) ds = = ree dee Xi Vir Z A) S; Space 

ra 


provided this limit exists. 


As with the integrals discussed in Chapter 14, evaluation of a line integral is 
best accomplished by converting to a definite integral. It can be shown that if f is 
continuous, the limit given above exists and is the same for all smooth parametrizations 
of C. 


Figure 15.9 


NOTE The value of the line integral 
in Example 2 does not depend on the 
parametrization of the line segment C 
(any smooth parametrization will 
produce the same value). To convince 
yourself of this, try some other parame- 
trizations, such as x = 1 + 2t, 
y=2+4,z=1+2t -$<1<0, 
or x t, y Qt. z t 

abs rs .0. 
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To evaluate a line integral over a plane curve C given by r(t) = x(t)i + y(t)j, use 
the fact that 


ds = |r Oll de = VOP + [y OP at. 


A similar formula holds for a space curve, as indicated in Theorem 15.4. 


THEOREM 15.4 Evaluation of a Line Integral as a Definite Integral 


na) f be continuous in a region containing a smooth curve C. If C is given by 
= x(t)hi + y(t)j, where a < t < b, then 


Tos y) ds = Ln FeO, YO) V Lx OP + Ly OP at. 
If C is given by r(t) = x(di + y(t)j + z()k, where a < t < b, then 
[ 10. y, z) ds = Je fal AVEO? + OP + ROR ar. 


Note that if f(x, y, z) = 1, the line integral gives the arc length of the curve C, as 
defined in Section 12.5. That is, 


b 
i labs = l \|r (t)|| dt = length of curve C. 
E a 


EXAMPLE 2 Evaluating a Line Integral 


Evaluate 


f (x2 — y + 3z) ds 

c 

where C is the line segment shown in Figure 15.9. 

Solution Begin by writing a parametric form of the equation of a line: 
x=t, y=2t, and z=?t, O<st<l. 

Therefore, x(t) = 1, y(t) = 2, and z(t) = 1, which implies that 
JOOP + OF + KOPF = VP +2 FP = Vo. 


So, the line integral takes the following form. 


1 
[e-s] (12 — 2t + 3V6 dt 
C 0 


= Val e+ od 
-v| +5], 
_ 56 
6 — 


[try te] [Bpbrations | 
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Suppose C is a path composed of smooth curves C,, C,,..., C,. If f is 
continuous on C, it can be shown that 


[ 10 y) ds = [10 y) ds + if f(xy) ds +--+ j f(x, y) ds. 


n 


This property is used in Example 3. 


EXAMPLE 3 Evaluating a Line Integral Over a Path 


> 


Evaluate f x ds, where C is the piecewise smooth curve shown in Figure 15.10. 
c 


Solution Begin by integrating up the line y = x, using the following parametrization. 
d, 1) 
Ciix=ty=t, Ostsl 


For this curve, r(¢) = ti + tj, which implies that x(t) = 1 and y(t) = 1. So, 


uae [Or + DOF = v2 
(0, 0) and you have 
> x i A i A 
ren 2 
Figure 15.10 [ ra= | a= 7 e| = z` 


Next, integrate down the parabola y = x’, using the parametrization 
Cy: x=1-t y=(1- A, 0<t<1. 


For this curve, r(t) = (1 — t)i + (1 — ¢)?j, which implies that x(t) = —1 and 
y(t) = —2(1 — f). So, 


VOP + [y'@P = V1 + 40 -= 0? 


and you have 


f xa= | a- oyra 


1 
0 


= -3( 20 + (1 — 92177] 
= 5 (9? = 1). 


Consequently, 


2 1 
fras- | vas + | xds = —— + —(53/2 — 1) = 1.56. 
Cc Cc, Cy 2 12 aaa 


[try te | 
For parametrizations given by r(¢) = x(t)i + y(t)j + z(Hk, it is helpful to 
remember the form of ds as 


ds = |r Ol dt = V[x(OP + Ly OP + OP adr. 


This is demonstrated in Example 4. 


< Density: 
Ppa, y,z)=1+z 


2 py 


x 


r(t) =- (cos ti + sin tj + tk) 


v2 
Figure 15.11 


[Rotatable Graph | 
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EXAMPLE 4 Evaluating a Line Integral 


Evaluate f (x + 2) ds, where C is the curve represented by 
al 


4 1 
r() = ti +3 + 57k, O<t<2. 


Solution Because r(t) = i + 2¢'/2j + tk, and 
lOl = JOP + OP +k@P=V1+4+e 


it follows that 


[rae [c+avTRarea 


2 
= 3 (t+ 2)(1 + 4t + dt 
0 


1 2 
= fa + 4t + Ape] 
3 0 


= ENIE - 1) 


A (een 
The next example shows how a line integral can be used to find the mass of a 


spring whose density varies. In Figure 15.11, note that the density of this spring 
increases as the spring spirals up the z-axis. 


EXAMPLE 5 Finding the Mass of a Spring 


Find the mass of a spring in the shape of the circular helix 
1 
= Tq eos ti + sintj + tk), O<t< 67 


r(t) Fi 


where the density of the spring is p(x, y, z) = 1 + z, as shown in Figure 15.11. 


Solution Because 


\|r (¢)|| = al Cain t)? + (cos t)? + (1)? = 1 


it follows that the mass of the spring is 


Mass = fa + z) ds = [o + | dt 
m 
= on(1 + =z) 


J2 
=~ 144.47. 


The mass of the spring is approximately 144.47. 


[Try tt | 
| Exploration a | 
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4 4 à 


Inverse square force field F 


Vectors along a parabolic path in the force 
field F 
Figure 15.12 


Line Integrals of Vector Fields 


One of the most important physical applications of line integrals is that of finding the 
work done on an object moving in a force field. For example, Figure 15.12 shows an 
inverse square force field similar to the gravitational field of the sun. Note that the 
magnitude of the force along a circular path about the center is constant, whereas the 
magnitude of the force along a parabolic path varies from point to point. 

To see how a line integral can be used to find work done in a force field F, 
consider an object moving along a path C in the field, as shown in Figure 15.13. To 
determine the work done by the force, you need consider only that part of the force 
that is acting in the same direction as that in which the object is moving (or the oppo- 
site direction). This means that at each point on C, you can consider the projection 
F - T of the force vector F onto the unit tangent vector T. On a small subarc of length 
As, the increment of work is 


AW, = (force)(distance) 
= [F(x;, Yi zi) . T(x; Yi z;)] As; 


where (x; Y; Z;) is a point in the ith subarc. Consequently, the total work done is given 
by the following integral. 


W= f F(x, y, z) + T(x, y, z) ds 
C 


ly 


T has the 
direction 
of F. 


x x x 


At each point on C, the force in the direction of motion is (F + T)T. 
Figure 15.13 


This line integral appears in other contexts and is the basis of the following definition 
of the line integral of a vector field. Note in the definition that 


r(t) 
F-Tds=F- r (t)|| dt 
=F-r“() dt 
=F- dr. 


Definition of Line Integral of a Vector Field 


Let F be a continuous vector field defined on a smooth curve C given by r(t), 
a < t < b. The line integral of F on C is given by 


f F-dr= f F- Tds = [ F(x(t), yA, z(t)) + v(t) dt. 


N (-1, 0, 37) 


Figure 15.14 


Generated by Mathematica 


Figure 15.15 
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EXAMPLE 6 Work Done by a Force 


Find the work done by the force field 


1 1 1 
F(x, y, z) = -734i = zÍ F ak Force field F 


on a particle as it moves along the helix given by 
r(t) = cos ti + sin tj + tk Space curve C 


from the point (1, 0, 0) to (— 1, 0, 377), as shown in Figure 15.14. 


Solution Because 


r(t) = x(ti + y(Oj + ck 
= cos fi + sin tj + tk 


it follows that x(t) = cos t, y(t) = sin t, and z(t) = t. So, the force field can be written 


1 1 1 
F(x(t), y(t), 2) = —7 608 ti— J sin tj + qk 


To find the work done by the force field in moving a particle along the curve C, use 
the fact that 


r(t) = —sin ti + cos tj + k 


and write the following. 


w= | Pear 
c 


= f F(x(1), y(), ()) > r0) dt 


3T 
1 1 1 
= Í (4 cos i= 3 Sin itj t x) * (—sin ti + cos tj + k) dt 


NOTE In Example 6, note that the x- and y-components of the force field end up contributing 
nothing to the total work. This occurs because in this particular example the z-component of the 
force field is the only portion of the force that is acting in the same (or opposite) direction in 
which the particle is moving (see Figure 15.15). 


shown in Figure 15.15 indicates that each vector in the force field points toward 


| TECHNOLOGY The computer-generated view of the force field in Example 6 
the z-axis. 


vw Experienced writers 


On-ti del 
1072 CHAPTER 15 Vector Analysis spr rl ere 


® 100% plagiarism free 


For line integrals of vector functions, the orientation of the curve C is important. 
If the orientation of the curve is reversed, the unit tangent vector T(#) is changed to 
—T(d), and you obtain 


f F-de= -| F- ar 
=C c 


EXAMPLE 7 Orientation and Parametrization of a Curve 


Let F(x, y) = yi + x?j and evaluate the line integral fo F - dr for each parabolic curve 


Ce HO) SCN = 2 
ioe ; : shown in Figure 15.16. 


C r0 = tit 4t—-1)j 
p a. Ci rð = (4 -— ñi + (t-j, 0<t<3 
i b. C: v(t) = ti + (4¢- Pj, 1<t<4 
Solution 
a. Because r,/(f) = —i + (4 — 2)j and 

F(x(), yD) = (4t — P+ (4 - Dj 


the line integral is 


f F-dr= [ [(4t — i + (4 — tj] - [-i + (4 — 2t)j] dt 
Gq 0 


3 
= f (—41 + 2 + 64 — 64t + 201? — 223) dt 
0 


Figure 15.16 


3 
= f (— 213 + 2112 — 68t + 64) dt 
0 


t* 3 
= |-5 + 7P = 347 + oar 
2 0 


NOTE Although the value of the line 69 

integral in Example 7 depends on the = oh 

orientation of C, it does not depend on 

the parametrization of C. To see this, let b. Because r, (t) = i + (4 — 2t)j and 
C, be represented by 


FO), y) = M- P+ PF 

=(¢+ 2)i+ (4- P) 
at AFA j the line integral is 
where —1 < t < 2. The graph of this 


4 
curve is the same parabolic segment f F- d= f [4t — Di + ej] [i + (4 — 20jlar 
shown in Figure 15.16. Does the value of C 1 
the line integral over C} agree with the 7 
value over C, or C,? Why or why not? = f (4t — P + 4P — 26) dt 

1 


4 
= f (28 + 317 + 4t) dt 
1 


The answer in part (b) is the negative of that in part (a) because C, and C, represent 
opposite orientations of the same parabolic segment. — 


[Try tt_| [Exploration a | 
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Line Integrals in Differential Form 


A second commonly used form of line integrals is derived from the vector field nota- 
tion used in the preceding section. If F is a vector field of the form F(x, y) = Mi + Nj, 
and C is given by r(t) = x()i + y(dj, then F - dr is often written as M dx + N dy. 


[eed [eS 
Cc g dt 
b 
-Í (Mi + Nj) < (x (Oi + y (Oj) dt 
cp 
= dx 2) 
= | (usw) a 
-Í (M dx + N dy) 
Cc 


This differential form can be extended to three variables. The parentheses are often 
omitted, as follows. 


[ Mac + na and | Mac Nay + Pa 
c Cc 


Notice how this differential notation is used in Example 8. 


y EXAMPLE 8 Evaluating a Line Integral in Differential Form 


Let C be the circle of radius 3 given by 
r(t) = 3 cos ti + 3 sintj, 0 < t< 27 


as shown in Figure 15.17. Evaluate the line integral 


| >x 


[ y dx + (x3 + 3xy’) dy. 
c 


-4+ Solution Because x = 3cost and y = 3sin¢, you have dx = —3sintdt and 
dy = 3 cos t dt. So, the line integral is 


r(t) =3 cos ti + 3 sin tj 


Figure 15.17 l M dx + N dy 
c 


(=== Seed) 
er - [parem 
C 


20 


= [(27 sin? t)(—3 sin t) + (27 cos? t + 81 cos t sin? £)(3 cos t)] dt 
0 


NOTE The orientation of C affects the 
value of the differential form of a line 
integral. Specifically, if — C has the 
orientation opposite to that of C, then 


Qa 
3/1 — cos 4t 
Í Mé +N& = -sif [cos 2r + 3(4= e284) | ar 
= 


E 2t A 3 pa 3 sin apr 
2 8 32 


20 
= sif (cost t — sint t + 3 cos? t sin? t) dt 
0 


Qa 
sif (cos t — sin?t + = sin? 2r) dt 
0 


-f Mar + Na = 81 
é 0 


So, of the three line integral forms pre- aoe 
sented in this section, the orientation of 4 ee 
C does not affect the form fe f(x, y) ds, 


; — —— 
but it does affect the vector form and the | Try tt | | Exploration A | 
differential form. 
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For curves represented by y = g(x), a < x < b, you can let x = t and obtain the 
parametric form 


x=t and y=2(t), a<t<b. 


Because dx = dt for this form, you have the option of evaluating the line integral in 
the variable x or t. This is demonstrated in Example 9. 


EXAMPLE 9 Evaluating a Line Integral in Differential Form 


7 Evaluate 
Cymin 


[rares 
c 


where C is the parabolic arc given by y = 4x — x? from (4, 0) to (1, 3), as shown in 
Figure 15.18. 


Solution Rather than converting to the parameter t, you can simply retain the 
variable x and write 


y=4x-x% mm dy=(4-2x)d. 


Then, in the direction from (4, 0) to (1, 3), the line integral is 
Figure 15.18 


| Editable Graph | 


1 
f ydx + dy = i [(4x — x2) dx + x2(4 — 2x) dx] 
c 4 


1 
= f (4x + 3x2 — 2x3) dx 
4 


2 4 2 sy 


[ Try tt_| [Exploration a | 


1 
= ES + x3 — z] = a See Example 7. 


Finding Lateral Surface Area The figure below shows a piece of tin that has 

been cut from a circular cylinder. The base of the circular cylinder is modeled by 

x? + y? = 9. At any point (x, y) on the base, the height of the object is given by 
Jo = il ++ eos vk 


Explain how to use a line integral to find the surface area of the piece of tin. 


z 


TX 
COS 
4 


gee te, Ne, y) 


Exercises for Section 15.2 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-6, find a piecewise smooth parametrization of 
the path C. 


1. y 2; y 


OE EEE) 
A E A PEDES 
AE ro. 
> xX > xX 
C 
C =i 
3 y 4. y 
A 
(3, 3) gb 


In Exercises 7-10, evaluate the line integral along the given 
path. 


7. Í (x — y) ds 8. Í 4 xy ds 
c c 
C: r(t) = 4ti + 3tj C:r(t) = ti + 2 - dj 
O<t<2 O<t<2 
9. Í +y +z)ds 10. Í 8xyz ds 
c c 
C: r(t) = sin ti + cos tj + 8tk C: r(t) = 12ti + 5tj + 3k 
O0<t< 7/2 O<r<2 


In Exercises 11-14, evaluate 
[ (x? + y?) ds 
Cc 


along the given path. 


11. C: x-axis from x = 0 tox = 3 
12. C: y-axis from y = 1 toy = 10 


13. C: counterclockwise around the circle x? + y? = 1 from (1, 0) 
to (0, 1) 


14. C: counterclockwise around the circle x? + y? = 4 from (2, 0) 
to (0, 2) 


In Exercises 15-18, evaluate 


f. + 4y) ds 


along the given path. 
15. C: line from (0, 0) to (1, 1) 
16. C: line from (0, 0) to (3, 9) 


17. C: counterclockwise around the triangle with vertices (0, 0), 
(1, 0), and (0, 1) 


18. C: counterclockwise around the square with vertices (0, 0), 
(2, 0), (2, 2), and (0, 2) 
In Exercises 19 and 20, evaluate 


fæ + y? — z)ds 
E 


along the path C shown in the figure. 
19. 20. 


Mass In Exercises 21 and 22, find the total mass of two turns 
of a spring with density p in the shape of the circular helix 


r(t) = 3 cos ti + 3 sin tj + 2tk. 

21. p(x, y, z) = H +y + 2) 

22. p(x, y,z) =z 

Mass In Exercises 23-26, find the total mass of the wire with 
density p. 


23. r(t) = cos ti + sin tj, p(x,y)=x+y, O<t<a 


24. r(t) = Pi + 2tj, plx, y) = žy, O<t<il 


25. r(t) = Pi + 2tj + tk, plyy,d =ke (k>0) 1<t<3 


26. r(t) = 2cos ti + 2 sin tj + 3tk, p(x, y,z) =k +z 
(k>0), O<t< 27 
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In Exercises 27-32, evaluate 


[Fea 
c 


where C is represented by r(t). 
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c 
27. F(x, y) = xyi + yj 
C: r(t) = 4ti+ 4, O<t<l i di 
28. F(x, y) = xyi + yj 
: = is qe dt eae 
C: r(t) = 4 cos tit 4sintj, O0<t< 7/2 Figure for 36 
29. F(x, y) = 3xi + 4yj 
i =i + yj 
C: r(t) = 2 costi + 2sintj, 0 < t< 7/2 I Pa =a ty 
j F C: counterclockwise around the triangle with vertices (0, 0), 
30. F(x, y) = 3xi + 4yj 
(1, 0), and (1, 1) 
C: r =ti+ /4-Pj, -2<t<2 


>< 


31. F(x, y, z) = x?yi + (x — z)j + xyzk 
Ç: r(t) = ti + Pj + 2k, O<t<l di, 1) 
32. F(x, y, z) = xi + yj + 2k 
C: r(t) =2sintit+ 2 cos tj + 4fk, O<t< 7 


In Exercises 33 and 34, use a computer algebra system to 
evaluate the integral 


fr ‘dr 38. F(x, y) = -yi — xj 
C: counterclockwise along the semicircle y = V4 — x? from 


where C is represented by r(t). (2, 0) to (—2, 0) 


33. F(x, y, z) = x?zi + 6yj + yzk y 
C: r() = ti + j+ Intik, 1<1<3 a 
xi + yj + zk 
34. F(x, y, ) = S 
oR roe are 


C: r(t) = tit tj + ek, O<t<2 


Work In Exercises 35-40, find the work done by the force field 
F on a particle moving along the given path. 


35. F(x, y) = —xi — 2yj 


39. F(x, y, z) = xi + yj — 5zk 
C: y = xX from (0, 0) to (2, 8) yz) z E 


C: r(t) = 2 costi + 2 sin tj + tk, 0 < t < 27 


(2, 8) 


| | 
T T T—> x 


4 6 8 
36. F(x, y) = x7i — xyj 
C: x = cos*t, y = sin? t from (1, 0) to (0, 1) 


40. F(x, y, z) = yzi + xzj + xyk 
C: line from (0, 0, 0) to (5, 3, 2) 


41. Work Find the work done by a person weighing 150 pounds 
walking exactly one revolution up a circular helical staircase of 
radius 3 feet if the person rises 10 feet. 


42. Work A particle moves along the path y = x? from the point 
(0, 0) to the point (1, 1). The force field F is measured at five 
points along the path and the results are shown in the table. Use 
Simpson’s Rule or a graphing utility to approximate the work 
done by the force field. 


ey) |oo | Gx) | Ga | BS) | ao 
F(x, y) (5, 0) (3.5, 1) (2, 2) (1.5, 3) 5) 


In Exercises 43 and 44, evaluate fF - dr for each curve. 
Discuss the orientation of the curve and its effect on the value of 
the integral. 
43. F(x, y) = x71 + xj 

(a) rO = 208+ (¢- Dj, 1st <3 

(b) r(A = 28 — Di + (2-Dj, O<t<2 
44. F(x, y) = x?yi + xy3/j 

@ra=(¢+DitPj, 0<t<2 

(b) r(t) = (1 + 2 cos t)i + (4 cos? fj, 0O < t< m/2 


In Exercises 45-48, demonstrate the property that 


fF -æ=0 
c 


regardless of the initial and terminal points of C, if the tangent 
vector r (t) is orthogonal to the force field F. 
45. F(x, y) = yi — xj 
C: r(t) = ti — 2tj 
46. F(x, y) = —3yi + xj 
C: r(t) = ti — Pj 


47. F(x, y) = (x3 — 2x) 4 (x z) 


C: r(t) =ti+ Pj 
48. F(x, y) = xi + yj 
C: r(t) = 3 sinti + 3 cos tj 
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n Exercises 49-52, evaluate the line integral along the pa 

given by x = 2t, y = 10t, where 0 <¢ < 1. 

49, Í (x + 3y?) dy 50. Í (x + 3y?) dx 
c € 


51. [vac y dy s2 | Gy - Jar + stay 
č c 


In Exercises 53-60, evaluate the integral 


Í (2x — y)dx + (x + 3y) dy 


along the path C. 


53. C: x-axis from x = Otox=5 


54. C: y-axis from y = Oto y = 2 

55. C: line segments from (0, 0) to (3, 0) and (3, 0) to (3, 3) 

56. C: line segments from (0, 0) to (0, — 3) and (0, —3) to (2, — 3) 
57. C: arc on y = 1 — x? from (0, 1) to (1, 0) 

58. C: arc on y = x°/? from (0, 0) to (4, 8) 

59. C: parabolic path x = t, y = 2£7, from (0, 0) to (2, 8) 

60. C: elliptic path x = 4 sin t, y = 3 cos t, from (0, 3) to (4, 0) 


Lateral Surface Area In Exercises 61-68, find the area of the 
lateral surface (see figure) over the curve C in the xy-plane and 
under the surface z = f(x, y), where 


Lateral surface area = Í S (x, y) ds. 
C 


Surface: 
z=f%,y) 


Lateral 
surface 


C: Curve in xy-plane 


mn] 


61. f(x,y) =h, C: line from (0, 0) to (3, 4) 

62. f(x,y) =y, C: line from (0, 0) to (4, 4) 

63. f(x,y) = xy, C: x? + y? = 1 from (1, 0) to (0, 1) 
64. f(x,y) =x+y, C: x? +y = 1 from (1, 0) to (0, 1) 
65. f(x,y) =h, C: y= 1 — x from (1, 0) to (0, 1) 

66. f(x,y) =yt+1, C: y= 1 — x from (1, 0) to (0, 1) 
67. f(x,y) =xy, C: y = 1 — x? from (1, 0) to (0, 1) 

68. f(x,y) =r? -y +4, C?+y=4 
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69. Engine Design A tractor engine has a steel component with 
a circular base modeled by the vector-valued function 
r(t) = 2 cos ti + 2 sin tj. Its height is given by z = 1 + y. 
(All measurements of the component are given in centimeters.) 


(a) Find the lateral surface area of the component. 


(b) The component is in the form of a shell of thickness 0.2 
centimeter. Use the result of part (a) to approximate the 
amount of steel used in its manufacture. 


(c) Draw a sketch of the component. 


70. Building Design The ceiling of a building has a height above 
the floor given by z = 20 + ax, and one of the walls follows 
a path modeled by y = x?/?. Find the surface area of the wall if 
0 < x < 40. (All measurements are given in feet.) 


Moments of Inertia Consider a wire of density p(x, y) given by 
the space curve 
C: r(t) =x@it+yOj, a <t<b. 


The moments of inertia about the x- and y-axes are given by 


L = Í y p(x, y) ds 
Cc 


= fe p(x, y) ds. 


In Exercises 71 and 72, find the moments of inertia for the wire 
of density p. 


71. A wire lies along r(t) = a cos ti + asin tj, 0 < t < 27 and 
a > 0, with density p(x, y) = 1. 


72. A wire lies along r(t) = a cos fi + asin tj, 0 < t < 27 and 
a > 0, with density p(x, y) = y. 


Approximation In Exercises 73 and 74, determine which value 
best approximates the lateral surface area over the curve C in 
the xy-plane and under the surface z = f(x,y). (Make your 
selection on the basis of a sketch of the surface and not by 
performing any calculations.) 


73. f(x,y) = e2? 

C: line from (0, 0) to (2, 2) 

(a) 54 (b) 25 (c) —250 (d) 75 (e) 100 
74. f(x,y) =y 

C: y = x? from (0, 0) to (2, 4) 

(a) 2 (b) 4 (c) 8 (d) 16 


75. Investigation The top outer edge of a solid with vertical sides 
and resting on the xy-plane is modeled by 
r(t) = 3 cos ti + 3 sin tj + (1 + sin? 2z)k, where all measure- 
ments are in centimeters. The intersection of the plane 
y = b(-3 < b < 3) with the top of the solid is a horizontal 
line. 


(a) Use a computer algebra system to graph the solid. 


(b) Use a computer algebra system to approximate the lateral 
surface area of the solid. 


(c) Find (if possible) the volume of the solid. 
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done by the force field 
F(x, y) = 15[(4 — xyi — xyj] 


on an object moving along the parabolic path y = c(1 — x?) 
between the points (— 1, 0) and (1, 0) is a minimum. Compare 
the result with the work required to move the object along the 
straight-line path connecting the points. 


Writing About Concepts 


. Define a line integral of a function f along a smooth curve 
C in the plane and in space. How do you evaluate the line 
integral as a definite integral? 


. Define a line integral of a continuous vector field F on a 
smooth curve C. How do you evaluate the line integral as a 
definite integral? 

. Order the surfaces in ascending order of the lateral surface 
area under the surface and over the curve y = Jx from 
(0,0) to (4,2) in the xy-plane. Explain your ordering 
without doing any calculations. 

(a) a= 24% (b) 5+x 
(c) z= 2 (d) 10 + x + 2y 


. For each of the following, determine whether the work 
done in moving an object from the first to the second point 
through the force field shown in the figure is positive, 
negative, or zero. Explain your answer. 


(a) From (—3, —3) to(3, 3) 
(b) From (—3, 0) to (0, 3) 
(c) From (5, 0) to (0, 3) 


True or False? In Exercises 81-84, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


81. If C is given by x(t) = t, y(t) = 4,0 < t < 1, then 


1 
[vas] t? dt. 
c 0 


82. If C, = -C hen Í f(x,y) ds + Í f(x,y) ds = 0. 
G G 


83. The vector functions r; = ti + Pj, O< ¢< 1, and r,= 
(1 — ti + (1 — dj, 0 < t < 1, define the same curve. 


84. If Í F - T ds = 0, then F and T are orthogonal. 
c 


85. Work Consider a particle that moves through the force field 
F(x, y) = (y — x)i + xyj from the point (0,0) to the point 
(0, 1) along the curve x = kt(1 — t), y = t. Find the value of k 
such that the work done by the force field is 1. 


Section 15.3 Conservative Vector Fields and Independence of Path 


(a) 


(b) 


(c) 
Figure 15.19 
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e Understand and use the Fundamental Theorem of Line Integrals. 
e Understand the concept of independence of path. 
e Understand the concept of conservation of energy. 


Fundamental Theorem of Line Integrals 


The discussion in the preceding section pointed out that in a gravitational field 
the work done by gravity on an object moving between two points in the field is inde- 
pendent of the path taken by the object. In this section, you will study an important 
generalization of this result—it is called the Fundamental Theorem of Line 
Integrals. 

To begin, an example is presented in which the line integral of a conservative 
vector field is evaluated over three different paths. 


EXAMPLE | Line Integral of a Conservative Vector Field 


Find the work done by the force field 


1 1 
F(x, y) = zi + pi 


on a particle that moves from (0, 0) to (1, 1) along each path, as shown in Figure 15.19. 
a. Ciy =x b. C: x = y? e Cy =x 
Solution 


a. Let r(t) = ti + tj for 0 < t < 1, so that 


1 1 
dr = (i+ j) dt and E(x, y) = z“ + zi 


Then, the work done is 


1 1 
1 1 
w= | eed f iea- J =, 
iy o 4 4 b 4 


b. Let r(A = ti + Vtjfor0 < t < 1, so that 


1 1 1 
dr = (i + — i) dt and E(x, y) = 232i + —12j. 
T. œw») =3 qt 


Then, the work done is 


1 1 
w= | ra= | 3 43/2 dt = £572] = 1 
ö o8 4 b 4 


c. Let r(A = $ti + 413j for 0 < t < 2, so that 


1 3 1 1 
— fs abt 2: — — 743 ie 2i, 
dr (ži ru i) dt and F(x, y) ag¢ + ie J 


Then, the work done is 


2 2 
5 1 1 
W= ra= | tdt = ‘s| =i 
i o 128 128 jo 4 


So, the work done by a conservative vector field is the same for all paths. 


[Try tt_| [Exploration a | 
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In Example 1, note that the vector field F(x, y) = Sxyi + wey is conservative 
because F(x, y) = Vf(x, y), where f(x,y) = 4x?y. In such cases, the following 
theorem states that the value of fe F - dr is given by 


[x «de = fal), y(1)) — fla(0), y(0)) 


THEOREM 15.5 Fundamental Theorem of Line Integrals 
Let C be a piecewise smooth curve lying in an open region R and given by 


NOTE Notice how the Fundamental r(t) =x()i+ yj, asts<b. 
Theorem of Line Integrals is similar to 


ha Pandanienial Thesrentor Calculus If F(x, y) = Mi + Nj is conservative in R, and M and N are continuous in R, 


(Section 4.4), which states that then 
b 
Í f(x) dx = F(b) — F(a) [ F-dr= f Vf > dr = f(x(b), y(b)) — f(x(a@), y(a)) 
a G C 
where F(x) = f(x). where f is a potential function of F. That is, F(x, y) = Vf(x, y). 


Proof A proof is provided only for a smooth curve. For piecewise smooth curves, 
the procedure is carried out separately on each smooth portion. Because F(x, y) = 
Vf (x, y) = fx, y)i + f(x, y)j, it follows that 


dr 
[ræ f eS 
c 7 dt 


b 
- Í [Ao + pe a 


and, by the Chain Rule (Theorem 13.6), you have 


[E-a f Eiroa 
= Falh), 1) ~ fala), ya). 


The last step is an application of the Fundamental Theorem of Calculus. === 


In space, the Fundamental Theorem of Line Integrals takes the following form. 
Let C be a piecewise smooth curve lying in an open region Q and given by 
r(t) = x(i + yOj + zk, a< t< b. 


If F(x, y, z) = Mi + Nj + Pk is conservative and M, N, and P are continuous, then 


[E-a | vya 
C E 


= f(x(b), y(b), z(b)) — fla), ya), z(a)) 


where F(x, y, z) = Vf(x, y, z). 

The Fundamental Theorem of Line Integrals states that if the vector field F is 
conservative, then the line integral between any two points is simply the difference in 
the values of the potential function f at these points. 


F(x, y) = 2xyi + (x? - y)j 


y 


(-1, 4) 


Y 


Using the Fundamental Theorem of Line 
Integrals, fc F + dr. 
Figure 15.20 


F(x, y, z) = 2xyi + (x? + 22)j + 2yzk 


2 


x y 
Using the Fundamental Theorem of Line 
Integrals, fe F + dr. 


Figure 15.21 
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EXAMPLE 2 Using the Fundamental Theorem of Line Integrals 


Evaluate f F - dr, where C is a piecewise smooth curve from (— 1, 4) to (1, 2) and 
c 


F(x, y) = 2xyi + (x? — y)j 


as shown in Figure 15.20. 


Solution From Example 6 in Section 15.1, you know that F is the gradient of f 
where 


2 
fx, y) = x?y — +K. 


Consequently, F is conservative, and by the Fundamental Theorem of Line Integrals, 
it follows that 


fr - dr = f(1, 2) — f(-1,4) 
= te 7 >| = |e) = z] 


Note that it is unnecessary to include a constant K as part of f, because it is canceled 
by subtraction. 


[Try te] [Exoratons] 
EXAMPLE 3 Using the Fundamental Theorem of Line Integrals 


Evaluate l F - dr, where C is a piecewise smooth curve from (1, 1, 0) to (0, 2, 3) and 
c 


F(x, y, z) = 2xyi + (x? + 2?)j + 2yzk 
as shown in Figure 15.21. 
Solution From Example 8 in Section 15.1, you know that F is the gradient of f 
where f(x,y,z) = x?y + yz? + K. Consequently, F is conservative, and by the 
Fundamental Theorem of Line Integrals, it follows that 


f F - dr = f(0, 2,3) — fl, 1,0) 
[(0)?(2) + (2)(3)?] — [0)0) + (1)(0)?] 


= 17. 
[try te] [Betoration] 
In Examples 2 and 3, be sure you see that the value of the line integral is the same 


for any smooth curve C that has the given initial and terminal points. For instance, in 
Example 3, try evaluating the line integral for the curve given by 


r(t) = (1 — i + (1 + dj + 3tk. 


You should obtain 


1 
[r] (3012 + 16t — 1) dt 
Cc 0 


Li. 
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Independence of Path 


From the Fundamental Theorem of Line Integrals it is clear that if F is continuous 
ae and conservative in an open region R, the value of J. F + dr is the same for every 
piecewise smooth curve C from one fixed point in R to another fixed point in R. This 


Ri R, result is described by saying that the line integral fe F - dr is independent of path in 
the region R. 

BS A region in the plane (or in space) is connected if any two points in the region 

can be joined by a piecewise smooth curve lying entirely within the region, as shown 

R, is connected. R, is not in Figure 15.22. In open regions that are connected, the path independence of 


connected. JeF + dr is equivalent to the condition that F is conservative. 


Figure 15.22 


THEOREM 15.6 Independence of Path and Conservative 
Vector Fields 


If F is continuous on an open connected region, then the line integral 


[rea 
c 


is independent of path if and only if F is conservative. 


Proof If F is conservative, then, by the Fundamental Theorem of Line Integrals, the 
line integral is independent of path. Now establish the converse for a plane region R. 
Let F(x, y) = Mi + Nj, and let (xp, yo) be a fixed point in R. If (x, y) is any point in R, 
choose a piecewise smooth curve C running from (xo, Yo) to (x, y), and define f by 


(,y) @y) 
- Ja) = [Rede = | mart vay 
4 ie Ç 
@, y) The existence of C in R is guaranteed by the fact that R is connected. You can show 
(Yo) that f is a potential function of F by considering two different paths between (xp, yo) 
and (x, y). For the first path, choose (x,, y) in R such that x # x,. This is possible 
because R is open. Then choose C, and C,, as shown in Figure 15.23. Using the 
Figure 15.23 independence of path, it follows that 


Ja) = | Max + nds 
c 


-| Mac+Ndy+ | Made + Nd. 
ros Cy 


Because the first integral does not depend on x, and because dy = 0 in the second 
integral, you have 


F(x, y) = aly) + | M dx 


and it follows that the partial derivative of f with respect to x is f(x, y) = M. For the 
second path, choose a point (x, y,). Using reasoning similar to that used for the first 
path, you can conclude that f(x, y) = N. Therefore, 
Vfl, y) = A, yi + KO y)j 
= Mi + Nj 
= F(x, y) 


and it follows that F is conservative. — 
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EXAMPLE 4 Finding Work in a Conservative Force Field 


For the force field given by 
F(x, y, z) = e* cos yi — e* sin yj + 2k 
show that fe F - dr is independent of path, and calculate the work done by F on an 


object moving along a curve C from (0, 7/2, 1) to (1, m, 3). 


Solution Writing the force field in the form F(x, y, z) = Mi + Nj + Pk, you have 
M = e* cos y, N = —e*sin y, and P = 2, and it follows that 


AP _ 9 — aN 
ay a 
aP _ 4 _@M 
ox dz 
aN ron, _ M 
a | Sny = ay 


So, F is conservative. If f is a potential function of F, then 


f(x, y, z) = e* cos y 
F, y, z) = —e* sin y 
fx, y, z) = 2. 


By integrating with respect to x, y, and z separately, you obtain 
fœ y, z) = fre y, z) dx = fe cos y dx = e* cos y + g(y, z) 
f(x, y, 2) = ico z) dy = i —e* sin y dy = e* cos y + h(x, z) 


f(x, y, z) = fro y, z) dz = foa = 2z + k(x, y). 


By comparing these three versions of f(x, y, z), you can conclude that 
f(x,y, z) = eX cosy + 2z + K. 


Therefore, the work done by F along any curve C from (0, 7/2, 1) to (1, 7, 3) is 


w= [Rear 
c 


= [e cos y + 2z] 
(0, 7/2, 1) 

= (—e + 6) — (0 + 2) 

=4-e. Sy 
[Try te] [Bptoratona] 

How much work would be done if the object in Example 4 moved from the point 

(0, 7/2, 1) to (1, 7,3) and then back to the starting point (0, 7/2, 1)? The 
Fundamental Theorem of Line Integrals states that there is zero work done. 
Remember that, by definition, work can be negative. So, by the time the object gets 


back to its starting point, the amount of work that registers positively is canceled out 
by the amount of work that registers negatively. 


(1, m, 3) 
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A curve C given by r(t) for a < t < b is closed if r(a) = r(b). By the 
Fundamental Theorem of Line Integrals, you can conclude that if F is continuous and 
conservative on an open region R, then the line integral over every closed curve C is 0. 


THEOREM 15.7 Equivalent Conditions 


Let F(x, y, z) = Mi + Nj + Pk have continuous first partial derivatives in an 
NOTE Theorem 15.7 gives you options open connected region R, and let C be a piecewise smooth curve in R. The fol- 
for evaluating a line integral involving lowing conditions are equivalent. 

a conservative vector field. You can use a 
potential function, or it might be more 
convenient to choose a particularly 
simple path, such as a straight line. 


1. F is conservative. That is, F = Vf for some function f. 


2. f F - dr is independent of path. 
c 


3: f F - dr = 0 for every closed curve C in R. 
Cc 


EXAMPLE 5 Evaluating a Line Integral 


Evaluate f F - dr, where 
Cı 


A F(x, y) = (y3 + 1)i + (3xy? + Dj 


C: r(A = (1 -cos fi + sin tj 


and C, is the semicircular path from (0, 0) to (2, 0), as shown in Figure 15.24. 


Solution You have the following three options. 


a. You can use the method presented in the preceding section to evaluate the line 
integral along the given curve. To do this, you can use the parametrization 
r(t) = (1 — cos fi + sin tj, where 0 < t < m. For this parametrization, it follows 
that dr = r(t) dt = (sin ti + cos tj) dt, and 


Cyr) = ti 


Figure 15.24 vee . . 
F-d = (sin t + sinf t + cost + 3 sin? t cos t — 3 sin? t cos? f) dt. 
G 0 


This integral should dampen your enthusiasm for this option. 


b. You can try to find a potential function and evaluate the line integral by the 
Fundamental Theorem of Line Integrals. Using the technique demonstrated in 
Example 4, you can find the potential function to be f(x, y) = xy? + x + y + K, 
and, by the Fundamental Theorem, 


w= | F : dr = f(2, 0) — f(0, 0) = 2. 
Ci 


c. Knowing that F is conservative, you have a third option. Because the value of the 
line integral is independent of path, you can replace the semicircular path with a 
simpler path. Suppose you choose the straight-line path C, from (0, 0) to (2, 0). 
Then, r(t) = ti, where 0 < t < 2. So, dr =idt and F(x, y) = (y? + Dit 
(3xy2 + 1)j =i + j, so that 


2 2 
[ee a= fea fia] = 2, 
Cc C 0 0 


Of the three options, obviously the third one is the easiest. — 
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Conservation of Energy 
MICHAEL FARADAY (1791-1867) 
Several philosophers of science have consid- 
ered Faraday’s Law of Conservation of 
Energy to be the greatest generalization ever 


In 1840, the English physicist Michael Faraday wrote, “Nowhere is there a pure 
creation or production of power without a corresponding exhaustion of something to 
supply it.” This statement represents the first formulation of one of the most important 


conceived by humankind. Many physicists have laws of physics—the Law of Conservation of Energy. In modern terminology, the 
contributed to our knowledge of this law. Two law is stated as follows: In a conservative force field, the sum of the potential and 
early and influential ones were James Prescott Kinetic energies of an object remains constant from point to point. 

Joule (1818-1889) and Hermann Ludwig You can use the Fundamental Theorem of Line Integrals to derive this law. From 
Helmholtz (1821-1894). physics, the kinetic energy of a particle of mass m and speed v is k = ¿mv?. The 


potential energy p of a particle at point (x, y, z) in a conservative vector field F is 
defined as p(x, y,z) = —f(x,y,z), where f is the potential function for F. 
Consequently, the work done by F along a smooth curve C from A to B is 

B 


w= | Far = sya] 


A 


= =p, y, J 


= p(A) — p(B) 


as shown in Figure 15.25. In other words, work W is equal to the difference in the 
potential energies of A and B. Now, suppose that r(t) is the position vector for a 
particle moving along C from A = r(a) to B = r(b). At any time ¢, the particle’s 
velocity, acceleration, and speed are v(t) =r“(t), a(t) = r’(t), and v(t) = ||v(d]l, 
respectively. So, by Newton’s Second Law of Motion, F = ma(t) = m(v(t)), and the 
work done by F is 


w= fræ f Eroa 
-feo a= | avol vo dt 


[ mi v(t) © vÒ] dt 


= 2] 400 voa 
-2 f diropea 
fagi = “ivory 
B? -anl 


1 2_1 2 
= zmo] - jmv] 


B = K(B) — k(A). 


ai Equating these two results for W produces 


A) — p(B) = k(B) — k(A 
The work done by F along C is pa) = pie) (Hi (A) 
p(A) + k(A) = p(B) + k(B) 
W= | F -dr = p(A) — p(B). Pe aes . ate ’ : 
c which implies that the sum of the potential and kinetic energies remains constant from 


Figure 15.25 point to point. 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1—4, show that the value of fo F - dr is the same for 
each parametric representation of C. 
1. F(x, y) = xi + xwj 
(avr, =tit ej, Osts1 


(b) r,(0) = sin i + si? Oj, O< O< z 
2. F(x, y) =? + y*)i — xj 
(a) r(A =ti+ Jtj, 0<t<4 
b) r,(w) = wi t+ wj, OS ws 2 
3. F(x, y) = yi i xj 
(a) r,(0) = sec Oi + tan Oj, OS 0< 
(b) r,() = Vt+ li+ Vij, 0<t<3 


4. F(x,y) = yi t+ x?j 
(a) r,(t) =(2+ 01+ B-—Dj, O< t< 3 
(b) r(w) = (2+ Inw)it+ GB -Inw)j, lsews e 


In Exercises 5-10, determine whether or not the vector field is 
conservative. 


5. F(x, y) = e*(sin yi + cos yj) 
6. F(x, y) = 15x?y?i + 10x°yj 


ae . 
7. F(x, y) = yi vi + xj) 


8. F(x, y, z) = ylnzi — xInzj 4 Yk 
z 
9. F(x, y, z) = y2zi + 2xyzj + xy?k 
10. F(x, y, z) = sin yzi + xz cos yzj + xy sin yzk 


In Exercises 11-24, find the value of the line integral 


[Fae 
ë 


(Hint: If F is conservative, the integration may be easier on an 
alternative path.) 
11. F(x, y) = 2xyi + x?j 
(a) r,t) =tit ?j, 0<t<1 
(b) rA = tit Pj, O<tsl 
12. F(x, y) = yei + xe®j 
(a) rA = ti- (¢- 3)j, OS ts 3 


(b) The closed path consisting of line segments from (0, 3) to 
(0, 0), and then from (0, 0) to (3, 0) 


13. F(x,y) = yi — xj 
(a) r,(t) =tit+ tj, O<t<1 
(b) r(A = tit+ tj, Ostsl 
© rA = ti + fj, O<t< il 


14. F(x, y) = xy7i + 2xyj 


(a) ri = ti + 1, 1<t<3 


(b) r(A = (t+ I)i- i(t- 3)j, O<t<2 
15. [pact 200 
iG. 


(a) »? (b) y 
A (3, 4) A we Ter 


(c) y (d) y 
A 


iG 
(a) (b) a ; 
A X= -Vl—y 
Pal (0, 1) 
1 
(2,3) c, 
| > XxX 
-1 
1, -1) 
i || = 
(O, 1) 7 =z 
1 
Cy 
| > x 
-1 
176, -1) 


17. Í 2xy dx + (x? + y?) dy 
c 

y2 

16 

(b) C: parabola y = 4 — x? from (2, 0) to (0, 4) 


2 
(a) C: ellipse = + = 1 from (5, 0) to (0, 4) 


18. Í (x? + y?) dx + 2xy dy 
c 
(a) r,(t) = Pit ??j, 0<t<2 
(b) r,(t) = 2costit+ 2sintj, O<ts > 


19. F(x, y, z) = yzi + xzj + xyk 
ar) =ti+2j+tk, 0<t<4 
(b) r(A =i + tj +k, 0<t<2 
20. F(x, y, z) = i + zj + yk 
(a) r,() = costi + sintj + tk, O<St<s a7 
(b) r(A = (1 — 201+ mtk, O<t< 1 
21. F(x, y, z) = (2y + x)i + (x2 — z)j + (2y — 4z)k 
@ rO =ti+rj+k, 0<ż<1 
(b) r(A = ti + tj + (2t — 1)?k, O<t< 1 
22. F(x, y, z) = —yi + xj + 3xz?k 
(a) ri( = cos ti + sintj + tk, O<St< m 
(b) r(t) = (1 — 2t)i + mtk, 0<t<1 
23. F(x, y, z) = e(yi + xj + xyk) 
(a) r,() = 4 costi + 4sintj + 3k, O<St< m 
(b) r,(t) = (4 — 8i + 3k, O<r< 1 
24. F(x, y, z) = y sin zi + x sin zj + xy cos xk 
@ra=Pitrj, 0<t<2 
(b) r(t) = 4ti + 47j, Os t< 1 


In Exercises 25-34, evaluate the line integral using the 
Fundamental Theorem of Line Integrals. Use a computer 
algebra system to verify your results. 


25. Í (yi + xj) dr 
c 
C: smooth curve from (0, 0) to (3, 8) 


2 


N 


š Í [2(x + yji + 2(x + y)j] + dr 
c 
C: smooth curve from (—2, 2) to (4, 3) 


27. Í cos x sin y dx + sin x cos y dy 
č 


C: smooth curve from (0, — T) to (=, 7) 


ydx — x dy 


C: smooth curve from (1, 1) to (2 J3, 2) 


29. Í e* sin y dx + e* cos y dy 
č 


C: cycloid x = 6 — sin 0, y = 1 — cos 0 from (0, 0) to (27, 0) 


2x 2y 
30. | eee as eo 
C: circle (x — 4)? + (y — 5)? = 9 clockwise from (7,5) to 
(1, 5) 


32 


33 


34 
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(y + 2z) dx + (x — 3z) dy + (2x — 3y) dz 
c 


(a) C: line segment from (0, 0, 0) to (1, 1, 1) 
(b) C: line segments from (0, 0, 0) to (0, 0, 1) to (1, 1, 1) 
(c) C: line segments from (0, 0, 0) to (1,0, 0) to (1, 1, 0) to 
(1,1,1) 
. Repeat Exercise 31 using the integral 


Í zy dx + xz dy + xy dz. 
fal 
. Í —sinx dx + z dy + y dz 
C 
C: smooth curve from (0, 0, 0) to E 3, a) 


i Í 6x dx — 4z dy — (4y — 20z) dz 
c 


C: smooth curve from (0, 0, 0) to (4, 3, 1) 


Work In Exercises 35 and 36, find the work done by the force 


fie 
35 


36. 


37. 


38. 


39. 


40. 


ld F in moving an object from P to Q. 
1)j; P(0, 0), Q(5, 9) 


Ol ee coe 
F(x, y) = oo eh P(—3, 2), Q(1, 4) 


|. F(x, y) = 9x?y7i + (6x3 


Work A stone weighing 1 pound is attached to the end of a 
two-foot string and is whirled horizontally with one end held 
fixed. It makes 1 revolution per second. Find the work done by 
the force F that keeps the stone moving in a circular path. 
[Hint: Use Force = (mass)(centripetal acceleration).] 


Work If F(x, y,z) = ai + a,j + ak is a constant force 
vector field, show that the work done in moving a particle along 
any path from P to Q is W=F- PQ. 

Work To allow a means of escape for workers in a hazardous 
job 50 meters above ground level, a slide wire is installed. 
It runs from their position to a point on the ground 50 meters 
from the base of the installation where they are located. Show 
that the work done by the gravitational force field for a 
150-pound man moving the length of the slide wire is the same 
for each path. 

(a) r(t) = ti + (50 — dj 

(b) r() = ri + 350 — Dj 

Work Can you find a path for the slide wire in Exercise 39 
such that the work done by the gravitational force field would 
differ from the amounts of work done for the two paths given? 
Explain why or why not. 


Writing About Concepts 


. State the Fundamental Theorem of Line Integrals. 


. What does it mean that a line integral is independent of 
path? State the method for determining if a line integral is 
independent of path. 
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Writing About Concepts (continued) 


43. Consider the force field shown in the figure. 


y 


yy | 
Pero iL 


ast A 


Ht 
eee P. 


YY 


-5-4 


(a) Give a verbal argument that the force field is not 
conservative because you can identify two paths that 
require different amounts of work to move an object 
from (—4, 0) to (3,4). Identify two paths and state 
which requires the greater amount of work. To print an 
enlarged copy of the graph, select the MathGraph 
button. 


Give a verbal argument that the force field is not 
conservative because you can find a closed curve C 
such that 


fao. 
c 


44. Wind Speed and Direction The map shows the jet stream 


wind speed vectors over the United States for March 19, 2004. 
In planning a flight from Dallas to Atlanta in a small plane at 
an altitude of 5000 feet, is the amount of fuel required 
independent of the flight path? Is the vector field conservative? 
Explain. 
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figure. Is the force field conservative? Explain why or why not. 


45. y 46. y 


True or False? In Exercises 47-50, determine whether the 
statement is true or false. If it is false, explain why or give an 
example that shows it is false. 


47. If C,, C,, and C, have the same initial and terminal points and 
Sc, E + dr, = Sc, F + dr, then fe, F + dr, = Jo, F + dry. 

48. If F = yi + xj and C is given by r(t) = (4 sin t)i + (3 cos dj, 
0 < t< m, then [.F: dr = 0. 

49. If F is conservative in a region R bounded by a simple closed 
path and C lies within R, then fe F + dr is independent of path. 


50. If F = Mi + Nj and 0M/dx = dN/dy, then F is conservative. 


i : sae OF OF : 
51. A function f is called harmonic if x2 F ay? = 0. Prove that if 
f is harmonic, then 


where C is a smooth closed curve in the plane. 


52. Kinetic and Potential Energy The kinetic energy of an object 
moving through a conservative force field is decreasing at a rate 
of 10 units per minute. At what rate is the potential energy 
changing? 


yY X 
A Sg! T 


(a) Show that 


aN _ ðM 
Ox oy 
where 
y =X 
EE and N rae 


(b) If r(A = cos ti + sin tj for 0 < t < 7, find J. F : dr. 

(c) If r(t) = cos ti — sin tj forO < t < a, find fe F » dr. 

(d) If r(t) = cos ti + sin tj for 0 < t < 27, find fF: dr. 
Why doesn’t this contradict Theorem 15.7? 


(e) Show that V{ arctan x) =F. 


r(a)=r(b) 


Simply connected 


R 


3 


Not simply connected 


Figure 15.26 


y=f,2) 


i Cr y=f@ 
1 [i 
i i 
1 1 > X 
a C=C+C, b 
R is vertically simple. 
C'a: x = 80(y) 
> X 
C=C +C 


R is horizontally simple. 
Figure 15.27 
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Section 15.4 


e Use Green’s Theorem to evaluate a line integral. 
e Use alternative forms of Green’s Theorem. 


Green’s Theorem 


In this section, you will study Green’s Theorem, named after the English mathe- 
matician George Green (1793-1841). This theorem states that the value of a double 
integral over a simply connected plane region R is determined by the value of a line 
integral around the boundary of R. 

A curve C given by r(t) = x(t)i + y(t)j, where a < t < b, is simple if it does not 
cross itself—that is, r(c) # r(d) for all c and d in the open interval (a, b). A plane 
region R is simply connected if its boundary consists of one simple closed curve, as 
shown in Figure 15.26. 


THEOREM 15.8 Green’s Theorem 


Let R be a simply connected region with a piecewise smooth boundary C, 
oriented counterclockwise (that is, C is traversed once so that the region R 
always lies to the left). If M and N have continuous partial derivatives in an 
open region containing R, then 


[rarna [J-a 


Proof A proof is given only for a region that is both vertically simple and horizon- 
tally simple, as shown in Figure 15.27. 


fma- | max | M dx 
G G C 


= Í M(x, f,(x)) dx + Í Í M(x, f(x) dx 


= Í [M(x, f(x) — M(x, fa(x))] dx 
On the other hand, 
AO a 
ies 


f x) 
M(x, dx 
=| »)| A) 


= [ [M(x, falx)) — M(x, f,00))] dx. 


Consequently, 


mac=—| [Mas 
GC rR) Oy 


Similarly, you can use g,(y) and g,(y) to show that fe N dy = fpf dN/dx dA. By 
adding the integrals fç M dx and fe N dy, you obtain the conclusion stated in the 
theorem. 
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EXAMPLE | Using Green’s Theorem 


Use Green’s Theorem to evaluate the line integral 


f y? dx + (x3 + 3xy?) dy 
c 


where C is the path from (0, 0) to (1, 1) along the graph of y = x3 and from (1, 1) to 
(0, 0) along the graph of y = x, as shown in Figure 15.28. 


x Solution Because M = y? and N = x? + 3xy?, it follows that 
(0, 0) 
oN 
ae 3x? + 3y? and —— = 3y? 


C is simple and closed, and the region R 
always lies to the left of C. 


Figure 15.28 oM 
[rateg | { (E - JaA 
c RJ \Ox dy 


Applying Green’s Theorem, you then have 


II 
— 
w 
= 

w 

| 
uo 
3 


[ Try re | (Exploration a | 


Green’s Theorem cannot be applied to every line integral. Among other restric- 


GEORGE GREEN (1793-1841) tions stated in Theorem 15.8, the curve C must be simple and closed. When Green’s 
Green, a self-educated miller’s son, first Theorem does apply, however, it can save time. To see this, try using the techniques 
published the theorem that bears his name in described in Section 15.2 to evaluate the line integral in Example 1. To do this, you 
1828 in an essay on electricity and magnetism. would need to write the line integral as 
At that time there was almost no mathematical 
HED explain electrical phenomena. y? dx + (x? + 3xy?) dy = 
Considering how desirable it was that a c 


power of universal agency, like electricity, 

should, as far as possible, be submitted to f y? dx + (x3 + 3xy?) dy + f y? dx + (x3 + 3xy?) dy 
calculation, . . . I was induced to try whether Cı Cy 

it would be possible to discover any general where C; is the cubic path given by 

relations existing between this function and 

the quantities of electricity in the bodies r(f) = ti + rj 


producineiti from t = 0 tot = 1, and C, is the line segment given by 


rif) = (1 — di + -j 
from t = Otot = 1. 
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EXAMPLE 2 Using Green’s Theorem to Calculate Work 


Toon te ee While subject to the force 
y F(x, y) = y3i + (3 + 3xy?)j 


a particle travels once around the circle of radius 3 shown in Figure 15.29. Use 
Green’s Theorem to find the work done by F. 


Solution From Example 1, you know by Green’s Theorem that 


f y3 dx + (x3 + 3xy?) dy = [J 3x? dA. 
c R 


In polar coordinates, using x = r cos 0 and dA = r dr d0, the work done is 


27 (3 
w=[[aea-=[ Í 3(r cos 0)? r dr d0 
R 


Figure 15.29 Qn f3 
=3 r? cos? 0 dr dé 


ae rí 
-3f a dé 


2a 
81 
=al — cos? 0 d0 
o 4 


-23 f" (1 + cos 20) d0 


243 sin 20 
= + 
8 ’ 2 i" 


mae T 


When evaluating line integrals over closed curves, remember that for conservative 
vector fields (those for which dN/dx = 0M/dy), the value of the line integral is 0. This 
is easily seen from the statement of Green’s Theorem: 


[ mac was [{(#- Jaa = 


N EXAMPLE 3 Green’s Theorem and Conservative Vector Fields 


Evaluate the line integral 


f y? dx + 3xy? dy 
g 


gi where C is the path shown in Figure 15.30. 


Solution From this line integral, M = y? and N = 3xy?. So, dN/dx = 3y? and 
ðM/ðy = 3y?. This implies that the vector field F = Mi + Nj is conservative, and 
C is closed. because C is closed, you can conclude that 

Figure 15.30 


fas 3xy? dy = 0. 
c 


[ Try re | [Exploration a | 
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EXAMPLE 4 Using Green’s Theorem for a Piecewise Smooth Curve 
Evaluate 
Í (arctan x + y?) dx + (e? — x?) dy 
C 


where C is the path enclosing the annular region shown in Figure 15.31. 


3,0 (1,0)! a,0 6,0) Solution In polar coordinates, R is given by 1 < r < 3 for 0 < 0 < m. Moreover, 


C is piecewise smooth. oN ðM . 
— — — = — — = — + i 
Figure 15.31 a 2x — 2y 2(r cos 6 + r sin 6) 
So, by Green’s Theorem, 


Í (arctan x + y?) dx + (e” — x?) dy = [ -20 + y)dA 
c a 3 
= f f —2r(cos 0 + sin 0)r dr dé 
o Ji 
7 PB 
= | —2(cos 0 + sin 0) | d0 
0 3 Ji 


= Í (-2]ícos 0 + sin 0) dé 
0 3 


T 


-S2 sin 0 — cos o] 
3 0 


In Examples 1, 2, and 4, Green’s Theorem was used to evaluate line integrals as 
double integrals. You can also use the theorem to evaluate double integrals as line 
integrals. One useful application occurs when dN/dx — dM/dy = 1. 


dN ðM 
M dx + Ndy = ( - jan 
| IJ dx dy 
aN ðM 


= area of region R 


Among the many choices for M and N satisfying the stated condition, the choice of 
M = —y/2 and N = x/2 produces the following line integral for the area of region R. 


THEOREM 15.9 Line Integral for Area 


If R is a plane region bounded by a piecewise smooth simple closed curve C, 
oriented counterclockwise, then the area of R is given by 


A= fxd- yar 
2 Je 
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EXAMPLE 5 Finding Area by a Line Integral 


Use a line integral to find the area of the ellipse 


x2 y? 
= + p2 = 1. 
Solution Using Figure 15.32, you can induce a counterclockwise orientation to the 
Poe elliptical path by letting 
Soe Syl 
d p x=acost and y=bsint, 0< t< 27. 
So, the area is 
>x 1 i i . . 
A= a xdy — y dx = 5 [(a cos t) (b cos t) dt — (b sin t)(—a sin £) dt] 
c ab g 2T 
= zf (cos?t + sin? t) dt 
2 0 
20 
Figure 15.32 = 2| 
2 L Jo 
= mab. = 
[Try te] [Eporaiona] 
Green’s Theorem can be extended to cover some regions that are not simply 
connected. This is demonstrated in the next example. 
Y C; Ellipse EXAMPLE 6 Green’s Theorem Extended to a Region with a Hole 
af Gy Circle 
Let R be the region inside the ellipse (x?/9) + (y?/4) = 1 and outside the circle 
Ci x? + y? = 1. Evaluate the line integral 
-3 T Í 2xy dx + (x? + 2x) dy 
c 
where C = C, + C, is the boundary of R, as shown in Figure 15.33. 
-2 
Cy y=0,1<x<3 Solution To begin, you can introduce the line segments C} and C,, as shown in 
C;y=0,1<x<3 Figure 15.33. Note that because the curves C} and C, have opposite orientations, the 


line integrals over them cancel. Furthermore, you can apply Green’s Theorem to the 
region R using the boundary C, + C, + C, + C;, to obtain 


: _f{{(an_ om 

f avarte + 2x) dy 2 M) a 
- | far+2-29 a 
-2f fa 


= 2(area of R) 
= 2(mab — tr?) 


= 2[m(3)(2) - (IY) 


= 107. 
[ rryme | [Exploration 


Figure 15.33 
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In Section 15.1, a necessary and sufficient condition for conservative vector fields 
was listed. There, only one direction of the proof was shown. You can now outline the 
other direction, using Green’s Theorem. Let F(x, y) = Mi + Nj be defined on an open 
disk R. You want to show that if M and N have continuous first partial derivatives and 


aM _ aN 
oy Ox 
then F is conservative. Suppose that C is a closed path forming the boundary of a 


connected region lying in R. Then, using the fact that 0M/dy = dN/dx, you can apply 
Green’s Theorem to conclude that 


[F-a | macs vay 
C C 


This, in turn, is equivalent to showing that F is conservative (see Theorem 15.7). 


Alternative Forms of Green’s Theorem 


This section concludes with the derivation of two vector forms of Green’s Theorem 
for regions in the plane. The extension of these vector forms to three dimensions is the 
basis for the discussion in the remaining sections of this chapter. If F is a vector field 
in the plane, you can write 


F(x, y, z) = Mi + Nj + Ok 


so that the curl of F, as described in Section 15.1, is given by 


i j k 
= =| 3 ə? 
curl F = V x F ae yk 
M N O0 
_ oN, 4 aM P (2 - a) 
ðz ðz Ox oy 
Consequently, 
M ð ðM 
(cu) k= -Eit j (“- Jk] k 
Oz 0z Ox oy 
a _əM 
ðx dy" 


With appropriate conditions on F, C, and R, you can write Green’s Theorem in 
the vector form 


[e-a fS (Œ - 2) as 
c RJ \Ox Oy 


= f f (curl F) - kdA. First alternative form 
R 


The extension of this vector form of Green’s Theorem to surfaces in space produces 
Stokes’s Theorem, discussed in Section 15.8. 
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For the second vector form of Green’s Theorem, assume the same conditions for 
F, C, and R. Using the arc length parameter s for C, you have r(s) = x(s)i + y(s)j. So, 
a unit tangent vector T to curve C is given by 


r(s) = T = x(s)i + y(s)j. 


r l From Figure 15.34 you can see that the outward unit normal vector N can then be 
Sea written as 
Won N = y(s)i — x(s)j. 
T = cos ði + sin Oj Consequently, for F(x, y) = Mi + Nj, you can apply Green’s Theorem to obtain 
0 1 T), 1 i 0 1 T). p 
RS RS a E. [rna] (Mi + Nj) - (y(s)i — x(s)j) ds 
= —sin ði + cos Oj . ah 
N = sin ĝi — cos Oj = (m2 —w®) as 
Figure 15.34 a ds ds 
= f M dy — N dx 
č 


-Í —N dx + M dy 
g 


= f f (= + an) dA Green’s Theorem 
R Ox oy 
= f f div F dA. 
R 
Therefore, 
f F: Nds = f | div F dA. Second alternative form 
Cc R 


The extension of this form to three dimensions is called the Divergence Theorem, 
discussed in Section 15.7. The physical interpretations of divergence and curl will be 
discussed in Sections 15.7 and 15.8. 


Exercises for Section 15.4 
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The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 


In Exercises 1-4, verify Green’s Theorem by evaluating both 
integrals 


[stare nay =| | (2 (2- aM) )aa 


for the given path. 
1. C: square with vertices (0, 0), (4, 0), (4, 4), (0, 4) 
2. C: triangle with vertices (0, 0), (4, 0), (4, 4) 


3. C: boundary of the region lying between the graphs of y = x 
and y = x?/4 
4. C: circle given by x? + y? = 1 


In Exercises 5 and 6, verify Green’s Theorem by using a 
computer algebra system to evaluate both integrals 


[ sera tera = [| ( (Z-a 


for the given path. 


5. C: circle given by x? + y? = 4 


6. C: boundary of the region lying between the graphs of y = x 
and y = x° in the first quadrant 


In Exercises 7-10, use Green’s Theorem to evaluate the integral 
Í (y — x) dx + (2x — y) dy 
C 


for the given path. 


7. C: boundary of the region lying between the graphs of y = x 
and y = x? — x 


ad 


C: x = 2 cos 0, y = sin 0 

9. C: boundary of the region lying inside the rectangle bounded 
by x = —5, x = 5, y = —3, and y = 3, and outside the 
square bounded by x lew=ly l, andy = 1 


10. C: boundary of the region lying inside the semicircle 


y = V25 — x? and outside the semicircle y = V9 — x? 
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In Exercises 11-20, use Green’s Theorem to evaluate the line Area In Exercises 25-28, use a line integral to find 
integral. the region R. 


3 : i 2 + 2 a aa 
1. Í Liye tiy 25. R: region bounded by the graph of x? + y a 
c 26. R: triangle bounded by the graphs of x = 0, 3x — 2y = 0, and 


C: boundary of the region lying between the graphs of y = 0 x+ 2y=8 
and y = 4 — x? 27. R: region bounded by the graphs of y=2x+ 1 and 
y=4- x 
12. | y* dx + xydy oo, . 
g 28. R: region inside the loop of the folium of Descartes bounded by 
C: boundary of the region lying between the graphs of y = 0, the graph of 
y = Vx, and x =9 3t 372 
a pty? PFi 
13. | (x? — y?) dx + 2xy dy 14. | (x? — y?) dx + 2xy dy 
č c 
1x2 + y? = a? :r=1+ E 
ee =e a Writing About Concepts 
y 
15. f 2 arctan x dx + In(x? + y°) dy 29. State Green’s Theorem. 
C:x=4 + 2cos 0,y = 4 + sin 0 30. Give the line integral for the area of a region R bounded by 


a piecewise smooth simple curve C. 


16. Í e* cos 2y dx — 2e* sin 2y dy 
€ 
y2 E) 
Carre k In Exercises 31 and 32, use Green’s Theorem to verify the line 
17. Í sin x cos y dx + (xy + cos x sin y) dy integral formulas. 
c 


31. The centroid of the region having area A bounded by the simple 


C: boundary of the region lying between the graphs of y = x closed path Ciis 


and y = Jx 
: ae gee ee el) a 
18. i (e-*7/2 — y) dx + (e797? + x) dy z= z f d J=- Jo dx. 
C: boundary of the region lying between the graphs of the 32. The area of a plane region bounded by the simple closed path C 
circle x = 6 cos 0, y = 6 sin 0 and the ellipse x = 3 cos 0, gure, te a2 . a ge cf we 
. given in polar coordinates is A = 3|_ r° dé. 

y =2sin 0 c 

19. Í xy dx + (x + y) dy Fe Centroid In Exercises 33-36, use a computer algebra system 
fe 


and the results of Exercise 31 to find the centroid of the region. 
C: boundary of the region lying between the graphs of 
x? + y? = land x? + y? = 33. R: region bounded by the graphs of y = 0 and y = 4 — x? 


34. R: region bounded by the graphs of y = Va? — x? and y = 0 


20. 2e dx + e 
0 j E dE edy 35. R: region bounded by the graphs of y = x? and y= x,0<x< 1 


C: boundary of the region lying between the squares with 36. R: triangle with vertices (—a, 0), (a, 0), and (b,c), where 
vertices (1, 1), (— 1, 1), (—1, — 1), and (1, — 1), and (2, 2), —a<b<a 
(—2, 2), (—2, —2), and (2, —2) 
fp Area In Exercises 37-40, use a computer algebra system and 
Work In Exercises 21-24, use Green’s Theorem to calculate the results of Exercise 32 to find the area of the region bounded 
the work done by the force F on a particle that is moving coun- by the graph of the polar equation. 
terclockwise around the closed path C. 
37. r = a(1 — cos 60) 38. r = a cos 30 
21. F(x, y) = xyi + (x + y)j 3 
.r=1+ i . r= > 
Cix? +y = 39. r = 1 + 2 cos 0 (inner loop) 40. r ET, 
22. F(x, y) = (e* — 3y)i + (e + 6x)j 41. Think About It Let 
C:r = 2 cos 6 dx d 
ee 
23. F(x, y) = (x3/2 — 3y)i 4 (6x | 5Vy)j = [4 F a 
C: boundary of the triangle with vertices (0,0), (5,0), and 
(0, 5) where C is a circle oriented counterclockwise. Show that J = 0 
: 2s if C does not contain the origin. What is Z if C contains the 
24. F(x, y) = (3x2 + y)i + 4xy? : 8 
(x, y) = Bx? + yi + 4xy?j origin? 


C: boundary of the region lying between the graphs of 
y= J/x, y = 0, and x = 9 


42. (a) Let C be the line segment joining (x,, y,) and (x5, y2). Show 
that 


Í ydx + xdy = x1 y2 — X yı. 
ë 


(b) Let (x,,y,), Œz Ys- - -> Qn Yn) be the vertices of a 
polygon. Prove that the area enclosed is 
1 
a7. = 459) + Gays — 3y) oe > 
n1 Yn z Xn Yn-1) + n Xi ~~ x) y,)I- 


Area In Exercises 43 and 44, use the result of Exercise 42(b) to 
find the area enclosed by the polygon with the given vertices. 
43. Pentagon: (0, 0), (2, 0), (3, 2), (1, 4), (—1, 1) 

44. Hexagon: (0, 0), (2, 0), (3, 2), (2, 4), (0, 3), (— 1, 1) 


45. Investigation Consider the line integral 


Í y” dx + x” dy 
E 


where C is the boundary of the region lying between the graphs 

of y = Va? — x? (a > 0) andy = 0. 

(a) Use a computer algebra system to verify Green’s Theorem 
for n, an odd integer from 1 through 7. 

(b) Use a computer algebra system to verify Green’s Theorem 
for n, an even integer from 2 through 8. 


(c) For n an odd integer, make a conjecture about the value of 
the integral. 
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, prove the identity where K is a simply 


connected region with boundary C. Assume that the required 
partial derivatives of the scalar functions f and g are continu- 
ous. The expressions D, f and Dyg are the derivatives in the 
direction of the outward normal vector N of C, and are defined 
by Dy f = Vf - N, and Dyg = Vg : N. 


46. 


47. 


48. 


49. 


Green’s first identity: 
[| ume + Vf: Vg) dA = [ reas 
R Cc 


[Hint: Use the second alternative form of Green’s Theorem and 
the property div (f G) = fdiv G + Vf: G.] 


Green’s second identity: 


[J (FV°g — gV?7f) dA = f oos — g Dyf) ds 


(Hint: Use Exercise 46 twice.) 


Use Green’s Theorem to prove that 
[ f(x) dx + g(y) dy = 0 
c 


if f and g are differentiable functions and C is a piecewise 
smooth simple closed path. 


Let F = Mi + Nj, where M and N have continuous first partial 
derivatives in a simply connected region R. Prove that if C is 
simple, smooth, and closed, and N, = M,, then 


[Fe ae=o. 
C 
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Section 15.5 


e Understand the definition of and sketch a parametric surface. 
Find a set of parametric equations to represent a surface. 

e Find a normal vector and a tangent plane to a parametric surface. 
Find the area of a parametric surface. 


Parametric Surfaces 


You already know how to represent a curve in the plane or in space by a set of 
parametric equations—or, equivalently, by a vector-valued function. 


r(1) = x()i + y(dj Plane curve 

r(t) = x(t)i + y(t)j + 2(t)k Space curve 
In this section, you will learn how to represent a surface in space by a set of parametric 
equations—or by a vector-valued function. For curves, note that the vector-valued 


function r is a function of a single parameter t. For surfaces, the vector-valued 
function is a function of two parameters u and v. 


Definition of Parametric Surface 


Let x, y, and z be functions of u and v that are continuous on a domain D in the 
uv-plane. The set of points (x, y, z) given by 


r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k Parametric surface 
is called a parametric surface. The equations 
x= x(u, v), y=y(u,v), and z= z(u,v) Parametric equations 


are the parametric equations for the surface. 


If S is a parametric surface given by the vector-valued function r, then S is traced 
out by the position vector r(u, v) as the point (u, v) moves throughout the domain D, 
as shown in Figure 15.35. 


RCA v) 


r(u, v) 


= 


>u 


TECHNOLOGY Some computer algebra systems are capable of graphing 
surfaces that are represented parametrically. If you have access to such software, use 
it to graph some of the surfaces in the examples and exercises in this section. 
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EXAMPLE | Sketching a Parametric Surface 


Identify and sketch the parametric surface S given by 
r(u, v) = 3 cos ui + 3 sin uj + vk 


where 0 < u < 27 andO0< v < 4. 


Solution Because x = 3cosu and y = 3 sinu, you know that for each point 
(x, y, z) on the surface, x and y are related by the equation x? + y? = 32. In other 
words, each cross section of S$ taken parallel to the xy-plane is a circle of radius 3, 
centered on the z-axis. Because z = v, where 0 < v < 4, you can see that the surface 
is a right circular cylinder of height 4. The radius of the cylinder is 3, and the z-axis 
Figure 15.36 forms the axis of the cylinder, as shown in Figure 15.36. — 


Lory it | [Exploration A | 
As with parametric representations of curves, parametric representations of 


surfaces are not unique. That is, there are many other sets of parametric equations that 
could be used to represent the surface shown in Figure 15.36. 


x 


EXAMPLE 2 Sketching a Parametric Surface 


Identify and sketch the parametric surface S given by 
r(u, v) = sin u cos vi + sin u sin vj + cos uk 


where 0 < u < mwandO < v < 27. 


Solution To identify the surface, you can try to use trigonometric identities to 
eliminate the parameters. After some experimentation, you can discover that 
x? + y? + 2 = (sin u cos v} + (sin u sin v)? + (cos u)? 
= sin? u cos? v + sin? u sin? v + cos? u 
= sin? u(cos* v + sin? v) + cos? u 
= sin? u + cos? u 
=], 


Figure 15.37 


So, each point on S lies on the unit sphere, centered at the origin, as shown in Figure 


| | | 
| Rotatable Graph | 15.37. For fixed u = d,, r(u, v) traces out latitude circles 


X +y = sin?d, Os dS m 


that are parallel to the xy-plane, and for fixed v = c,, r(u, v) traces out longitude (or 
meridian) half-circles. <n 


L_Try tt | [Exploration a | 
NOTE To convince yourself further that the vector-valued function in Example 2 traces out 
the entire unit sphere, recall that the parametric equations 


= psin ġcos 0, y= psin ġsin 0, and z=pcosd 


where 0 < 0 < 27 and 0 < ¢ < m, describe the conversion from spherical to rectangular 
coordinates, as discussed in Section 11.7. 
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Finding Parametric Equations for Surfaces 


In Examples 1 and 2, you were asked to identify the surface described by a given set 
of parametric equations. The reverse problem—that of writing a set of parametric 
equations for a given surface—is generally more difficult. One type of surface for 
which this problem is straightforward, however, is a surface that is given by 
z = f(x, y). You can parametrize such a surface as 


r(x, y) = xi + yj + f(x, y)k. 


EXAMPLE 3 Representing a Surface Parametrically 


Write a set of parametric equations for the cone given by 
z= vč +y 
as shown in Figure 15.38. 


Solution Because this surface is given in the form z = f(x, y), you can let x and y 
be the parameters. Then the cone is represented by the vector-valued function 


r(x, y) = xi + yj + V2 + yk 

Figure 15.38 where (x, y) varies over the entire xy-plane. m 
m [myi] Eee 

A second type of surface that is easily represented parametrically is a surface of 


revolution. For instance, to represent the surface formed by revolving the graph of 
y = f(x), a < x < b, about the x-axis, use 


x=u, y=f(u)cosv, and z = f(u) sinv 


where a < u < bandO < v < 2r. Select the animation button to see an example. 
| Animation | 


EXAMPLE 4 Representing a Surface of Revolution Parametrically 


Write a set of parametric equations for the surface of revolution obtained by revolving 
1 
= laxas l0 
x 

about the x-axis. 


Solution Use the parameters u and v as described above to write 


1 ‘ I. 
x=uU, y = f(u) cos v = = cos v, and z= f(u) sin v =~ sin v 


where 1 < u < 10 and0 < v < 27. The resulting surface is a portion of Gabriel’s 
Figure 15.39 Horn, as shown in Figure 15.39. = 


ED A (ee) 
The surface of revolution in Example 4 is formed by revolving the graph of 
y = f(x) about the x-axis. For other types of surfaces of revolution, a similar parame- 


trization can be used. For instance, to parametrize the surface formed by revolving the 
graph of x = f(z) about the z-axis, you can use 


z=u, x= f(u)cosv, and y=f(u)sinv. 
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Normal Vectors and Tangent Planes 
Let S be a parametric surface given by 
r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k 


over an open region D such that x, y, and z have continuous partial derivatives on D. 
The partial derivatives of r with respect to u and v are defined as 


Ox . oy . , OZ 
=— +2 += 
Tae (u, v)i Ji (u, v)j ar (u, v)k 
and 
d. 
r, = lu v)i + iu, v)j + Eiu, v)k. 


Each of these partial derivatives is a vector-valued function that can be interpreted 
geometrically in terms of tangent vectors. For instance, if v = v, is held constant, then 
r(u, Vg) is a vector-valued function of a single parameter and defines a curve C, that 
lies on the surface S. The tangent vector to C, at the point (x(up, Vo), (Up, Vo), 
Z(Up, Vo)) is given by 


Ox . oy . , OZ 
r (uo Vo) = Fu Uo voi + ay Uo Vo)j + Jlo Vo)k 


as shown in Figure 15.40. In a similar way, if u = uọ is held constant, then r(uo, v) 
is a vector-valued function of a single parameter and defines a curve C, that lies on 
the surface S. The tangent vector to C, at the point (x(uo, Vo), Y(Up, Vo), Z(tto, Vo)) is 
given by 


Ox . oy . , OZ 
r,(uo Vo) = ay Mor Voi + ay Mor voj + ay lor Vo)k. 

If the normal vector r, x r, is not 0 for any (u, v) in D, the surface S is called smooth 

and will have a tangent plane. Informally, a smooth surface is one that has no sharp 

points or cusps. For instance, spheres, ellipsoids, and paraboloids are smooth, whereas 

Figure 15.40 the cone given in Example 3 is not smooth. 


[Rotatable Graph | 


Normal Vector to a Smooth Parametric Surface 
Let S be a smooth parametric surface 
r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k 


defined over an open region D in the uv-plane. Let (up, vọ) be a point in D. 
A normal vector at the point 


ean Yo Zo) = (x(u, vo), yup, Vo), z(u, vo)) 


is given by 
i j k 
ôx oy oz 
N = r,(uo, Vo) X r,(uo, Vo) = ðu ðu dul: 
əx ay az 
ðv ðv ov 


NOTE Figure 15.40 shows the normal vector r, x r,. The vector r, x r, is also normal to § 
and points in the opposite direction. 
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EXAMPLE 5 Finding a Tangent Plane to a Parametric Surface 


Find an equation of the tangent plane to the paraboloid given by 
r(u, v) = ui + vj + (u? + v?)k 
at the point (1, 2, 5). 
Solution The point in the uv-plane that is mapped to the point (x, y, z) = (1, 2, 5) is 
(u, v) = (1, 2). The partial derivatives of r are 
r,=it 2uk and r,=j+ 2vk. 


The normal vector is given by 


i j k 
r, xr, = {1 O 2u|= —2ui — 2vj+k 
(0) 1 2% 
which implies that the normal vector at (1, 2, 5) is r, x r, = —2i — 4j + k. So, an 


equation of the tangent plane at (1, 2, 5) is 
—2(x — 1) — 4(y = 2) + g= 5) = 0 
—2x -4y+z=—-5. 


Figure 15.41 The tangent plane is shown in Figure 15.41. <== 
[mye] [Explration] 


Area of a Parametric Surface 


To define the area of a parametric surface, you can use a development that is similar 
to that given in Section 14.5. Begin by constructing an inner partition of D consisting 
of n rectangles, where the area of the ith rectangle D, is AA; = Au; Av,, as shown in 
Figure 15.42. In each D, let (u;, v;) be the point that is closest to the origin. At the point 


i D, (x; Yp zi) = (x(y;, v;), y(u; v;), z(u; v;)) on the surface S, construct a tangent plane T,. 
The area of the portion of S that corresponds to D, AT,, can be approximated by a 
t Ay parallelogram in the tangent plane. That is, AT, ~ AS;,. So, the surface of S is given 
to by > AS; ~ È AT,. The area of the parallelogram in the tangent plane is 
Au. 
Aur, x Av,x,]| T |r, x r,|| Au; Av; 
(up v) 
=e which leads to the following definition. 
A Area of a Parametric Surface 
Avr, Let S be a smooth parametric surface 
Ss r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k 


defined over an open region D in the uv-plane. If each point on the surface S$ 
corresponds to exactly one point in the domain D, then the surface area of S is 
given by 


Aur, Surface area = {J dS = [fie x r,|| dA 
A e oy 


Ox 
where r, = i+ 
* ðu ðu 
Figure 15.42 


we 4 0z k 
ðv ðv 


Ox 
j+ Z kadr, = Si + 
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For a surface S given by z = f(x, y), this formula for surface area corresponds to that 
given in Section 14.5. To see this, you can parametrize the surface using the vector- 
valued function 


r(x, y) = xi + yj + f(x, y)k 
defined over the region R in the xy-plane. Using 


r,=it+f(x,y)k and =) + f(x, y)k 


you have 
i j k 
rxr=|1 0 fæ y| =-£G yi- fa, yj + k 
0 1 Rts y) 


and ||r, x r| = VL £0, DP + [4,0 y)P + 1. This implies that the surface area of S 
is l 


Surface area = [J |r, x r| dA 
R 


[J V1 + LAG P+ LA, y)P aA. 


EXAMPLE 6 Finding Surface Area 


NOTE The surface in Example 6 does Find the surface area of the unit sphere given by 
not quite fulfill the hypothesis that each 
point on the surface corresponds to 

exactly one point in D. For this surface, where the domain D is given by O < u < mandO < v < 27. 
r(u, 0) = r(u, 277) for any fixed value of 
u. However, because the overlap consists 
of only a semicircle (which has no area), 
you can still apply the formula for the r, = cos u cos vi + cos u sin vj — sin uk 
area of a parametric surface. 


r(u, v) = sin u cos vi + sin u sin vj + cos uk 


Solution Begin by calculating r, and r,,. 


r, = —sin u sin vi + sin u cos vj 


The cross product of these two vectors is 


i j k 
r, XV, = | cosucosv cosusinv —sinu 
—sin u sin v sin u cos v 0 


= sin? u cos vi + sin? u sin vj + sin u cos uk 


which implies that 


|r, x ¥,|| = (sin? u cos v)? + (sin? u sin v)? + (sin u cos u)? 


= Vsintu + sin? u cos? u 
= /sin? u 
= sin u. sinu > OforO0<u< 7 


Finally, the surface area of the sphere is 


27 (7 
a= [fixa f f sin u du dv 
D. 0 0 
2r 
-Í 2 dv 
0 


[Try te | [Exploration a 


w Experienced writers 


On-t del 
1104 CHAPTER 15 Vector Analysis o ri 


® 100% plagiarism free 


EXAMPLE 7 Finding Surface Area 

= EXPLORATION 
For the torus in Example 7, describe Find the surface area of the torus given by 
the function r(u, v) for fixed u. Then 
describe the function r(u, v) for fixed v. 


r(u, v) = (2 + cos u) cos vi + (2 + cos u) sin vj + sin uk 


where the domain D is given by 0 < u < 2m and0 < v < 2r. (See Figure 15.43.) 


Solution Begin by calculating r, and r,. 


= —sinucos vi — sin u sin vj + cos uk 


r, 


r 


v 


— (2 + cos u) sin vi + (2 + cos u) cos vj 
The cross product of these two vectors is 
i j k 
r,xr, = —sin u cos v —sin u sin v COS u 
—(2 + cos u)sinv (2 + cosu)cosv 0 


x = —(2 + cos u) (cos v cos ui + sin v cos uj + sin uk) 
Figure 15.43 which implies that 
|r, x r| = (2 + cos u)/(cos v cos u)? + (sin v cos u)? + sin? u 


= (2 + cos u)/cos? u(cos? v + sin? v) + sin? u 
= (2 + cos u)v cos? u + sin? u 


= 2 + cos u. 


Finally, the surface area of the torus is 


a= f fi xs, 
D. 


2m (27 
ja = | (2 + cos u) du dv 
o Jo 


2r 
= Í 4r dv 
0 


= 877’. — 

If the surface S$ is a surface of revolution, you can show that the formula for 

surface area given in Section 7.4 is equivalent to the formula given in this section. For 

instance, suppose f is a nonnegative function such that f’ is continuous over the 

interval [a, b]. Let S be the surface of revolution formed by revolving the graph of f, 

where a < x < b, about the x-axis. From Section 7.4, you know that the surface area 
is given by 


b 


Surface area = 2m| f(x) V1 + [FF dx. 


To represent § parametrically, let x = u, y = f(u) cos v, and z = f(u) sin v, where 
a < u < bandO < v < 27. Then, 


r(u, v) = ui + f(u) cos vj + f(u) sin vk. 


Try showing that the formula 


Surface area = f f |r, x r,|| dA 
D. 


is equivalent to the formula given above (see Exercise 52). 


Exercises for Section 15.5 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1-4, match the vector-valued function with its 
graph. [The graphs are labeled (a), (b), (c), and (d).] 


(a) z (b) 
2 
a4 : =I 


(O) z (d) 


z rt W 
[Rotatabe arawn | [Rotaabe Gra | 


. r(u, v) = ui + vj + uvk 


. r(u, v) = u cos vi + u sin vj + uk 


. r(u, v) = 2 cos v cos ui + 2 cos v sin uj + 2 sin vk 


A U N”. 


. r(u, v) = 4 cos ui + 4 sin uj + vk 


In Exercises 5-8, find the rectangular equation for the surface 
by eliminating the parameters from the vector-valued function. 
Identify the surface and sketch its graph. 

; P ¥ 
5. r(u, v) = ui + vj + 3k 


6. r(u, v) = 2u cos vi + 2u sin vj + suk 


7. r(u, v) = 2 cos ui + vj + 2 sin uk 


8. r(u, v) = 3 cos v cos ui + 3 cos v sin uj + 5 sin vk 


Think About It In Exercises 9-12, determine how the graph of 
the surface s(u,v) differs from the graph of r(u,v) = 
u cos vi + u sin vj + u?k (see figure) where 0 <u <2 and 
0 < v < 27. (It is not necessary to graph s.) 


r(u, v) 


10. s(u, v) = u cos vi + u?j + u sin vk 
Osus2, O<v<2rm 

11. s(u, v) = u cos vi + u sin vj + wk 
O<u<3, OS v<27 

12. s(u, v) = 4u cos vi + 4u sin vj + u?k 
O<su<s2, OS v<27 


In Exercises 13-18, use a computer algebra system to graph the 

surface represented by the vector-valued function. 

13. r(u, v) = 2u cos vi + 2u sin vj + utk 
Osusl, OSs v<s27 

14. r(u, v) = 2 cos v cos ui + 4 cos v sin uj + sin vk 
O<sus2n, OS v< 27 

15. r(u, v) = 2 sinh u cos vi + sinh u sin vj + cosh uk 
Osus2, Os vs27 

16. r(u, v) = 2u cos vi + 2u sin vj + vk 
O<su<1l, Os v<37 

17. r(u, v) = (u — sin u)cos vi + (1 — cos u)sin vj + uk 
Osusa, OS vVS27 


18. r(u, v) = cos? u cos vi + sin? u sin vj + uk 


vues, O<v<27 


In Exercises 19-26, find a vector-valued function whose graph 
is the indicated surface. 

19. The planez = y 

21. The cylinder x? + y? = 16 
22. The cylinder 4x? + y? = 16 
23. The cylinder z = x? 


20. The plane x + y+ z=6 


4 e YP 2 
: —+4+=-+ 55 
24. The ellipsoid 9 7 i 1 
25. The part of the plane z = 4 that lies inside the cylinder 
r+y=9 


26. The part of the paraboloid z = x? + y? that lies inside the 
cylinder x? + y? = 9 


Surface of Revolution Yn Exercises 27—30, write a set of para- 
metric equations for the surface of revolution obtained by 
revolving the graph of the function about the given axis. 


Function Axis of Revolution 
27. y= > O<x<6 x-axis 
28. y=, O<x<4 x-axis 
29. x = sinz, O<z<7 z-axis 


30.z2=4-y, 0<y<2 y-axis 
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Tangent Plane In Exercises 31-34, find an equation of the Area In Exercises ind the area of the surface over the 
tangent plane to the surface represented by the vector-valued given region. Use a computer algebra system to verify your 
function at the given point. results. 
31. r(u, v) = (u + v)i + (u — v)j + vk, (1, -1, 1) 35. The part of the plane 


v v 
= 2ui—zj+ zk 
r(u, v) ui- Sits 


whereO <u < 2and0<v<l 

36. The part of the paraboloid r(u, v) = 4u cos vi + 4u sin vj + 
uw2k, where 0 < u < 2and0 < v < 27 

37. The part of the cylinder r(u, v) = a cos ui + a sin uj + vk, 
where O < u < 2mandO0 < v < b 

38. The sphere r(u, v) = a sin u cos vi + a sin u sin vj +a cos uk, 
where O < u < mandO < v < 27 


39. The part of the cone r(u,v) = au cos vi + au sin vj + uk, 
where O < u < bandO<v<27 


40. The torus r(u, v) = (a + bcos v)cos ui + (a + b cos v)sin uj + 
b sin vk, where a > b, 0 < u < 2r, and0 < v < 27 


41. The surface of revolution r(u, v) = /ucos vi + Vu sin vj + 
uk, where 0 < u < 4and0 < v < 27 


42. The surface of revolution r(u,v) = sin u cos vi + uj + 
sin u sin vk, where 0 < u < mwandO < v < 27 


Writing About Concepts 


43. Define a parametric surface. 


44. Give the double integral that yields the surface area of a 
parametric surface over an open region D. 


45. The four figures are graphs of the surface 
r(u, v) = ui + sin u cos vj + sin u sin vk, 
33. r(u, v) = 2u cos vi + 3u sin vj + u?k, (0,6,4) 


O<uss, O<v<2za. 


Match each of the four graphs with the point in space from 
which the surface is viewed. The four points are (10, 0, 0), 
(—10, 10, 0), (0, 10, 0), and (10, 10, 10). 


(a) | (b) 
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Fy 46. Use a computer algebra system to graph three views of the . Open-Ended Projec e parametric equations 
graph of the vector-valued function 


x = 3 + sin u[7 — cos(3u — 2v) — 2 cos(3u + v)] 


= i+ in vj + vk sus <v«s 
r(u, v) = ucosvi + usinvj + vk, OS aS gOS VS we y = 3 + cos u[7 — cos(3u — 2v) — 2 cos(3u + v)] 


from the points (10, 0, 0), (0, 0, 10), and (10, 10, 10). 
Fy 47. Investigation Use a computer algebra system to graph the 
torus where —7 < u < mand — m < v < m, represent the surface 
shown below. Try to create your own parametric surface using 
a computer algebra system. 


z = sin(3u — 2v) + 2 sin(3u + v) 


r(u, v) = (a + b cos v) cos ui + 


(a+ b cos v) sin uj + b sin vk 


for each set of values of a and b, where 0 < u < 27 and 
0 < v < 27. Use the results to describe the effects of a and b 
on the shape of the torus. 

(a)a=4, b=1 (b)a=4, b=2 

(c)a=8 b=1 (d)a=8, b=3 

48. Investigation Consider the function in Exercise 16. 
(a) Sketch a graph of the function where u is held constant at 
u = 1. Identify the graph. 


(b) Sketch a graph of the function where v is held constant at 
v = 27/3. Identify the graph. 


; m 
(c) Assume that a surface is represented by the vector-valued | otatable Grap | 
function r = r(u, v). What generalization can you make 


about the graph of the function if one of the parameters is AG 
held constant? 


54. Mobius Strip The surface shown in the figure is called a 
Mobius Strip and can be represented by the parametric 


49. Surface Area The surface of the dome on a new museum is s 
equations 


given by 
r(u, v) = 20 sin u cos vi + 20 sin u sin vj + 20 cos uk x= (a +u cos’) cos v, y = (a +u cos’) sin vy, z= u sins 


where 0 < u < 7/3 and0 < v < 2a and r is in meters. Find 


-l<u< <v< = 
ie suraceatea oi he dome: where —1 < u < 1, O < v < 27, and a = 3. Try to graph 


other Möbius strips for different values of a using a computer 
algebra system. 


50. Find a vector-valued function for the hyperboloid 
P+y—-2=1 
and determine the tangent plane at (1, 0, 0). 

51. Graph and find the area of one turn of the spiral ramp 
r(u, v) = u cos vi + u sin vj + 2vk 


where 0 < u < 3, and 0 < v < 27. 


52. Let f be a nonnegative function such that f’ is continuous over 
the interval [a, b]. Let S be the surface of revolution formed by 
revolving the graph of f, where a < x < b, about the x-axis. 
Let x = u, y = f(u) cos v, and z = f(u)sin v, where a < u < b 
and 0 < v < 27. Then, S is represented parametrically by 


r(u, v) = ui + f(u) cos vj + f(u) sin vk. 


Show that the following formulas are equivalent. 


b 
Surface area = 27] fœ) 1 + [FF dx 


Surface area = ffir x r| dA 
D. 
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Section 15.6 Surface Integrals 


e Evaluate a surface integral as a double integral. 

e Evaluate a surface integral for a parametric surface. 
e Determine the orientation of a surface. 

e Understand the concept of a flux integral. 


Surface Integrals 


The remainder of this chapter deals primarily with surface integrals. You will first 
consider surfaces given by z = g(x, y). Later in this section you will consider more 
general surfaces given in parametric form. 
£ Let S be a surface given by z = g(x, y) and let R be its projection onto the 
xy-plane, as shown in Figure 15.44. Suppose that g, g,, and g, are continuous at all 
points in R and that f is defined on S. Employing the procedure used to find surface 
area in Section 14.5, evaluate f at (x; y,, z;) and form the sum 


S: Z = g(x, y) 


j Yp Zi) 


> f&s Yo z) AS; 
= 


where AS; ~ V1 + [gx y) ? + Le,(y;, y) J AA; Provided the limit of the above 
sum as ||A|| approaches 0 exists, the surface integral of f over S is defined as 


MES y,z)dS = lim s f(x» Yo zi) AS; 
s = 


Qp y) y 


Scalar function f assigns a number to each || Allo 
point of S. = 
Figure 15.44 This integral can be evaluated by a double integral. 


—— ed 
[Rottable rept) THEOREM 15.10 Evaluating a Surface Integral 


Let S$ be a surface with equation z = g(x, y) and let R be its projection onto the 
xy-plane. If g, g,, and g, are continuous on R and f is continuous on S, then the 
surface integral of f over S is 


[tras =| | 0 vs TF Ten # Lae a. 


For surfaces described by functions of x and z (or y and z), you can make the 
following adjustments to Theorem 15.10. If S is the graph of y = g(x, z) and R is its 
projection onto the xz-plane, then 


| [rnau = | J se. 00.2.0/TF TAG OP Fee oP aA, 


If S is the graph of x = g(y, z) and R is its projection onto the yz-plane, then 


Í f are Í f URIS EIN Gara 


If f(x, y, z) = 1, the surface integral over S yields the surface area of S. For instance, 
suppose the surface S is the plane given by z = x, where 0 < x < landO< y < 1. 
The surface area of S is \/2 square units. Try verifying that J. S f(x, y, z) dS = af 2: 


(0, 6, 0) 
x~ (3,0, 0) 


y=28-a) 


Figure 15.45 


x~ (3, 0, 0) d 


Figure 15.46 


| Rotatable Graph | 
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EXAMPLE | Evaluating a Surface Integral 


Evaluate the surface integral 
[J (y? + 2yz) dS 
s 
where S is the first-octant portion of the plane 2x + y + 2z = 6. 
Solution Begin by writing S as 
= Eme) 
z553 x=y 
1 
glx, y) = 5(6 — 2x — y). 
Using the partial derivatives g(x, y) = — 1 and g,(x, y) = —4, you can write 


V1 +(e, F + [eG = Pee =3. 


Using Figure 15.45 and Theorem 15.10, you obtain 


[J O rae f f f y, 8 VI + [e NP + Le, 9) P dA 


-[] Jy? + 2y(2)(6 - x- 9 (3) a 


3 23-2) 
-3 f y(3 — x) dy dx 
0 


= of (3 — xP dx 

3 iP 
= -46 -a| 
_ 243, 


[mye] [Eroina]  [Eptortiont] 
An alternative solution to Example 1 would be to project S onto the yz-plane, as 
shown in Figure 15.46. Then, x = 4(6 — y — 2z), and 


JiFleG ea = fi +be1=3 


So, the surface integral is 


[J (y? + 2yz) dS = MECE z2) y, 2V1 + La, 2] + [ey, dP dA 


(6- e 
a Í y2? + aal 3) dedy 


Pow 


A3. 
2 


Try reworking Example | by projecting S onto the xz-plane. 
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In Example 1, you could have projected the surface $ onto any one of the three 
coordinate planes. In Example 2, S is a portion of a cylinder centered about the x-axis, 
and you can project it onto either the xz-plane or the xy-plane. 


EXAMPLE 2 Evaluating a Surface Integral 


¢ Evaluate the surface integral 
R:0sx<4 


3 Osys3 
[Jaros 
s. 


where S is the first-octant portion of the cylinder y? + z? = 9 between x = 0 and 
x = 4, as shown in Figure 15.47. 


Solution Project S onto the xy-plane, so that z = g(x, y) = V9 — y?, and obtain 


VERENE HEN = y1 + a) 


S:y2+7z2=9 7 3 
Figure 15.47 VI— y? 
— aT Theorem 15.10 does not apply directly because g, is not continuous when y = 3. 
[ Rotatable Graph | However, you can apply the theorem for 0 < b < 3 and then take the limit as b 


approaches 3, as follows. 


(x + z) dS = naff x+ y9- dx d 
{J VIPs are 
x 
= im of [ (eat dx dy 


b 2 4 
: X 
~ ae | eae te 
b 
. 8 
= gin sf (nope 


b 
= lim 3 4y + 8 arcsin x] 
3 Jo 


b>3 


lim afa + 8 arcsin 2) 


b>3 


T 
+ 24> 
36 + 24(2) 
= 36 + 127 
[ary re] [Eoria] [Epira] e 
TECHNOLOGY Some computer algebra systems are capable of evaluating 


improper integrals. If you have access to such computer software, use it to evaluate 
the improper integral 


[T ea 


wane 
y- 


Do you obtain the same result as in Example 2? 


Cone: 


Rix? +y?=4 


Figure 15.48 


| Rotatale Graph | 
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You have already seen that if the function f defined on the surface S is simply 
f(x, y, z) = 1, the surface integral yields the surface area of S. 


Area of surface = f f 1 dS 
s. 


On the other hand, if S is a lamina of variable density and p(x, y, z) is the density at 
the point (x, y, z), then the mass of the lamina is given by 


Mass of lamina = [ | p(x, y, z) dS. 
s. 


EXAMPLE 3 Finding the Mass of a Surface Lamina 


A cone-shaped surface lamina S is given by 
z=4-2/x7+y*4, OS 254 


as shown in Figure 15.48. At each point on S, the density is proportional to the 
distance between the point and the z-axis. Find the mass m of the lamina. 


Solution Projecting S onto the xy-plane produces 


Siz=4-2/7?+y=e(xy), OS 254 


Rx? +y sA 


with a density of p(x, y, z) = k\/x? + y?. Using a surface integral, you can find the 
mass to be 


m= [J ossaas 


- f l Weer diee r ea 


=k] | ZF mf ay 
R x? + y? x? + y? 
= f] J5/x? + y? dA 


2m [2 
=k Í f 5r) r)r dr d0 Polar coordinates 


= SEL ao 
Li, i], = y a 


TECHNOLOGY Usea computer algebra system to confirm the result shown in 
Example 3. The computer algebra system Derive evaluated the integral as follows. 


J4—y2 y? 
f [ SSF dx dy = SSE 
=a 


4—y2 
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Parametric Surfaces and Surface Integrals 
For a surface S given by the vector-valued function 
r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k Parametric surface 


defined over a region D in the uv-plane, you can show that the surface integral of 
f(x, y, z) over S is given by 


f [ro y, z) dS = f [re v), y(u, v), z(u, v)) |[r,(u, v) x r,(u, v)|| dA. 


Note the similarity to a line integral over a space curve C. 


f f(x, y, z) ds = f FLA), y(t), zA) lle A|] dt Line integral 


NOTE Notice that ds and dS can be written as ds = ||r'(ð||dt and dS = 
|r,(u, v) x r,(u, v)|| dA. 


EXAMPLE 4 Evaluating a Surface Integral 


Example 2 demonstrated an evaluation of the surface integral 


[feaa 


where S is the first-octant portion of the cylinder y? + z? = 9 between x = 0 and 
x = 4 (see Figure 15.49). Reevaluate this integral in parametric form. 


& 
Jee 
Jor 
SERED 
RR 
BSUS 


Solution In parametric form, the surface is given by 
4 r(x, 0) = xi + 3 cos 6j + 3 sin 0k 
where 0 < x < 4 and O < 0 < 7/2. To evaluate the surface integral in parametric 


form, begin by calculating the following. 


Generated by Mathematica 


Figure 15.49 r, =i 
r = —3 sin 6j + 3 cos 6k 
i j k 
r,x7r,= {1 0 0 = —3 cos 0j — 3 sin 6k 


0 —3sin@ 3cos 0 
/9 cos? 0 + 9 sin? 0 = 3 


lr, x rol 


So, the surface integral can be evaluated as follows. 


4 f T/2 
[,[ e+ asin o3.aa = [| (3x + 9 sin 0) d0 dx 
D o Jo 
4 


m/2 
= [ | 3x0 — 9cos o dx 
0 0 


S: z= g(x, y) 


x Upward direction 


S is oriented in an upward direction. 


| Rotatable rann || 


S: z= g(x, y) 
: N- -YC 
[vc] 


E: 


x Downward direction 


S is oriented in a downward direction. 


| Rotatable Graph | 


Figure 15.50 
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Orientation of a Surface 


Unit normal vectors are used to induce an orientation to a surface S in space. A surface 
is called orientable if a unit normal vector N can be defined at every nonboundary 
point of S in such a way that the normal vectors vary continuously over the surface S. 
If this is possible, S is called an oriented surface. 

An orientable surface S has two distinct sides. So, when you orient a surface, you 
are selecting one of the two possible unit normal vectors. If S is a closed surface such 
as a sphere, it is customary to choose the unit normal vector N to be the one that points 
outward from the sphere. 

Most common surfaces, such as spheres, paraboloids, ellipses, and planes, are 
orientable. (See Exercise 43 for an example of a surface that is not orientable.) 
Moreover, for an orientable surface, the gradient vector provides a convenient way to 
find a unit normal vector. That is, for an orientable surface S given by 


Orientable surface 


z = g(x,y) 
let 


G(x, y, z) = z = g(x,y). 

Then, S can be oriented by either the unit normal vector 
_ _VG(x, yz) 

VGC, y, əl 
_ T8 yi — ga, yj +k 

V1 + [ge DE + [eG y) 
or the unit normal vector 
VG, y, z) 
[VG y, 2)| 

gx, yi + g,(, y)j — k 
V1 +g YE + [ge y] 


as shown in Figure 15.50. If the smooth orientable surface S is given in parametric 
form by 


r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k 


N= 


Upward unit normal 


N= 


Downward unit normal 


Parametric surface 


the unit normal vectors are given by 


N= EXE, 
lr, x r,l 
and 
N= r, xr, . 
lr, x r, 


NOTE Suppose that the orientable surface is given by y = g(x, z) or x = g(y, z). Then you 
can use the gradient vector 


VG(x, y, z) = —8,(x, z)i + j — g(x, z)k G(x, y, z) = y — g(x, z) 


or 


VG(x, y, z) = i — g,(y, 25 — gy. z)k G(x, y, 2) = x — gly, 2) 


to orient the surface. 
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Flux Integrals 


z One of the principal applications involving the vector form of a surface integral relates 
to the flow of a fluid through a surface S. Suppose an oriented surface S is submerged 
in a fluid having a continuous velocity field F. Let AS be the area of a small patch of 
the surface S over which F is nearly constant. Then the amount of fluid crossing this 
region per unit of time is approximated by the volume of the column of height F - N, 
as shown in Figure 15.51. That is, 


AV = (height)(area of base) = (F - N)AS. 


y Consequently, the volume of fluid crossing the surface S per unit of time (called the 
flux of F across S) is given by the surface integral in the following definition. 


Vial 


The velocity field F indicates the direction of 


x 


the fluid flow. are 

Figure 15.51 Definition of Flux Integral 

ry Let F(x, y, z) = Mi + Nj + Pk, where M, N, and P have continuous first partial 
[ Rotatable Graph | derivatives on the surface S oriented by a unit normal vector N. The flux integral 


of F across S is given by 
f f F-NdsS. 
s 


Geometrically, a flux integral is the surface integral over S of the normal 
component of F. If p(x, y, z) is the density of the fluid at (x, y, z), the flux integral 


[| or nas 
s 


represents the mass of the fluid flowing across S per unit of time. 
To evaluate a flux integral for a surface given by z = g(x, y), let 


G(x, y, z) = z — g(x, y). 
Then, N dS can be written as follows. 


VG(x, y, z) 
N dS = -~ar dS 
| VG(x, y, z)| 
_ VG(x, y, z) 
Ng) +(e +1 


= VG(x, y, z) dA 


V(g,)? + (g) + 1A 


THEOREM I15.11 [Evaluating a Flux Integral 


Let S be an oriented surface given by z = g(x, y) and let R be its projection 
onto the xy-plane. 


[J F-NdS = [J F. [=e (x, yli — 8x, y)j + k]dA Oriented upward 
S R 


[J F-NdS = [J F.: Lg (x, y)i ae g(x, y)j = k] dA Oriented downward 
RY R 


For the first integral, the surface is oriented upward, and for the second integral, 
the surface is oriented downward. 


Figure 15.52 


[Rotatable Graph | 
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EXAMPLE 5 Using a Flux Integral to Find the Rate of Mass Flow 


Let S be the portion of the paraboloid 
z= gy) 4-2 = 


lying above the xy-plane, oriented by an upward unit normal vector, as shown in 
Figure 15.52. A fluid of constant density p is flowing through the surface $ according 
to the vector field 


F(x, y, z) = xi + yj + zk. 
Find the rate of mass flow through S. 
Solution Begin by computing the partial derivatives of g. 


8,(X, y) = —2x 


and 


gy) = =2y 


The rate of mass flow through the surface S is 
ffor -NdS = o| fe [78 y)i — gx, y)j + k] dA 
= of fti tos + (4 — x? — y?)k] + (2xi + 2yj + k) dA 
R 
= o| | ee + 2y? + (4 — x? — y?)] dA 
R 


= of [a++ a 


2m (2 
=p f (4 + r*)r dr dé Polar coordinates 
0 0 


20 
-of 12 d0 
0 


Ta 
For an oriented surface S$ given by the vector-valued function 


r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k Parametric surface 


defined over a region D in the uv-plane, you can define the flux integral of F across 
Sas 


r xr 
[[e-nas= | fe. (G22) i xaa 
S.: D. lr, x r,l 
= | [rex rpa. 
D. 


Note the similarity of this integral to the line integral 


[E-a f Eras 
c fa 


A summary of formulas for line and surface integrals is presented on page 1117. 
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EXAMPLE 6 Finding the Flux of an Inverse Square Field 


S: x? +y? +z? =a? Find the flux over the sphere S given by 
z wetyt+f=a Sphere S 
where F is an inverse square field given by 


_ kq r _ kar 
rl? rl rll 


andr = xi + yj + zk. Assume S is oriented outward, as shown in Figure 15.53. 


F(x, y, z) 


Inverse square field F 


Solution The sphere is given by 
r(u, v) = x(u, v)i + y(u, v)j + z(u, v)k 


= a sin u cos vi + a sin u sin vj + a cos uk 


Ry a where 0 < u < mwandO < v < 27. The partial derivatives of r are 
Figure 15.53 r,(u, v) = a cos u cos vi + a cos u sin vj — a sin uk 
| Rotatable Graph || = 
r(u, v) = —a sin u sin vi + asin u cos vj 
which implies that the normal vector r, x r, is 
i j k 
r, XV, = |acosucosv acosusinv —asinu 
—asinusinv asin u cos v 0 


= a*(sin? u cos vi + sin? u sin vj + sin u cos uk). 
Now, using 
kqr 
F(x, y, z) = ire 
= xi + yj + zk 
Ixi + yj + zkIP 


k . : : T 
= “La sin u cos vi + a sin u sin vj + a cos uk) 
F 


it follows that 


kq 


F- (r, xr)= zle sin u cos vi + a sin u sin vj + a cos uk) - 


a?°(sin? u cos vi + sin? u sin vj + sin u cos uk)] 
= kq(sin? u cos? v + sin? u sin? v + sin u cos? u) 
= kq sin u. 


Finally, the flux over the sphere S is given by 


[Je nas= | f asmua 
s. D 
2m (7 
-| f kq sin u du dv 
o Jo 


[ Try 1t | [Exploration a | 
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The result in Example 6 shows that the flux across a sphere S in an inverse square 
field is independent of the radius of S. In particular, if E is an electric field, the result in 
Example 6, along with Coulomb’s Law, yields one of the basic laws of electrostatics, 
known as Gauss’s Law: 


[J E- NdS = 4akq Gauss’s Law 
S. 


where q is a point charge located at the center of the sphere and k is the Coulomb 
constant. Gauss’s Law is valid for more general closed surfaces that enclose the origin, 
and relates the flux out of the surface to the total charge q inside the surface. 

This section concludes with a summary of different forms of line integrals and 
surface integrals. 


Summary of Line and Surface Integrals 


Line Integrals 
ds = |r|] at 
= FOr Fly Or +k OP a 


[ 1 YZ ) ds = = [ 0 f(x z(t)) ds Scalar form 


a 
G G 


b 
= Í F(x(, y(t), z(t)) : r(t) dt Vector form 


Surface Integrals |z = g(x, y)] 
dS = V1 + [g V) + [g y) dA 


[ Í Momas = I Í f(x, y, (x y)) V1 + [e,@, y)]? + Le, »)]? aA Scalar form 


I F-NdS = [J F- [— g(x, y)i a alee y)j F k] dA Vector form (upward normal) 
S R f 


Surface Integrals ( parametric form) 


dS = ||r (u, v) x r,(u, v)|| dA 


[| m MAG = [| foun x(u, v), y(u, v), z(u, v)) dS Scalar form 
[Je -NdS = [fr : (r, x r,) dA Vector form 
s D 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
P 


Click on to print an enlarged copy of the graph. 


In Exercises 1—4, evaluate Í Í (x — 2y + z) dS. 
S. 


1L. S:z=4-x, O<sx<4 O<y<4 

2. S: z= 15 = 2+ 3y, Os x<2, 0<ys4 
3. S: z=10, x+y? <1 

4. S: z = 3x3/2, O<x<l, O<y<x 


In Exercises 5 and 6, evaluate Í Í xy dS. 
s 


5. S: z = 6 — x — 2y, first octant 
6 S:z=h, 0<x<2, Os ys V4-x? 


In Exercises 7 and 8, use a computer algebra system to evaluate 


IE ds. 
s. 


7.8:z=9-x7, O<x<2, O<y<x 
8. S: z=4xy, O<x<4, Os ys4 


In Exercises 9 and 10, use a computer algebra system to evaluate 


{J (x? — 2xy) dS. 


9. S: z=10- x -y?r O<x<2, O<yK<2 
y 


1 
10. S: z = cos x, e225 Osys ox 


Mass In Exercises 11 and 12, find the mass of the surface 
lamina S of density p. 


11. S: 2x + 3y + 6z = 12, first octant, p(x, y, z) = x? + y? 
12. S: z= Va” — x? = y, p(x, y,z) = kz 
In Exercises 13-16, evaluate Í f S(x,y) dS. 

s 


13. fx, y) =y+5 
S: r(u, v) = ui + vj + Zk, O<su<l, O<v<2 


14. f(x,y) =x+y 
S: r(u,v) = 2 cos ui + 2 sinuj + vk 


(2025, bayeo 


15. f(x, y) = xy 
S: r(u, v) = 2cos ui + 2 sinuj + vk 


gawe O<v<2 


16. f(x,y) =x+y 
S: r(u, v) = 4u cos vi + 4u sin vj + 3uk 


Osus4, OSsvsq7 


In Exercises 17-22, evaluate Í Í S(x,y, z) dS. 
sS 


17. f(x,y,z) =x? + y? +z? 
S: z=x+2, x+y?<1 


18. f(x,y, z) = A 


S: z=x +y, 4<x? +y?’ <16 
19. f(x,y,z) = Vx? +y? +z’ 
S: z= SP + y2, y yrsg 
20. f(x, yz) = Vx? + y? + 2? 
Si: z=VJx?+y%, (x-1P? +y? <1 
21. f(x,y,z) =x? +y? +z? 
S: x2 +y? =9, 0<x<3, 0<y<3, 0<z<9 
22. f(x,y, z) = x? + y? + 2? 
S:x*+y?=9, 0<x<3, OSz<x 


In Exercises 23-28, find the flux of F through S, 


[rnas 


where N is the upward unit normal vector to S. 


23. F(x, y, z) = 3zi — 4j + yk 

S: x + y +z = l, first octant 
24. F(x, y,z) = xi + yj 

S: 2x + 3y + z = 6, first octant 
25. F(x, y, z) = xi + yj + zk 

S:z=9-x-y*, 220 
26. F(x, y, z) = xi + yj + zk 

S: x? + y? + z? = 36, first octant 
27. F(x, y, z) = 4i — 3j + 5k 

S: z=x + y?r, wty?<4 
28. F(x, y, z) = xi + yj — 2zk 


S:2=Je@—-#-¥ 


In Exercises 29 and 30, find the flux of F over the closed surface. 
(Let N be the outward unit normal vector of the surface.) 
29. F(x, y, z) = 4xyi + z?j + yzk 
S: unit cube bounded by x = 0, x = 1, y = 0, y = 1, z = 0, 
z=1 
30. F(x, y, z) = (x + y)i + yj + zk 
S:z=1-—x2-y%, z=0 


Writing About Concepts 


. Define a surface integral of the scalar function f over a 
surface z = g(x, y). Explain how to evaluate the surface 
integral. 


. Describe an orientable surface. 
. Define a flux integral and explain how it is evaluated. 


. Is the surface shown in the figure orientable? Explain. 


Double twist 


[Rotatabe Graph | 


35. Electrical Charge Let E=yzitxzj+xyk be an 
electrostatic field. Use Gauss’s Law to find the total charge 
enclosed by the closed surface consisting of the hemisphere 
z= v1 — x? — y? and its circular base in the xy-plane. 

36. Electrical Charge Let E=xit+yj+2zk be an 
electrostatic field. Use Gauss’s Law to find the total charge 
enclosed by the closed surface consisting of the hemisphere 


z= v1 — x? — y? and its circular base in the xy-plane. 


Moment of Inertia In Exercises 37 and 38, use the following 
formulas for the moments of inertia about the coordinate axes 
of a surface lamina of density p. 


Le Í Í (y? + 23plx, y, 2) dS 
5 

I, = Í Í (x? + z?)plx, y, z) dS 

L= [ Í (x? + y?)p(x, y, z) dS 


37. Verify that the moment of inertia of a conical shell of uniform 
density about its axis is $ma?, where m is the mass and a is the 
radius and height. 


38. Verify that the moment of inertia of a spherical shell of uniform 
density about its diameter is $ma?, where m is the mass and a is 
the radius. 


Moment of Inertia In Exercises 39 and 40, find 7, for the given 
lamina with uniform density of 1. Use a computer algebra 
system to verify your results. 
39. x? +y2=a, O<z<h 
40. z =x? +y? O<z<h 
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, use a computer algebra 
system to find the rate of mass flow of a fluid of density p 
through the surface S oriented upward if the velocity field is 
given by F(x, y, z) = 0.5zk. 


41. S: z= 16- x? - y, z20 
42. S: z = V16 — x? — y? 


43. Investigation 
(a) Use a computer algebra system to graph the vector-valued 
function 
r(u, v) = (4 — v sin u) cos(2u)i + (4 — v sin u) sin(2u)j + 


veosuk, O<su<s7, —l<v<l. 


This surface is called a Mobius strip. 
(b) Explain why this surface is not orientable. 


(c) Use a computer algebra system to graph the space curve 
represented by r(u, 0). Identify the curve. 

(d) Construct a Möbius strip by cutting a strip of paper, making 
a single twist, and pasting the ends together. 

(e) Cut the Möbius strip along the space curve graphed in part 
(c), and describe the result. 
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Section 15.7 Divergence Theorem 


e Understand and use the Divergence Theorem. 
e Use the Divergence Theorem to calculate flux. 


Divergence Theorem 
CARL FRIEDRICH Gauss (1777—1855) 


Ticibierencel herent noel Recall from Section 15.4 that an alternative form of Green’s Theorem is 


Gauss’s Theorem, after the famous German aM aN 
mathematician Carl Friedrich Gauss. Gauss is F-Nds= pm T a dA 
recognized, with Newton and Archimedes, as E R y 

one of the three greatest mathematicians in = div F dA. 

history. One of his many contributions to R 


mathematics was made at the age of 22, when, 
as part of his doctoral dissertation, he proved 
the Fundamental Theorem of Algebra. 


In an analogous way, the Divergence Theorem gives the relationship between a triple 
integral over a solid region Q and a surface integral over the surface of Q. In the state- 
ment of the theorem, the surface S is closed in the sense that it forms the complete 
boundary of the solid Q. Regions bounded by spheres, ellipsoids, cubes, tetrahedrons, 
or combinations of these surfaces are typical examples of closed surfaces. Assume that 

Q is a solid region on which a triple integral can be evaluated, and that the closed 
surface S$ is oriented by outward unit normal vectors, as shown in Figure 15.54. With 
these restrictions on S and Q, the Divergence Theorem is as follows. 


S: Oriented by 
upward unit normal vector 


S,: Oriented by 
downward unit normal vector 


Figure 15.54 
anes) 


THEOREM 15.12 The Divergence Theorem 


Let Q be a solid region bounded by a closed surface S oriented by a unit normal 
vector directed outward from Q. If F is a vector field whose component functions 
have continuous partial derivatives in Q, then 


[fe nas- ff avea 


Q 


NOTE As noted at the left above, the Divergence Theorem is sometimes called Gauss’s 
Theorem. It is also sometimes called Ostrogradsky’s Theorem, after the Russian mathematician 
Michel Ostrogradsky (1801-1861). 
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Proof If you let F(x, y, z) = Mi + Nj + Pk, the theorem takes the form 


in ein 
s s 


Jeta 


You can prove this by kone that the following three equations are valid. 


[fuxe ff foto 
[fass ffs 
[fass ffo 


eC) Because the verifications of the three equations are similar, only the third is discussed. 
Restrict the proof to a simple solid region with upper surface 


4 
z= g(x, y) Upper surface 
N (upward) 
P and lower surface 

= L rf 
N (horizontal) Z-§ 1, y) ower surface 


whose projections onto the xy-plane coincide and form region R. If Q has a lateral 
surface like S} in Figure 15.55, then a normal vector is horizontal, which implies that 
Pk - N = 0. Consequently, you have 


[[re-nas= | fek- Nas+ | f Pk- nas +o 
S. Sı Sy 


, On the upper surface S,, the outward normal vector is upward, whereas on the lower 
Figure 15.55 surface S}, the outward normal vector is downward. So, by Theorem 15.11, you have 


pê: ii 
Pk : NdS P(x, y, g(x, y))k —k]dA 
S tayt 
- f [ ræs sieaa 


f [rx N dS = [[ Pos g(x, y))k - (-% 98 5 -j + k) aa 


: f f Pea eee 


Adding these results, you obtain 


[ | Pk- Nds = Í í Berani- 


-U a 
J| a = 


N (downward) 


Si: z =8&, y) 
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EXAMPLE | Using the Divergence Theorem 


Let Q be the solid region bounded by the coordinate planes and the plane 2x + 2y + 
z = 6, and let F = xi + y?j + zk. Find 


(ena 


where S is the surface of Q. 


z Solution From Figure 15.56, you can see that Q is bounded by four subsurfaces. So, 
7 you would need four surface integrals to evaluate 
S,: yz-pl 
ee F- Nas. 
S}: xz-plane s. 
However, by the Divergence Theorem, you need only one triple integral. Because 
div F = H 4 N 4 Æ 
Ox ðy 0 
=1+2y+1 
=2 + 2y 
you have 
y 
S,: xy-plane F-NdS = div F dV 
S,: 2x + 2y+z2=6 S. 
Q 
Figure 15.56 3-y (6—2x—2y 
ai, f Í (2 + 2y) dz dx dy 


— 
= f Í (2z + aal dx dy 
0 JO 0 


3: f3=y 
a (12 — 4x + 8y — 4xy — 4y?) dx dy 
o Jo 
3 =y 
= f [12x — 2x? + 8xy — ry- ay?! dy 
0 
( 


3 
-Í 18 + 6y — 10y? + 2y?) dy 


10y3 val 
+ = ea er 
-|1 8y + 3y? — 3 2 |p 
6 


[try te] [Exploration 
TECHNOLOGY If you have access to a computer algebra system that can 
evaluate triple-iterated integrals, use it to verify the result in Example 1. When you 
are using such a utility, note that the first step is to convert the triple integral to an 
iterated integral—this step must be done by hand. To give yourself some practice 
with this important step, find the limits of integration for the following iterated 


integrals. Then use a computer to verify that the value is the same as that obtained 
in Example 1. 


[| (2 + 2y) dy dz dx, [LJ (2 + 2y) dx dy dz 


Figure 15.57 


| Rotatable Graph | 
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EXAMPLE 2 Verifying the Divergence Theorem 


Let Q be the solid region between the paraboloid 
z=4-x -— y? 
and the xy-plane. Verify the Divergence Theorem for 


F(x, y, z) = 2zi + xj + y’k. 


Solution From Figure 15.57 you can see that the outward normal vector for the 
surface S, is N; = —k, whereas the outward normal vector for the surface S, is 


2xi + 2yj + k 
JS4x2 + 4y2 471 
So, by Theorem 15.11, you have 


[fenas 
s 
-| Jr-nas+ | [rnas 
Sı Ss 
- | [r cwas+ | fr- oita + as 
Ši Sy 
a ee 
fp ara ff (4xz + 2xy + y?) dx dy 
=2 AR —J/4-y? 


i ma (4xz + 2xy) dx dy 
—2 J-V4- i‘ 


zi D [4x(4 — x? — y?) + 2xy] dx dy 
-2J-J/4-y? 


N, = 


J4—y? y? 
=f i (16x — 4x3 — 4xy? + 2xy) dx dy 
-2J—/4-y? 


ITF 
[ |s — x4 = 2y + | i dy 
-2 


pe 4—y? 
2 
f 0 dy 
-2 


= 0. 


On the other hand, because 


ð ð ð 
ivF = J + +[y]=0+0+0= 
div F Jx [2z] ay [x] F [y] =0+0+0=0 


you can apply the Divergence Theorem to obtain the equivalent result 


[fene [ffar 
-[[Jow=e _ 
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9 
Plane: Let Q be the solid bounded by the cylinder x? + y? = 4, the plane x + z = 6, and the 
Poe 8 xy-plane, as shown in Figure 15.58. Find 


ff vo 


where S is the surface of Q and 


F(x, y, z) = (x? + sin z)i + (xy + cos z)j + ek. 


Solution Direct evaluation of this surface integral would be difficult. However, by 
the Divergence Theorem, you can evaluate the integral as follows. 


[fenas ff fara 


Cylinder: p 
oy l - [ff +s+ oav 
Figure 15.58 Q 
Je 
Q 


27 (2 (6—r cos 
= f (3r cos 6)r dz dr d0 
0 


0 JO 


27 2 
= Í f (18r? cos 0 — 3r? cos? 6) dr dé 
o Jo 


2m 
= [ (48 cos 6 — 12 cos? 0)d0 
0 


20 


= [as sin 6 — oo + L sin 2)| 
2 0 
= —-127 


Notice that cylindrical coordinates with x = r cos 0 and dV = r dz dr d0 were used to 
evaluate the triple integral. — 


a e] 

Even though the Divergence Theorem was stated for a simple solid region Q 
bounded by a closed surface, the theorem is also valid for regions that are the finite 
unions of simple solid regions. For example, let Q be the solid bounded by the closed 
surfaces S$, and S,, as shown in Figure 15.59. To apply the Divergence Theorem to this 


solid, let S = S; US. The normal vector N to S is given by —N, on S, and by N, on 
S,. So, you can write 


[farw [Joon 


II 
oo 
m 
= 
T 
Z 
> 
+ 
‘a 
mee; 
= 
2 
& 


Figure 15.59 


II 
| 
a ? 
— 
= 
Z 
S 
+ 
S ? 
—= 
= 
Z 
a 


| Rotatable Graph | 
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Flux and the Divergence Theorem 


To help understand the Divergence Theorem, consider the two sides of the equation 


[fe se- [fara 


You know from Section 15.6 that the flux integral on the left determines the total fluid 
flow across the surface S per unit of time. This can be approximated by summing the 
fluid flow across small patches of the surface. The triple integral on the right measures 
this same fluid flow across S, but from a very different perspective—namely, by 
calculating the flow of fluid into (or out of) small cubes of volume AV,. The flux of 
the ith cube is approximately 


Flux of ith cube = div F(x; y, z) AV; 


for some point (x; y, z;) in the ith cube. Note that for a cube in the interior of Q, the 
gain (or loss) of fluid through any one of its six sides is offset by a corresponding loss 
(or gain) through one of the sides of an adjacent cube. After summing over all the 
cubes in Q, the only fluid flow that is not canceled by adjoining cubes is that on the 
outside edges of the cubes on the boundary. So, the sum 


X, div F(x; y, z) AV; 
E 


approximates the total flux into (or out of) Q, and therefore through the surface S. 

To see what is meant by the divergence of F at a point, consider AV, to be the 
volume of a small sphere S, of radius a and center (x9, yo, Zo), contained in region Q, 
as shown in Figure 15.60. Applying the Divergence Theorem to S,, produces 


Flux of F across S, = [| div F dV 
Qa 


= div F(X, Yo Zo) AV, 
where Q, is the interior of S„. Consequently, you have 
. flux of F across S,, 
div Fxg, Yo Zo) ~ AV, 

and, by taking the limit as a — 0, you obtain the divergence of F at the point 
| 
(b) Sink: div F < 0 
Sa) 


flux of F across S,, 
AV, 


Q 


div F(x, Yo, Zo) = lim 
a0 


(xo Yor Zo)- 
= flux per unit volume at (Xo, Yo» Zo) 


The point (Xp, Yo» Zo) in a vector field is classified as a source, a sink, or incompress- 
ible, as follows. 

1. Source, if div F > 0 See Figure 15.61 (a). 

2. Sink, ifdiv F < 0 See Figure 15.61(b). 

3. Incompressible, if div F = 0 See Figure 15.61(c). 


NOTE In hydrodynamics, a source is a point at which additional fluid is considered as being 
introduced to the region occupied by the fluid. A sink is a point at which fluid is considered as 
being removed. 


(c) Incompressible: div F = 0 
Figure 15.61 
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EXAMPLE 4 Calculating Flux by the Divergence Theorem 


Let Q be the region bounded by the sphere x? + y? + z? = 4. Find the outward flux 
of the vector field F(x, y, z) = 2x3i + 2y3j + 2z3k through the sphere. 


Solution By the Divergence Theorem, you have 


Fux across = | | r- Nas = [ff aive av 
s Q 
= [f] out +32 + av 
Q 


27 (27 
=6 Í f f p sin d d0 do dp Spherical coordinates 
0/0 JO 


27 

- of | 2mp* sin d do dp 
o Jo 
2 


127| 2p* dp 
0 


32 
24n(2) 


_ 7687 


5 Di] 
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The symbol a indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on S| to view the complete solution of the exercise. 


Click on to print an enlarged copy of the graph. 


In Exercises 1—4, verify the Divergence Theorem by evaluating 


fens 


as a surface integral and as a triple integral. 


1. F(x, y, 2) = 2xi — 2yj + 27k 
S: cube bounded by the planes x = 0, x = a, y= 0, y =a, 
z=0,2=4 
2. F(x, y, z) = 2xi — 2yj + 2?k 
S: cylinder x? + y? =4, O<z<h 


z Z 


Sg 


x 2 2 


Figure for 1 Figure for 2 


3. F(x, y, z) = (2x — yi — (2y — z)j + zk 
S: surface bounded by the plane 2x + 4y + 2z = 12 and the 
coordinate planes 


4. F(x, y, z) = xyi + zj + (x + y)k 


S: surface bounded by the planes y = 4 and z = 4 — x and the 
coordinate planes 


Figure for 3 Figure for 4 


[Rotatale Graph | 


| Rotatable Graph | 


In Exercises 5-16, use the Divergence Theorem to evaluate 


[fren 


and find the outward flux of F through the surface of the solid 
bounded by the graphs of the equations. Use a computer 
algebra system to verify your results. 


5. F(x, y, z) = xi + y?j + 22k 


S:x=0,x=ay=0,y=a,z=0,z=a 
6. F(x, y, z) = 2°24 — 2yj + 3xyzk 


S:x=0,x=ay=0,y=a,z=0,z=a 
7. F(x, y, z) = x7i — 2xyj + xyz?k 
S: z= Ja =x- y?,z=0 
8. F(x, y, z) = xyi + yzj — yzk 
Sez Ja =x = y?,z 0 
9. F(x, y,z) = xi + yj + zk 
S: x2 +y? +z? =4 
10. F(x, y, z) = xyzj 
S: x? + y? =9,z=0,z7=4 
11. F(x, y, z) = xi + y?j — zk 
S:2+y=9,2=0,2=4 
12. F(x, y, z) = (xy? + cos z)i + (x?y + sin z)j + eek 
Si z= IVe + yz = 8 
13. F(x, y, z) = xi + x?yj + xek 
S:z=4-y,z=0,x =0,x =6,y =0 
14. F(x, y, z) 
S:z=4-y,z=0,x =0,x =6,y =0 
15. F(x, y, z) 
S: x2? +y2+72=9 
16. F(x, y, z) = 2(xi + yj + zk) 
S: z J4— x? = y2,z 0 


= xe*i + yj + ek 


= xyi + 4yj + xzk 


In Exercises 17 and 18, evaluate 


[J ame Nas 
s. 


where S is the closed surface of the solid bounded by the graphs 
of x = 4, and z = 9 — y?, and the coordinate planes. 


17. F(x, y, z) = (4xy + 22)i + (2x? + 6yz)j + 2xzk 
18. F(x, y, z) = xy cos zi + yz sin xj + xyzk 


Writing About Concepts 


19. State the Divergence Theorem. 


20. How do you determine if a point (Xp, yo, Zo) in a vector field 
is a source, a sink, or incompressible? 
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. Use the Divergence Theorem to verify that the volume of the 
solid bounded by a surface S is 


[jaam [foaa= [fone 


22. Verify the result of Exercise 21 for the cube bounded by x = 0, 
x=a,y=0, y=a,z=0,andz =a. 


23. Verify that 


[J ene nas = 0 
s. 


for any closed surface S. 


24. For the constant vector field given by 
F(x, y, z) = ai + a,j + ak 


verify that 


[fE Nas =o 
s 


where V is the volume of the solid bounded by the closed 
surface S. 


25. Given the vector field 
F(x, y, z) = xi + yj + zk 


verify that 


[fE Nas=sv 
s 


where V is the volume of the solid bounded by the closed 
surface S. 


26. Given the vector field 
F(x, y, z) = xi + yj + zk 


verify that 
mlfems- tiff" 


In Exercises 27 and 28, prove the identity, assuming that Q, S, 
and N meet the conditions of the Divergence Theorem and that 
the required partial derivatives of the scalar functions f and g 
are continuous. The expressions Dy f and Dy g are the deriva- 
tives in the direction of the vector N and are defined by 


Dyf =Vf-N, Dyg = Vg: N. 
27. [ff (fV2e + Vf- Vg)dV = f [roxas 
s. 
Q 
[Hint: Use div (fG) = fdiv G + Vf: G.] 


28. i (fV*g — gV*f) dV = {J (f Dyg — g Dyf) dS 
Q 


(Hint: Use Exercise 27 twice.) 
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Section 15.8 Stokes’s Theorem 


e Understand and use Stokes’s Theorem. 
e Use curl to analyze the motion of a rotating liquid. 


Stokes’s Theorem 
GEORGE GABRIEL STOKES (1819-1903) 


Sie tered einni iei A second higher-dimension analog of Green’s Theorem is called Stokes’s Theorem, 

matics at Cambridge in 1849. Five years later, after the English mathematical physicist George Gabriel Stokes. Stokes was part of a 

he published the theorem that bears his name group of English mathematical physicists referred to as the Cambridge School, which 

as a prize examination question there. included William Thomson (Lord Kelvin) and James Clerk Maxwell. In addition to 
making contributions to physics, Stokes worked with infinite series and differential 
equations, as well as with the integration results presented in this section. 

Stokes’s Theorem gives the relationship between a surface integral over an 
oriented surface S and a line integral along a closed space curve C forming the bound- 
ary of S, as shown in Figure 15.62. The positive direction along C is counterclockwise 
relative to the normal vector N. That is, if you imagine grasping the normal vector N 
with your right hand, with your thumb pointing in the direction of N, your fingers will 
point in the positive direction C, as shown in Figure 15.63. 


Surface S 


x 


Figure 15.62 Direction along C is counterclockwise 
relative to N. 


THEOREM 15.13 Stokes’s Theorem 


Let S be an oriented surface with unit normal vector N, bounded by a piecewise 
smooth simple closed curve C with a positive orientation. If F is a vector field 
whose component functions have continuous partial derivatives on an open 
region containing S$ and C, then 


[ee a= | f (cote) Nas 


NOTE The line integral may be written in the differential form [.Mdx + N dy + P dz or in 
the vector form J. F » T ds. 


S:2x+2y+z=6 


x xt+y=3 


Figure 15.64 


| Rotatable Graph | 


w Experienced writers 


© On-time delivery 


2} 100% plagiarism free 


EXAMPLE |I Using Stokes’s Theorem 


Let C be the oriented triangle lying in the plane 2x + 2y + z = 6, as shown in Figure 
15.64. Evaluate 


[Rea 
C 


where F(x, y, z) = —y°i + zj + xk. 


Solution Using Stokes’s Theorem, begin by finding the curl of F. 


i j k 
ð ð ð POE” 
lF = = —i — j + 2yk 
CHT Ox Oy az a i 
-y2 z x 


Considering z = 6 — 2x — 2y = g(x, y), you can use Theorem 15.11 for an upward 
normal vector to obtain 


[ear | femin) -Nas 
c s 


= | [i-i +o i++ w aA 


R 


3 r3=y 

[f (2y — 4) dx dy 
o Jo 
3 


= f (—2y? + 10y — 12) dy 
0 


Try evaluating the line integral in Example 1 directly, without using Stokes’s 
Theorem. One way to do this would be to consider C as the union of C,, C,, and C}, 
as follows. 


Coro =C=-ni+ dy, Os7< 3 
C r(A = (6 — tj + (2t — 6)k, 3<t<6 
C3: r4(t) = (t — 6)i + (18 — 2k, 6<t<9 


The value of the line integral is 


f F: dr -| F- roar | F- roar | F - r,(t) dt 
C Cı Cy C3 


3 6 9 
-| ears | Caoa | (—2t + 12) dt 
0 3 6 


=9-9-9 
= -9, 
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EXAMPLE 2 Verifying Stokes’s Theorem 
Verify Stokes’s Theorem for F(x, y, z) = 2zi + xj + y?k, where S is the surface of 
the paraboloid z = 4 — x? — y? and C is the trace of S in the xy-plane, as shown in 


Figure 15.65. 


Solution As a surface integral, you have z = g(x, y) = 4 — x? — y? and 


i j k 

curl F = i = 2yi + 2j + k. 
ox oO Oz 
2 x y 


By Theorem 15.11 for an upward normal vector N, you obtain 


Figure 15.65 Í f (curl F) - N dS = f f (2yi + 2j +k): (2xi + 2yj + k) dA 
S R 


=| | (4xy + 4y + 1) dx dy 
oe 4—y? 
2 


4—y¥7 
= f [zxy + (4y + Ds ~ dy 
25 _ 


V4—y? 


ii 2(4y + I)V4 — y? dy 


=2, 


[ (sy /4— y? + 2/4 — y?) ay 


2 
= | -3 (4 — y?)3/2 + y/4 = y? + 4 arcsin z] 


= 4r. 


2 


As a line integral, you can parametrize C by 
r(t) = 2costi+ 2sint] + Ok, O< t< 27. 


For F(x, y, z) = 2zi + xj + y?k, you obtain 


fE- a= | mart nay pa 
c G 
= | reac + ray +y? 
c 


2T 
= [ [0 + 2 cos t(2 cos t) + O] dt 
0 
27 
-Í 4 cos? t dt 
0 


27 
= 2| (1 + cos 21) dt 
0 


1 27 
= d: + 5 sin al 
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Physical Interpretation of Curl 


Stokes’s Theorem provides insight into a physical interpretation of curl. In a vector 
field F, let S, be a small circular disk of radius a, centered at (x, y, z) and with 
boundary C,, as shown in Figure 15.66. At each point on the circle C,, F has a normal 
component F - N and a tangential component F - T. The more closely F and T are 
aligned, the greater the value of F - T. So, a fluid tends to move along the circle rather 
than across it. Consequently, you say that the line integral around C, measures the 
circulation of F around C,. That is, 


Disk Sy 


f F - T ds = circulation of F around C,. 
Figure 15.66 CE 


Now consider a small disk S, to be centered at some point (x, y, z) on the surface 
S, as shown in Figure 15.67. On such a small disk, curl F is nearly constant, because 
it varies little from its value at (x, y, z). Moreover, curl F - N is also nearly constant 
on S,, because all unit normals to S, are about the same. Consequently, Stokes’s 
Theorem yields 


f Poras | | (eur) -Nas 
Ca 
=~ (curl F) - nj fas 


Figure 15.67 = (curl F) - N(za?). 


_ > 
[Rotatale Graph | = 


circulation of F around C, 
7 area of disk S, 


= rate of circulation. 


Assuming conditions are such that the approximation improves for smaller and 
smaller disks (a — 0), it follows that 


1 
(curl F) - N = lim — | F- Tds 
a>0 TA Q 


which is referred to as the rotation of F about N. That is, 
curl F(x, y, z) © N = rotation of F about N at (x, y, z). 


In this case, the rotation of F is maximum when curl F and N have the same direction. 
Normally, this tendency to rotate will vary from point to point on the surface S, and 
Stokes’s Theorem 


[| tome) a= | r-a 
IE aS. 


Surface integral Line integral 


says that the collective measure of this rotational tendency taken over the entire 
surface S (surface integral) is equal to the tendency of a fluid to circulate around the 
boundary C (line integral). 
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EXAMPLE 3 An Application of Curl 


A liquid is swirling around in a cylindrical container of radius 2, so that its motion is 
described by the velocity field 

F(x, y, z) = =y Vx? + yi + xVo? + y?j 
as shown in Figure 15.68. Find 


[J (curl F) - N dS 


where S is the upper surface of the cylindrical container. 


F Solution The curl of F is given by 
Figure 15.68 i j k 
eai] ð ð ð J J 
Ox oy Oz 
—yJx2 +y? xJ/x2? + y?2 0 
Letting N = k, you have 


[| tome was = | f srr yeaa 
S R 


27 (2 


-| (3r)r dr d0 
0 0 

2m 2 
-Í r do 

0 0 

27 
f 8 dé 

0 


= 167. 
[ Try tt | [Exploration | 


NOTE [If curl F = 0 throughout region Q, the rotation of F about each unit normal N is 0. 
That is, F is irrotational. From earlier work, you know that this is a characteristic of conserva- 
tive vector fields. 


Summary of Integration Formulas 


Fundamental Theorem of Calculus: Fundamental Theorem of Line Integrals: 


Í a 06) [ roar [ a 


Green's Theorem: 


f mast nay- | [(-)aa=[r-vas= | E-a | eu -kaa 
€ RJ \ Ox dy € G R 

[Enas | fovea 

c R 


Divergence Theorem: Stokes's Theorem: 


eena [E-a | [ (eae) - Nas 


Exercises for Section 15.8 
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The symbol oe indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on |Ħ| 


to print an enlarged copy of the graph. 


In Exercises 1—6, find the curl of the vector field F. 


1. E(x, y, z) = (2y — z)i t+ xyzj + ek 

. F(x, y, z) = xi + y2j + x?k 

. F(x, y, z) = 2zi — 4x?j + arctan xk 

. F(x, y, z) = x sin yi — y cos xj + yz?k 


. F(x, y, 2) = e° +i + 4275 + xyzk 
. F(x, y, z) = arcsin yi + V1 — x? j + y?k 


An A UN 


In Exercises 7-10, verify Stokes’s Theorem by evaluating 


fE ra= [rear 
c c 


as a line integral and as a double integral. 

7. F(x, y, z) = (~y + z)i + (œ = z)j + (x — y)k 
S:z= JI- 2y 

8. F(x, y, z) = (~y + z)i + (x — z)j + (x — y)k 
S:z=4- x-y, z20 


9. F(x, y, z) = xyzi + yj + zk 
S: 3x + 4y + 2z = 12, first octant 
10. F(x, y, z) = z?i + x?j + y?k 
S:z=y, 0<x<a, O<y<a 


In Exercises 11-20, use Stokes’s Theorem to evaluate fo F - dr. 
Use a computer algebra system to verify your results. In each 
case, C is oriented counterclockwise as viewed from above. 
11. F(x, y, z) = 2yi + 3zj + xk 
C: triangle with vertices (0, 0, 0), (0, 2, 0), (1, 1, 1) 
12. F(x, y, z) = arctan 7 i + Invx? + y?j +k 
C: triangle with vertices (0, 0, 0), (1, 1, 1), (0, 0, 2) 
13. F(x, y, z) = 2it x?j + y?k 
S:z=4- x-y, 720 
14. F(x, y, z) = 4xzi + yj + 4xyk 
S:z=9- x -— y, z20 


15. F(x, y, z) = z?i + yj + xzk 
S:z= J47 x2- y 

16. F(x, y, z) = x?i + z?j — xyzk 
S:z= V4- x-y 


17. F(x, y, z) = —InVx? + y?i 4 arctan = j tk 
S: z = 9 — 2x — 3y over one petal of r = 2 sin 26 in the first 
octant 
18. F(x, y, z) = yzi + (2 — 3y)j + G2 + yk, xX +y < 16 
S: the first-octant portion of x? + z? = 16 over x? + y? = 16 
19. F(x, y, z) = xyzi + yj + zk 


S:z=x, 0<x<a, O<y<a 


N is the downward unit normal to the surface. 


20. F(x, y,z) = xyzi + yj + zk, P+ y<a@ 


S: the first-octant portion of z = x? over x? + y? = a? 


Motion of a Liquid In Exercises 21 and 22, the motion of a 
liquid in a cylindrical container of radius 1 is described by the 
velocity field F(x, y, z). Find 


[femo -NdS 


where S is the upper surface of the cylindrical container. 


21. F(x,y, z) =i +j- 2k 22. F(x, y, z) = —zi + yk 


Writing About Concepts 


. State Stokes’s Theorem. 


. Give a physical interpretation of curl. 


. According to Stokes’s Theorem, what can you conclude 
about the circulation in a field whose curl is 0? Explain 
your reasoning. 


26. Let f and g be scalar functions with continuous partial deriva- 
tives, and let C and § satisfy the conditions of Stokes’s 
Theorem. Verify each identity. 


@ | ceva ae = | | (wr Vg) + Nds 


© | ep -ar=0 © | (ve + ev/) -dr =o 
c G 


27. Demonstrate the results of Exercise 26 for the functions 
f(x,y,z) = xyz and g(x, y, z) = z. Let S be the hemisphere 
z= v4- x2- y. 

28. Let C be a constant vector. Let § be an oriented surface with a 
unit normal vector N, bounded by a smooth curve C. Prove that 


[Jc-nas=3] (C x r) + dr. 
Putnam Exam Challenge 


= x 
29. Let G(x, y) = (= z: ET o). 


Prove or disprove that there is a vector-valued function 
F(x, y, z) = (M(x, y, z), N(x, y, z), P(x, y, z)) with the following 
properties. 


G) M, N, P have continuous partial derivatives for all 
(x, y, z) # (0, 0, 0); 


(ii) Curl F = 0 for all (x, y, z) # (0, 0, 0); 
(iti) F(x, y, 0) = G(x, y). 


This problem was composed by the Committee on the Putnam Prize Competition. 
© The Mathematical Association of America. All rights reserved. 
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The symbol as indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 


Click on to view the complete solution of the exercise. 
Click on to print an enlarged copy of the graph. 
In Exercises 1 and 2, sketch several representative vectors in the 


vector field. Use a computer algebra system to verify your 
results. 


1. F(x, y,z) = xi + j + 2k 2. F(x, y) =i — 2yj 


In Exercises 3 and 4, find the gradient vector field for the scalar 
function. 


3. fyz) = 8 +y +z 4. fryz) = xe” 


In Exercises 5—12, determine if the vector field is conservative. 
If it is, find a potential function for the vector field. 


y 


I z 
5. F(x, y) =a aj 


sag. dhe 
6. F(x, y) = ee 


7. F(x, y) = (6xy? — 3x?)i + (6x2y + 3y? — 7)j 
8. F(x, y) = (— 2y? sin 2x)i + 3y?(1 + cos 2x) j 
9. F(x, y, z) = (4xy + z)i + (2x? + 6y)j + 2zk 
10. F(x, y, z) = (4xy + z?)i + (2x? + 6yz)j + 2xzk 


i — xzj — xyk 
yz? 
12. F(x, y, z) = sin z(yi + xj + k) 


11. F(x, y, z) = z 


In Exercises 13-20, find (a) the divergence of the vector field F 
and (b) the curl of the vector field F. 

13. F(x, y, z) = xi + y?j + z?k 

14. F(x, y, z) = xy?j — zx?k 

15. F(x, y, z) = (cos y + y cos x)i + (sin x — x sin y)j + xyzk 
16. F(x, y, z) = (3x — y)i + (y — 2z)j + (z — 3x)k 

17. F(x, y, z) = arcsin xi + xy?j + yz?k 

18. F(x, y, z) = (x? — y)i — (x + sin’y)j 

19. F(x, y, z) = In(x? + y?)i + In(x? + y?) j + zk 


20. F(x, y, z) H. + z?k 


In Exercises 21-26, evaluate the line integral along the given 
path(s). 


21. Í (x? + y?) ds 
c 


(a) C: line segment from (— 1, — 1) to (2, 2) 


(b) C: x? + y? = 16, one revolution counterclockwise, 
starting at (4, 0) 


22. Í xy ds 
c 


(a) C: line segment from (0, 0) to (5, 4) 


(b) C: counterclockwise around the triangle with vertices 
(0, 0), (4, 0), (0, 2) 


23. Í (x? + y?) ds 
c 


C: r(t) = (cost + tsin ‘it (sin t — t cos t)j, 0 < t< 27 


24. Í xds 
ë 


C: r(t) = (t — sin t)i + (1 — cos t)j, 0 < t< 27 


25. Í (2x — y)dx + (x + 3y) dy 
c 


(a) C: line segment from (0, 0) to (2, —3) 
(b) C: counterclockwise around the circle x = 3 cost, 
y =3sint 
26. Í (2x — y)dx + (x + 3y) dy 
(a 


C: r(t) = (cost + tsin fi + (sint — t sin t)j, 0 < t< 7/2 


In Exercises 27 and 28, use a computer algebra system to 
evaluate the line integral over the given path. 


27. | (2x + y)ds 28. Í (x? + y? + z?) ds 
G C 


r(A = acos? ti + asin tj, r(t) = ti + ĉj + tk, 
O0<t< 7/2 O<t<4 


Lateral Surface Area In Exercises 29 and 30, find the lateral 
surface area over the curve C in the xy-plane and under the 
surface z = f(x, y). 
29. f(x,y) = 5 + sin(x + y) 

C: y = 3x from (0, 0) to (2, 6) 
30. f(x,y) = 12 -—x-y 

C: y = x? from (0, 0) to (2, 4) 


In Exercises 31-36, evaluate Í F: dr. 
C 


31. F(x, y) = xyi + xj 
C:r(t) = Pit Pj, O<t< i 
32. F(x, y) = (x — y)i + x + y)j 
C: r(t) = 4costi + 3sintj, 0< t< 27 
33. F(x, y, z) = xi + yj + zk 
C: r(t) = 2 costi + 2sintj + tk, 0< t< 27 
34. F(x, y, z) = (2y — dit (z — x)j + (x — y)k 


C: curve of intersection of x? + z? = 4 and y? + z? = 4 from 
(2, 2, 0) to (0, 0, 2) 


35. F(x, y, z) = (y — z)i + (z — x)j + (x — y)k 


C: curve of intersection of z = x? + y? and x + y = 0 from 
(—2, 2, 8) to (2, —2, 8) 


36. F(x, y, z) = (x? — z)i + (y? + dj + xk 


C: curve of intersection of z = x? and x? + y? = 4 from 
(0, —2, 0) to (0, 2, 0) 


In Exercises 37 and 38, use a computer algebra system to 
evaluate the line integral. 


37. Í xydx + (x? + y°)dy 
c 


C: y = x? from (0, 0) to (2, 4) and y = 2x from (2, 4) to (0, 0) 


38. | Far 
€ 


F(x, y) = (2x — y)i + (2y -xj 
C: r(t) = (2 cost + 2t sin t)i + (2 sin t — 2t cos nj, 
O<st<7 


39. Work Find the work done by the force field F = xi — vyj 
along the path y = x3/? from (0, 0) to (4, 8). 


40. Work A 20-ton aircraft climbs 2000 feet while making a 90° 
turn in a circular arc of radius 10 miles. Find the work done by 
the engines. 


In Exercises 41 and 42, evaluate the integral using the 
Fundamental Theorem of Line Integrals. 


41. Í 2xyz dx + x?zdy + x?y dz 
c 
C: smooth curve from (0, 0, 0) to (1, 4, 3) 
1 
42. Í ydx + xdy +—dz 
é Z 


C: smooth curve from (0, 0, 1) to (4, 4, 4) 


43. Evaluate the line integral Í y? dx + 2xy dy. 
ë 


(a) Cr(A=(+3dði+ (0 +j, 0<t<1 
b) C r(A =ti+ Jtj, 1<t<4 


(c) Use the Fundamental Theorem of Line Integrals, where C 
is a smooth curve from (1, 1) to (4, 2). 


44. Area and Centroid Consider the region bounded by the 
x-axis and one arch of the cycloid with parametric equations 
x = a(0 — sin 6) and y = a(1 — cos 0). Use line integrals to 
find (a) the area of the region and (b) the centroid of the region. 


In Exercises 45-50, use Green’s Theorem to evaluate the line 
integral. 


45. Í ydx + 2x dy 
ë 


C: boundary of the square with vertices (0, 0), (0, 2), (2, 0), 
(2, 2) 


46. Í xy dx + (x? + y?) dy 
c 


C: boundary of the square with vertices (0, 0), (0, 2), (2, 0), 
(2, 2) 


47. Í xy? dx + x?y dy 
c 


C: x= 4cost, y=2sint 
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48. | (x? — y?) dx + 2xy dy 
c 
C:2?+y=a 

49. Í xy dx + x? dy 
c 


C: boundary of the region between the graphs of y = x? and 
YER 


50. Í y? dx + x*? dy 
C 
C: 0734+ y= 1 
In Exercises 51 and 52, use a computer algebra system to graph 
the surface represented by the vector-valued function. 


51. r(u, v) = sec u cos vi + (1 + 2 tan u)sin vj + 2uk 


E O<v< 2r 


: è u 
52. r(u, v) = e™/4 cos vi + e™™4 sin vj + 6K 


Osus4, Os vs2a7 


53. Investigation Consider the surface represented by the vector- 
valued function 


r(u, v) = 3 cos v cos ui + 3 cos v sin uj + sin vk. 


Use a computer algebra system to do the following. 


(a) Graph the surface for 0 < u < 27 and = <v< = 
(b) Graph the surface for O < u < 27 and 7 <v< 5 
(c) Graph the surface for 0 < u < and O<v« 
(d) Graph and identify the space curve for 0 < u < 27 and 
2 
ie 


(e) Approximate the area of the surface graphed in part (b). 
(f) Approximate the area of the surface graphed in part (c). 


54. Evaluate the surface integral Í Í z dS over the surface S: 
s 


r(u, v) = (u + v)i + (u — v)j + sin vk 


where 0 < u < 2andO < v < m. 


55. Use a computer algebra system to graph the surface S and 
approximate the surface integral 


[Je + as 


where S is the surface 


S: r(u, v) = u cos vi + u sin vj + (u — 1)(2 — wk 


over < u < 2and0 < v < 27. 
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56. Mass A cone-shaped surface lamina S is given by 
z= ala — J2 Fy’), E 


At each point on S, the density is proportional to the distance 
between the point and the z-axis. 
(a) Sketch the cone-shaped surface. 


(b) Find the mass m of the lamina. 


In Exercises 57 and 58, verify the Divergence Theorem by 
evaluating 


[ JE Nas 


as a surface integral and as a triple integral. 


57. E(x, y, z) = xi + xyj + zk 


Q: solid region bounded by the coordinate planes and the plane 
2x + 3y + 4z = 12 
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X,y,Z) = xi + yj + zk 


Q: solid region bounded by the coordinate planes and the plane 
2x + 3y + 4z = 12 


In Exercises 59 and 60, verify Stokes’s Theorem by evaluating 


[Fede 


as a line integral and as a double integral. 


59. F(x, y, z) = (cos y + y cos x)i + (sin x — x sin y)j + xyzk 


S: portion of z = y? over the square in the xy-plane with 
vertices (0, 0), (a, 0), (a, a), (0, a) 


N is the upward unit normal vector to the surface. 
60. F(x, y, z) = (x — z)i + (y — z)j + x?k 
S: first-octant portion of the plane 3x + y + 2z = 12 


61. Prove that it is not possible for a vector field with twice- 
differentiable components to have a curl of xi + yj + zk. 
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| PS. | Problem Solving 


The symbol acd indicates an exercise in which you are instructed to use graphing technology or a symbolic computer algebra system. 
Click on to view the complete solution of the exercise. 
Click on 


|| to print an enlarged copy of the graph. 


1. Heat flows from areas of higher temperature to areas of lower 
temperature in the direction of greatest change. As a result, 
measuring heat flux involves the gradient of the temperature. 
The flux depends on the area of the surface. It is the normal 
direction to the surface that is important, because heat that flows 
in directions tangential to the surface will give no heat loss. So, 
assume that the heat flux across a portion of the surface of area 
AS is given by AH ~ —kVT - N dS, where T is the temperature, 
N is the unit normal vector to the surface in the direction of the , 
heat flow, and k is the thermal diffusivity of the material. The Figure for 2 
heat flux across the surface S is given by 


x 


3. Consider a wire of density p(x, y, z) given by the space curve 
H= [J — KVT- NdsS. C: r(t) = xdi + yj + z(t)k, a< t< b. 
A The moments of inertia about the x-, y-, and z-axes are given by 
Consider a single heat source located at the origin with 
temperature L= Í (y? + z?)plx, y, z) ds 
C 
25 
T(x, y, z) = Jar ALA Pre i= [oe + z2)o(x, y, z) ds 
€ 


(a) Calculate the heat flux across the surface 


Dz fe + y?)p(x, y, z) ds. 
1 Cc 


2 


1 
s= fna: 1 — x?, exshosysi| 


Find the moments of inertia for a wire of uniform density p = 1 
in the shape of the helix 


as shown in the figure. 


r(t) = 3 cos ti + 3 sin tj + 2tk, 0 < t < 27 (see figure). 


r(t) = 3 cos ti + 3 sin tj + 2tk 
Z 


(b) Repeat the calculation in part (a) using the parametrization 


, 2 
x=cosu, y=v, z=sinu, 3 Sus Deyen 
4. Find the moments of inertia for the wire of density p = EF 
2. Consider a single heat source located at the origin with given by the curve 
temperature 12 2/2 13/2 
” C: r(t) = zÍ +tj+ £2 k, 0< ż< 1 (see figure). 


N 


T(x, y, z) =. 
A r 
(a) Calculate the heat flux across the surface 
Ss={[@yz: z= VIZ xy, x+y? 1) 


as shown in the figure. 


An 
3 


72 
r(t) =zİ+tj F 


(b) Repeat the calculation in part (a) using the parametrization 


: : : T 
x = sin u cos v, y = sin u sin v, z = COS U, OSE =: 
O<v< 27. 
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5. Use a line integral to find the area bounded by one arch of the 
cycloid 
x(0) = a(0 — sin 0), y(0) = a(l — cos 6), 0 < 0< 27 


as shown in the figure. 


2a + 


> xX 


2ra 


6. Use a line integral to find the area bounded by the two loops of 
the eight curve 


1 
x(t) = 3 sin 2t, y(t)=sint, O<t< 27 


as shown in the figure. 


> 


7. The force field F(x, y) = (x + y)i + (x? + 1)j acts on an object 
moving from the point (0,0) to the point (0, 1), as shown in 
the figure. 


eee, 
paa OH S 
Tana a A N A 
Pa i KS, 
Wis ss a 


Y 
= 


(a) Find the work done if the object moves along the path x = 0, 
Osysl. 

(b) Find the work done if the object moves along the path 
x=y-y,0<sy<l. 

(c) Suppose the object moves along the path x = c(y — y?), 
0<y<1,c> 0. Find the value of the constant c that 
minimizes the work. 
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8. The force field F(x, y) = (3x?y)i + (2x°y)j is shown in the 
figure below. Three particles move from the point (1, 1) to the 
point (2, 4) along different paths. Explain why the work done is 
the same for each particle, and find the value of the work. 
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9. Let S be a smooth oriented surface with normal vector N, 


10. 


bounded by a smooth simple closed curve C. Let v be a 
constant vector, and prove that 


[fier mas= [on a 


2 2 
How does the area of the ellipse = + Z = | compare with the 


magnitude of the work done by the force field 
| ree eee 
F(x, y) = -5i + 74 
on a particle that moves once around the ellipse (see figure)? 
y 
A 


fer 
PEE] 


> xX 


11. A cross section of Earth’s magnetic field can be represented as 


a vector field in which the center of Earth is located at the 
origin and the positive y-axis points in the direction of the 
magnetic north pole. The equation for this field is 


F(x, y) = M(x, y)i + N(x, y)j 
(x? + y 


galai + (2y? — x°)j] 


where m is the magnetic moment of Earth. Show that this 
vector field is conservative. 


